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Chapter 1

Kinetic approach to statistical
physics

Thermodynamics deals with the behavior and relation of quantities of macroscopic systems
which are in equilibrium. The concrete time evolution does not enter the discussions in thermo-
dynamics, although systems may change - quasi-statically - between dilerent equilibrium states.
A macroscopic system, however, consists of many microscopic entities, many degrees of freedom,
such as moving atoms in a gas or magnetic / electric dipoles in magnets or ferroelectrics. There-
fore it seems very natural to analyze the time evolution of these entities to get insight into the
behavior of macroscopic systems whereby a statistical approach is most adequate, for the simple
reason that we cannot track down the temporal behavior of each entity separately.

In this chapter we will discuss a conceptual version of a many-body system to understand
how one can view non-equilibrium behavior and how equilibrium is reached and eventually
characterized. Entropy will play an essential role to give us the connection to thermodynamics
of the equilibrium state. This discussion will also make clear how the immense number of degrees
of freedom, N, is essential for the quality of the statistical approach and the emergence of the
laws of thermodynamics. The kinetic approach bnd one important application in kinetic gas
theory and BoltzmannOs transport theory which will not be covered here (part of the lecture
OTheorie der WarmeO in Bachelor of Physics).

1.1 Time evolution and Master equation

We start by considering a model withN units (atoms, ...) which can be inz dilerent micro-states
(Fig.1.2):
{si} with i=1,...,N;!=1,...,z. (1.1)

We may debne the variables! such that if the unit i is in the state ! * then
|
1=t
|
S = (1.2)
o 0 LEL!,

Thus &; is a vector with one component (') being 1 and the others 0. For the moment, these
degrees of freedom are considered to be independent and theirmicro-states have the same
energy, when we introduce the time evolution of this system. For the purpose of a simple
simulation of the time evolution of these units, we introduce discrete, equally spaced time steps
th with tho1 " tp =" t. During each time step the micro-state of each unit can change from
to !'' with a probability pi; + which is connected with the transition rate #; , by

Pt/ 2#” Mt (13)



Figure 1.1: A schematic system (box) ofN units (cirlce) with micro-states ! =1,...,8. Each
unit can be in an individual state at a given time.

We require that the reverse processes have equal probability due to time reversal symmetry:
pi = pin and, thus, #, =#,,. At a given time, we bnd N, units of the system are in the
micro-state ! (Fig.1.2)

ST _ ¥
Ny = S; with N: = N. (1.4)
i=1 =1
Thus, picking at random a unit i we would Pnd it in the micro-state ! with the probability,
N ¥
w = — with w =1. (1.5)
N 1 =1
°
o °
° o —e
() o o o °
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Figure 1.2: Distribution of the units on dilerent micro-states: Evolution towards the bxed
point with detailed balance where all micro-states are occupied by the same number of units on
average.

Let us now discuss the ObudgetO of each micro-stateduring the evolution in time: (1) the
number N, is reduced, because some units in micro-staté will have a transition to another
micro-state (! # !') with the rate 1 #1 /Ni; (2) the number N, increases,(,/%ince some units in
another micro-state undergo a transition to the micro-state! with the rate ,,#,, N;,. Note
that these rates are proportional to the number of units in the micro-state which is transformed



into another micro-state, because each unit changes independently with the rate #.. The
corresponding budget equation is given by

$ $
Ni(th+1) = No(tn) " "t #y /Ny (th)+" t #aNyo(tn) . (1.6)

e ( ) & )

leaving state ! entering state !

This set of z iterative equations describes the evolution of theN units in a statistical way,
whereby we do not keep track of the state of each individual unit, but only of the number of
units in each micro-state. As we will see below Kl -theorem), starting from an arbitrary initial
conbguration{N; } of the units at t; = 0, this iteration moves generally towards a bxed point,
N (th+1) = Ny (t,) which requires that

$ $
0= #1 Ny (th) " #1nNy(tn) . (1.7)

/e | /e

There is no time evolution anymore for N, (t), although the units are still changing their states
in time. As this equation is true for all ! we bnd that independently

O=#u /Ni(th)" #nNy(th), (1.8)

which means that for any pair of micro-states! and!' the mutual transitions compensate each
other. Equation (1.8) is known as the condition of detailed balance' Due to #, » = #,, in our

conceptual model, we bnd the bxed point conditiorN, = N,, = N/z, i.e all micro-states are
equally occupied.

We now slightly reformulate the iterative equation (1.6) taking the limit of " t# 0 and dividing

it by N:

$ $
d(\jl\f =" w #yoo+ Hinwp, (114)

17 | /e

which turns into a dilerential equation. This is the so-called master equationof the system. Also
here it is obvious that the detailed balance condition leads to a solution where all probabilities
w, (t) are constant in time:

#, 1
L (1.15)

Wi Hy o= w8 =
W,/ #i z

1 'We show here that the detailed balance condition follows from rather general arguments even if the condition
'yw =1, is not satisbPed. First, we debne for the general case

N!Z!!"! such that Rgg/z!!!/!!zlg/!!!lzR!/!, (19)

which leads to the bPxed point condition Eq.( 1.7),
| |

0= (Ru/"1 —Rin™ )= Ru/("r="11). (1.10)

17 1/

Note that the condition! , » =! ,, wouldimply !, = !,,. Assuming R, » > 0 for all pairs (#,#) (more generally
ergodicity is necessary, i.e. the system cannot be decomposed into disconnected subsystems), this equation can
only be solved by ", = " = const for all #.

Proof: Assume that

"1: "2: e = "!1>"!1+1: "!1+2: cee = "!2>" Lo+l = e > o= "Z> 0 (111)

then for # < #; we pnd ] !

Ru (" ="1)=  Ru/("1="1)>0, (1.12)
1 17>
such that we cannot satisfy Eq.(1.10) and only the solution ", = " = const for all # is possible. Thus, using
Eq.(1.9) it follows that
R!!/"!—R!q"!/ZO = !!!IN!—!U!N!/:O, (113)

and the detailed balance condition is satisbed.



We can debne a mean value of a property or quantity 0 associated with each micro-staté,
which we call #, : $
0% &= #iwr . (1.16)

!
Such mean values describe the macro-state of the system. The time evolution of this quantity
is easily derived,

*
’

$ $ $ $
E%& = #) dwy _ #ot"w Hioo + Hinwym
dt ! dt ! - -
(1.17)
1%
=" > {# " # 3w " Wi )#Hn o,
N
where the last equality is obtained by symmetrization using #, - = #,, . Obviously the time
evolution of % &stops when detailed balance is reached.
1.1.1 H-function and information
We introduce the function H (t) which has the following form
$
H(t)=" wi Inwy . (1.18)

!

This function can be viewed as a measure for the lack of our knowledge about the microscopic
state of our system. Concretely, if at the timet we pick one atom at random, we may ask how
well we can predict to bPnd the atom in a given micro-state. Assume thatw; =1 and wi =0
for! =2,...,z. Then we can be sure to bnd the micro-state 1. In this casél (t) = 0. For
generic distributions of probabilities H (t) > 0. The larger H (t) the less certain the outcome of
our picking experiment is, i.e. the less information is available about the system.
It is interesting to follow the time dependence ofH (t),

HO %0 a2 T Wi+

! [
L

1%
5 (In w " In W, /)(W! " Wi /)#” 0.
[N

(1.19)

Note that (x" y)(In x" Iny) " 0. This implies that H (t) evolves in a specibc direction in time,
despite the assumption of time reversal symmetry, which was an essential part in reaching the
symmetrized form of Eqg.(1.19. The condition dH/dt = 0 then requiresw, = w,, corresponding
to detailed balance. The inequality (1.19 suggests that detailed balance corresponds to the
macroscopic state of the system with maximal possibléd and, thus, the maximal uncertainty
of knowledge.
Let us consider this idea from a slightly dilerent view point. For given wi = N, /N in a system
of N units, there are N
N1!Nolaal;!

realizations among zN possible conbgurations. In the largeN limit we may apply Stirling
formula

= W(N,) (1.20)

Inn'( nlnn" n+ %In2$n, (1.22)



which then leads to 3
INW(N,) ( NInN" N" [N/ InN; " Ny

$ (1.22)
="N w; Inw; = NH (t) .
|

where we have ignored terms of the order IN. Thus, H measures for given sefN, } the number
of available conbgurations of the units.
Now we show the maximalH corresponds indeed to the detailed balance condition being then
equivalent to the set{N, } with the largest possible number of conbgurations. For this purpose
we maximizeH as a functional ofw, through the following extended form of H

| $ $
H =" wi Inw + % w "1, (1.23)

! !
where we introduced the constraint of normalization of the probability distribution using a
Lagrange multiplier. Thus, searching the maximum with respect tow, and % we get to the

equation
dH' $
="Inw" 1+%=0 and w =1, (1.24)
de

which can only be solved byw, = € #! = 1/z and constitutes again the condition of detailed
balance.

The conclusion of this discussion is that the detailed balance describes the distributiom; with
the highest probability, i.e. the largest number of dilerent possible realizations yield the same
{N41,...,N;}. This is indeed the maximal value of W(N;) = N/ {(N/z)!}?, the number of
realizations. In its time evolution the system, following the master equation, moves towards the
Pxed point with this property and H (t) grows monotonously until it reaches its maximal value.

1.1.2 Simulation of a two-state system

The master equation (1.14), introduced above, deals with a system of independent units in a
statistical way. It corresponds to a rate equation. We would like now to consider a OconcreteO
model system and analyze how it evolves in time both analytically by solving the master equation
and numerically by simulating a system with a not so large number of units. This will be
most illustrative in view of the apparent problem we encounter by the fact that our model
conserves time reversal symmetry. Nevertheless, there is an apparent preference in the direction
of evolution.

We consider a system ofN units with two dilerent micro-states ( z = 2) to perform a computa-

tional simulation. We describe the micro-state of uniti by the quantity
!

mo4l 1 =1

mj = (1.25)

"o 1 1=2.
This may be interpreted as a magnetic moment point up (+1) or down (" 1). The transition
between the two states corresponds simply to a sign change ofi;, which happens with equal
probability in both directions (time reversal symmetry). The computational algorithm works in
the following way. Within a time step each unit experiences a transition with a probability p
(0 < p < 1), whereby the probabilistic behavior is realized by a random number generator. This
means generate a uniformly distributed random numberR ) [0, 1] and then do the following
process for all units: !

" mi(ty) if p<R< 1

; (1.26)

Mi(th+1) =
"mi(ty) fO0* R* p.

9



This time series corresponds to a so-called Markov chain which means that the transition at
each step is completely independent from previous steps.
After each time step we OmeasureO the quantities

1 ¥ $°
M@O= 5 m@® and  HO=" wOnw) (1.27)
i=1 =1

where 1 1
wy(t) = E{l+ M (1)} and wo(t) = 5{1" M (1)} . (1.28)

Note that M (t) may be interpreted as a average magnetization per unit. The results of the
simulations for both quantities are shown in Fig.1.3. In the starting conbguration all units have
the micro-state m; = +1 (completely polarized). There is only one such conbguration, while the
Pxed point distribution is characterized by w; = w» = 1/2 with a large number of realizations

" 0o___
W=~ (N

(NI 2132 for large N, (2.29)

2
$N
following StirlingOs formula. This corresponds tM = 0. The closer to the bxed point distribu-
tion the system is the more realizations are available. We may estimate this by

N N!
WM)= N1INo! — {N/2(1+ M)}{N/2(1" M)}!
. N . . 1 2
$ NnW(M)( NIn2 E{(1+ M)In(1+ M)+(1 " M)In(1 M)}+§InW
1. 2, M?2N
( NIn2+ élnﬂs—l\I 5
° 5
$ W(M)( 2N $7Ne#M N/2,
(1.30)

where we have used the Stirling formula for largeN and the expansion forM + 1 (In(1+ x) =
x" % + aéda The l_nLumber of realizations drop quickly from the maximal value at M = 0
with a width ™ M =  2/N . The larger N the larger the fraction of realizations of the system
belonging to the macroscopic state withM ( 0.
This explains the overall trend seen in the simulations. The OmeasuredO quantities approach a
Pxed point, but show RBuctuations. These Ructuations shrink with increasing system size . The
relation found from (1.19) is not strictly true, when we consider a speciPbc time series of a bnite
system. The master equations leading to1.19) are statistical and consider an averaged situation
for very large systems N #, ). The Obxed pointO reached after a long time corresponds to the
situation that each conbguration of micro-states is accessed with the same probability. Macro-
scopic states deviating from the bPxed point occupy less and less of the available conbguration
space for increasing\ .
The master equations of our two-state system are

dw; dwsy

W = #( W2 " Wl) and W = #( W]_ " W2) y (131)

where # = #1, = # ;. Adding and subtracting the two equations leads to

d d
a(W1 +w) =0 and a(Wl "wp) = " 28(wr " wy) , (1.32)

10



respectively. The brst equation states the conservation of the probabilityw; + wo, = 1. The
second leads to the exponential approach df (t) to O,

M (t) = Mge# 2 | (1.33)

with Mg = M (0) = 1, from which we also obtain

1
@ #)in@ " &) (In2" £ (1.39)

1
Ht)=" In2" S(1+e*)in(L+ )" 2

where the last approximation holds for timest - 1/ 4# and shows the relaxation to the unpo-
larized situation. We see that the relaxation times forM and H diler by a factor two
1 1

and & = — (1.35)

& = o prm

which can be observed also roughly by eye in the results of our simulation (Fid.3.).

T T T T T T ] T T T T T T ]
— N=1000 ] — N=10000
0 L | L L | L L | L
0 100 200 O 100 200 O 100 200
t t t
n n n

Figure 1.3: Simulation of a two-state system for dilerent numbers of units N: 15t column,
N = 100; 2" column, N = 1000; 3'd column, N = 10000. Note that for su$ciently large t
(- p),M(t)# OandH(t) # In2.

1.1.3 Equilibrium of a system

The statistical discussion using the master equation and our simulation of a system with many
degrees of freedom shows that the system relaxes towards a bxed point of the probability distribu-
tion w, which describes its macroscopic state independent of time. This probability distribution

of the micro-states accounts for averaged properties, and allows us to calculate average values
of certain physical quantities related to the micro-states. This bxed point is equivalent to the

11



equilibrium of the system. Deviations from this equilibrium yield non-equilibrium states of the
system, which then relax towards the equilibrium, if we allow the system to do so. The equi-
librium state is characterized in a statistical sense as the state with the maximal number of
realizations in terms of conbgurations of micro-states of the units. We now aim at getting a
connection with macroscopic thermodynamic properties of the system in equilibrium.

1.2 Analysis of a closed system

We turn to a system of N units whose states possess dilerent energie$, . Again we describe
the macro-state of the system by means of the probability distributionw, = N, /N . The system
shall be closed, such that no matter and no energy is exchanged with the environment. Thus,
the total energy and the number of units is conserved:
$ $?
%&= wi (i and 1= wp (1.36)
=1 =1

which debPne the internal energyU = N%& = Nu unchanged in a closed system, and the
normalization of the probability distribution.

1.2.1 H and the equilibrium thermodynamics

As before we debne the functiorH (t), an increasing function of time, saturating at a maximal
value, which we consider as the condition for OequilibriumO. Time evolution and aspects of
non-equilibrium will be addressed later. Rather we search now for the maximum oH with
respect tow, under the condition of energy conservation. Thus, we introduce again Lagrange
multipliers for these constraints

1 $
Hw)="  wlinw+% w" 1}" )*{ wi (1 " %(&} (1.37)
! ! !
and obtain the equation
dH €
= =" " + Op' 2 .
0 aw, Inw, " 1+ % (1.38)
This equation leads to
. . $
w = e #HAR - gith e = =7 (1.39)

which satisbes the normalization condition forw; .
We aim now at giving dilerent quantities a thermodynamic meaning. We begin by multiplying
Eq.(1.38 by wi and sum then over! . This leads to

0o=" w Inwy + w (1" %+ w!)—' =H" 1+ %" 3 (1.40)
!
which we use to replace I %in (1.38 and obtain
%&=)(Inw; + H)+ (i . (1.41)
The dilerential reads
4 q 5
d%&=(H +Inw)d) +) dH + v\\,/V! +d( . (1.42)
]

12



After multiplying by w, and a! -summation the brst term on the right hand side drops out and

we obtain $

d%&= )dH + w d(; . (1.43)
!

0,

Now we view%&= u as the internal energy per unitandd(, = %dq whereq is a generalized

coordinate, such as a volume, a magnetization etc. Thuéﬁ(’)—-q = " Fy Is a generalized force, such
as pressure, magnetic beld etc. Therefore we writel (43 as

$ $ du 1%
du=)dH " w, Fyy dg = )dH " % &g $ dH = 3 + y % &q . (1.44)
Li [ [
This suggests now to make the following identibcations:

S

) =kgT and H=—, (1.45)
ks
where) represents the temperatureT and H the entropy density s. Naturally we identify the
relations, 4 5 4 5 4 5
*S *s 1 *s
— = — == d — = %& 1.46
U U T o iy | ( )

In this way we have made a sensible connection to thermodynamics. Below we will use the
H -function as equivalent to the entropy.

1.2.2 Master equation

Because the micro-states have dilerent energies, the time evolution as we have discussed by the
master equation for completely independent units has to be modibed in a way so as to conserve
the energy in each time step. This can be guaranteed only by involving two micro-states of
dilerent units to be transformed together under the constraint of overall energy conservation.

A master equation doing this job has the form

dW! _
dt

{#0 oW we, " #Frn Wiw ) (1.47)

P,09,0l3

For this purpose we assume that there is no correlation between the states of dilerent units.
Here # ,.,1, denotes the rate for the transition of the pair of states ( »,!3) to (!,! 1) under the
condition that (1, + (1, = (1 + (1,. Time reversal symmetry and the freedom to exchange two
states give rise to the following relations:

Hiogly T Hgn S H 0, T H 0 g, (1.48)

This can be used in order to show that theH -function is only increasing with time,

dH " $ dw
a0 @ twerdd
(1.49)
1 3 ) ) ,
=2 #itars (Wewn ™ wi,Weg) {In(wewa ) ™ In(w,wig)} " 0.
Lhtals
The equilibrium is reached whendH/dt = 0 and using (1.39 leads to,
#hikgTH##H kgT #Hh kg T #H#H kg T
Wi W, = e# e# - =& e# ’ = WiL,Wwi, . (150)

Z2 - Z2
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We now revisit the condition of detailed balance under these new circumstances. On the one
hand, we may just set each term in the sum of the right hand side of 1.47) to zero to obtain a
detailed balance statement;

O=Hu o Wi,Wig " Frprgn WiwW =#u g {wi,wiy " wiw ), (1.51)

whereby the second equality is a consequence of time reversal symmetry. On the other hand,
we may compress the transition rates in order to reach at a similar form as we had it earlier in
(1.9,

#owW = H# Wy (1.52)
where we debne
| $ | $
#” ;= #!! Wiy and #| n = #!! oW, (153)
!1,!2 !1,!2
It is important now to notice that time reversal does not invoke #;, , = #{,, but we bnd that
at equilibrium
gt oke T gf# ke T
#y = Ay = FEERKET (ER fFoEROKe T,
File ST

(1.54)
Thus detailed balance implies here dilerent transition rates for the two directions of processes
depending on the energy dilerence between the two micro-stateg, " (,/, and the temperature
T,

Wi #11 HHHE KT
L= T g Ak 1.55
Wi/ #i!, ( )

The degrees of freedom of each unit Buctuate in the environment (heat reservoir) of all the other
units which can interact with it.

1.2.3 Irreversible processes and increase of entropy

Although thermodynamics shows its strength in the description of reversible processes, it pro-
vides also important insights into the irreversible changes. An example is the Gay-Lussac ex-
periment. However, the nature of the irreversible process and in particular its time evolution is
not part of thermodynamics usually. A process which considers the evolution of a system from
a non-equilibrium to its equilibrium state is irreversible generally.

Here we examine brieBy some aspects of this evolution by analyzing a closed system consisting
of two subsystems (Figl.4) , 1 and 2, which are initially independent (inhibited equilibrium) but
then at t = 0 become very weakly coupled. Both systems shall have the same type of units with
their micro-states which they occupy with probabilities w!(l) = N;(l)/N 1 and w;(z) = N!(Z)/N 2,
respectively (N; is the number of units in systemi). Each subsystem is assumed to be in its
equilibrium internally which can be sustained approximatively as long as the coupling between
them is weak.

The number of conbgurations for the combined system is given by the product of the number
of conbgurations of the two subsystems:

W=WiW,  with W= —x ('i\)"!, — (1.56)
NG ING 1A am;"!
which then leads to the entropy
S =kgInW=kgInWi+ kgInW,=5,+S,
(1.57)

$ $
"Nikg ~ wdh Inw® " Nokg  w®@ Inw®@ |
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1 ~ 2
U
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i T

Figure 1.4. A closed system consisting of two weakly coupled subsystems, 1 and 2, with initial
temperatures T; and T, respectively, evolves towards equilibrium through energy transfer from
the warmer to the colder subsystem.

using Eq.(1.22 and (1.45. In the complete system the internal energy is conserved,) = U+ Us.
We debnelUp; and Ug, as the internal energy of the two subsystems, if they are in equilibrium
with each other. The non-equilibrium situation is then parametrized for the energy by the
deviation U: Uy = Ugy + U and U, = Ugx " U. The entropy satisbes at equilibrium

S(U) = S1(Uo1 + U) + Sp(Ugz2 " U)

(1.58)
, *S  *Sp ., *Sy 1 1
th 0= —= " = =" = Ti=To= To,
Wi oo U, U, T T $ 1= T2=To
for @ = 0.2 Thus, we bnd for smallU,
i— *Sl ( i+ U *Zslg
Ti *Uiy,zupy+s To SSE AT
(1.60)
i— *SZ ( i" U *ZSZE
TZ *UZ U2=U02#lj TO *U22 U2=U02 -
With ( 1.58 we then obtain through expansion in U,
7 8
: g2 *2s *2g E .
S(8) = S1(Uon) + So(Uo2) + U;E * syz8  +O(T%). (1.61)
1 Uy 2 Up
so that the time evolution of the entropy is given by
7 4 5
as _ 449 *zslg *ZSZE _do 1,1 (1.62)
dt ~ T dt *UZS, C *UZS T dt To T '

where we used Eq.[.60. Note that the only time dependence appears ind. The derivative
dd/dt corresponds to the energy Row from one subsystem to the other. We expred§/dt in
terms of the distribution functions of one of the subsystems, say system 1.

do $  dw® $  w®dm dTi$ | x effkeT
T | g - N O (N ! ( Tz, (1.63)
ZNote that the entropy as a thermodynamic potential obeys,
S=S(U,g) with dS= d?u ! ?dq . (1.59)
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Note that here and in the following

_ ## kg T $
wi) = ezij with  zy = e*thkeT (1.64)
J !
The derivative yields
*
. / 2'
dU dr, 9 $ 1 Ny dT; 9 ;
N + 2@ » wlh - = ) 281 " 0 =
(1.65)
where C; denotes the heat capacity of subsystem 1, since
dg dT, *O dT,
— = — =Ci—. 1.66
dt — dt *T, “‘dt (1.66)
Thus, we have here derived the relation
2 9 20 n :
ks T7C1= N1 %°& "%(& (1.67)

which connects the heat capacity with the Ructuations of the energy value. Note that the
internal energy of subsystem 1 is not conserved due to the coupling to subsystem 2.
In which direction does the energy Row? Because we know thatS/dt ' 0, from (1.62) follows

dS _  dhiTe" Ty

* —_—
0 dt Yar T.T> (1.68)
which yields for T; > T, that
dTy do
— < 1.
ot <0 $ at 0. (1.69)

This means that the energy Bow goes from the warmer to the colder subsystem, reducing the
temperature of the warmer system and increasing that of the colder subsystem as can be seen
by the analogous argument. The Bow stops wheid; = T, = To.
Let us now consider the situation again by means of the master equation. We may approximate
the equation of w{? by (a,b=1,2),
(a) <
W T e Ou e w70
1lal4 b
which describes the evolution of the probability distribution transferring in general energy be-
tween the two subsystems, as only the overall energy is conserved but not in each subsystem
separately,
G+ Go= Gt Gy (1.71)

All processes inside each subsystem are considered at equilibrium and give no contribution by
the condition of detailed balance. This remains true as long as the subsystems are very large
and the coupling between them weak. For symmetry reasons

(12 (12) (12) (12)

#11!2;!;!5 =#!115;!1!2 =, IR ‘#!112;!5!3 > 0. (1.72)
We use now this equation and estimatedd/dt
dg $ 12 1), (2w (12 <
o =M (L, #( ) |/|/W|(/)W() #5”)” .QW!(ll)W!(?
|1|£'2|é
(1.73)
SN 40D g ke T ALKeT w i o Tit ko T
2 | |/|/ lez

/ /
Iyl 11! 2,! 2
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Using (1.71) and assuming that T; and T, are close to each other {1 ( T2 ( Tg), we obtain
may expand in Ty " To,

o N1 % To" T

- . # o /e (#_1+#!2)/I(BT0 n , 2 K T " T 1.74

at ¢ 272, T (G, " Gy ke T2 ( K(T2" To) (1.74)

Tl 120
i % #Hh kg T
with Z =, e*#/ksTo (7, ( Z, and
N1 $ (12) #(H +H#)K T((!1" (!1)2
(222' / ,#!1!2?!i!§e BRI PILY- T_|_02> 0. (1.75)

1! 11! 2,! 2

The energy Row is proportional to the dilerence of the temperatures and stops when the two
subsystems have the same temperature. It is also here obvious that the spontaneous energy
transfer goes from the warmer to the colder reservoir. This corresponds to FourierOs lawdi/dt
can be considered as a heat current (energy current) from subsystem 1 to 2o = " dU/dt. This
heat transport is an irreversible process leading to an increase of the entropy,

.4 5
¢S_d9" 1, 17 (LT 3G, (1.76)
dt  dt T, T T  KT¢ '

This irreversible process leads us from the less likely system conbguration of an inhibited equi-
librium (di'erent temperature in both subsystems) to the most likely of complete equilibrium
(T1 = T = Tp) with the entropy

NG oy NP

S="Nkg wlInw,  with w = —=wd= NT s

!

a.77)

i.e. the probability distribution is uniform for the whole system with N = N; + N2 units.
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Chapter 2

Classical statistical Physics

Statistical physics deals with the equilibrium properties of matter and provides the microscopic
understanding and basis for thermodynamics. This chapter develops a new practical approach
to equilibrium state of macroscopic systems. Time is not a variable anymore and measurements
may be considered as averages over a large ensemble of identical systems in dilerent possible
microscopic states under the same external parameters.

2.1 Gibbsian concept of ensembles

As a practical example, we consider the state of a gas & classical particles, given by 8l canon-
ical coordinatesq, ..., sy and by the corresponding 3N conjugate momentaps, ..., pan . These
debne a B! -dimensional space #, where each point in # represents a state of the microscopic
system. Considering the whole system ol particles under certain macroscopic conditions,
given external parameter such as temperature, pressure, volume, internal energy, .... , we bnd
that an inPnite number of states in # are compatible with the same external condition, and
would not be distinguishable by macroscopic measurements.

[ ]
1 [ ] [ ]
. [ ]
[a] o
[ . °
[
— [ [ ]
L4 °
t>0
[ ] [ ]
- [ ] [ ]
[r]
time evolution ensemble

Figure 2.1. Time averages are replaced by averages over an ensemble of systems in dilerent
microscopic states, but with the same macroscopic conditions.

If we would like to calculate a certain macroscopic quantity we could perform temporal average
of the microscopic variables over a very long evolution time. Based on the states in # this
is, however, not a practical method as it involves the discussion of the temporal evolution.
Gibbs introduced the concept of ensembles to circumvent this problem. Taking a large (inPnite)
number of systems under identical macroscopic conditions, we can Pnd macroscopic quantities
by averaging over an ensemble of states. That this scheme is equivalent to a temporal average
is a hypothesis, as it is assumed that the time evolution of the system would lead to all possible
states also represented in the ensemble. This is thergodicity hypothesis! The set of states

'Ergodicity hypothesis: We consider the subspace debned by#(p,0) = E in !. Due to energy conservation a
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for given macroscopic parameters is then represented by a distribution of points in the space #.
This distribution is generally continuous for a gas of particles.
For the calculation of averages we introduce the density function+(p, ) providing the measure
of the density of points in #-space (p, g stands for the whole state @1,...,pP3n; 0, ... BN))-
Then

+(p, 9 pd®™ g (2.1)

gives the number of representative points contained in the small volumei®N pd®N q in #, very
analogous to the distribution function in Boltzmann theory. This can now be used to calculate
averages of any desired quantity which can be expressed in the variable,(@), A(p, 9):

opg=  IR4aAP. O+(p.0) 2.2)

dpda<p, g

We will use from now on the short notation dpdqfor d®N pd®N g where it is not misleading.

2.1.1 Liouville Theorem

The dynamics of the system ofN particles shall be described by a HamiltonianH (p, ¢) which
yields the equation of motion in the Hamiltonian formulation of classical mechanics,

. *H . *H .

m="_— and @q= — (i=1,...,3N). (2.3)

Qi Pi

This equation describes the motion of the points in #. IfH does not depend on time derivatives
of p; and/or g, then the equations of motion are time reversal invariant. They determine the
evolution of any point in # uniquely.
Now let us consider the points in the # space and note that their number does not change in
time, as if they form a Buid. Thus, they satisfy the continuity equation

;: +'a (#)=0 (2.4)

whereV = (Pu,..., [N G, ...,¢N) and . = (*/*p 1,...,*/*p 3N */*q 1,...,**q an). Intro-
ducing the generalized substantial derivative we can rewrite this equation as

D+ 4 +av =0 2.5
of *rav=o0. (2.5)

The divergence of the Ovelocity® is

llév—$N>*@+*m?_$N>**Hu **H?

— =0. 2.6
S T o (2.6)

iz g di "Pi ( *Pi *q; )
=0

This means that the points in # space evolve like an incompressible Ruid. This property is
known as LiouvilleOs theoremWe may write this also in the form

? ?
D+ *+ g *+ w0 owgp N >*H *+ 0 *H 4
0= —= —+ Gﬁi"'ﬁii = — + -
Dt *t . T*di P L, TPiYdi *Gi P

(2.7)

point in this subspace, evolving in time, does not leave this subspace. The ergodicity hypothesis states, that a
point on H = E can reach in its temporal evolution every point of this subspace (Boltzmann, 1887). This is not
rigorously valid, however. EhrenfestOs version of this hypothesis (1911) states: The trajectory of a point comes
any other point in the same subspace arbitrarily close in the course of time. Of course, it is possible to Pnd
(singular) counter examples, for which only a tiny fraction of the subspace is accessed.
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Using Poisson bracket3 this equation reads

*

+
T ={H,+} . (2.9)

2.1.2 Equilibrium system

A satisfactory representation of a system in equilibrium requires for an ensemble that the density
function does not depend on timet, i.e. *+*t = 0. From LiouvilleOs theorem we get the
condition that o > . . " "

0= G—+h,— =Vva +={H,+ . (2.10)

i1 Qi Pi
A general way to satisfy this is to take a density function which depends only on quantities
conserved during the motion, such as energy or particle number. Then the system would evolve
within a subspace where+ is constant.
We may use this feature of+ now to consider averages of certain quantities, based on the above
mentioned equivalence between the temporal and ensemble averages. Debning the temporal
average ofA(p, ) as
o 1O
A &= TI'QJ/O T 4 A(p(t), g(t))dt (2.11)

for any starting point ( p(t = 0),q(t = 0)) in the space # and (p(t), g(t)) obeying the equation
of motion (2.3). The hypothesis of ergodicity, even in its restricted sense, implies that this
average can be taken as an average of an ensemble of an inbnite number of dilerent microscopic
states (points in #-space). As the evolution of f, g) conserves the energy, this leads naturally
to consider an ensemble of states of a bxed energy (internal energy). We call such ensembles
microcanonical. Although the microcanonical ensemble is not so frequently used in practice
than other ensembles which we will consider later, it is very useful for illustrative purposes. It
describes an isolated closed system with no energy exchange with the environment.
We postulate that in equilibrium any state of a macroscopic system satisfying the external
conditions appears with equal probability. In our microcanonical description with Pxed energy,
number of particles N and volume V, we postulate

!
" const. E*H (p,9* E+'E

Hp,d)= (2.12)
0 otherwise

where 'E is small. The average value ofA is then given by (2.2). The validity of this approach
is based on the assumption of small mean square RBuctuations (standard deviation)

% " WALPE

B 1. (2.13)

Such Ructuations should be suppressed by the ordé¥ #1 as we will see below.

2.2 Microcanonical ensemble

We consider a macroscopic system dl particles in a volume V which is isolated and closed.
The microcanonical ensemble for a given energ¥ consists of all systems of this kind, whose

2The Poisson bracket is debned as

" #
! $u v $u $v
{u,v}= $g 5p  3p 5 —{v,u} . (2.8)
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energy lies in the range E,E + 'E ]. First we debne the phase volume

@

%E) =& dpdgq , (2.14)
H(p.0)&E

which contains all point in # space with energy lower than or equal toE. Moreover, & is a

renormalization factor 1

N Ih3N

which compensates for the over-counting of the phase space in the integral by dividing by the

number of equivalent states reached by permutations of the particlesN I. The factor h3N corrects

for the dimension integral to produce a dimensionless %). Thus, h has the units of action

([pd = Js). While this could be Planck constant h, its magnitude is completely unimportant in

classical statistical physics. From this we obtain the volume of the microcanonical ensemble as
@ d%(E).

, (E)=&n dpdg=%(E + 'E )" %E) =
E&H (p,q)&E + &E dE

&N = (2.15)

E. (2.16)

Thus we may renormalize the density function+(p, ) with the condition,
@ @

&n
1=& dpd ,0Q) =
N P da £p.9  (E) EgH (pgeaE+&E

dp dq (2.17)

such that I

E*H (p,g* E+'E
Hp, )=, (E) . (2.18)

A

As postulated we chooseH(p, g) to be a constant in the energy range g, E + 'E ].

0 otherwise

2.2.1 Entropy
We use, (E) to debne the entropy
S(E,V,N)= kg In, (E) . (2.19)

We can consider, (E) or S as a measure of the imprecision of our knowledge of the state of the
system. The more states are available in microcanonical ensemble, the less we know in which
state the system is at a given time and the larger is the volume and the entropy.

We consider a composite system consisting of two subsystems, 1 and 2,

H(p,0d = Hi(p1, o) + Ha(p2, @) , (2.20)

with (N1, V1) and (N2, V»), resp., for the corresponding particle number and volume. Each of
the two systems is characterized by, 1(E1) and , 2(E2), respectively. The volume, (E) of the
microcanonical ensemble is the product of the subsystems under the conditions

E=Ei+E2, N=N;+Ny; and V=V + V.. (221)

For simplicity we assume that the volumes and particle numbers of the subsystems may be bxed,
while they can exchange energy, such thaE; and E», can Ructuate. Therefore the volume of
the microcanonical ensemble of the total system for givert reads,

$
, (E) = ,1(EY), 2E" EY, (2.22)
0&E’&E
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where we assume for the sum a OdiscreteO mesh of equally spaEédalues of mesh spacing
'E (+ E). We claim that this sum is well approximated by a single value Ej, giving rise to
a sharp maximum among the summandsE; = Ej and E; = E " E{)3. The largest term is

obtained by
*, 1(E') , 2(E" E)

=0 (2.25)
*E ! E=E)
such that ' 2
0 1 * 1(E) N 1 * 2(E" E)
,1(E") *E! ,2(E™ EY) *E! E'=E}
(2.26)
_ *In, 1(Eq) . *In, 2(52)E
B1 o ei=g B2 E,=E#Ey
From this we obtain with B; = E{ and B, = E" Ej}
*Sl(El)E _ *Sz(Ez)E (2.27)
*El E1= @1 *EZ E2= @2

which can be considered as the equilibrium condition. Note that this is equivalent to the state-
ment that the equilibrium state corresponds to the macrostate with the largest number of mi-
croscopic realizations.

Identifying E as the internal energyU we debne the temperature

*S 1 1 1

SV S A A (2:28)
leading to T as an equilibrium state variable. We have ignored the other variables/, N which
we will consider later.
Let us assume that there is some impediment which forces the two subsystems to specibc vari-
ables such that each subsystem independently is at equilibrium, but not the total system. For
example, a big vessel of gas may be separated by a wall into two subvessels. Then we bnd for
the corresponding, of the combined system,

!

" E=Ei+E;
#(E,V,N) =, 1(E1,V1,N1), 2(E2,V2,N2)  with V=V+\W (2.29)
#
N = N;+ N2
such that the entropy is given by
S(E,V,N) = S1(E1,V1,N1) + Sp(E2, Vo,N3) * S(E,V,N), (2.30)

i.e. the entropy is concave. This means also the equilibrium is obtained by the maximal entropy,
which is a consequence of the second law of thermodynamics. In terms of the volume of the
microcanonical volume, the equilibrium state assumes among all volumes the maximal one,
the most likely one in terms of probability.

3Note that In % o N; and E; « N; (i = 1,2) as both quantities are extensive. We then bnd quickly the
following bounds:

%(E()%(E —Ep) < %E) < &%(Eé)"/@(E —Eo) - (2.23)
Note that E/&E is the number of summands. Thus, we obtain for the entropy
ks In % (E})%(E — E}) < S(E) < ks In % (E})%(E — E{) + ke In & . (2.24)

It is important to see that the last term only scales with system size as In N (keeping &E bxed), while the prst
term scales with N. Therefore in the very large-N limit the last term is irrelevant. Which proves that S(E) is
given by the maximal term in the sum ( 2.22).
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2.2.2 Relation to thermodynamics

With ( 2.19 we have a debnition of the entropy which for the variablese(= U), V and N is a
thermodynamic potential and allows us to calculate a variety of state variables and relations,

4 *s 5 4 *s 5 4 *s 5
ds= - dE + dv +
E V,N v E,N N E.V

S
dN = TdE+ Zdv* ZdN. (231)

This allows also to calculate the thermodynamic equation of state,
4 5
S 2.32)
=T — .
p V ey (

and to determine other thermodynamic potentials. The caloric equation of state is obtained

from 4 vs 5 1
— = 2.33
*U VYN T ( )
by using U = E as the internal energy. The derivative with respect to N yields bnally the
chemical potential 4 5
*
p="T S , (2.34)
N ey

the energy in order to add a patrticle to the system.

2.2.3 Ideal gas - microcanonical treatment

We consider a classical gas oN independent mono-atomic particles in the bxed volumeV,
which is closed and isolated. The Hamiltonian is simply given by

# B2
Hp.d= Hp= 5. (2.35)
i=1
Hence we obtain the volume
@ @
%E) =& N dpdg= &y VN dp . (2.36)
H(p)&E H(p)&E

This p-integral corresponds to the volume of a sphere of radiu® in 3N -dimensional spacé
The integral is straightforward,

n/ 2

# 5+1

%E)=&nVNCay 2mE)N 2 with  C, (2.39)

“Volume of sphere in #-dimensional space: V(R) = CR'. The volume enclosed in a thin shell of width &R at

the radius R is given by $ % &
Vshet = V(R) —V(R—-&R)= CR' 1—- 1-— %2 (2.37)

with &R < R, see Fig2.2 . In the limit # very large, #&R>> R, we bnd
Vshel =~ V(R) . (2.38)

Thus, the main part of the volume in the sphere is concentrated at the outermost shell.
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Figure 2.2: The volume of the sphere is located close to the surface in high dimensions, see
the central diagram. Thus, the fraction of the volume close to the shell and the total volume
converges towards one ag #, (diagram on the right hand side).

where Cay is the proper prefactor for the volume of an 3N -dimensional sphere> This leads to

* 4 3N
,(E) = *OE(E)'E :&N03NVN72m(2mE)3N’2#l'E. (2.42)

Remarkably, for very large N (/ 10°%) we bnd that the following debnitions for the entropy are
identical up to terms of order InN and constants:

S =kgln, (E,V,N) and S =kglIn%(E,V,N) (2.43)
leading to
43N 5 43N 5
S =kgIn(@&nVNCay)+ ks St In2mE) + kg In —-2mE

(2.44)

ks IN(&n VN Can) + k537N|n(2mE)+ O(InN)=S + O(nN) .

Since we can drop terms of order IfN for the extensive entropy, we will continue, for convenience,
using S+ instead of S,

4 2m$E 537/ 3N 3N 3N
" —kgIn—+ TKB " Nkg InN + Nkg (2.45)

S(E,V.N)= Nkaln V == > 5

where we used StirlingOs formula
Inn!'( ninn" n+ %In(2$n) for n#, (2.46)

and neglected all terms of order IlN. We then rewrite

4 542/
S(E,V,N) = Nkg In % m 4 gNkB . (2.47)

This equation may now be solved folE so that we obtain the internal energy as a thermodynamic
potential S 5
3n?3n? 2S , 5

U(S,V,N)=E=N ex - 2.48
( ) $m P 3Nks 3 (2.48)
SPrefactor C,: Use the n-dimensional Gaussian integral in Cartesian coordinates
( +oo ( +oo 2 2 A too 2&n

| = dxy - - dx, e Xt ) = dxe ™ =2, (2.40)

The same integral in spherical coordinates is given by

I I ) * ) *
P n n gy n n n

| =nCo drr" e r2=§Cn o le'= 2GS = Call 51 (2.41)

such that we obtain C, given in (2.39). Note, !( n+1) = n! for n > 0 as an integer.
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The thermodynamic quantities are obtained by derivation: the temperature

4 5
*U 2U 3
T= — = U= SNkgT, 2.49
*S N 3Nkg ¥ 2 ° (2:49)
the pressure 4 5
o 92U NkeT o v - NkeT (2.50)
P W oy 3V v pv = Tee -
and the chemical potential
4. 5 4 5 .4 54,
ST LUTB 2 S T gy VO ke T (2.51)
= W gy N 3 3Nkg | © N — h2 ' '

Through further derivatives it is possible to obtain various response functions. The ideal gas is
readily described by means of the microcanonical ensemble.

2.3 Canonical ensemble

We change to a macroscopic system for which we control the temperature by connecting it to a
very large heat reservoir. The system together with the reservoir forms a closed system of given
total energy. Therefore we consider two subsystems, system 1 describing our system and system
2 being the heat reservoir (Fig2.3),

H(p,0d = Hi(p1, o) + Ha(p2, @) - (2.52)

The heat reservoir is much larger than system 1N - Nj, such that energy transfer between
the two subsystems would be too small to change the temperature of the reservoir. Within
the microcanonical scheme we determine the phase space of the combined system in the energy
range

E* E1+Ex* E+'E. (2.53)

5.3.T

5.3 .T

Figure 2.3: The two systems 1 and 2 are coupled thermally. System 2 acts as a huge reservoir
pxing the temperature of the system 1 which we want to investigate.

Therefore the volume of the microcanonical ensemble of the total system is

$
, (E) = » 1(E1), 2(E" Eq) . (2.54)
0&E,&E

Analogously to our previous discussion in sectior2.2.1, there is one value®; = E{ (B, = E" E{)
which provides the by far dominant contribution. In addition here B, - B, is valid. The
corresponding volumes in #-space are 1(®;) and , »(#;) and , (E) ( , 1(E), 2(E" B). Due
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to this simple product form we can determine the (unrenormalized) density function+;(ps, th)
of the system 1, by considering the mean value oA(p, g) in system 1,

Ao daA(p, a)*+a(Ps ) _ ddanA (P ), dpadcp+(p, O)
1 dprdai+1(p1, h) 1dpdar , dpzdep+(p, 0

B8 = (2.55)

Taking into account that +(p, ) is constant in the rangeE *H 1(p1, 1) + H2(p2, @) * E+ 'E

we obtain® = "
1 9p1douA(p1, A1), 2(E "H 1(p1, )

1 dpidas, 2(E "H 1(p1, 1))
Using the assumption that #, ( E - E; we may expand, 2(E "H 1(p1, @) in H1(p1, &) ,

A& = (2.57)

*S, (B L
ks In, 2(E"H 1(p1, &) = S2(E "H 1(p1,d)) = S2(E) "H 1(p1, ) *2E(22)E +aaa
@QzE
= Sy(E) " M+ aaa
(2.58)
from which we derive
 2(E"H 1(p1, o)) = eS2(E)ke gt 1(pr.ai)ke T (2.59)

Here T is the temperature of both systems which are in equilibrium.
Within the canoncial ensemble, taking the temperatureT as a given parameter, we write gener-
ally for the density function, the probability to Pnd the system of N particles in the microstate

(p. 0,

_ 1 an ke T
Hp.d) = e (P@keT (2.60)
where we introduced thepartition function Z
@ 1
Z=&y dpdgd(HPA  with - = — | (2.61)
ke T

which, up to prefactors, corresponds to the volume of the ensemble of system 1, callednonical
ensemble again renormalized by & .’

2.3.1 Thermodynamics

The connection to thermodynamics is given by the relation
z =" FaOVN) (2.62)

where F(T,V,N) is the Helmholtz free energy, a thermodynamical potential. Note,F is an
extensive quantity, because obviously scaling the system by a fact@owould yield Z" . Moreover,

F=U"TS (2.63)
with 4 *F 5
U=%H& and S=" — . (2.64)
T V,N
We use ( (
dpzdap((p, Q) o dpzda = %(E (p1, th)) (2.56)
2 E(p1,91)<H2(p2,d2)<E (p1,91)+"

where E(p1,th) = E — Hi(p1, 01).
"Note that there is, rigorously speaking, the constraint #i(p:, ) < E . However, ignoring this constraint is a
good approximation, as the main contribution is from the valid range.
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This can be proven using the equation,

@
1=&y dpdqéF#) (2.65)

which through dilerentiation with respect to - on both sides gives,

@ : 4,5 /
0=&n dpdgé™*™) F+. — "H
© VN
5 (2.66)
*F
$ F(T,V,N)" U(T,V,N)" T _— =0.
T un
Using this formulation for the free energy we obtain for the pressure
4 5
- F (2.67)
pP= N , .
Voo
which in the case of a gas leads to the thermodynamic equation of state.
The internal energy is easily obtained from the partition function in the following way,
@
& 1*Z *
U(T,V,N) = %H& 7“ dp dgqHe#(H =~ S —nz. (2.68)

This is the caloric equation of state.

2.3.2 Equipartition law

We now consider a set of special average values which will lead us to the so-called equipartition
law, the equal distribution of energy on equivalent degrees of freedom. We examine the mean
value,

P wnE g @ *H gn @ *
- &N #(H — n &N #(H
%*q! > dp dqql*q! € > dp dqq.*q! €
&n @ @ (2.69)

! 1
"= dpd'qqle#(H+&;7_“! dpdqé(H = ', ke T,
& ( )

where we used integration by parts leading to the boundary terms in theg -coordinate (expressed
-1 . .
by "dq..), which we assume to vanish. Analogously we Pnd for the momentum

D E

pU*p!

= ‘H! ke T . (270)

If the Hamiltonian is separable into a p-dependent kinetic energy and ag-dependent potential
energy part and, moreover, if the following scaling behavior is valid

H(p,d = Ekin (p) + V(A) Wwith Exin (%P = %Ewin(p) and V(%9= BV(9)  (2.71)

then we can use the above relations and bPnd for mono-atomic particles

3N 3N

The total energy is given by the sum of the two contributions.
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2.3.3 Ideal gas - canonical treatment

Consider a gas ofN particles without external potential and mutual interactions described by
the Hamiltonian

o2
H(p) = > (2.73)
i=1
The patrtition function is given by
p @ >@ N
Z =&y d3pi d3q i 2/2mkg T — & d3p d3q g 2/ 2mkg T
= (2.74)

=&n VN {28mkg T}V 2
From this we obtain the free energy and the internal energy using StirlingOs formula,

.4 5
Vo 28mkg T Y2

F(T,V,N) ="kgTInZ ="NkgTIn N " NkgT,
(2.75)
w 3N : .
U(m,V,N) =" _—InZ= 7kBT (caloric equation of state).
The entropy is given by
4.5 4 544
*F V  2$mkg T 5N
S(T,V,N) =" — = NkgIn — ——— + —Kk 2.76
TVN=" o =Nkeln T TG > ka (2.76)
and the pressure by 4 5
*F Nkg T
p=" — = (2.77)
VN Vv
which corresponds to the thermodynamic equation of state. Finally the chemical potential is
obtained as /
4 5 ) 4 53/2
*F V. 2$mkgT
= ="kgTlI T 2.78
WL, BTN T (2.78)

An important aspect for the ideal system is the fact that the partition function has a product
form because each particle is described independently. In this way it leads to an extensive free
energy and internal energy.

2.4 Grand canonical ensemble

We consider now a new situation by allowing beside the heat exchange also the exchange of
matter of our system with a very large reservoir, see Fi2.4. Thus we take the system 1 with
N particles in a volume V; coupled to the reservoir 2 with N, particles in the volume V, with

Ni+ N, and Vi+ Vs, (2.79)

andN = N1+ NoandV = V; + V>, bxed.
The Hamiltonian can be decomposed into two parts

H(p,d,N) = H(p1, q,N1) + H(p2, 3, N2) (2.80)

such that the corresponding partition function for given temperature (everything is coupled to
an even larger heat reservoir) is given by
@

dp dg & (H(PaN) (2.81)



N2, Vs
T, pr

Figure 2.4: TThe two systems 1 and 2 can exchange matter between each other while the
surrounding heat reservoir bxes the temperature of system 1 and 2. System 2 acts as a huge
particle reservoir bxing the chemical potentialp of the system 1 which we want to investigate.

The factor 1/N ! takes into account that all possible commutation of the particles give the same
states (distinguishable classical particles). Now we segregate into the subsystems bxing the
volumes and particle numbers N2 = N " Ny),

. B 1 N N ! @d d @ d @ dope? ({H (Pr.an.N1)+ H(p2,02.N2)}
N~ hSNN!N - N1!N>! P dp2 Vi @ Vs ®e
(2.82)
o 1 @ @

= dp: do g# (H(p1,a1,N1) dp, dop g (H(P2,62.N2)
1

1:0 hleNl! vV h3N2N2! V2
Note that the distribution of the particles into the two subsystems is not bxed yielding the
combinatorial factor of N!/N 1!N2! (number of conbgurations with PxedN 1 and N by permuting
the particles in each subsystem). From this we debne the probability+(p1, i, N1) that we can
Pnd N1 particles in the volume V; at the space coordinates 1, th),

& (HpraNy @

- do, d # (H(p2,02,N2) 2.83
Zn N3Nz N! v, P2 ap € ( )

+(P1, 0, N1) =

which is renormalized as

¢ 4 @
haNT dprdag+(p1, ch, N1) =1 . (2.84)
N1=0 Vi
We may write
Z 1
+(p1, o, N1) = Zi,jN—l,e#(H(pl'ql’Nl), (2.85)
where we now use the relation
ZN,(V2, T) s ((R(TVEVIN#NDEF (TVN)}
I : : Vo 2.
Z (V. D) € (2.86)
with
4 - 5 4 . 5
F(T,V" Vi,N" N»)" F(T,V,N) (" it Ni="puNi+ pVy. (2.87)
\Y% T,N N TV
Thus we debne
z= e (2.88)

which we call fugacity. Thus within the grand canonical ensemble we write for the density
function

N
Hp,q,N) = Zef (Y HEaN) (2.89)
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U is the chemical potential as introduced earlier. We now introduce the grand partition function

Z(T,V,2) = 0 NzZn (v, T), (2.90)
N =0

which incorporates all important information of a system of bPxed volume, temperature and
chemical potential.
2.4.1 Relation to thermodynamics

We use now Q.89 and integrate both sides

$ N @gpg
1= &tV N hpSqu#(H(p,q,N) =V 2(T,V,2) (2.91)
N =0
which leads to
(T,.V,w="pV="kgTInZ(T,V,2, (2.92)
the grand potential
d= "SdT" pdV" Ndu. (2.93)
The average value ofN is then given by
4 .5 . N 1 ¥
&= " - =kgT—InZ=z—-Inz=2  NzVzy. (2.94)
TV H z Z N=0

It is also convenient to derive again the internal energy

* 4 *U 5
u=" . In Z $ CV = $ y . (295)
M

2.4.2 ldeal gas - grand canonical treatment

For the ideal gas, it is easy to calculate the grand partition function (here for simplicity we set
h=1),
?
$° $ N yN 72V '
Z(T,V,2) = NZy(T,V) = NThav (28mks T)3N 2 = exp F(2$m|<BT)~°>’2
N =0 N =0
(2.96)
We can also derive the probability Py of Pnding the system withN particles. The average value
is given by

* zV
*z h3

From this we conclude that the distribution function for the number of particles is given by

Wl &= z (2$mkg T)¥? = %(2$kaT)3’2 $ z =eN(, (2.97)

P :e#-N(%'&“ , 1 et (N# N/ 2'N( (2.98)
N NI 7 250l & '

which is strongly peaked atN = 9%l & - 1.2 The Ructuations are given by

*0pl & v 1
= 0 = _ ==
N e S (2.99)

W2"INE =z

8Note that for > 0 it pays the energy p to add a particle to the system. Therefore as T goes to 0 the average
particle number (N) increases (diverges). Oppositely, (N) decreases forT — 0, if u < 0 and energy has to be
paid to add a patrticle.

30



The grand potential is given by

V
'(T,V,i) = " kg Te F(2$kaT)3’2 ="kgTWI &= " pV . (2.100)
The chemical potential is obtained by solving Eq.@.97) for u
7 8
3/2
u="keT In Y (ZSmkeT) (2.101)

%! &h3

2.4.3 Chemical potential in an external peld

In order to get a better understanding of the role of the chemical potential, we now consider an
ideal gas in the gravitational peld, i.e. the particles are subject to the potential/ () = mgH,
wherefi and g denote the altitude and the earth accelation of gravity, respectively. We introduce
a reference chemical potentialiy as a constant. Then we write for the chemical potential,

. /
(2$mkgT)%2

U= Ho+ mgh" kgT In h3

(2.102)
where we debPnen = %I &V as the local number density of particles. In equilibrium the tem-

perature and the chemical potential shall be constant. We may determingu by the condition
that at i = 0 the density is n = ng,

: /
(2$kaT)3/2 GnOH

H(T)= Mo+ ks T In noh $ mgh=keT In = . (2.103)

We can now solve this equation forn = n(R),
n(f) = noe*MIf (2.104)

and with the (local) equation of state we bPnd
p(f) = n(fi)ke T = poe* (MITN (2.105)

This is the famous barometer formula.

2.5 Fluctuations

Changing from one type of ensemble to the other we have seen that certain quantities which
have been strictly Pxed in one ensemble are statistical variables of other ensembles. Obvious
examples are the internal energy which is bxed in the microcanonical ensemble but not in the
other two, or the particle number which is bxed in the microcanonical and canonical ensembles
but not in the grand canonical ensemble. The question arises how well the mean values of
these quantities are determined statistically, which is connected with the equivalence of dilerent
ensembles. In this context we will also introduce the Ructuation-dissipation theorem which
connects the RBuctuations (statistical variance) of a quantity with response functions.

25.1 Energy

In the canonical ensemble the internal energy is given as the average of the Hamiltonidth = %H&
Therefore the following relation holds:

@
& dpdgq[U"H JelF#) =0 (2.106)
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Microcanonical ensemble Canonical ensemble Grand canonical ensemble
) . L 1 (p, q) = ¢ ' (H(P.a! uN)
density Hp,q) = "(E! H(p,q) H(p,q) = ¢ 'H(Pa N Hp
(unrenormalized) =ze€ '
| " !
| !
: — , , Z = ! dpdq ' (p,q, N)
- Zy =1n dpdg !(p,q) N apeqip g
Zmtcan = | dpdq ! (p, -
partiti_on m'can N paq (P, Q) 1 [\IIH—O
function = #(E) =1y dpdgc'tHea - N7y
N =0
byl o oy
average value A= T?E) dpdq p(p, 9) A(p, q) "A#= % dpdq p(p, ) A(p, @) "A#= TN dpdq p(p,q, N)A(p, ¢, N)
N =0
thermodyn. S(E,V,N)= kg log#(FE,V,N) | F(T,V,N)= kgTlogZn(T,V) “(T,V,u) = ! kgTlogZ (T, V, 1)
potential

Figure 2.5: Synopsis of the three ensembles for a gas.

Taking the derivative of this equation with respect to - we obtain

*U @ ! *F ) *U
0= —+&y dpdq(U"H) F" T "H elFf) = — + oU"H )%&.  (2.107)

This leads to the relation for the RBuctuations of the energy around its average valuéJ,

* *
%H& " %HE& = %U "H )°&= " U kBTZF = kg T?Cy . (2.108)

*

BecauseCy is an extensive quantity and therefore proportional to N, it follows that

%H& " %HE 1
—— 0 — 2.109
%HeE N (2.109)
which is a sign of the equivalence of microcanonical and canonical ensembles. In the thermo-
dynamic limit N # , , the RBuctuations of the energy vanish compared to the energy itself.
Therefore the internal energy asU = %H& E is a well debPned quantity in the canonical
ensemble as well as it was in the microcanonical ensemble.

We now consider the partition function

@ @y,
7Z = # (F can(T) = &N dp dq ét(H(p,q) — dE | (E)e#<E
0
@y, @y, (2.110)
= dE # (E+in " () = dE e((TSwrcan(E)#E)
0 0

where the entropy S(E) = Sprcan(E) is debPned according to the microcanonical ensemble. The
maximum of the integrand at E = Eg is debPned by the condition, see Fi@.6,

*S *ZSE
T *EE =1 and *E2 <0. (2.111)
E=E0 E:EO
Note that *ZSE . lé 1 *T E 1
I = =" __— =" __— <0. 2.112
*EZ E=E, *ET E-E, T2 * E-E, TZCV ( )



If we now expand the exponent in the integrand, we obtain

1
TS(E)" E=TS(Eo)" Eo" ——(E" Eo)2+ 44a (2.113)
2TCv

such that with U = Ej,
@y

0 1 -
Z ( el(TS#U) dE e (E#U)?/2kg T?Cy — o((TS#U) 2$kg T2Cy
0

1 9 :
$ Fcan ( U " TSrn/can " ékBT |n 2$kB T2CV = U " TSm/can + O(In N) .

(2.114)
Since the free energy is extensive, the term of order IN is in the large-N limit irrelevant.

A

Gaussian approximati

e (TS (E)! E)

e

U:Eo

Figure 2.6: Saddle point approximation of the partition function: integrand in Eq.(2.110 and
the approxiation in Eq.(2.114. Solid line is the full integrand and dashed line its Gaussian
approximation.

2.5.2 Particle number

We consider now the RBuctuations of the particle number. The following relation holds

/2
* % * 19 1$ 1
W& MNE=2z—7z—InZ=z—= NzNzZy == N2Nzy" = NzNz
Z*ZZ*Z n Z*ZZ ) z N Z N z N Z N VA N
(2.115)
from which we derive
*x 2 * 0,
W2&"MNE="ksT—"( T,V,l) = kg T A& (2.116)

*MZ *“ '
We now relate the right hand side with the isothermal compressibility. Introducing the specibc
volume v = V/N we considerp = p(v, T) (note that p is not extensive). Moreover we use the
Gibbs-Duhem relation

SdT" Vdp+ Ndu =0 (2.117)
which derives from considerations on the Gibbs free energy (see thermodynamics course) and
obtain 4 5 4 5

d —vd"EdT $ H =V P (2.118)
H=VEPT N Voo 'V '
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Sincev = V/N depends on bothV and N, the following derivatives are useful

4 5 4 5 4 5 2 4 5
* *N * N N *
VovT ooyt 'Noyg V. *N 1
4,5 4.5 4 5 4 5 (2.119)
V * *
- = - - = N -
VionT vV Nt VT VNt

From (2.118 then conclude

NI 4 5
N2T ot s
\ *N Vv, T *V N, T

n

1 4 *N > 1 *V
= == =T (2.120)
N "W yr W 'p Ny V

Consequently the RBuctuations of the particle number is connected with the response function,
. T, the isothermal compressibility,
v

T = 79%1 28" & (2.121)
ol &g T

2.5.3 Magnetization

Considering a system ofN classical magnetic momentsh; which have bxed magnitudem and
can be fully rotated, we debne the magnetization

.
M = ;. (2.122)
i=1
The average value of the magnetization is
Qm . 4 - 5
oM ,&= NN ,&= d' M el [F#H Mo mnGR) e . . (2.123)
i=1 Z TN

Note that the magnetic Peld couples to magnetic moments through Zeeman coupling,

Ha,...,Mn;H) = Hofha,... )" HAaakl . (2.124)
Now we discuss the equation,
@
0= d 144d n(W,&" M,)el (FA) (2.125)

taking the derivative with respect to the beld H, leads to

@
*OM ,& *
= *HZ wo_ dl lééd N(O/Mz&" Mz)*H (F "H )e((F#H)
z
@ (2.126)
=0;" - d14ad \(WM&" M) ) =0, -9 .&" M2)2&.

This yields the convenient Ructuation-dissipation relation for magnetic susceptibility,

1 9 :
2= o 28" oM, & . (2.127)
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Chapter 3

Quantum Statistical Physics

Quantum statistical physics opens the door to new phenomena and also provides an under-
standing of the third law of thermodynamics, which we had found to be often violated within
classical statistical physics. Moreover, we will bnd that for ideal quantum gases the concept of
indistinguishable patrticles leads to the classibcation of particles into two categories: Bosons and
Fermions.

3.1 Basis of quantum statistical physics

Every state of a quantum mechanical system (with many degrees of freedom) can be described
by a superposition of stationary states|1,& of the Hamiltonian H, which form a complete
orthonormal basis, $
(&= cn|ln& 3.1

n
where the complex coe$cientsc, represent the wavefunction whose time dependence is deter-
mined by the Hamiltonian H. For the stationary states the following holds:

$
Hlln&: 2n|1n& Wlth %nlln/&: ' nn’ and 1 = |1n&%‘|| . (32)

The renormalization of the state |( &requires

$ $ )
1=%|( &=  ccv%n|ln&=  |cf?. (3.3)

nn’ n

The square modulus|c,|? denotes the probability to bnd the state [1n&in |( &
Observable quantities are represented by Hermitian operatorg®?, and their expectation value is

) $ )
% |8( &= C\Cn%n|A1, & (3.4)

n,n’

This expectation value is generally time dependent through the wavefunctionc, = cn(t) =

Cn (O)e# i+nt/ !

Using the viewpoint of time evolution of the system, let us now consider the measurement of a
macroscopic observable. This corresponds to an average (indicated here by over-bar) over a time
much longer than the microscopic time scales (time between collisions, inverse energy spacing,
etc.),

@ $ $
U&= % |A|( &= lim % dt () (t)%n|R1,&= ey %n| A1y & (3.5)
0

T$%
n,n’ n,n’
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As the dynamics (tig/rg)e evolution) follows from the Hamiltonian of the systems, |( &is a state of
bxed energyEx =  |ca(t)|?2,. Like in the classical case we may represent the average value
9®&also by an average over an ensemble of equivalent systems,

. $ )
0/&&: +nn/%n|&|1n/& (3.6)
nn’
with +,n7 = c%cn/. The time dependence ofc, yields
@+

1 .
che T, . ch(0)Cy (0)E oVt = e 12 (3.7)

= lim
" Ts%
such that all terms invoking coherent interference €),c,, with n £ n') vanish such that

. $ )
U&= [cn|?%n|AR|1n& (3.8)

n

where we note that|c,|? is time independent. The same result in the ensemble picture requires
that

+hns = |Cn|2' nn’ (3.9)

implying that there is no interference between dilerent member systems of a given ensemble.

Postulates of quantum statistical physics

The quantum statistical physics is based on two key postulates:
¥ Equal probability: !
“r, E*(h* E+'E,
ciCn = 4 (3.10)

0, otherwise,

wherer is a real constant.

¥ Random phase: ifn £ n' then
6?;Cn/ = 0 y (3.11)

i.e. the phase of the wavefunction is a random variable. Such a behavior requires an at
least weak coupling to the environment in order to randomize the phases.

As a consequence we consider a system as described electively by a wavefunctimpn

$
(&s=  ]|ln& (3.12)

(unrenormalized state) with

!
"1 E*2*E+E

2 _
=,

(3.13)
0 otherwise

and b, have a random phase. Then average values can be considered as the expectation value

% i}
n [B|°%n | R|10&
n ]2

whereby each eigenstate of the Hamiltonian with energy in the given energy intervalq, E + 'E ]
appears in the state|( &g with the same probability.

&&=

(3.14)
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3.2 Density matrix

Mixed states or incoherent superpositions of states are conveniently described by density matrices
6.1
We debne brst the density matrix as an operator through its matrix elements

%n|#81n&= +nns = [Cnl* o - (3.20)

In the basis of stationary states the density matrix is diagonal. Therefore we may formally write
the density matrix in spectral form as

" $ 2
6= |Cn||1n&%] . (3.21)

n

We may also express the average value @ as a trace of the form,
%

ofige opAnlRH1&_ 1r(RE

= 3.22
A |61,&  tré (3.22)

Note that the Pnal expression is independent of the basif 1,&}, as known from standard linear
algebra. The cyclic permutation of matrices (operators) does not change the tracetr (ABC) =
tr (BCA). Thus the basis transformation U yields A' = UAU*?, such that

tr (A') = tr (UAU#*Y) = tr (AU*U) = tr (A) . (3.23)

In this sense the density matrix is a convenient tool to perform ensemble averages as it contains
basis-free informations. In order to describe equilibrium properties+éshould not depend on
time t and therefore it should commute with the Hamiltonian,

* A

ilgz[H,ﬁ]zo. (3.24)

It is obvious that the density matrix debned in (3.21) commutes with H. Compare this with
LiouvilleOs theorem of classical mechanics.

'We distinguish pure and mixed states. A pure state given as superposition, for instance, energy eigenstates
(Eq.(3.2) !
") = cl)n) (3.15)

n
leads to the density matrix of a pure state, if we assume phase coherence of the wavefunctionc, :
]
Goure = [")(" = i) n)()nl (3.16)

nn’

whereby the mixed terms c;c,, with n ¥ n’ are interference terms. For mixed states we assume that there is no
phase coherence in the wavefunctions such that all mixed terms disappear. Such a state represented by density
matrix has the form ]

Omixed = 160 2D n)) - (3.17)

Note that +
, tr(Bure) =1,

tr (opure) =tr (Omixed) =1 = (318)
) tr (bl?nixed) S 1.

Average (expectation) values are calculated in both cases the same way:
, on GG () nlR) nr)  pure,

(R) = tr (6R) = (3.19)
C T e 2<) nlR)n)  mixed .
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Synopsis - Classical versus Quantum statistical physics.
Classical formulation for gas ofN particles (&y = 1/N 'h3N)

Classical Statistical Physics

Quantum Statistical Physics

observable

phase space functiorA(p, Q)

Hermitian operator A

density

density function +(p, q)

density matrix &

sum / integral

phase space integral

trace over Hilbertspace

&y dpdgaaa tr (4R
renormalized density &n - dpdg {p,g =1 tr(6)=1
statistical average 9B&= &\ dp dq «p, YA(p, 9 &= tr (6A)
L *+ i )
LiouvilleOs theorem e {H,+} T H, €
(Poisson bracket) (commutator)
stationary ensembles {H,+} =0 [H,6=0

3.3 Ensembles in quantum statistics

We now formulate the quantum statistical physics in terms of the three types of ensembles which
we introduced for the classical statistical physics.

3.3.1 Microcanonical ensemble

The microcanonical ensemble is suitable for closed systems which do not exchange energy and
particles with the environment. We take the density matrix in its diagonal form +p,/ = ' yn/|bn |2
In this ensemble we consider an incoherent state which consists of the equally distributed set of
states within a certain narrow energy range betweerE and E + 'E . Thus,

|

"1 E* (* E+'E
|bn|? =
#

0 otherwise.

(3.25)

The energies(, are the eigenenergies of the stationary state$l,& for the Hamiltonian H.

Formally we then write the density matrix as
$ $
0= |1 &%, | with tro= +n =, (E) .

E&# &E+ &E n

(3.26)
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Here, (E) is the number of quantum states|1,&with energy in the given energy range. Anal-
ogously to the classical case we use nomE) to debne the entropy

S(E,V) = kg In, (E). (3.27)

From this we may derive the thermodynamics. Note that, (E) is connected with the density of
states d%(E )/dE of the quantum system:

d%E),
dE

$ $
%(E) = 1 3  (E)= 1=

0 &E E&+ &E+&E

E. (3.28)

3.3.2 Canonical ensemble

For a system which is in thermal equilibrium with a reservoir of given temperatureT we use the
canoncial ensemble formulation. Analogously to the classical statistical physics we debne the
density matrix here as

+(p,Q) = ' (H(Pa # tin' = 'nn/ f (#n ) (3-29)
and we debne the partition function as

22" = oz & F VN (3.30)

n
where F is the Helmholtz free energy. The density matrix can be written as an operator,

= s |1,8" Frog,| = & (H $ 11,89, | = & (H (3.31)

" & (—)
=1
Thus the partition function can also be expressed as
Z = tre? (M (3.32)

and average values of observables are given by

. wr(Aety 1 G H
o= — \"*% ) — (H
Re= — = St Ae . (3.33)

The connection to thermodynamics is given via the Helmholtz free energy,

F(T,V,N)="ksTInZ. (3.34)

3.3.3 Grand canonical ensemble

Now we connect the system in addition to the heat reservoir also to the particle reservoir of
given chemical potential p. In the same spirit as for the canonical ensemble we use the analogy
to the classical systems. The density matrix now reads,

6= & ((H# ) (3.35)

with N the particle number operator and the grandcanonical partition function is then

$
Z = tref ((HAUN) = 7 N7 (3.36)
N

with z = el* as the fugacity, leading to the grand potential

'(T,V,)="ksgTInZ . (3.37)
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3.4 Ideal quantum paramagnet - canonical ensemble

The ideal paramagnet with quantum spins represents a simple example to illustrate some aspects
of quantum statistics before going to the more involved cases.

3.4.1 Spin 1/2

We consider N quantum spin 1/2 moments (S = !/2) where for each spin the Hilbert space
contains two states, [s, s;&= {| 1/ 2,+ 1/ 2&} for a given quantization axis which we may choose
to be the z-axis. In a magnetic beld these moments are described by the Hamiltonian,

¥ o msg® ¥
|

Ha8=r98" p g (3.38)

. r 2
i=1 i=1 =1

with pug the Bohr magneton andg = 2 the gyromagnetic ratio. The Pauli matrices are debned

as 4015 40",5 4105
X = Y = : Z =
8 10 ° 8 0 and ® 0o "1 (3.39)
and 8° is the 21 2 unit matrix. The following property for Pauli matrices,
@ @) (ba®) =4 aba%+ i1 h & (3.40)
yield the simple relation,
@@ = p>8° and @ &) = e @ (3.41)
and tr® = 0 and tr 8° = 2 in order to determine the partition function 2,
2 3 2 w3 G 2 . .3Hy
Z =tr #(H =g ee (A® = ¢ HefA®
G 2 . 3HN (3.45)
= tr 8°cosh¢pugH)+ & & sinh(-pgH) = (2cosh(-pgH)N ,
2For independent spin degrees of freedom we use the product state
[" s1.52.5 n) = [S12) ® [S2z) ® -+ ® [Snz ) (3.42)

with the short notation |$,si;) = [si). If the Hamiltonian can be written in terms of independent degrees of
freedom, H(s1, S, .. ., sn) = iNzl Hi(si) (all #H; are identical), then the partition function can be split into a
product form
/ 1
#’H* OJ #H, 0‘ ) #’H,-* ) #H *N N
ZN = tr‘\m e = tr‘\m e ! = tr ‘Si>e_ ! = fir ‘sl>{e_ 1} = Zl . (343)
i=1 i=1

Next we calculate the average value (§12> of one single spins
) 2 *
" —#Hi 1O —HH " "
trm(QIZe‘#”) _ trN’) i i;éle }lee *1 _ le\‘ “Lr |51>(9]z e‘#Hl) _ tr |51>lee_#H1

<§1z>: — = 72
ey (€777 ey { e ?le?n Z7 21

(3.44)
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whereH = || and § = Fi/H .3 We obtain the free energy

!
" " NugH kgT + pgH

# "NkBTInZ kBT- HBH

F =" NkgTIn[2coshfugH)] = (3.47)

which is interpreted asF = U " TS being dominated by the internal energyU at low and by
the entropy S = kg In 2 in the high-temperature limit. Note that the entropy is given by

S(T)y=" ; = Nkg In[2coshftpugH)] " Nkg-pgH tanh(-ugH) (3.48)

which goes to zero forT # O satisfying the third law of thermodynamics. Now we turn to the
magnetization,

) ; ;
Mn = HUB %@i&: HBN%é@l&
i=1
2 L L <3
tr ugH&® 8°coshfpgH)+ 19 & sinh(-ugH) \
=N 2 coshe g H) = N aQug tanh(-ugH)
(3.49)

whereis a normal vector. Let us calculate the magnetic susceptibility for the case thatH 2 5,
prst for a moment alongz,

9 ; 9 ;
UE-N 987%&"9@’& = pz-N B8 "B’ &

0, =
. (3.50)
_MENO Lo P _ MEN 1
= 1" tanh“(-ugH) = .
ke T CHeH) ke T cost(-pgH)
This yields a high-temperature behavior kg T - ugH)
2
_ HgN
0,,(T) = e T (3.51)

corresponding to a Curie-behavior.

3.4.2 Spin S - classical limit

We now turn to larger quantum spins with magnitude S = !s where s is an integer or half-
integer. The Hilbert space of such a spin contains 2+ 1 basis states{| s, s;&}= {|s," s&|s," s+

1&...,|s,s" 1&]|s, s&} with §2|s, s,&= 12s(s+1)|s,s,&and 9,|s, s,&= ! s;|s,s,& We apply a
magnetic beld parallel to thez-axis of the N independent spins, leading to the Hamiltonian,

oL ;™
o % g o gy

H= = (3.52)
i=1 Toi=l
3Evaluation of exponential function: Expansion in a Tayler-series,
$ ~ B '
N oo n loo 2A 2 +1 ..
mets _ - ("Us) Sy = (*ps) 20 (*Ke) 20+18 3
€ T L O e T T DT (-5
n=0 n=0 (346)

=9 coshfugH) + 9 P sinh(*pugH) .

where we used the relations @.41).
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where g = 2 again. Note that the peld direction does not matter for the following discussion.
We calculate again the partition function of the canonical ensemble,

5 3 . ) / 7 s ) 8y 7 g5 8N
7z = tr e#(H = tr e(guBHgiz/! = %,Szle(guBHg'Z/I |S,SZ& = e(guBHSZ
i=1 S;=#s S;=#s
7 8N 7 8N 4 5
S " : N
— e#(guBHs § e(guBHn - e#(guBHs e(guBH(23+1) 1 - sinh ('Ll BH(23+ 1))
o elgnsH " 1 sinh(-ugH)
(3.53)

We obtain the free energy

> ?
sinh(-pgH (2s + 1))

F="NkgTlIn sinh (1 g H) (3.54)
and the internal energy
2 3
U="NugH (2s+1)coth(-ugH(2s+1))) " coth(-ugH) =" NugH2sBs(-ugH) (3.55)
where Bs(x) is the OBrillouin functionO.
I
s+ 1 L A g(s+l)x+éééx+ (2s+1)#1
Bs(x) = s coth[(2s + 1) x) % coth(x) = A (3.56)

1" fef*+ a4a x- (2s+1)*1.

In Fig. 3.1the heat capacity is depicted, which is the derivative ofU with respect to temperature.
Note the approach towards the classical limit with increasing spins (see also discussion foF
below). Also the magnetization can be expressed by the Brillouin function,

LA
Mz=gug  98°&= Npp2sBs(-ugH), (3.57)
i=1

which also identibes the internal energy adJ = " M,H. The other components vanish,My =
My =0.

Cy 4
—— classical
quantum

ke T

Figure 3.1: As the spins increases, the OquantumO heat capacity approaches the classical heat
capacity.
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The limit of s- 1 leads us to the classical limit. Let us examine this by simultaneously Pxing
2sug = m to be bnite. The free energy and entropy take the limit forkg T - mH,

F="NkgTIn2s and S = NkglIn2s (3.62)

where we may identify the value of S with Sy of the classical case in the footnote. In the
low-temperature limit we distinguish two regimes:
Q) 2skg T - mH - kgT: we bnd

F="NmH + NkgTIn(-mH/s ) and S= NkgIn2s" NkgIn(2-mH )+ Nkg (3.63)

which corresponds essentially to the low-temperature classical regime.
(2) mH - 2skg T: we obtain
4 1 5 G H
F="NmH 1" - +0 T g 2mHfs and S# 0 (3.64)

which corresponds to the quantum result. This quantum range shrinks for increasings, see
Fig.3.1.

3.5 Ideal quantum gas - grand canonical ensemble

A gas of independent particles in quantum mechanics has the additional key feature that indis-
tinguishable particles are classibed in Fermions (particles with half-integer spins) and Bosons
(particles with integer spins). The former follow the Pauli principle, i.e. we cannot bnd two
Fermions in the same quantum state. For Bosons no such restriction exists. A many-particle
state of Bosons (Fermions) is described by a wavefunction which is completely symmetric (anti-
symmetric) under the pair-wise exchange of particle variables. We will discuss this in detail in
the next chapter when we introduce the technique of second quantization. The free particles in
guantum mechanics are represented by plane waves

1s() = %|1p&= 37@* with (5 = o (3.65)

“Classical ideal paramagnet: We take a classical vector magnetic moment m of length m and assume a magnetic
beld along the z-direction. Thus, each moment possesses only the angular orientation as a degree of freedom.
This leads to the partition function,

" # % & % &
S 0 e et T O o sinh(emA ) as8)
-_ 4. - 4' - *mH . .

i=1

The free energy is given by

+
3 —NmH + NkgTIn(2*mH ) ks T < mH

— = — i * — * = % &
F —Fo Nkg T {In(sinh(*mH )) — In(*mH )} 3 NksT by &2 T mH (3.59)
3 keT 8
and the entropy in the limiting cases,
+

%$|:& § —Nkg In(2*mH )+ Nkg ks T < mH

S—Sy= — — = % &, (3.60)
ST v 8 N mH
3 keT ke T > mH

where we observe that in the zero-temperature limit the classical entropy diverges logarithmically in temperature.
In the high-temperature limit the entropy should reach a value connected to the phase space of each magnetic
moment, such that we may choose

So = Nkg In(2s+1) ~ Nkg In(2s) and Fo= —NkgTIn(2s+1) ~ NkgTIn(2s) . (3.61)

corresponding to the count of states in the quantum system: (2s+1)N.
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Introducing periodic boundary conditions we quantize the momentum quantum number. For
this purpose we assume a cubic system with edge length and V = L3. The wavefunction
satisbes the boundary conditions

1ot +(L,0,0)) = 1s5(t +(0,L, 0)) = 15t +(0,0,L)) = Ls(*) (3.66)

which is satisbed, if

2%! h ,
B= " (ny.n) = S(Nny,nz)  with Ny,Ny,n;) Z. (3.67)
The grand partition function for a gas of such particles is given by
$
Z= guge e (3.68)
{ng}
with $ $
E= (5 N and N = Ny - (3.69)
p p

. . . %
Here ny is the number of particles per state, the occupation number, whereby the sum {ne}
runs over all allowed conbgurations of occupations. The factor Uing} IS given by

!
A 1 indistinguishable particles (Fermions and Bosons),
= F 1 (3.71)
%ng) ﬁ - classical particles (Boltzmann).
p.
p

Each many-particle quantum state for indistinguishable particles includes all permutations
through the total symmetrization (Bosons) or antisymmetrization (Fermions) of the wavefunc-
tion. For Fermions we bnd that for each state|1,&the occupation number isns = 0,1 and for

Bosonsns =0,1,2,.... Thus, calculating the partition function we obtain for Fermions/Bosons,
$ 2 3, 2 3 <
7z = A TR T JC P PP
U TRULTPORE
' F G H
o . ﬁ p 1+ ze"¥s  Fermions (3.72)
= Ze#(#ﬁ s =
F 1
pNg § -
,3, 1 75 @ Bosons

with z = el# as the fugacity®

®Note that sums over  are discrete sums overa due to Eq.(3.67), but for large L can be approximated well

by integrals
o s e b v
3 [ ’
5 Classical particles: The partition function is given by
+ 6
$ ' - IN .
z = ! 1 4 7#'p!15rb!1 1 4267#',)!25%!2 = ! N i’ ! e ¥ - ! SN 7 (class )
Ng, ! Ne.,! NT - 8 N '
Tt 1 Mot g e 1 2 N =0 $ N =0

(3.73)
which corresponds to the usual partition function of independent classical particles within the grand canonical
ensemble.
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From the partition function we arrive at t'he equation of state

! G H
ﬁ In 1+ ze s Fermions,

WV, p
= (TV= G y (3.74)
kg T "
" In 1" z&**s  Bosons,
p
and the particle number
'S 1 .
Fermions,

ﬁ elfsz#1l+1
* P
N = ngnZ = (3.75)

e
,5 Fagfln 1 Bosons.

These equations can be used to determine the chemical potential wheM is bxed. The occupa-
tion number of a ?tate is also easily obt}gined,

1"F $ G Hns,l- $
%p& = > 4 zd' (g Ny (z€&" #s)Ns
p/EF’j ns/ np,

|
: 1 i (3.76)

0, -

& N (z&* Fs)Ns * A z#1elfs + 1 Fermions,

0% Gon— = "keTy—InZ =

These correspond to the Fermi-Dirac and the Bose-Einstein distribution, respectively.

Eventually we compare the grand potential and the internal energy. Using 8.74) we obtain
$ G H @ G

= 4kgT In 1+ zéPs =4kgT d(g(() In 1+ ze¥

WieT 455 17 d((V2In(1 £ ze* ) 3.77)
: 0

2 1 42m53’2@% (32
72

n 7V7
3 4%2

where the plus (minus) sign corresponds to Fermions (Bosons). For the second equality we

performed an integration by parts. We have also introduced the density of states

4, Sz

e 1

$ 1 2m
9O0= (" G)=Viem 17 vz, (3.78)
5 !
for the energy integration. Now we consider the internal energy
@y, 4, 532 @y 32
_ _ ( _y 1 2m ’ (
0 s 0zt Vae 2, Ymear G
Thus from '= " pV we obtain the general relation
U= gpv : (3.80)

Note that we did not so far include the spin s of the particles in our considerations. This gives
an additional factor 2s+1to 'and U.
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3.6 Properties of Fermi gas

We consider now Fermions of spirs, i.e. there are Z+1 dilerent species. The equation of state
and the equation for the particle number of the Fermi gas are given by

o 4% Q@ G e#(#H
= __ ]
T hS(2s+1) i dppPin 1+z ,
(3.81)
1-N-n-4$(25+1)@%d R ——
v V  h3 0 P z#le(#s+1

00 =
where we used the relation b= Q’—S d3p (see previous footnote). We rewrite these equations

introducing special functions of z,

2s+1
o = g Te2(@
(3.82)
1 _ 2s+1
= g T T oB —a fa2(2)
3
where %= h/  23mkgT is the thermal wavelength. These functions are debned &s
@y, 2
fuz(@) = &5 dxx?in(w+ ze) = (" 1)'|5,2
I=
(3.84)
* $’ﬂ) | ZI
fa2(2) = 25 T52(2)= " (" D)ygz -

For the following it will also be important to consider the asymptotic behavior of these functions.
For z + 1 we may use the expansion just given Foz - 1 we bnd

542 J
feo(2) ( Jl(ln z)5’2 1+ 8(n 2)2 + 444
, | ) ] (3.88)
fy2(2)= 3=(nz)¥2 1+ + 444a.
"Expansion of f 5 5(2):
( ( | oo | A1 | oo |
4 ° 2 _x2 4 * < .ze X : | Z
— dxx“In(l+ ze™" )= —— dx (=)= = - (-1 = (3.83)
VAR VA 1 . [5/2
8Derivation of the large- z-expansion: Use# = wk g T =In z and rewrite
fa2(2) = i( Tdyy2in@+ € V)= ‘- dy’( )5’2ey7/ (3.85)
5/ 2 - \/ﬁ o y'y 15\/> . y y (1+ ey/)2 ’ .
where the second equation is obtained by twice integrating by parts. More over we extend the lower integration
boundary to —oco, at the expense of a small error of ordere™ = 1/z. We now expand (y' + #)* 2 assuming #
large and pnd
g (+= % 12 5. 15,15 2 B
— 5/2 , D432 L9,1/2 1
faa@) = e oy @ S Y
$ ' (3.86)
8 512, O 32, 15 1/ 2
= —— o 7+ I #7 T+ o T+
15, ° 2! 8 °
where (
“+oo yney 1 2
In = N dym = |0—1,|1—0,|2—?,.... (3.87)

Note that all 1, =0 for n odd. It is easy to obtain f 3, 5(z) by taking the derivative.
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3.6.1 High-temperature and low-density limit

Low density (high temperature) implies %n + 1 andz = e + 1. We can use now 8.82

> 2
22 ' o%n (%6n)?
0B — . oy _ 4
Bn=(02s+1) z Sz + a4 $ 2= oot 255+ 1) + 444  (3.89)

This allows us to replacez in the equation of state °,

> ? >
P 2s+1 ks N 9%n

T w2 w2 (v Y s (3.91)

The second term represents the brst quantum correction to the classical limit of the ideal gas.
This allows us also to calculate the isothermal compressibility,

1 4 *V > \ 1
TENS a = T — (3.92)
p T.N Bl 1+ 2372(2s5+1)

The quantum correction suppresses the compressibility, as a consequence of PauliOs exclusion
principle, i.e. Fermions avoid each other. The occupation numbers is approximatively given by

3
o%n g = L nh # (4

3.93
25+ 1 25+1 (2$mkg T)I2° (3.93)

Wy &= (2" s (

Z# 16(#5 + 1
corresponding to the Maxwell-Boltzmann distribution per spin. With the general relation (3.80
we obtain immediately the internal energy and the heat capacity
> ? > ”
3 9%n 3 NIz

U( SNkgT 1+ d Cy= oNkg 1" oo | 3.94
( 5Nke X20s+1) o0 VT QhKe 272(25 + 1) V (3.94)

including the brst quantum corrections.

3.6.2 Low-temperature and high-density limit: degenerate Fermi gas

At low temperature we reach the Oquantum limit3%6 - v = V/N , which implies large fugacity z.
First we consider the zero-temperature situation. The occupation numbers follow a step function
!
"1 ’ ([5 <H,
Wp&=)( " ()=, (3.95)
0 , (p > M.

The Fermions occupy states within a sphere in momentum space, the Fermi sphere (Fi§}2).
The patrticle density n is

@

N _2s+1 o8, &= 25+14$ 5 _ (2s+1)k?

hs 3 PF 632

\Y h3

(3.96)

where pr is the Fermi momentum ((5. = (T =0) = (F), isotropic, and kr = pg/! is the Fermi
wavevector. The groundstate energy is

@ @ > >
Up = Zshz LV dPpgomes 723;;1 4$V OpF dp? 7 = Zsh’; 1 4$5V L gN(,: (3.97)
9Note that the lowest order expansion reproduces the chemical potential of the classical ideal gas, as given in
Eqg.(2.51) and (2.79): .
s = N3 u:—kBTIngv%ZlkaT&gu. (3.90)
\Y N h2
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where (¢ denotes the Fermi energy. The zero-point pressure is obtained through3(74),

Po= 5v = v (F - (3.98)

In contrast to the classical ideal gas, a Fermi gas has Pnite zero-point pressure which is again
a consequence of the Pauli principle and is responsible for the stability of metals, neutron stars
etc.

Y.O

Figure 3.2: Fermi sphere of occupied single particle states. Fermi radiupk .

Next we turn to bnite temperatures for which the occupation number broadens the step apr.
We use now (.88 3.96) to obtain the relation

4 5 3 4 5 4 5
(r 3/2_3 BN _ TERELINE YTER L

B == — = + - aaa 3.99
ks T 42s+1V  keT 8 ksT aaa (3.99)
which at constant density n = N/V can be solved for the chemical potential,
7 4 5, 8
n $2 kBT AAA
Wm)y=( 1" —— — + aaa, (3.100)
12 (f

and analogously we obtain for the pressure,

7 ) 4 5, 8
5%< kgT L4
p(T)=pp 1+ — — + aaa. (3.101)
12 (r
Again we derive the internal energy from the relation (3.74)
3 7 se2 4 k752 8
B Lz oz
= — = + — + .
2pV U 1 12 (s aaa , (3.102)
which also leads to the heat capacity for bxedN
4 5
*(J 2 2
Cv= ﬁuo "+ 44aa $—k2 NT+aaa (3.103)
T V,N ( (F

see Fig3.3. This is the famous linear temperature dependence of the heat capacity, which can be
well observed for electrons in simple metalsCy = 4T + 44 &vith 4 as the Sommerfeld coe$cient.

Obviously now the third law of thermodynamics is satisbped,Cy %00 Also the entropy goes
to zero linearly in T.
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%NkB —————————————————
z /%/NkBT
—— quantum —— quantum
%NEF - - - classic - — - classic
iy ad 0
0 kT 0 kgT

Figure 3.3: The internal energyU and the heat capacity Cy in the quantum situation compared
with the classical situation.

3.6.3 Spin-1/2 Fermions in a magnetic peld

We consider now the magnetic response of spis = 1/2 Fermions in a magnetic beld (ideal
paramagnetic gas). The Hamiltonian has to be extended by a Zeeman term. Taking the peld
along the z-axis this reads,

Hy = s?H (3.104)

. ove ¥
b

with g = 2 as gyromagnetic ratio and ug the Bohr magneton. The energy dilerence between

spins parallel and antiparallel to the applied beld can be absorbed into a spin-dependent fugac-

ity, 10

z, = eu=leH (3.108)
such that the density of Fermions is given by
N 1 19 :
n= vV v % faa(ze)+ fz2(z4) =ne +ny (3.109)
and the magnetization
M . g 9 . :
m= 3 = e " ng) = 8 M aa(z)" faa(ze) (3.110)
Let us now calculation the spin susceptibility for zero magnetic beld, given by
mB o w @B | A
0= = 2z = ——=—fy,(z 3.111
*HO 7 %keT *z 0 7 %ksT v2(2) (3.111)
O\We calculate the grand canonical partition function
+ 6 + 6
0o .! ) , o) *m/ 0 0 ! )
Z= ze*n tHua P g . ze#p et P g = o e (3.105)
$ UM ] $ %=+ — m

where zy is debPned as in Eq.3.108). The grand canonical potential is given by

ks T <
#= —kBT InzZ=— 3 f5/2(2+)+ f5/2(27) (3106)
from which we determine the magnetization
184 keT! 8 CkeT! Sz $ =

T VsH D gh o2(Z0) = 5 , SH gfs/z(z):z:zu

| = | (3.107)
= i_li 'Z % ﬁf s2(2)= = i:l% 31 2(Z0)

% z=z" %

corresponding to Eq.(3.110).
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with z = el* . We may now again consider limiting cases.

High-temperature limit: We replacez + 1 in Eq.(3.11]) using Eqg.(3.89 with n=1/v and bnd

207 o5 ?
_ uBn " n
0= T 1 =7 - (3.112)

The prst term is the result for particles with spin and has a Curie like behavior and the second
term is the brst quantum correction reducing the susceptibility.

Low-temperature limit: Taking only the lowest order for z - 1 we obtain,

4 5,
0= Mo v M4 T
%Wkg T $ %WkgT $ kgT B2 -

(3.113)

This is the famous Pauli spin susceptibility for a Fermi gas, which is temperature independent.

3.7 Bose gas

There are two situations for Bosons: (1) a system with well-debPned particle number, e.g. bosonic
atoms, “He, ... ; (2) Bosons which results as modes of harmonic oscillators (no Pxed particle
number), e.g. photons, phonons, magnons, etc..

3.7.1 Bosonic atoms

We consider Bosons without spin § = 0) for which “He is a good example. Analogously to the
Fermions we introduce functions ofz to express the equation of state and the particle number,

19 ;

p 1
kg T 9% 512(2) 9% =1 |5/2
(3.114)

1 N _ 1 1% 4
Q_V_%QSIZ(Z)_% EER
I=1
For small z both functions grow linearly from zero and gz ,(z) has a divergent derivative for
z# 1. We concentrate on the range &< z * 1, such that u(T) * 0. For z =1 we obtain
1 $

$
Ga(l)= 55 =503/2)( 2612 and gyp()= g5 =5(5/2)( 1342 (3.115)
| |

where 5(x) is RiemannO$-function (see Fig3.4).

3.7.2 High-temperature and low-density limit

It is easy to see that (like the Fermions) the Bosons behave in this limit as a classical ideal gas.
An intriguing aspect occurs, however, in the quantum corrections. For the pressure we bnd
?

444 . (3.116)

o8

N n
p(T): VkBT 1 ﬁv"‘

The quantum correction reduces the classical ideal gas pressure and yields the compressibility

1 4*V ° \ 1
== L - . (3.117)
V. *p ;n NkgT1 23/372'\‘\/

50



3 1 1 ] 1
25|
T 9,, /]
15| .
il ]
. 9]
U- il | ] | - l | ] ]

Figure 3.4: Functions gz 2(z) and gs;»(2).

In contrast to the Fermions where the quantum nature of the particles diminishes the compress-
ibility, here the compressibility is enhanced. Actually, in this approximation the compressibility
even diverges if

N
292 = vo/@ , (3.118)

i.e. at low enough temperature or high enough density. We will now see that this indeed indicates
an instability of the Bose gas.

3.7.3 Low-temperature and high-density limit: Bose-Einstein condensation

Let us now consider Eq. 8.114 carefully. The function gz, ,(z) is monotonically increasing with
z. If T is lowered,%0 T#Y 2 increases, such thatz has to increase too in order to satisfy 8.114.
Therefore p approaches the singular point at 0 ¢ = 1). The critical point is determined by

!

h2
N ﬁ Te= 2%kg m[5(3/ 2)V/IN [¥3°
Gy/2(1) = 5(3/2) = VO/??’ $ (3.119)

3
@VC N h

" 5(3/2) (2$mks T)¥2

This debnes a critical temperatureT; and critical volume V. below which a new state of the
Bose gas occurs. Note that this equation is qualitatively very similar to 3.118 and even
quantitatively not so far (5(3/2) ( 2.6125 2%¥2( 2.85). The question arises what happens for
T <TcorV <V Actually the problem occurring in (3.114 and (3.119 arises in the step

$ 1 v @

— 3
N= w7 9P

1

W . (3-120)

The integral does not count the occupation of the statgd = 0, because the momentum distribu-
tion function entering the integral,

I _
)= gy ° H0=0. (3.121)

This is Pne as long as the occupation of thgd& 00-state (single-particle groundstate) is vanish-
ingly small compared toN . However, forT < T, (V <V,) the occupation becomes macroscopic,
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%p-0 &N > 0 and we cannot neglect this contribution in the calculation ofN (see Fig3.5). Thus,

the correct density is
N

S = o %2(@)+ No(T)= na(T) + no(T) (3.122)
with ng(T) denoting the density of Bosons in the single-particle groundstate f = 0). These
particles form a condensate, theBose-Einstein condensate What happens at T is a phase
transition. We encounter here a Otwo-RBuidO system for which the total particle density split
into a condensed fractionng and a normal fraction n,. From (3.122 we bnd the temperature
dependence ohg (see Fig3.5),

N N 4 T 5420

M=y 1" & . (3.123)

~

P T. f

Figure 3.5: Occupation: Left panel: A macroscopic fraction of particle occupy the momentum
p = O-state for T < T.. Right panel: Temperature dependence of the condensate fraction.

Next we also determine the equation of state,
I
A kT
A WQSIZ(Z) , V>V

p= . (3.124)
kg T
ﬁ 5795/2(1) , V<V

We now consider the compressibility forV >V, . For this purpose we Prst determine

*\/ 93 2(2)
Vol Nod , 3.125
*z 03/ 2(2)? ( )
and consider
*p kBT | *z N(yé g!3/2(2)
= QO Z)— $ - = ! ' 3126
*\/ % 05, o( )*V T Vke Ta2(2)% g ,(2) ( )

where we use the notationg},(z) = dg,(z)/dz. As anticipated earlier the compressibility diverges
at the transition V # Vc (or T # T), since the derivative gy, ,(z) #, for z# 1. In the
condensed phase the pressure is independent Uf as is obvious from @.124. Therefore the
condensed phase is inPnitely compressible, i.e. it does not resist to compression.
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Some further thermodynamic quantities can be derived. First we consider the entropys from

the grand canonical potential
4 5

) 5v W
4 5 4 5 ﬁ NkB %95/2(2) Inz ’ T >TC|
S(T,V,wm=" = = =
T T o B seam %9
®205,(1) Tc ’

where we used 3.114.% For the heat capacity at Pxed particle number N we bnd from the
internal energy U = 3pV,

(3.127)
T < TC ’

! 5
. 9032(2)
4*U 5 ﬁ ke 4%'95/2( ) 4gy,(z) AL
Cy = s (3.131)
1 3/2
§ 1505 2( ) T<T,.

® 4 g3,(0) Tc ’

T T
Figure 3.6: Heat capacity: Cy has a cusp at the transition and vanishes asT® 2 towards

zero-temperature. In the high-temperature limit C, approaches Blkg/2 which corresponds to
the equipartition law of a mono-atomic gas.

In accordance with the third law of thermodynamics both the entropy and the heat capacity go
to zero in the zero-temperature limit. The entropy for T < T can be viewed as

4 Sz
S T nn(T . 5 1
S_og T oMo Gith s= kg Gs/2(1) (3.132)
N Te n 2 " 0gy2(1)
" calculation of the temperature derivatives: (1) Fixed chemical potential:
$ Vke T 5V k Vks T Z) $z
eV lg = Yieg, 04 g gj”( )32 (3.128)
.@_A
\Y
= —ks _—393,2(2)*;1 = —Nkg Inz
where we used(%g;,/ 2= Qyolz.
(2) Fixed particle number: we use
_ N 3 dgs2 _ Ouy2(z)dz _ 3N -3
Ga2)= g0 F g T T odrT 2V T (3129)
which leads to the relation
dgs) o _ 93/ 2(2) dz _ 9 O3 2(2) N- 2 _ (3.130)

dT z dT  4dgy.(z2) V
This leads to the expression for the heat capacity.
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where s is the entropy per normal particle (specibc entropy), i.e. a non-vanishing contribution
to the entropy is only provided by the normal fraction (two-RBuid model). The heat capacity has
acuspatT = Te.

P \ I7‘ronsh‘ior7 line Jo) A
' fransition line

V(D v T

Figure 3.7: Phase diagrams; left panelp-v-diagram; the isothermal lines reach the transition
line with zero-slope, i.e. the compressibility diverges. Right panel:p-T-diagram; the condensed
phase corresponds to the transition line, there is no accessible space above the transition line.

We consider now the phase diagram of various state variable.
(1) p-v-diagram: phase transition line

5/3 _ h? Os/ 2(1)

= , 3.133
POV 28 [gy o117 (3439
(2) p-T-diagram: phase transition line
ke T
Po= g Gsi2(1) 0 T2 (3.134)

which is the vapor pressure (constant forT < T.) (see Fig3.7). We use this line to determine
the latent heat | per particle via the Clausius-Clapeyron relation,

dpo _ |
dT  T"v

with  1=T"s. (3.135)

The condensate takes no specibc volume compared to the normal fraction. Thus,V' = v..
Therefore we obtain
5ke0s/2(1) _ 5 Gs2(1)

_ 1y 9P _
I - Tvcﬁ - TVCE % TékB 93/2(1)

(3.136)

where we used the relation% = vcgs,(1). Note that this is consistent with our result on
the specibc entropys. The condensed phase has no specibc entropy such thats"= s and,
consequently,l = T" s using (3.132.

Examples of the Bose-Einstein condensates is the quantum RBuitHe which shows a condensation
below T+ ( 2.18K into a superfuid phase. We will discuss this in more detail in Chapt.7. A
further very modern example are ultracold atoms in optical traps, e.g. 8’ Rb (37 electrons +
87 nucleons = 124 Fermions# Boson). For 2000 atoms in the trap the critical temperature to
Bose-Einstein condensation is as low as 170 nK (for the measured momentum distribution see
Fig.3.9).
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Figure 3.8: Velocity distribution of Rb-atoms: Left panel: T > T¢; middle panel: T / T¢ ;
right panel T + T.. A peak at the center develops corresponding to the fraction of particles
with Ozero-velocityO and at the same time the fraction of particles with bnite velocity shrinks.
(Source: http://www.nist.gov/public _alairs/gallery/bosein.htm)

3.8 Photons and phonons

We consider now classes of Bose gases whose particle numbers is not conserved. They are derived
as normal modes of harmonic oscillators. Thus we brst consider the statistical physics of the
harmonic oscillator. The most simple example is the one-dimensional harmonic oscillator whose
spectrum is given hy

with  n=0,12,... (3.137)

and the eigenstates|n&*? The quantum number n is considered as the occupation number of
the oscillator mode. We analyze this within the canonical ensemble formulation with a given
temperature T. The partition function reads

$o $o LB , gt (1 2
z=te* M =" on|ef(Hng= W = fU7 2" il = T g - (3.141)
n=0 n=0 n=0

The internal energy is obtained through

*Inz 1 !
u=" ——=21 + -1 3.142
*_ 2 e( | n 1 ( )
'2Harmonic oscillator with the Hamiltonian
2 o % &
- — 82 = 10, T =
H 2+ 2(9 1% aa+2 (3.138)
with a and a' as the lowering and raising operators, respectively,
B__ 6
.. |
= R T g
Q 2%(a+ a') o
= @al=1 < [§,M=il (3.139)

B - é
T
P=—i% 2%(a a')

The stationary states |n) are dePned by#|n) = ., |n) and obey
an)=vnn—1 and afjn)= vhn+1|jn+1). (3.140)

We can interpret a' and a as creation and annihilation operator for a particle of energy ! % In the language of
second quantization the commutation relation of a' and a corresponds to that of Bosons.
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The heat capacity is

du 4 e 1
C=—=k ! , 3.143
dT ~ % 2T  sinh?(-!,/ 2) ( )
with the limiting properties
|
A Kg keT - !,
C-= 4 5, (3.144)
é kg - e#(!' ke T+ I,.

ke T

In the high-temperature limit the heat capacity approaches the equipartition law of a one-
dimensional classical harmonic oscillator. The mean quantum number is given by
$° 1

1
0, - #Hn = -
0 &= . ne =g (3.145)

This corresponds to the Bose-Einstein distribution function. Thus we interpret n as a number
of Bosons occupying the mode .

3.8.1 Blackbody radiation - photons

Electromagnetic radiation in a cavity is a good example of a discrete set of independent harmonic
oscillators. Consider a cubic cavity of edge lengtiL. The wave equation is expressed in terms
of the vector potential 4 5

——" . A=0 (3.146)
and the electric and magnetic beld are then

* m
E=" %$ and B=I1 A, (3.147)
where we used the Coulomb gaugea A =0 and / = 0. This can be solved by a plane wave,
! "
" $ 2 L. 3 " =g = okl
Att)= 32" A&, AT L A).&), etikaeit with
Vg & 8k=0,
(3.148)
i.e. a linear dispersion relation and a transverse polarizatio;. (% polarization index). As-
suming for simplicity periodic boundary conditions in the cube we obtain the quantization of
the wavevector,

1‘<=2L$(nx,ny,nz) with  n=0,+1+2,... (3.149)

Each of the parameter set k, % denotes a mode representing an independent harmonic oscillator.
These oscillators can be quantized again in the standard wa}? The states of a mode diler by
energy quanta!, ;. The occupation numberny. is interpreted as the number ofphotonsin this
mode.

13Canonical quantization of the radiation beld: Introduce the variables
1 C D i% C D

Qﬁ) = ﬁ Aﬁ) + Ag) and Pﬁ) = ﬁ Aﬁ) —A% (3150)
which leads to the following expression for the Hamiltonian
( ! I |
B2+ B2 °/§ = 3_1- C D
— 3 — = _ 2 2 2
H= dr=pg—= SRR T =, Pyt ROy (3.151)
&) R)
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The patrtition function is then derived from that of a harmonic oscillator

: 7 . 8>
g Sl b e 3.153
AT AU T T O (3.153)
k" k
where the exponent 2 originates from the two polarization directions. The internal energy follows
from

um=- "7 SPALY —@dD - —V@d T 3.154
(m=" R km_ , (’)W_ U, T) (3. )

where we have neglected the zero point motion term (irrelevant constant). The density of modes
in (3.154 is denoted as

D()-$ (" )-2V4$@dkk2'( " ck)—Vi (3.155)
’ - T(" ’ ’f< - (2$)3 ’ - $2& .
which leads to the spectral energy density
2 I
u(,, T)= $2C3e(, =g (3.156)
which is the famous Planck formula (Fig.3.9). There are two limits
[
- 2
A kBT$'2—CS I, + kg T Rayleigh-Jeans-law
u(,, T ) ( ﬁ , (3.157)
I , ~
573 #U° 1 - kg T WienOs law

whereby the Rayleigh-Jeans law corresponds to the classical limit. The maximum for givef®
follows WienOs displacement law,

1,0=2.8%gT. (3.158)
The total internal energy density leads to the Stefan-Boltzmann law
@
U $2 (kg T)*
— = T)= — A
v du(,T) 15 (103 (3.159)

The energy current density of a blackbody is debned as

U energy
—C= —————— . A
VC areaatime (3.160)

Thus the emission power of electromagnetic radiation per unit area for the surface of a blackbody
is debPned by

p _u 1@d' kaﬁ U l@d cos) = g: 7(kBT)4
em = \/ 4$ |‘k| RV 4$ k - T 60 132

=374 (3.161)

where for the current density the component perpendicular to the surface countst(: surface
normal vector). Note that the integral o + only extends over the hemisphere with coy> 0.

This is the Hamiltonian of a harmonic oscillator for each mode which we can quantize and obtain the new form
| % 1& | % 1&
H= 1% a;) a +5 = 1% ng+3 (3.152)
&, £,

where Ay — ag annihilates and Aﬁ) — ag creates a photon in the mode (&, - ).
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Figure 3.9: Spectral density of black body radiation.

This blackbody radiation plays an important role for the energy budget of the earth. The sun
can be considered a blackbody emitting an energy current at the temperature of ( 600K .
This delivers an energy supply of 137kW/m 2 to the earth. The earth, on the other hand, has
to emit radiation back to the universe in order not to heat up arbitrarily. The earth is not a
black body but a OgrayO body as it is strongly reRecting in certain parts of the spectrum. A
further example of blackbody radiation is the cosmic background radiation at a temperature
2.73 K which originates from the big bang.

3.8.2 Phonons in a solid

We consider DebyeOs theory of the lattice vibration and their inBuence on the thermodynamics of
a solid. A solid consists of atoms which form a lattice. They interact with each other through a
harmonic potential. Let us assume that the solid consists oN 4 atoms arranged in a cube of edge
length L, i.e. there are N, degrees of freedom of motion. For our purpose it is convenient and
su$cient to approximate this solid as a homogeneous isotropic elastic medium whose vibration
are described by the following equations of motion:

1*3 . v, o
E—*tz . (-4 U)=0 longitudinal sound mode ,

(3.162)
14, .
gﬁtz "R =0 transversal sound mode.

There are two independent transversal k & = 0) and one longitudinal (k 1 ¢ = 0) sound
mode. These equation can be solved by plane waves and yield linear dispersion analogous to
the electromagnetic waves:

D=ak  and 7 =qlk. (3.163)
The density of states is obtalned analogously using perlodlc boundary conditions for the waves,
4
vV,2 1 2
D(,)= =5 =+ —= 3.164
()= %7 @' a (3.164)

A dilerence occurs due to the Pnite number of degrees of freedom. In the end we geNa
modes. Thus there must be a maximal value of and [k|. We take the sum
4 5
v % 652N, V3

$ Vi
_ _ 2 _ =
3Nj = 3= (2$)34$ ) dk k 252 $  kp v
k& kp

(3.165)
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and debne in this way the Debye wave vectokp and the Debye frequency, p = Cett Kp Where

4 5
3 712

= — 4+ —

Coit ¢
The internal energy is obtained again in the same way as for the electromagnetic radiation apart
from the limit on the frequency integration,

umy @
VAR

(3.166)

du(,T). (3.167)

foct ) foo)

Debye real materials

Figure 3.10: Density of states of phonons. Left panel: Debye model; right panel: more realistic
spectrum. Note that the low frequency part in both cases follows an 2 law and leads to theT3-
behavior of the heat capacity at low temperature. This is a consequence of the linear dispersion
which is almost independent of the lattice structure and coupling.

We consider prst the limit of small temperatureskg T + kg)p = !, p ()p: Debye temperature).
The internal energy is given by
@ty 4 53
(ke T)* 3 0 x3 $2(kgT)* _ 3$%ksT T
U=V 4% dX——=V = — Na (3.168)
(2%!)3 & 20 ,(ex Jj 100 3¢, 5 )D
= $%15
and correspondingly the low-temperature heat capacity is
4 _5
4 3
CV = gNAkB L , (3169)
S )D
the famous Debye law. On the other hand, at high temperatures T - )p) we use
1 1 1 -1
"o .
a1l a7 2t (3.170)
This yields for the internal energy
@. 4 5
3V o r,3 12,4
UT) = o055~ d ,%keT" ——+ —~ aaa
(M 25263, o ® 2 12T
2 L4 5,/ (3.171)
=3NaksT 1" S22+ D +aaa

8kgT 20 kgT
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and leads to the heat capacity
> ?

1)3
Cy =3Npkg 1" 7)7D + aaa (3.172)

20T?2

In the high-temperature limit the heat capacity approaches the value of the equipartition law
for 3Na harmonic oscillators (Fig.3.11).

Dulong!Petit
NK_ [

T T

|
"D

Figure 3.11: Heat capacity: Low-temperature behavior follows aT 3-law. At high-temperature
the universal Dulong-Petit law recovers, which is a classical result of the equipartition law for
particles in a harmonic potential.

The Debye temperature lies around room temperature usually. However, there also notable
exception such as lead (Pb) with)p = 88K or diamond with )p = 1860K .

3.9 Diatomic molecules

We now investigate the problem of the diatomic mole(;%les (made out oN atoms) which are
bound by a two-particle interaction potential V(r) = i< Vi (r) with Vi (r) = v(lri " ).
A good approximation for the binding potential is the Lenard-Jones potential composed of an
attractive and a Ohard-coreQ repulsive part,
5, 4 50
v(r) = 4( rf " F'L (3.173)

with ( as the potential depth and ro = 2Y%¢ as the minimal point, see Fig3.12. Quantum
mechanical aspects appear in the low-temperature regimies T + ( ((: depth of the Lenard-Jones
potential). Under this condition we consider the Lenard-Jones potential around its minimum as
a harmonic potential. Ignoring for the moment the motion of the center of mass, the Hamiltonian
can be restricted to the relative coordinatesr and relative momentap,

2 2 2 [ 2
o V= s AT 10 (gt

= oy + A(r" ro)®" ( (3.174)

where the reduced mass is given byn) = m/2 and p; is radial momentum along the axis of
the molecule bond. The motion separates into radial vibrational part which corresponds to a
one-dimensional harmonic oscillator and the rotational motion. The two independent spectra
are given by 4 5

2
EVb =1 n+ Pl + 1)

and  E[% = — 55" (3.175)
0

NI =
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Figure 3.12: Lenard-Jones potential.

with , = ! 2A/m ).
Let us now analyze the partition function of the dilerent degrees of freedom. The translational
degree of freedom (center of mass motion) corresponds to the motion of a particle of masm?2
in three dimensions. At low temperatures this has to be treated as a bosonic quantum liquid in
the case that the atoms are identical (not only chemically but also as an isotope, same mass),
F 1
Zirans = W .
p
Next we have the vibrational part and the rotational part which we want to consider more
carefully,

(3.176)

ot (12 82
ZVib = W (3177)
and 7 o 8 2
Ziot = @l +1) e (DN rar (3.178)
1=0

where | ot =2m) rg/!2. Note that per angular momentum quantum number | there are 4 + 1
degenerate states. Since we know the behavior &ans and Z,j, already from the previous
sections, we address now only the rotational part. The partition function cannot be expressed
in closed form. Thus we examine only the limiting behaviors. As a characteristic energy scale
we take kg )ror =2/l or. FOr T - ) o We obtain

4@y, Sni2 4 @y q SN/ 2
Zrot ( di (21 + 1) (+D /o = “lotke T dl e (0D e
0 0
(3.179)
4 T Sni2
= (lotkg )V 2= 2—
)l’Ot
We may expand further in -/l ot '* and Pnd
4 5
Zrot ( 2Ty 1y Jro aaam . (3.181)
Jrot 3 30T
4\We use the Euler-MacLaurin sum,
| oo ( oo oo k
: _ 1 T (=1)Bk g (2k-1)
f(l)= dif (D+ =f (0)+ f 0)+ R , 3.180
- Q) . Q) > ©) ey ©) ( )
with By the Bernoulli numbers B; =1/6, B, =1/30, .... and R, is a small correction.
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For T + )r0t1 HN/2

G
Ziot ( 1+3 (Pt 4 3848 . (3.182)

There is a hierarchy of temperatures in this system,Tc + )it + )vib + Tgis, Where T¢ is
the critical temperature for the Bose-Einstein condensation of the moleculeskg)i, = !, and
kg Tgis is the molecule dissociation temperature { binding energy). We consider in the di'erent
regimes the behavior of the heat capacity per moleculeC(T) = dU/dT (see Fig3.13

! 4. 5,
TC + T + )rot
4) 5,
vib # Siio /T .
AL + T+
oT ) rot ) vib (3.183)
N A

A 3
A Ske T ket ks Jvib + T + Tais
" 3ke Tais + T .

712

52

32

»
Ll

| .
! ot > vib Tdis T

Figure 3.13: Schematic behavior of heat capacity of a diatomic molecule.

Note that due to the vibrational modes the heat capacity goes through maxima when molecules
are formed. Also the rotational modes are responsible for a hon-monotonic behavior. Upon
lowering temperature it looses gradually in magnitude due to the quantum mechanical freezing
out of degrees of freedom.

For the hydrogen molecule b the energy scales arélgis / 5000 , )iy / 200K and )rot /
85K . 15 There is no Bose-Einstein condensation for bl because it solidibes at 14 .

15 Note that due to the fact that the nuclear spins of the H-atom is 1/2, there is a subtlety about the degeneracies.
Actually, as identical Fermions their wave function has to be totally antisymmetric under exchange. If the two
spins form a spin singlet then the orbital part has to have even parity, i.e. 1=0,2,4,... (called Opara-hydrogenO),
while for the spin triplet conbguration odd parity is required, i.e. | =1,3,5,... (called Qortho-hydrogen0). As
a consequence in the partition function (3.178 the summands of odd | should have a prefactor 3. This does not
a$ect the heat capacity at temperatures T > /o« which is the classical limit of the rotator. But there is a (minor)
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correction at lower temperature such that
%, &,

€ .3 /ﬂ —&ot /T
N ~ 2kB +9ks T e (3184)

fOI’Tc<<T<</rot-
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Chapter 4

ldentical Quantum Particles -
Formalism of Second Quantization

This chapter gives an introduction to the formalism of second quantization which is a convenient
technical tool discussing many-body quantum systems. It is indispensable in quantum Peld
theory as well as in solid state physics. We distinguish between Fermions (half-integer spins)
and Bosons (integer spins) which behave quite dilerently, as we have seen in the previous chapter.
This behavior is implemented in their many-body wave functions. While in the previous chapter
we could circumvent to deal with this aspect as we considered independent indistinguishable
guantum particles, it is unavoidable to implement a more careful analysis once interactions
between the particles appear.

4.1 Many-body wave functions and particle statistics

The Hamiltonian describing the dynamics of a systems of many identical quantum particles
must be invariant under exchange (permutation) of particle degrees of freedom (coordinate,
momentum, spin etc). The identical quantum particles are indistinguishable since in quantum
mechanics it is impossible to follow the trajectories of particles under general conditions, unlike
in classical mechanics. Permutations play indeed an important role in characterising quantum
particles. We introduce the many-body wave function ofN particles,

l(l”l,Sl;rlz,Sz;...;f'N,SN) (4.1)
where each particle is labeled by the coordinaté¢ and spin s. In the following we will use for
this the short-hand notation 1(1,...,N). Analogously we debPne many-body operators,

AL,...,N) = AELEL S8 LS (4.2)

with rﬂj |§JJ and §J being the operators for position, momentum and spin of particlej . Note that
the Hamiltonian H belongs to these operators too.

We introduce the transposition (exchange) operatorlﬂ.j which is an element of the permutation
group of N elements and exchanges the particlesandj (1 * i,j * N),

B 1L, N D)= 2@, g b, N)
(4.3)
B AL, ... iy N D)= AL, N )

Note that (F'ﬁ".j )= |ﬁ|j . As it is invariant under particle exchange, the Hamiltonian commutes

with Fm”' ,
[H.B]1=0 (4.4)
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and, consequently, any combination of several transpositions, i.e. all elements of the permutation
group Sy, commute with H. Hence, eigenstates oH have the property

Hl1&= E[1& $ H®B;j|1&= B H|1&= EM; |18, (4.5)
where we debne the wave function as
1(1,...,N)= %,...,N|1&. (4.6)

We distinguish now between Fermions and Bosons through their behavior under transpositions
lej ) 1
" +1(1,...,j,...,i,...,N ) Bosons,
1(1,...,i,...,j,...,N)=# 4.7)
"1(@,...,j,..-,0,...,N ) Fermions.

This means that bosonic wave functions are completely symmetric under exchange of particles,
while fermionic wave functions are completely antisymmetri¢. Note that the antisymmetric
wave functions prevents two Fermions from having the same quantum numbers. Iff'(,s;) and
(t';,sj) are identical, then we Pnd

1L, iyeeyis s NY= "2, 00y N ) =0, (4.8)

which implies the Pauli exclusion principle.

4.2 Independent, indistinguishable particles

We considerN identical particles in a potential V which are not interacting among each other.
The Hamiltonian is then given by
¥ _

H=  H;i  with Hi_%+vaﬁ.). (4.9)

The states of each particle form an independent Hilbert spac€l1, } and we can bnd the stationary
states

Hil!(f'i,Si)Z (!ll(f‘i,si). (4.10)
These single-particle wave functions are renormalised, i.e.
@
dr |1 s)?=1. (4.11)

S

We may now construct a many-body wave function as a product wave function with the corre-
sponding exchange property.
For Bosons we write

$
%1,81;...,'ny SNI(B&=( B(L,...,N) = @1, (F1,51)&a%, ("'n.SN) (4.12)
P Sy

and for Fermions

$ .
%1,31;...,I"'N,SN|( |:&=( F(l,...,N)= sgn(lﬂ)lﬂlgl(r'l,sl)ééalm(r"N,sN) (4.13)
B Sy

!Composite particles: Note that this property is valid also for composite particles. Any particle composed of
an even number of particles would be a Boson, e.g.*He which contains 2 protons + 2 neutrons + 2 electrons = 6
Fermions, as exchange two such particles leaves the sign of wave function unchanged. In the same way a particle
with an odd number of Fermions is a Fermions, e.g. *He with 2 protons + 1 neutron + 2 electrons = 5 Fermions.
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where the operator ® permutes the state indices!; of the wave functions and sgnP) is the
sign of the permutation ® which is +1 (" 1) if ® is composed of an even (odd) number of
transpositions. Interestingly the fermionic wave function can be represented as a determinant,
the so-calledSlater determinant,

*
o 1,,(1) adai,(N)
(e(,...,N)=Det + : Lo (4.14)
1y, (1) &&al1y,, (N)

Obviously the determinant vanishes if two rows or columns are identical, enforcing the Pauli
principle. These wave functions are not renormalized so that

0/()3'( B&= N!ngl!é.é.IéI_N!,
(4.15)
%rl(F&= NI,

where n;; denotes the number of particles in the stationary single particle state labeled by ;.
For Fermions it is m, = 0,1 only.

4.3 Second Quantization Formalism

It is in principle possible to investigate many-body states using many-body wave functions.
However, we will introduce here a formalism which is in many respects much more convenient
and eS$cient. It is based on the operators which OcreateO or OannihilateO particles and act on
states in the Fock spaceF which is an extended space of states combining Hilbert spac®, of
dilerent particle numbers n, "
0
F= Qn. (4.16)
n=0
Note that the name Osecond quantizationO does not imply a new quantum mechanics.
We can express a many-body state of independent particles in the particleccupation number
representations,
|n!1,n;2,...& (4.17)

which is a state in F whose particle number is given byN = n;, + n;, + 4aa

4.3.1 Creation- and annihilation operators
We debne operatorsap and & which connect Hilbertspaces of dilerent particle number,

The brst we call annihilation and the second creation operator whose action is best understood
in the particle number or occupation representation.

Bosons: Let us brst consider Bosons which, for simplicity, do not possess a spin. The two
operators have the following property,

a |n;1,n!2,...,n!,...&: 3W|n;1,n!2,...,n! "1,...&,
3 (4.19)
a |n!1,n!2,...,n!,...&= ni +1|n!1,n!2,...,n! +1,...&,
and 3
%!1,ng2,...,n;,...|é! = W%!l,n!Z,...,n! " l,...l,
(4.20)
%!1,“!27---7n!1---|é! = +1%!1,n!2,...,n! +l,...|.
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It is obvious that
&|[n,,Mm,...,mm =0,...&=0 and %, ,ny,,...,n =0,...|6 =0 . (4.21)
The operators satisfy the following commutation relations,
[6,8,]= "y  and [& & ]=[@&, &]=0. (4.22)

Note that these relations correspond to those of the lowering and raising operators of a harmonic
oscillator. Indeed we have seen previously that the excitation spectrum of a harmonic oscillator
obeys bosonic statistics.

The creation operators can also be used to construct a state from the vacuum, denoted as
|0& where there are no particles, such thatad|0&= 0. A general state in occupation number
representation can be written as,

aag@)"; aa@,)"z(a )™

|n!1,n!2,...,n!,...&= —————— |0& (4.23)
n,'n,laaa
The number operator is debned as
ﬁ!:@!é! with <'['J|!|n!1,n;2,...,n;,...&: n!|n!1,ng2,...,ng,...& (424)
and the total number of particles is obtained through the operator
$
N= o, . (4.25)

Knowing the spectrum of the Hamiltonian of independent particles as given in Eq.4.10 we may
express the Hamiltonian as $ $
H=" (&&= (0. (4.26)

! !

Fermions: Now we turn to Fermions with spin 1/2 (half-integer spin). Again the single-particle
state shall be labelled by! including the spin index for 6 and 7. Analogously to the case of
Bosons we introduce operatorsad and & which obey anti-commutation rules,

{ég,é!,}: "n, and {ég,éy}={é!,é!,}=0 ) (427)
where{...} is debPned ag A, B} = AR + BA. In particular this implies that
é! a| =0 and a.l ﬂl =0 (428)

such that ny = 0,1, i.e. each single-particle state labelled by can be occupied by at most one
particle, because
&l....m=1,..&&4|...,nn =0,...&=0. (4.29)

A general state may be written as
NNy, .. &= da@)" aad, )" (e )" |0& (4.30)

which restricts n, to 0 or 1. The order of the creation operators plays an important role as the
exchange of two operators yields a minus sign. We consider an example here,

Removing now one particle yields

82]1,1,1,1&8 = @[f,8,6,8,] |08= @, 8,8,8,8, |08= G,b,(1" &,8)8, |0&
(4.32)
= @,8,8, [08&= |1,0,1, 1&

67



and now analogously

(4.33)

" 6,8,6, 10&= "] 1,1,0, 1&.

Obviously, the order of the operators is important and should not be ignored when dealing with
Fermions.

4.3.2 Field operators

We consider now independent free particles whose states are characterized by momentgns ! k
and spin s with an energy (; = ! ?k?/ 2m. The wave function has a plane wave shape,

1 g4 . . 2
1, = gﬁe'ka with k= L$(nx, Ny,Nnz) , (4.34)

where we used periodic boundary conditions in a cube of edge length (volume V = L3). On
this basis we write beld operators

$ . $ .
B4() = 3% effg  and  By)= 3% o'ikdg (4.35)
k k
and the inverse,
@ ik @ ik&
& = d3r37(5 t¢) und & = d%%T@ ) (4.36)

Also these operators€s(') and Ss(t') act as annihilation or creation operators, respectively, in
the sense,
Est) 10&= ,s& and /()= %s|/ &= %|Cst)|/ & (4.37)

Moreover we have the condition
Es(t)0&=0 and  %|EF)=0 . (4.38)
The Pbeld operators also satisfy (anti-)commuation relations,
. 1 V . 1$ ikanik'&’ ;0 o .. .. e
Ese) ) 4 et HEE) = € Brodos f Boylhe) = €7 1) (439)

k&’ — ( '
- %k ss

and analogously

Sst)8st ) 4 Byt HEst)=0 and E,¢)E, (") 4 S, ")St)=0 (4.40)

for Bosons (' ) and Fermions (+). Taking these relations it becomes also clear that

%' st s& = %|Cy(t")Cs(t') |0&
Iy ' ol Voo 441
= 500 (¢ 1) 1024 WO Fot YI0Z= ¢ 1) s @40
=0
Applying a beld-operator to a N -particle state yields,
3_
Bt 1St itn,Sn&= N+ 11,81 iFn,snifS &, (4.42)
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such that 1
IF1,81:t'2,82; ... ;PN SN &= 3ﬁ§s,\, (t'n) aa@s, ('1)]0&. (4.43)

Note that particle statistics leads to the following relation under particle exchange,
|Iu1, Sl;rlz, So; ... ;T"N , SN &= ilrlz, Sz;fll, S1,... ;r'N , SN & (4.44)

where + is for Bosons and" is for Fermions. The renormalisation of the real space states have
to be understood within the projection to occupation number states, yielding many-body wave
functions analogous to those introduced Eqs4.12 4.13),

%(1,...,N)= ¥q,S1;...,'N, SN |”T<1,s’1’nk2,s’2' & (4.45)
%
Note that N = Oks N s- Taking care of the symmetry / antisymmetry of the many-body wave
function we recover the renormalization behavior in Eqs.4.42, 4.43).

4.4 Observables in second quantization

It is possible to express Hermitian operators in the second quantization language. We will show
this explicitly for the density operator by calculating matrix elements. The particle density
operator is given by

N
)= 't R). (4.46)
i=1
Now we take two states|/ & |/ '& ) Qn with the bxed particle number N and examine the matrix
element

@ $
%)/ & = dPridadry%'f, ... Fn&FA, ... I " B/ &
i
@ $
= driaadry " D%, .. P&, .. PN & (4.47)
i
Q@

=N d3r1éédng#1%!|r'1, . ,f'N#l,f'&%, . ,r'N#l,I” |/ &,

where we suppress spin indices for the time being. Here we used in the last equality that we
can relabel the coordinate variables and permute the particles. Since we have the product of
two states under the same perturbation, Fermion sign changes do not appear and identical
integrals follow. We claim now that the density operator can also be written as

)= 6 &), (4.48)

which leads to

@
%€ )Rt & = dridadrns1%" |6 ¢)IF 1, ... Fnu1&P4, ... Fnedl@ 1) &
@ (4.49)
=N d3r1éédarN#1%!If'1,...,T"N#l,f'&%_,...,I"N#]_,f'I/&

which is obviously identical to Eq.(4.47).
According to Eq.(4.26) the kinetic energy can be expressed as

$ 1%z 08 122

Hyin = = o
kin om K

S (4.50)

69



which, using Eq.(7.19, may also be expressed in beld operator language as
@ G

1 | n .R,HG,,' 'T(' ,H |
d*rd¥t 1K TS @)

Hin = 5o
kin mvV
(4.51)

12 @

o e E)ac &)

Note the formal similarity with the expectation value of the kinetic energy using single-particle
. 2 = n il .
wave functions, z'—m d® . 6)(#)a 6(). Inan analogous way we represent the potential energy,

@ @
Rt = dru)8 ¢)&r)=  dEru)sr) . (4.52)
Beside the particle density operator+{') also the current density operators can be expressed by
Peld operators,
G H
Ye)= o= B &) CEENEN (4.53)
and the spin density operator for spln-l/2 Fermions (writing spin indices again),
1 $
8r)= 5 Eu)ssBut), (4.54)
ss’
where3 sy are the Pauli matrices. In momentum space the operators read,
@ $
& = EreflTEr) = g g, (4.55)
ks Y
1 $
& = 2 % Ss/aqus' (4.36)
k,s,s’
§, 1 $ 4- q i
@7 n L (4.57)
ks
Finally we turn to the genuine many-body feature of particle-particle interaction,
@
1$ | ' | v oo | V ' 1 $ $ .. .. .. "
B = 5 Frd’ )8 IVE T B IOE) = 5 Vi 8y, o6& o B s s
s,s’ Lk ss
(4.58)
where the factor ¥ 2 corrects for double counting and
1 $ o
V)=V el (4.59)

q

Note that the momentum space representation has the simple straightforward interpretation that
two particles with momentum !k and 'k! are scattered into states with momentum! (k + &)
and ! (k'" §), respectively, by transferring the momentum !4.

4.5 Equation of motion

For simplicity we discuss here a system of independent free quantum particles described by the
Hamiltonian $

H = (T(ékét( (4.60)
k
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where we suppress the spin index. We turn now to the Heisenberg representation of time

dependent operators,
iHt/ !

g (t)= e

Thus, we formulate the equation of motion for this operator,

g et MY (4.61)

$
CHLE]= T GlE, 8 8]

il 7Qt( =
&
L6 )6, for Bosons
% % EL( ﬂk)] @k' a_k) *
- =& g
- (4.62)
@ ak E‘_( ;ék/ for Fermions
= 8& Y
$ Ty 1 .
= Gl e = Gl
Rr
and analogously
i! —ap " [H,ék] =" (Pék . (4.63)
A further important relation in the context of statistical physics is
Héke(H = e#(#ﬁék . (4.64)
%
Analogously we bnd for the number operator® = f 8 8,
g & e N = g & - (4.65)

Both relations are easily proven by examining the action of this operator on a eigenstate of the
Hamiltonian |%&= |nT(1, con Ngy &

1
e (Mg oMo = ef e (Mg org= " Ny +Te€ e (I ... .0 +1,...&

(4.66)

17 / I
I’]T(‘l‘le((E#E )lnkl,...,nR‘Fl,...&: e((E#E)ékl%&

% % )
whereE = ¢, (x,n¢, and E'= OR,(T(,nT(,+ (4 such thatE" El=" (+- Note that for Fermions

the operation of axk on |%&is only Pnite, if n, = 0 otherwise we have a zero. Still the relation
remains true for both types of quantum particles. The analogous proof applies to Eq4.65).

Fermi-Dirac and Bose-Einstein distribution: Let us look at the thermal average,

. o r{eMa )
% &= %, & &= tre#(f} , (4.67)

where we use the HamiltonianH' = H" pNP. We can rearrange the numerator of £.67) using
Egs.(4.64 and (4.65),

tr{e’ (Mg &) =tr{e(MgeMe (Mg} = e (B (g e (Hg)
(4.68)

¢ (w# i (& (M8} = & (Wi (& (W12 g 6.]) ,
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where O+0 and O stand for Bosons and Fermions, respectively. Inserting this into Eq(67) we

Pnd,
!

1
A FCTI I Bosons
o &= " (R* W1+, $  %0&= (4.69)
1 .
————— Fermions
(71 11

which corresponds to the standard Bose-Einstein and Fermi-Dirac distribution.

4.6 Correlation functions

Independent classical particles do not have any correlation among each other. This is dilerent
for quantum particles. The second quantization language is very suitable for the formulation of
correlation functions and to show that Fermion and bose gases behave rather dilerently.

4.6.1 Fermions

First let us write the ground state of a free Fermi gas of spin-1/2 Fermions as we have introduced
it already in Sect.3.6.2 Starting from the vacuum |0&we Pll successively all low lying states
with a Fermion of both spins s until all Fermions are placed. This debnes the Fermi sphere in
k-space with the radiuskg, the Fermi wave vector. The ground state is then,

IT<|1& ke E
| Y &= éRSIO& (4.70)

k s=+,

. %
and ny = %ip|0; |%&=)( kr "| k) is a step function with @y = Osé&séks'

First we formulate the one-particle correlation function in real space using Peld operators,
n
S& " )= B )8 Ha (4.72)

which measure the probability amplitude to be able to insert a Fermion at placet' after having
removed one at' ' with the same spins. We evaluate this expression by going tdk-space,

n 1 $ ! !
B0 =y BioBioss (4.73)
k&’ _
= %Rs&k,k/
At T =0 we obtain
i ' K ikarsr) 1 P "
—g(" ) = — @ = dk k dcos) ek! | cos$
w0 keke (2$)° 2%)2 | 1 )
@y (4.74)
1 F 3
TR dk ksin(kf " t']) = jw |
2821 " Y o ” e

Note the limits: gs(* # 0) =1 and gs(' #, ) =0 where gs(t " '') corresponds to the overlap
of the two states 0 __ 0o __

%(Ss(r'n%)& and %(Ss(r' N|%&. (4.75)

2The correlation function at zero-temperature is given by the expectation value for the ground state,
n
S —+) = (WEIHE(+) ), (4.71)

which is just the zero-temperature limit of Eq.( 4.72).
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Analogous results can be calculated for bnite temperatures (herd - Tg), where for the
OclassicalO limit an analytical result can be found based on the Maxwell-Boltzmann distribution:

. _ n 2$)3 #kQ/A 2 . 2 _ kaBT _ 4$
leading to
Eg ¢t = n Bk e ikars#r ) # kA2 _ Ee#A2(r#r')2/4 — Ee#- (F#E )2 2 4.77)
2% 23323 2 '

Next we turn to the pair correlation function which we debne as
G

n a1 '} '} '} ] ]

5 Gl )= BB B B (4.78)
being the probability to be able to pick two Fermions at the dilerent places, ' andt ', with the
spinss and ', respectively. Again we switch to the more convenienk-space,

Gh e $
n —— N 1 H IAY 1 N 4 /
> Gt )= i (#kNEehinat 'y § 8 o8 &  (479)
kkrag

In order to evaluate the mean value%® 8 & <& ¢ &we use the same technique as presented

in Sect4.5.3
From this it follows straightforwardly for s = §',
G, H, $ G H G,H,
n 1 i A s ! n
5 Gt th= 5 1n IO g gmg= DL gt ) (489)
kg

and we can write,

!
. 9(sinx" xcosx)? _
I A 1 X6 k , T - O ]
gss(lu "o ) — ﬁ X=Kg [F#F/| (485)
1 gt e N2 2 T- Te.

3Evaluation of ( E;SE;S,EQ/S/E& /s ). We separate the task into two cases: (1)s= s’ and (2) s 7 s'.

1) s=¢s"
t ot 1 P e 1 F g awowwg G
<E§SEQSE¢’SE§’S> - Ztr e Eﬁssﬁssﬁ/sﬁﬁ’s - Ztr € Eﬁse € E@SEQ’SEﬁ’S

e*#<'kfu) e*#(‘k*l'w

F G F G
= St e Bl By oBy B = 7t e "B Bys (& ¢ — Bl By )

e #C ) W) e # (1)

Fenn t ¢ gy t 1 G
= i & "By By &g — I e By BysBy By o)

e#C - F G

= e (B e G~ e B (G g — B Be)By )

= ) (Bys )G G — Sy aben) e T (Bl BBy By g )
(4.80)
From this we bnd

(B B BBy s )= Sy (B )G e — Gy sfee) = (Bia) (Bos)(Goa G — Gy - (480)

2 s# s . 4 5
(B Bl BysBy, )= e (k7 (Bys)&g &g + (Bl Bl ByrsBy ) (4.82)

analogous to case (1), such that

(Bl By BarsrBs ) = (Beo ) (Bas)Gaa &g - (4.83)
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Figure 4.1: The equal-spin pair correlation function for Fermions: ()T - Tg and (b) T =0.

Fig.4.1 shows the equal-spin correlation function which goes to zero fat # 0, since Fermions
avoid eachother. This dip in the correlation is called exchange hole and has a radius of ordét
(thermal wave length) for T - Tg and kﬁl in the groundstate. Note that in the latter case the
correlation function shows a weak oscillator with wavevectorkg .

The case ofs £ s' leads togsg/ (') = 1, i.e. there is no correlation betweens = 1/ 2-Fermions of
opposite spin. The probability to bnd another Fermion around the position of a Fermion at'

corresponds to

1
g") = 3[g(t) + g, (). (4.86)
The density depletion around such a Fermion is then,
= @ @ $
(o) ) =D P {gE)i=" % oer % 06, 8%, , & kKt
k&’
|
A"l T=o0, (4.87)
—n 2 $ O/BR g
=" _Z &= .
™ hodn oo

25/2

which means that the exchange hole expels one Fermion such that each Fermion OdefendsO a
given volume against other Fermions of the same spin fof = 0, while the exchange hole shrinks
like %r¥ for T - Tg .

4.6.2 Bosons

Analogous to the Fermions we consider pbrst the single-particle correlation function fos = 0
Bosons,

$ $ o
gl(‘ "o !) — 0/@ (r-)@ ' !) &= Vi e#IT(2E+IT< & O/(St(%(/ &= % Olﬁt(ge#ﬁ(a(r*#r ), (488)
kK- k

which in the limit ' # ¥ approaches the constant densityn and vanishes at very large distances.
For T = 0 we consider the groundstate, the Bose-Einstein condenstateﬂ,ﬂk&z N' ko and for
T - Tc we use the classical distribution (Eq.@.76)) where T is the critical temperature for

Bose-Einstein condensation.
|
"o T=0,
at"rh=, (4.89)
ne#- #6012 T LT
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The pair correlation functions reads,

et ") =% O CHRFHEM &
= \/1212: e#i(T(#T(’)éf#i(q#q’)eif’cylskaqailsk/ & (4.90)
kraa’

Analogous to the Fermions we evaluaté
2 3

78,88 & & (1" 'tg) '@t g gk BEBE 1y 1 o (W& IBE  (4.92)

This leads to

*
1

1 $ G ke H $ 5
L% @) 1e @) og sges T (968" 96,9-
ke k

@ " 1)

*
1

T 96 & &t & " I & " U OB &r 1) + e#'ka(r*#f”)o,ﬁk ]
ka k k

S

$ 2 3
n?+ qut " 1)+ % W& " Uy & " %oy &9y &+ 1)

k
(4.93)
For T =0 with 9%&= N'y (%E&z N2 o) We obtain
o 1 N(N" 1
et " r)=2n2 WN(N +1) = 7(\/2 ), (4.94)

S0 no correlation is observed. The probability to pick the brst particle isn = N/V and a second
one N " 1)V (( n for large N). For the high-temperature limit, T - T, the correlation
function is given

G H
G " P = 2+ gt " t)2=n? 1+ 2EHOTE (4.95)

The probability of Pnding two Bosons at the same position is twice as large as for long distances,
see Fig.4.2. Thus, in contrast to Fermions (Fig.4.1), Bosons like to cluster together.

The radius of bunching of the Bosons in the limitT - T is of order %and shrinks with increasing
T (classical limit).

4.7 Selected applications
We consider here three examples applying second quantization to statistical physics systems.

4.7.1 Spin susceptibility

We calculate the spin susceptibility of spin-1/2 Fermions using the Ructuation-dissipation rela-
tion.

0= 1! 2%@2&"%@ §3 (4.96)
Vkg T z 2= '
“Special case of( Bl BlBg By, ) for &g &g S
(BIBIBBy ) = (B[ {BB - 1)B )= (B{B:BlB ) — (BB )= (B}) - (Fg) (4.91)
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Figure 4.2;3 The pair correlation function for Bosons. g(r) is given in units of n#2 andr in
units of %/ 2$.

where g $ S $
M, = !—B dr S¢) = us & 3i8 = Ms S8 b (4.97)
k s ks
using Sect4.4. Moreover, g = 2 and s = +£1. First we calculate the magnetization in zero
magnetic beld, $ $
UR,8&= Up s%, & &= ug sy =0 . (4.98)
f(,s T(,S
Now we turn to $ $
We= 1 S5 08y 8ol B s & (4.99)
ks ks
which we determine like in Sect4.6.1,
2 3 #((HHn) 2 3
s .. 1 H(H 5 & a .. _ € #(H ;4 .. ..
Obksaksak/s’ak's’& B Ztr € &ksaksa&/s’ak's’ B Z re aksak’s’at(’s'aks
#((H#L ;2 3 2 3<
_ € H(H'n = ' ' H(H = 22 ..
- T tr € ( af( aklsl T(f(/ ss’ + tr € ( aksaf(saf(/slaf(/sl
#((F# )2G ¢ > #((H# 1)
= (T 1mo0h & & "y e + Wy, By & " (TG & 6 8 &
(4.100)
which leads straightforwardly to
G H

Wy BBy o B s &= %y Gy & 17008 B & Ty s t %y G &H Gy & (4.101)
We now insert this result into Eq.(4.99 and obtain

1
dcostt(- (" W/2)'

- ) $ } ) $
M &=2pg Wy &L %6 & =215
k k

where the second term cancels due to the spin summation. In the low-temperature limit this is
conbned to a narrow region { kg T) around the Fermi energy, such that we approximate
@+%

M ;& ( MgV " d(N ((F)4cosﬁ(-(/ 2)

(4.102)

= VEaks TN((r) (4.103)
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where the density of states is debned as

$
NO= g () (4.104)
ks

Then the spin susceptibility is given as the Pauli susceptibility,

0= MEN((r) = u%zg(: ,
where the expression with the density of states a{g is general and the second equality is valid for
free Fermions. The Pauli susceptibility is independent of temperature, because onl¥ ((r)kg T
Fermions can be spin polarised (thermal softening of the Fermi sea). Thus, the factorkg T)#1
is compensated by the shrinking density of polarisable spins as temperature decreases.

(4.105)

4.7.2 Bose-Einstein condensate and coherent states

Our aim here is to characterise the Bose-Einstein condensate further beyond what we did in
the last chapter. Here, we consider the concepts of both the o!-diagonal long-range order and
the order parameter for the condensate. We start with the discussion of the single-particle
correlation function for a homogeneous gas of spin-0 Bosons in more detail than in Se¢t6.2

1% tatg 18 o
RTIRT| - 0 1 il - = 0A A I(T( & #T(a’) - 0OA #IT(E(I*#T" )
gt " rhH=o ¢)&rH& v B8 & v & : (4.109)
kK’ k
where %; &is the Bose-Einstein distribution. For independent free Bosons we may write

W 1 $ e#lf(éﬁ

g(R) = v T( JHFD ] (4.110)

with (; = 12k?/2m and R = # " t'". Let us look at the two limits R# OandR #, . Forthe
prst limit we may expand

L 1% 1vikar" (kaR)2/2+ 4aa RZ .,
= — = " __ 0
9(R) = & ) LFD - 1 n" &+ 444 (4.111)
wheren = N/V is the particle density® and

|
" 6$Nnos 2 T- T

. 2

d2e= MY - (4.113)

12
eV # 3.088n% 2(TIT)¥2 T <Te

5Classical limit; The classical limit can be discussed using the Maxwell-Boltzmann distribution function,

n_S

nﬁs = Te7k2) 2/ & , (4106)
with - as the thermal wavelength. Inserting into Eq.( 4.102 we obtain
( d3k d&k ! n 3 k2) 2 n2 6 k2) 2 # % 3n&
@D 2\ — 2 - 2 - — 4* - — 2% - 2 -
<'\@Z>_2IJBV Wnﬁs(l—nﬁs)—zpsv (2| )3 76 —Te —IJBVn 1—W
(4.107)
which using Eq.(4.96) leads to the susceptibility found earlier in Eq.( 3.112).
% &
_ Mgn -°n
| = T 1- o2 (4.108)
The factor 1 — ng, in EQ.(4.102) introduces the quantum correction in the second term.
®Average for an isotropic momentum distribution function (Bg):
| 2 2
(R -K)?) = RI(k) = <%> (Rx + Ry + R}) = <%> ’?, (4.112)

i=xyz

because(ky) = (ky) = (k7) = (k* )/ 3 and (keky) = (kykz) = (kzkx) = 0.
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where U is the internal energy of the Bose gas. The correlation falls o! quadratically for Pnite,
but small R (JR| + %. Note that the in the T # 0 limit the correlation function does not
drop in agreement with Eq.(4.89. For the long-distance limit we note that only the small wave
vectors contribute to the k-sum so that we may expand the integrand in the following way

(" W+ 1),

g(ﬁz) ( @ d3k e#if(é? B kaBT @ d3k e#if(éfe (4 114)
(2%)% - (" W 2 (2%)° k2 + k3 '
wherek3 = " 2{"—2“ > 0. This form we know from the Yukawa potential,
. kaT & kolR]| # KolR|
gty ( MkeT €W e (4.115)

2942 Rl (2$)%%|R|

The single-patrticle correlation function decays exponentially for large distances (Figt.3). This
behavior is valid for T > T, wherepu < 0.

A

Figure 4.3: Schematic behavior of the single-particle correlation function in the normalfl > T()
and the Bose-Einstein condensed phaselr(< T¢). n is the overall particle density and ng the
density of condensed patrticles.

For T < T. the chemical potential lies at the lowest single-particle state, i.e.u = 0 for free
Bosons, such thatkg = 0. The short-distance behavior is still described by Eq.@.111). For
the long-distance behavior we conclude from Eq4.115 that the correlation function goes to
zero like |R|* 1. However, this is not true, since our integral approach neglects the macroscopic
occupation of the k = 0 state. Thus, we should use

1 1

%; &= no' (k) + OERCEEE (4.116)
such that for |R| #,
11 1
R)=ng+ ———. 4,117
g(R) = no 29)% I ( )

The correlation function approaches a Pnite value on long distances in the presence of a Bose-
Einstein condensate (Fig4.3).

Bogolyubov approximation:

We consider this now from the view point of the beld operator for free Bosons,

$ .y 5 $ .
8r)= 30 g ke = £ 4 al ERELL (4.118)
v, VoV,
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3__
The correlation function in Eq.(4.117 suggests the following approximation: & # ag = Np.
For a Bose-Einstein condensate we may replace the operat@p Gimply by a complex number,
such that

Gry# &r)= 1)+ '&1), (4.119)

with 1o(") = 3n7é- , where / is an arbitrary phase and ng = Ng/V . In a uniform system
this phase does not alect the physical properties. This so-called Bogolyubov approximation is,
of course, incompatible with the occupation number representation. On the other hand, it is
possible for a condensate state whose particle number is not bxed. Indeed a state incorporating
this property is a coherent state.

Coherent state:

We introduce a coherent state as an eigenstate of the annihilation operatos6of a Bosonic state
of energy(:. Let us call this state |( ) &with the property,

&l )&= #1() & (4.120)

where# is a complex number. Such a state is given by

2 $ N
()&= 172 3#—,|Nz&, (4.121)
. N

with @& [N, &= 3 N, |N; " 1& The expectation value form = @& & is
%) &= %) |6 8 ()&= %) [# #|() &= ## = [#|° (4.122)
and the variance is
B7&" %) & = %, & & & &"|#|* = %, & & %, & & & &"|#|* = |[#2+ [#*"| #|* = |#|* (4.123)

such that

W& " v & 1 1
. - = = . 4124
%, & HE ~ % & (4.124)
Taking now the k = 0 state as coherent we identify
1_
8o|( &= #o|( &= Noel' |( &. (4.125)

In this spirit we bnd that the mean value is
oP )&= 1o(t') , (4.126)

which does not vanish for the condensed state. Note, howeve%lk&: o, if k £ 0. The Ppnite

value of %p&requires states of dilerent number of particles in the k = 0 state for the matrix
elements making up this mean value. This is an element of spontaneous symmetry breaking.
The condensate can be considered as a reservoir with on averad particles (Ng - 1), to
which we can add or from which we can remove particles without changing the properties of
the system. The coherent state satisPes this condition. We also can debne arder parameter
characterizing the condensate (see also Chapted), the condensate wavefunctiorof Eq.(4.126),

Lot) = |1o(*)Ie @) = °ger . (4.127)

Spontaneous symmetry breaking occurs via the (arbitrary) choice of the phase of the condensate
wave function.

The number of particles and the phase/ are conjugate in the sense that a state with bxed
particle number has no debnite phase (also no order parameter like E@(127) and a state with
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pxed phase has no debnite particle numbet.First we consider the wave function of the coherent
state in the number representation,

N
(n=W()&= ) '2’23%' (4.132)
with # =  Nge€" °. Thus, the probability for the particle number N is given by

NN
PN — |( N|2= No 0 ( 2$N0 #(N#N0)2/2N0 (4133)

for large Ng. On the other hand, projecting into the phase representation,

¥ efl) 1712 $° N g# N
(. =%|()&  %IN&W|()&= 3
2% TN
N=0 N =0
@ 4 5 (4.134)
% 2 14
(31j /dNMe#iN(-#-o): ﬁ e#(.#.0)2N0/4
2% o (2$Np) V4 2%
such that 0o___
N
Po= [|()&f ( ogelCH oz, (4.135)

The Gaussian approximation is in both representations only valid, ifNg - 1. The coherent state
is neither an eigenstate ofN° nor é'. But for both the distributions are well localized around
the corresponding mean valuesNg and / g. The uncertainty relation is obtained by considering
the deviations from the mean values,

K

1229 |(B" 10)2I( ) &= 7N1 A
0
A

$ "N/ =1, (4.136)
"N2=%,|(R" No)?()&= No

compatible with a commutation relation of the form [N, & = i.

"Phase and number operator eigenstates: The debne the number operator and the phase operator and their
corresponding eigenstates.

MIN)= NIN) and €F|")=¢&"|") (4.128)
where the two states are connected by the Fourier transform
1 loo N+ ) eiN+
"y = — e IN) with N|")= —= (4.129)
vz NI =T

analogous to the relation between real and momentum space states. In this context care has to be taken to ensure
that the states |") form an orthogonal complete set of the Hilbert space. A way to construct this is to start with
an Pnite Hilbert space {|N)} assuming that 0 < N < L — 1> 1. Then we can restrict ourselves to a discrete
set of phases" = " = 2'k/L with k =0,...,L — 1 (analog to wave vectors in a Pnite system with periodic
boundary conditions). Now it is easy to see that

("kl"k) = &k - (4.130)

Keeping this in mind we take the limit L — oc.
Based on this above operators can be represented as

oo e
N = NIN)Y(N|  and et = INV(N +1] ;. (4.131)
N =0 N =0

Thus for both N and € the coherent state does not represent an eigenstate, but rather the best localized in
either basis.
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4.7.3 Phonons in an elastic medium

We consider here vibrations of an elastic media using a simpliPed model of longitudinal waves
only. As in Sect.3.8.2we describe deformation of the elastic medium by means of the displace-
ment Peldd (f,t ). The kinetic and elastic energy are then given by

@ 4 =P @
+ Ut % ",
7”1 dr Et ) and  Eg = 5@ dcBrant))?, (4.137)

Exin =

where +,, is the mass density of the medium and% denotes the elastic modulus. Note that we
use a simplibed elastic term which involves density Ructuations only, corresponding toa (i,
and ignores the contributions of shear distortion. This two energies are now combined to the
Lagrange functional L[i] = Exin " Ee, Whose variation with respect toti (f,t ) yields the wave

equation,

1 *2 mn n

Zad ((au)=o0, (4.138)
|

1
for longitudinal waves with the sound velocity ¢, =  %/+n (EQ.(3.162. The general solution
can be represented as a superposition of plane waves,

1 $ G s 'MH
g t)= 37 & g (e + g (1) ! , (4.139)
k
with polarization vector &; = k/ [k| and the amplitudes g (t) satisfy the equation,
o? 2 _
okt P4 =0, (4.140)
with the frequency , ; = c||'I'<| = gk. We may rewrite the energy,E = Ein + Eg, in terms of g,
$ ; <
E= +m{ q(qM)+ qt) g . (4.141)
k

which we express in a symmetrized form, for future convenience. Now we introduce new variables

3 d 3,
QR = +m(0f( + Cg() and PR = aQT( ="1, & +m (q( Cﬁ) ) (4142)
leading to the energy 18 G H
E=3 P2+, 72QF . (4.143)
k

This corresponds to a set of independent harmonic oscillators labelled by the wave vectoks
as we have seen in Se@.8. We now turn to the step of canonical quantization replacing the
variables (P, Q) # (B, &) which satisfy the standard commutation relation,

(G B 1= i p, - (4.144)
This can be reexpressed in terms of lowering and raising operators,
) 1 G _H ) 1 G _H
gkzg?k 4G iR ak=12|7f( N (4.145)

which obey the following commutation relations due to Eq.@.144),
B.8.1="t . BBI=[8.8]1=0. (4.146)
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Therefore 8, and Bk can be viewed as creation and annihilation operators, respectively, for
bosonic particles, called phonons. The Hamiltonian can be now written as
s 4 S s 4P
H= Py Br<gf<+§ = Ly Dt(+§ (4.147)
k k

whose eigenstates are given in the occupation number representatiomkl, Ny, - &
We can now also introduce the corresponding beld operator using EdL(139,
T :
O P le#‘“< (4.148)

which is not an eigen operator for the occupation number states. Actually the thermal mean
value of the beld vanishe$®(t')&= 0.

Correlation function:

The correlation function is given by

ot " +') = IB() &P )& U )& aBE e= () & ')&

1% ea,, Yoo o <i <Y (4.149)
— - o 5 k leﬁ(at + gt(e#ﬁ(d‘ gk/elk &' L Bt(,e#ﬁ( & .
f(,f(’ m 3 'R: f</
Note that
(ﬂ(%,&: %T(&RT(’ , %gt(’&z 1+ %f(& IT(TU ’%t(gk’&z %%/&:0 , (4150)
such that
| $ 1 ZB C . ’ . % 4 /3
gt "t !) — o™ ; 1+ %k& e.ka(r#r ) 4+ %k&a#.ka(r#r ) (4.151)
R L
Melting:

Instead of calculating the correlation functiont' £ ' ' we now analyze the local (onsite) RBuctua-
tion, i.et ="

1981+20'&C:— L% th4-!’f‘5 4.152
Z Dy _2+mVT(,f(CO o (4.152)

W (' )2&=

With k= gk and the fact the number of degrees of freedom are limited, as described in
Sect3.8.2(k * kp), we bnd

fA koks T )
B)2e= % ccon Lok B B (4.153)
= coth —— = .
(2$)2+mc| 0 2 ﬁ kaB) D
a0 T+ )b,
8%$2%

which are at high (low) temperature thermal (quantum) RBuctuations. As U denotes the deviation
of the position of an atom from its equilibrium position, we can apply LindemannOs criterion for
melting of the systems. We introduce the lattice constanta with kp ( $/a. If %2&is a sizeable
fraction of a® then a crystal would melt. Thus we debne the Lindemann number ,, with the
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condition that the lattice is stable for %2&< L 2,a®>. Thus we obtain a melting temperture T,
with

L2 . B%&_ kT

mE R 5% $ kg Tm = 2$%a°L2 = 2$+na’c?L2 = 2$M;cPL2 , (4.154)

whereM; = +ya® is the atomic mass per unit cell. Note that usuallyL, ( 0.1 give a reasonable
estimate for Ty .

At su$ciently low temperature we can also observequantum meltingwhich occurs due to quan-
tum Ructuations, the zero-point motion of the atoms in a lattice. We considerT + ) p and bx

the temperature,

| |
ks) o _ ! $

, !
L Gm = grmail?

© 8%a%%  8at+ma’c

(4.155)

which debnes a critical value for the sound velocityg, , which here is temperature independent.
For ¢ > ¢, the Buctuations are small enough that lattice stable, because it sti! enough, while
for ¢ < ¢ the lattice is OsoftO such that the zero-point motion destroys the lattice. We will
see in Chapt7 that the “He shows such a quantum melting transition at very low temperature
under pressure (pressure increases elastic constant and sound velocity), where the solid phase is
stable at high pressure and turns into a liquid under decreasing the pressure.

Lower dimensions:

We consider the elastic medium at lower dimensions. For two dimensions, we rewrite Eg1(153,

@, 4 5

! b -lgk
N\2p — d
()&= o o dk coth >

(4.156)

and bnd that for all temperatures T > 0 the integral diverges at lower integral boundary
(Oinfrared divergenceO). Only afl = 0 we bnd

'k _ ks)po _ ks)p

o 28= ; = =
B(F)& 4%¢ +m 4$C|2+m 4$%

(4.157)

Pnite. Thus in two dimension the lattice forming an elastic medium is only stable at zero
temperature. But still we can have quantum melting, if the lattice becomes su$ciently soft.
In one dimension Eqg.@4.153 turns into

4 5
@, 1 -1gk

I
] 2 —_ N -
W (') &= %0t o dk ” coth > ,

(4.158)

which (infrared) diverges at all temperatures including T = 0. Quantum and thermal Ructua-
tions are strong enough in one dimension to destabilize any lattice.

83



Chapter 5

One-dimensional systems of
Interacting degrees of freedom

So far we considered almost exclusively ideal systems of non-interacting degrees of freedom,
which we could treat with reasonable elort. Systems with interactions are considerably more
complex to handle and in most cases no exact analytical discussion is possible. Notably in one
spatial dimension we Pnd a number of models which can be treated exactly and give us some
interesting new aspects. Here we consider two classical systems, the spin chain and the lattice
gas in one-dimension. Note, however, that in principle there are exact solutions also for quantum
spin chains and other one-dimensional quantum models whose statistical physics, nevertheless,
is rather complex to address.

5.1 Classical spin chain

We consider here a chain of spins (magnetic moments)§;} which are represented by freely
rotating vectors of bxed length S. They interact with each other via nearest-neighbor coupling
in the following way:

;N
HG)=J $idia (5.1)
i=1
where J is the coupling strength. Note that this model has a global spin rotation symmetry,
i.e. the Hamiltonian remains invariant, if we rotate all the spin in the same way. It is known as
the Heisenberg Hamiltonian. ForJ < O the spins tend to align parallel (ferromagnetic) and for
J > 0 they tend to be antiparallel, alternating (antiferromagnetic). We require that the chain
is open and occupied byN + 1 spins (N bonds).

5.1.1 Thermodynamics

First we tackle the thermodynamics of the system using the canonical ensemble. Interestingly
the topology of the coupling allows to calculate the partition function exactly.! We consider the
spins as vectors of bxed length whose degree of freedom is the angular orientation and we write
the partition function as

@d' 1 ééd' N +1 e#(J ’ T T (52)

4% 4% ’ '

which decays into a product form, if we consider the reference polar axis @axisO) for the spirg;
given by the direction of the spin§j+1 ()i is debPned as the angle betweeh) ands$i.1). Therefore

Z =

lWe follow here M.E. Fisher, American Journal of Physics 32, 343 (1964).

84



ARPARER

SRESSNRSERS
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Figure 5.1: Spin chain: CouplingJ between spins of arbitrary orientation. J < 0: ferromagnetic
alignment preferred; J > 0: antiferromagnetic alignment preferred.

we may write

>@ 2@ >@ 2@ .
Z = i e#(Jﬂiémb d N+t = " e#(JSQCOSEth d N+
i=1 4$ 4$ i=1 4$ 4$
5.3
> @+1 ?N > . 2 ?N ( )
2 41 -JS?

which looks similar to the expression obtained for the classical ideal paramagnet (see S&4.2).
We may actually consider each spin being subject to a Zeeman Peld induced via the coupling
by the neighboring spins, a feature which we will use later in the context of the mean pbeld
approximation. It is interesting to see that Z does not depend on the sign ofl. Thus, the
thermodynamics is the same for a ferromagnetic and an antiferromagnetic chain.

Easily we can determine the free and the internal energy,

9 :
F(T,N) = NkgTIn(-JS? " NkgTIn sinh(-JS?)
(5.4)

U(T,N) = NkgT" NJS2?coth(-JS ?).

In the low-temperature limit, -JS 2 - 1, the internal energy approaches the ground state energy,
U#" NJ|J|IS? i.e. all spins are parallel § < 0) or alternating (J > 0). The heat capacity is
obtained through the derivative of U with respect to T,

C=Nkg 1" — > (5.5)

with a similar form as for the ideal paramagnet. Note, that C # NKpg in the zero-temperature
limit and, consequently, the third law of thermodynamic is not satisbPed (see Figh.2).

5.1.2 Correlation function

We now discuss the correlation among the spins along the chain. Due to the spin-spin interaction,
a spin inBuences the orientation of other spins over larger distances. We debne the correlation

function

# Wi Biv1&= % S &F 0/éiysiyﬂ&"' %{s’, | &= 39%s’, | &
3 @

- Z(4$)N+T d 1 44d n+1S?cos);cos) . €

" (5.6)
(JS? | cos$ .
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where ) ; is the angle of spini with respect to the generalz-axis (e.g. along the chain). We can
perform all integrations for the spin§; with j <i andj>i + | which can be decomposed into
the same product form as discussed above. The remaining integrals are now

4 Sie1 @
-JS 2 d i ?
4 =35 987 ai g (IS ? cos$
| SIS 5 cos) € -
@, 2 @ -
1 LIS eos$ii 454 d i, coS) s

4%

Taking again the direction of sping;+1 as the reference for the spi$; we Pnd the relatior?
COS)j = COS) j+1 COS); +Sin) j+1 Sin);cos/ . (5.10)

Inserting this we notice that the averages%os);&= 0 and %in); cos/ &= 0. Thus

4 5I+1 @ '
# = 2 -JS 2 d icos)ie#(352cos$,-
sinh(-JS 2) 4%
@dl i+1 #(JS 2cos$ii1 4 "@dl i+]
1 5 COS)j+1 € t1aaa 3 COS) i+ (5.11)
@
-JS? d _
“Hiignasy  ag € U Hu(IS?)
with I 1
. A ~sign() x - 1,
u(x) = ;" cothx ( . (5.12)
3 X+ 1.
If we take into account that #,-o = S2 we bnd
W
# = S? u(-JS Z)X = 52" (" sign@3))! with 7#1=" Inf{lu(-JS?)|} . (5.13)

Note that O < |u| < 1 for all bnite temperatures and couplings. The correlation function decays
exponentially for all Pnite temperature and allows us to introduce a characteristic length scale,

the correlation length 7:
!

A [In@BksT/[J|S?H)*? kg T -] J|S?
(T) = 5 (5.14)
|§'? ke T +] J|S2
B

For large temperature the correlation length shrinks rather slowly to zero and in the zero-
temperature limit it diverges indicating an inbnitely extending correlation at T = 0. Indeed we
bPnd for T =0 that u# 1 such that

#/(T =0)= S?(" signd)’ (5.15)

for all 1. This means that the spins order either ferromagnetically forJ < 0 or antiferromag-
netically for J > 0 at T = 0. However, for any Pnite temperature we bnd # # O for | # ,

2Consider ; and % and take ¥ | B, % with |§/|= |8 = 1:

8 = 8,08/ +(§ x ®)sin/;cos"; +§ Ssin/isin", (5.8)
and multiply by ¢e:
99@ =cos/; 97@ +§ - gs%x ®) sin/icos"; . (5.9)
=S cos O =S cos O :V’_S.sin S

86



10

o 1 2 3 4 0
kT /IS

2
k,T/JS

Figure 5.2: Thermodynamic properties of spin chain: a) heat capacity: saturates at low temper-
ature to Nkpg like the potential energy of a two-dimensional harmonic oscillator; b) Susceptibility
plotted inversely: ferromagnetic case show divergence af = 0 and antiferromagnetic case ap-
proaches non-monotonically a bnite value atT = 0. Extrapolations from high-temperature
region cut horizontal axis at positive (ferromagnetic) and negative (antiferromagnetic) axis,
indicating elective energy scales for the corresponding correlations.

5.1.3 Susceptibility

Finally we want to study the susceptibility by assuming a coupling to the magnetic beld of the
form

H'=H" g & a&H. (5.16)
i=1

Since it is impossible to use the above scheme to calculate the partition function foH' with a
Pnite magnetic beld, we will use the relation derived earlierZ.127 based on the Ructuations
of the magnetization, which does not require the knowledge of the partition function at Pnite
Pelds. In this way we obtain the o%Jsceptibility in the zero-Peld limit (linear response). The
magnetic moment is give byth = g ,N:Il §i. Thus, the susceptibility per spin is given by

1 N+l g+l
NkgT

N
NkgT i=1 j=1

0z, =

9 X :
28" YN, & = %7/ & " UT&HE . (5.17)

The second term on the right hand side vanishes, sinc&/&= 0 for all i in zero magnetic beld.
For the Prst term we can use our result for the correlation function. In the limit of very large
N we obtain

_ ¢ e @ ¢ o
R T SRR s SR
(5.18)
_ ¢ Sz4l+ 2u 5= g?S2 1+ u(-JS?)
Ke T 1"u  3kgT1" u(-S?)

Here we use that for large systemsN #, ) the corrections due to boundary contributions is
negligible. This susceptibility at high temperature (kg T -| J|S?) follows the Curie behavior

9282

0y = >
O

(5.19)
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irrespective of the sign ofJ. For the antiferromagnetic coupling 0,, goes through a maximum at
ke Tmax ( 0.2381S? to a Pnite zero-temperature value. On the other hand, in the ferromagnetic
case0,, diverges at low temperatures

g?S? 2|3|S?
=2 = 2
OZZ 3 (kBT)2 ’ (5 0)
more strongly than the Curie T behavior.
Let us now also look at the Prst lowest order correction in the high-temperature limit,
1 3kg T 4 2JS25 3k C
B B

—( 5= 1+ = T" O0z2= ——1— 5.21

where )w = " 2JS?%/ 3kg debnes the so-called Weiss temperature. Thus the extrapolation

from the high-temperature limit of 1/0 ,, allows to determine ) w from the intersection on the
temperature axis and consequently the sign and magnitude of thel (see dashed lines in Fig.
5.2).

The Weiss temperature indicates the relevant energy scale of interaction among the spins. How-
ever, it does not imply that we would bnd a phase transition to a long-range ordered state (see
Sect5.3). As our discussion in this section shows, there is no ordering at any bPnite temperature.

5.2 Interacting lattice gas

We consider a simple model of a gas of hard-core particles which occupy sites on a latti¢e.
OHard-coreO means that it is not allowed to place two or more particles on the same site, i.e.
there is an inPnite repulsive onsite interaction We introduce nearest-neighbor interaction and
neglect the kinetic energy. Then the Hamiltonian can be formulated as

¢ ¢ 4 l5

H=V Nini+1 " W n" = (5.22)

i=1 i=1
where the lattice hasL sites and we assume periodic boundary conditions such that= L +1 #
i = 1. The coupling strength V for the interaction can be attractive (V < 0) or repulsive
(V > 0). The chemical potential is introduced and leave the particle number free, i.e. we work

with the grand-canonical ensemble which makes the problem more easy to solve. The variables
n; can only take the values 0 and 1 due to the hard-core constraint.

5.2.1 Transfer matrix method

Let us immediately determine the partition function,

$
z= e (5.23)

{ni}

We introduce the 21 2-matrix (transfer matrix) for the bonds (i,i + 1),

Prony ., = € (Vi pnitnia#1)/2]
Y Y
Poo Po1 [ &t (W 2 1 [ (5.2
$ P=Z \ =2z .
Pio Pu 1 VW 2

3In the exercise we will show the connection of the lattice gas model to the Ising spin model. The corresponding
discussion will make the similarity of the two systems clear.
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When we have one bond with periodic boundary condition it is obvious that the partition
function is given by four terms

$ $ .
ZZ = e#(H(nl’nQ) = Pn1’n2pn2’n1 = tr{pz}
2 nn2 (5.25)
= PooPoo + Po1P1o+ P1oPor + P1iP11 = € + 1+ 1+ 2V +(H
This allows us to rewrite the sum in the partition function as
$ $ S . L $ L
Z = aaa Pnllnzpn%nsaaBNLil,nLPnL’nl = tr{l:@ } = Pnl,n1 y (526)
n1=0,1 n2=0,l np =0,1 n1=0,l

where we performed the matrix multiplication. Interestingly, we have now to analyseP" which
can easily be done in the eigenbasis of the matrif. For the trace we actually only need the

eigenvalues, T
4 Vo 5 4 YL 5
% = ¢/ 2cosh -~ Koy et v sin? T“ +1 (5.27)
and
Z=%+% (% for L- 1. (5.28)
Then the grand canonical potential and internal energy are given by
N 4 5 T 45 O
(T ="keTIn% =" LkgTIn &/ 2cosh - By e sinn? T“ +1
(5.29)
The particle number of the system can then be calculated easily,
4 5
= 0R. K — E" : 30
N = L%&= 5 T (5.30)

and the results are given in Figss.3 and 5.4 where N (l) is plotted for dilerent temperatures.
The two cases show distinct behaviors which is connected with the ground state properties.
For attractive interaction N changes in a single step, while for repulsive interactions two steps
appear with an intermediate plateaux at N = L/ 2.

The zero-temperature limit yields,

!
SVt V]V <ut V]

L
(T,w=" 5 4 (5.31)
0 V> |u" V|
which leads to ]
L 1Esign(pt V) Vo< |ut V|
N = 54 (5.32)

1 VR TRRY]

The condition V > |u" V| is never satisped folv < 0, while itis valid intherange 0 < p < 2V for
V > 0. Thus, the caseV < 0 has two (Fig.5.3) and the caseV > 0 has three regimes (Figh.4),
indicating that the two cases are dilerent. Indeed there are two ground states forV < 0
correspond to a completely blled or empty lattice, the latter being favored by the attractive
interaction. On the other hand, the repulsive interaction V > 0 favors an intermediate state
where only every second lattice site is occupied.

89



L ____________________ 1
1V
ke T= 75 —
I S
ke T = ! 0.5V

11 O W V|

Figure 5.3: Particle number as a function of the chemical potential forV < 0 (attractive
interaction) for three dilerent temperatures. The ground state corresponds to a completely
empty (full) lattice for p< "| V| (0> "| V).

5.2.2 Correlation function

The transfer matrix method is also very convenient to obtain the correlation function,

# = %ini. 1 &" % &% & (5.33)
We consider brst the average particle density,
1 8 . ,
%i& = 7 PninaPnzng 8880 ,niNiPniniy 8Pngn,
Ni,...y np

(5.34)
2 3

1 2 . ..L#.3 1 "
—tr PFLRRT = Zfr Wio
Z Z

with @& debned asw,,- = n'pn/. Let us transform this to the basis in which P is diagonal
through the unitary transformation

4 % 0 5 4 -
gBgri= ¢ 9 — @ ang Qwgri= Voo Wor oo gt (5.35)
0 % Wig Wiq
This leads to 5 3 o '
1 ” Woo%q + Wiq9
&= —tr w'p = -0 n% W (5.36)
Z % + %
In the same way we treat now
I L S DL S L YR
%ini. & = ztr ' LR \gR = Ztr WRh\GP = ztr W (R°) W ()
12 1 | #1 #1 12 4 5I
_ w'oo% + wowig(% %"+ AU + W% W w2 whw! Y%
% + 0/@ 00 01'v10 % 697
The correlation function is given by
4 5
o Y ! — 2 # W reimn(On 10 |
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Figure 5.4: Particle number as a function of the chemical potential forV > 0 (repulsive
interaction) for three dilerent temperatures. The ground state corresponds to a completely
empty (full) lattice for p< 0 (L > 2|V]) and to a state with every second site only Pblled for
y<u< 2V].

where we identify #-o with n? and the correlation length

1
7= ———— . 5.39
In |%: /% | ( )
Now let us interpret the correlation function by writing
ni = %;&+ 'n; (5.40)

where by debnition, %; &= %8p&+ 'n &= %;&+ Y% ;&yields % ;&= 0. Thus, the correlation
function (5.33 reads also
# = 96 i'nj+ & (5.41)

and describes the correlation from the deviation from the average value.

For V < 0 the correlation function decays monotonically with the same sign, because the
particles rather occupy neighboring sites to benebt from the attractive interaction. If there is a
particle on site i we then bnd,'n 4+ > 0.

In contrast, for V > 0 the correlation function shows alternating sign due to the trend to form
a particle density modulation, i.e. the particles prefer to occupy only every second lattice site
only in order to avoid the energy cost of the repulsive nearest-neighbor interaction. Thus, if
there is a particle on sitei the neighboring site is more likely unoccupied, i.e.'n ;11 < 0 while
the next-nearest neighbors are again more likely occupied withn ;1> > 0 and so on.

In the special caseu = V > 0 (intermediate range in Fig.5.4) we obtain

- 1
" In|coth(-V/ 4)|

# = %(" tanh(-V/ 4))!  and (5.42)

In the zero-temperature limit 7 diverges, but is bnite for anyT > 0. At T = 0 the state is a
perfectly alternating particle arrangement with degeneracy 2, as the particles may occupy either
all even- or all odd-numbered sites only.

It is important that both the thermodynamics as well as the correlation functions are determined
through the eigenvalues of the transfer matrix .
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5.3 Long-range order versus disorder

We bnd in the one-dimensional spin chain no phase transition to anjong-range orderedstate at
Pnite temperatures. The term Olong-range orderO is easiest understood through the correlation
function. We consider here again the example of a spin chain. The correlation function has the
property,

Bl A& B&AN0 &= M 48 & B0 (5.43)

which is true for a spin system with or without order (§ ; = §; " %8;&. By rewriting

lim oty &1, 18= W& A&, (5.44)

we see that the left hand side is bnite only with a Pnite mean value o%;& Note that for the
classical spin chain only atT = 0 long-range order is realized. All spins are parallel forJ < 0
(ferromagnet) or alternating for J > 0 (antiferromagnet) such that

I

" BS J<O0

%i&: #

(5.45)
#" 1S J>0

assuming that the spin align parallel to the z-axis (8 is the unit vector along the z-axis). Natu-
rally the limit in Eq.( 5.44) is then Pbnite. * Also the lattice gas in one dimension does not show
long-range order except atT = 0.

Interestingly, in the case of quantum systems quantum phase [uctuations can destroy long-
range order even atT = 0. An important example is the antiferromagnetic spin chain with a
Heisenberg Hamiltonian. In contrast the ferromagnetic Heisenberg chain has an ordered ground
state with all spins allgned because the state with all spins parallel is an eigenstate of the total

0
spin operator, §ot = N”@ and gtot commutes with the Hamiltonian, since it has full spin
rotation symmetry as in the classical case Nl + 1: number of spins on the chain),

(m&= | 666 444&  $ 9 |( &= (N +1)!s|( gm & (5.48)

In case of the antiferromagnetic chain the (classical) state with alternating spins|( car &=

| 6767 4aa& not an eigenstate of the quantum Heisenberg Hamiltonian and consequently
not the ground state of the quantum antiferromagnetic chain. Our discussions of the melting
transition in Sect. 4.7.3 have shed some light on the role of thermal and quantum Ructuation in
this context, and indicate that dimensionality of a system is crucial for the stability of ordered
phases.

“Previously we encountered long-range order in a Bose-Einstein condensate looking at the correlation function
in Eqgs.(4.109 and (4.117). Extending the correlation function to

g(R) = (ET(H% ++ R)) — (BI(1) (% £+ R)), (5.46)
we bnd that always limg_, __ g(R) = 0, since with the Bogolyubov approximation,

Jim (BT E ++ R)) = lim (BT (k #+ R)) = lm ) 5(8) (s + R) = no (5.47)

for T < T, and a constant phase" of ) o(¥).
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Chapter 6

Phase transitions

Phase transitions in macroscopic systems are ubiquitous in nature and represent a highly impor-
tant topic in statistical physics and thermodynamics. Phase transitions debne a change of state
of a system upon changing external parameters. In many cases this kind of change is obvious,
e.g. transition between liquid and gas or between paramagnetic and ferromagnetic phase, and
in most cases it is accompanied by anomalies in measurable macroscopic quantities.
In a previous chapter we have seen a phase transition, the Bose-Einstein condensation. This
transition is special in the sense that it occurs for non-interacting particles. Generally, phase
transitions require an interaction favoring an ordered phase. Then the phase transition occurs
as a competition between the internal energy (or enthalpy) which is lowered by the order and
the entropy which at bnite temperature favors disorder. The relevant thermodynamic potentials
to describe phase transitions are the Helmholtz free energ¥# (T,V,N,...) and the Gibbs free
energy G(T,p,N,...),

F=U"TS and G=H"TS. (6.1)

These potentials show anomalies (singularities) at the phase transition.

In this chapter we will consider the Ising model as one of the simplest models to describe phase
transitions from a statistical physics point of view. Based on this model we will introduce various
ways and concepts of addressing phase transitions.

6.1 Ehrenfest classibcation of phase transitions

The type of singularity in the thermodynamic potential debnes the order of the phase transition.
According to Ehrenfest classibcation we call a phase transition occurring at a critical temperature
T (dilerent phase for T > T, and T < T.) to be of n'" order, if the following properties hold:

4*m(35 ) 4*m(35 | 4*mG5 ) 4*mG5
*T m T xTm an *pm o - - *pm o (6.2)
PT=Tc, PT=T1._ c+ c—
form* n" 1, and
4, ng® 4\ ng® 4, ng® 4, ng®
T E T and — E = (6.3)
PT=Tcy PT=T._ p T=Tec+ P T=Tc-

The same dePnition is used for the free energy. In practice this classibcation is rarely used
beyondn = 2.

n =1: A discontinuity is found in the entropy and in the volume:
4 G 5 4 G 5
SN V= — 4
S T and o . (6.4)
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The discontinuity of the entropy experimentally corresponds to the latent heat The change in
volume is connected with the dilerence in the density of the substance. A well-known example
is the transition between the liquid and the gas phase, for which the former is much denser than
the latter and accordingly takes a much smaller volume.

n = 2: The discontinuities are not in the Prst derivatives but in the second derivatives of the
Helmholtz free energy or Gibbs free energy, i.e. in the response functions. Some such quantities

are the heat capacity, the compressibility or the thermal expansion coeS$cient:
*2G5 14*2G5 14 *265
Co="T — ., 7="=> — H=E = = 6.5
p *T 2 o T vV *p2 - vV *T*p ( )
As we will see later, second order phase transitions are usually connected witbpontaneous
symmetry breakingand can be associated with the continuous growth of arorder parameter.
Such transitions show also interesting Buctuation features which lead to the so-calledritical

phenomenaand universal behavior at the phase transition.

Ehrenfest relations: Interesting relations between various discontinuities at the phase transition
exist. They are generally known at Ehrenfest relations. We consider brst &rst-order transition
such as the gas-liquid transition. The phase boundary line in thep-T-phase diagram describes
the relation between temperature and vapor pressure in the case of liquid-gas transition. For
the dilerentials of the Gibbs free energy in the two phases, the following equality holds:

dG =dG; $ " SdT+ Vidp=" SydT + Vydp . (6.6)

This allows us to get from the vapor pressure curve [§(T) at the phase boundary in the p-T-
plane) the relation
dp _ S¢" S _ L
aT  Vy" Vi T"V
wherelL = T(Sg" §)) is the latent heatand " V = Vg" V, is the change of the volume. This
relation is known as the Clausius-Clapeyronequation.
If the transition is of second orderthen the both the entropy and the volume are continuous
through the transition between two phaseA and B:

(6.7)

Sa(T,p) = Sg(T,p) and Va(T,p)= Ve(T.p), (6.8)
which yields the relations through the equality of their dilerentials,
4 5 5 5
*SA *SA *SB *SB
dSp = — dT+ —— dp= dT+ — dp=dSg,
A *T 0 -kp - *T 0 *p - p SB
4,5 4,5 4,5 4.5 (6.9)
dVa = —2  dT+ A dp= B dT+ B dp= dVs
*T p *p T *T p * T
We now use the Maxwell relation 4 s
* *V
AT (6.10)
p T T p
and obtain G H G H
%y v %S
dp_ . ~%T p % o " Cp
dT ~  %$ « %S TV # (6.11)
%p T %p T
and analogously G H G H
%% o %M
dp %T o %T "
— =" G—H—G—I:ﬂ = . 12
dT %Y n %N "T (6.12)
%p T %p T

Various other relations exist and are of experimental importance.
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6.2 Phase transition in the Ising model

To discuss a concrete system we introduce here the Ising model is the simplest model of a
magnetic system. We consider magnetic moments or spins with two possible states, = s
(Ising spins). Sitting on a lattice they interact with their nearest neighbors (analogously to the
spin chain in the Chapter 5). We write the model Hamiltonian as

$ $

H="1J Sis; " siH . (6.13)
"ij ( [
0/0

The sum .;; - denotes summation over nearest neighbors on the lattice, counting each bond
only once. J |s the coupling constant which we assume to be positive. The second term
corresponds to a Zeeman term due to an external magnetic beld. The Ising spins are classical
variables, unlike quantum spins§ whose dilerent components do not commute with each other.
Ising spins represent only one component of a quantum spin and the Ising model may also be
considered as an extreme limit of anisotropic spin-spin interaction, where only one component
of the spins couples to neighboring spins.
The interaction favors the parallel alignment of all spins such that this model describes a fer-
romagnetic system. The ferromagnetic phase is characterized by a Pnite uniform mean value
%;&= m E 0, the magnetization, even in the absence of an external magnetic beld.

6.2.1 Mean beld approximation

The analysis of many coupled degrees of freedom is in general not simple. For the Ising model
we have exact solutions for the one- and two-dimensional (quadratic lattice) case. For three
dimensions only numerical simulations or approximative calculations are possible. One rather
frequently used approximative method to study the phase transition and the magnetically or-
dered phase is the so-called mean beld approximation. In the lattice model we can consider each
spin s; as being coupled to a reservoir consisting of its neighboring spins. These neighboring
spins act then like a Buctuating Peld on the spin. In case of order they form a net directed Peld
on sj, a mean beld. Since this conditions applies to all spins equally, the scheme can be closed
by having a self-consistency in the mean beld, as we will show below.

Let us now tackle the problem in a more systematic way. We rewrite the spin for each site

S = %i&t(Si"%S&=mM+(si" m)= m+'s; (6.14)

and insert it into the Hamiltonian, where we approximate %; &= m uniformly.

H ="3 {m+(si" m}{m+(s" m}"  sH
i ( i
9 b8
=" m?+ m(si" m)+ m(s; " m)+'si's; " siH (6.15)
i ( ! -
$ G ; H $ $
=" zms; " =m? " siH" J 'Si'sj .

, 2 . .
i i " (

Here z is the number of nearest neighbors (for a hypercubic lattice ind dimensionsz = 2d). In
the mean Peld approximation we neglect the last term assuming that it is small. This means
that the RBuctuations around the mean value would be small,

_Psi'sj&_ Wi'sj&
T 9%&%H&  m?2

+ 1, (6.16)
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to guarantee the validity of this approximation. We will see later that this condition is not
satisbed very near the phase transition and that its violation will be important in the context
of the critical phenomena We now write the mean beld Hamiltonian
$ z ,
Hmn =" Siheg + NJ ém with heg = Jzm + H | (6.17)
[

which has the form of an ideal paramagnet in a magnetic beldhgg. It is easy to calculate the
partition function and the free energy as a function of the parameterm,

. /
F $ 2 $ 2 )
ZN(T,mH) = gt (9zm 212+ (h easi = g zm “ 2 (hens
i si=s s=+ts (6.18)
= " 0Zm *N' 219 coshish )}
and Z
F(T,Hm)="kgTInZy = NJ émz" NkgT In{2cosh¢shes)} . (6.19)

The equilibrium condition is reached when we Pnd the minimum offF for given T and H. To
this end we minimize F with respect to m as the only free variable,

*F
0=

= NJzm " NJzstanh(-sheg) . (6.20)

*m

This equation is equivalent to the self-consistence equation for the mean value af:

0,
gtdzm °N/ 2 $ N N % _:+Ssie(siheff 14*F5
m = %;&= —z— se =1 Siflet = _Q@iTE s - stanh(-shes) = " & oo
{si} Si=%s T,m
(6.21)

This is a non-linear equation whose solution determinean and eventually through the free
energy all thermodynamic properties. In zero magnetic peld this equation is given as

Jzsm

m = stanh
ke T

(6.22)

which yields Fig.6.1 for a graphical solution. *

variational approach: Consider the Ising model (6.13) without magnetic Peld. We now determine the free
energy on a variational level assuming a distribution of N independent spin with a net magnetization M = N, —N_
(N = N4+ N_). The probability that a certain spin is O+sO or 0-sO is given byw+ = 1(1£m) with m = M/N .
There are

%M ) = H%(N . M)!':'!L%(N i (6.23)

conbgurations corresponding to a givenM . We may now determine the free energy asF = U — TS = (H)m —
ks T In %M ) in the following way:

2 2
7JN223 (WiWo + W_W_ — W W_ —W_Wy) = 7JN225 m? (6.24)

U= (H)m=-J (sis)=
(i )
where we use for(s;s;) simply the conbgurational average for pairs of completely independent spins for given
M, ie wiw; + w_w_ (wyw_ + wyw_) is the probability that neighboring spins are parallel (antiparallel).
In this approach there is no correlation between the neighboring spins. For the entropy term we use Stirling
approximation and keep only extensive terms,
$ '
TS=keTInN%M) ~NkgT In2— %(1+ m)In(1+ m) — %(1 —m)In(l —m) . (6.25)

Thus, we have expressed the free energy by a variational phase represented by independent spins whose variational
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6.2.2 Instability of the paramagnetic phase

The disordered phase above a certain critical temperaturél; is called paramagnetic phase. For
this phase we consider brst the magnetic susceptibilityd(T) at zero magnetic beld, which is
obtained from

> ?
d%igg . szg ., d *F *F*m’ E . d*F g
= = J— = R + — = R .
0m)=N dH 8, dH?2 H =0 dH *H m*H Y, dH *H Y, (6.27)

where we used the equilibrium condition 6.20). Thus we obtain

B dmg _ d g
0(T) =N ae,_ T Nsmtanh[- (Jzsm(H) + sH)] )
- , 2 (6.28)
NS m S NS
ThkeT VP8, T T ke PO T

where we used that for a paramagnem(H = 0) = 0. This leads to the susceptibility

Figure 6.1: Graphical solution of the self-consistence equationg(22). The crossing points of the
straight line and the step-like function gives the solution. There is only one solution atm = 0
for T' T and three solutions forT < T..

Ns?2

= —>
o(m) kg T" Jzs2

(6.29)

which is modiped compared to that of the ideal paramagnet. kg T # Jzs? from above O(T)
is singular. We debne this as the critical temperature

Jzs?
Te= =2 . (6.30)
Ks
parameter is the mean momentm = (s) = s(w4 —w_) = sm. We minimize F with respect to m,
$F Nkg T 001+ m& %J282rﬁ
= — = — 2 + B i = i
0 s Jzs"Nm > In 1 m = M =tanh T (6.26)

which corresponds to Eq.(6.22) in the absence of a magnetic beld. Thus, this variational approach and mean beld
are equivalent and give the same thermodynamic properties. As we will see, the mean Peld approach is more
easily improved. In many cases similar variational calculations of the free energy based on independent degrees
of freedom yield thermodynamics equivalent to a mean beld approach.
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As the system approachesl = T it becomes more and more easy to polarize its spin by a tiny
magnetic Peld. This indicates an instability of the system which we now analyze in terms of
the self-consistence equation®.22) in the absence of a magnetic beld. Looking at Fig6.1 we
Pnd that indeed the critical temperature T plays an important role in separating two types of
solutions of EQ.(6.22). For T ' T there is one single solution atm = 0 and for T < T there are
three solutions includingm =0, m(T)," m(T). The physically relevant solution is then the one
with Pnite value of m, as we will show below. It is obvious that belowT = T, the mean bPeldm
grows continuously from zero to a Pnite value. From Fig6.1 we see that the critical temperature
can be derived from EQq.6.22) by requiring that the slope of both sides atm = 0 is identical.
Thus taking the derivative we bPnd

_Jzs?

T. =
ke T $ °7 kg

2 4 5 2
_Jzs cosH 2 Jzsm _Jzs

1= =
ke T ke T

(6.31)
m=0
which agrees with Eq.6.30).

In order to see which of the solutions is a minimum of the free energy we exparié in m assuming
that m and H are small.

I > ?J
m?, kgT (-sheg)?, (-Sheg)?

F(T,H,m) ( NJz ENST > 12 NkgTIn2 (6.32)
For H = 0 we obtain
Ny 5 4_5; O
F(T.H=0,m) ( Fo(T)+ NJz 1» 2o M, 1 Te "
AR 0 T 2 122 T
(6.33)
14 T 5 m2  mé J
+ " _—t —
( Fo(T)+ NJz T 1 5t T2
where for the last step we took into account that our expansion is only valid forT ( Te.
Moreover, Fo = " NkgTIn2. This form of the free energy expansion is the famous Landau
theory of a continuous phase transition (for more details see later in Seds.4).
\F T=T

Figure 6.2: Landau free energy: T > T.: 2"9-order term is positive and minimum of F at
m=0; T = T, 2" vanishes and free energy minimum am = 0 becomes very shallow.T < T¢:
2"d_order term is negative and minimum of F is at bnite value of m, bounded by the 4"-order
term.

It is obvious that for T > T the minimum lies at m = 0. For T < T. the coe$cient of the
m2-term (2"9-order) changes sign and a bnite value o minimizes F (see Fig.6.2). The

minimization leads to | 3_
" +s 3& T<T;
m(T) = 4 (6.34)
0 T' T¢
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with &=1" T/T. as a short-hand notation. There are two degenerate minima and the system
chooses spontaneously one of the two (spontaneous symmetry breaking).

Next we analyze the behavior of the free energy and other thermodynamic quantities around
the phase transition. The temperature dependence of the free energy and the entropy is given

by

*
F(T)= Fo(T)" ?MZTC&Z)( &) and S(T)y=" F*iT) = Nkg In2" 3NkB&)( & ,
(6.35)
and eventually we obtain for the heat capacity,
*
C_S_Nkey g4 g (6.36)

T *T 2T,

where Cq is zero in the present approximation forH = 0. While the free energy and the entropy
are continuous through the transition, the heat capacity shows a jump indicating the release of
entropy through ordering. Thus, we conclude that this phase transition is of second order.

Figure 6.3: Thermodynamic quantities within mean Peld theory. Free energy, entropy and heat
capacity.

Within mean Peld approximation the region close toT. is described by the Landau expansion.
However, taking the solution of the complete mean Peld equations leads to the thermodynamic
behavior for the whole temperature range as shown in Fig6.3. Note that in this mean pbeld
approximation the entropy is Nkg In 2 in the paramagnetic phase, the maximal value the entropy
can reach.

6.2.3 Phase diagram

So far we have concentrated on the situation without magnetic beld. In this case the phase
transition leads to one of two degenerate ordered phases) =+ [m| or m = "| m|. An applied
magnetic beld lifts this degeneracy by introducing a bias for one of the two states, favoring the
order with m parallel to the beld. In a Pnite beld the transition turns into a crossover, since
there is already a driven momentm for temperatures aboveT.. This is also rel3ected in the
thermodynamic properties which show broad features aroundl. and not anymore the sharp
transition, e.g. the heat capacity is turned into a broadened anomaly (see Fig6.4).

Next we turn to the behavior of the magnetization m as a function of the magnetic beld and
temperature (illustrated in Fig. 6.5 and 6.6). At H = 0 going from high to low temperatures
the slope ofm(H)|y=0 is linear and diverges as we approacfT;. This ref3ects the diverging
susceptibility as a critical behavior.
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Figure 6.4: Ising system in a Pnite magnetic beld: (left panel) Magnetization as a function of
temperature in a Pxed magnetic beld (solid line) and in zero Peld (dashed line); (right panel)
heat capacity for a bxed magnetic bPeld. In a magnetic Peld no sharp transition exists.
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Figure 6.5: Magnetization as a function of magnetic beld for dilerent temperatures.

For all temperatures T > T, the magnetization m(H) is a single-valued function in Fig. 6.5 .
Below T¢, however,m(H) is triply valued as a solution of the self-consistence equation. The part
with dm/dH > 0 is stable or metastable representing local minima of the free energy. The part
of dm/dH < 0 corresponds to a local maximum of the free energy and is unstabfe Considering
for T < T the magnetic Peld running from negative to positive values, we bnd foH < 0 the
state with m < 0 has lowest free energy. AH = 0 there is a degeneracy between $m| and"| m|
as both minima have the same energy and foH > 0, m > 0 is the lowest energy phase. Thus we

ZMetastable and unstable states:We consider the uniform free energy of the magnetization m including the
Zeeman coupling to the external peld H, F'(m,H) = F(m) — mH . The (local) minimum of the free energy is
determined by , ,

$F' _ $F $°F’ _ $°F

$m _ gm -0 and $m2 = $m?
while a local maximum has a negative second derivative. Considering the derivative with respect to H at the
extrema debned by Eq.(6.37), for m = m(H),

>0. (6.37)

/i 2 ;
da $F = =3 id—mi -1=0 (6.38)
dH $m = _ )  $m2dH T _ .,
Therefore, +
$°F
§ ( )y~'> 0 stable / metastable
dm _+ $m?
I = — = (639)
dH g $2F
($m2) < 0 unstable.
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encounter a level-crossing of the free energy for the two states & = 0 and the magnetization
jumps from negative to positive direction. This represents a brst-order transition, since the free
energy as a function ofH is singular, i.e. it has a sharp slope change (a discontinuity in the brst
derivative of F with respect to H).3

This is visualized in a three-dimensional graph inm, H and T (Fig. 6.6). The shaded region
appearing forT < T is the region where the two degenerate phases coexist. As is changed in
this region, the fraction of the two degenerate Pnite magnetization phases is changed continuously
following a Maxwell construction.

m(a) = gm(H =0, T)[+@ " a){'| m(H =0,T)[} =(2qg" 1)Im(H =0,T)] (6.40)

where g can change continuously with 0* gq* 1. This may be viewed as domains of the two
states changing in size.

isothermal

H A
\ T isothermal
- = T
. e \
m

\\ liquid

gas

\Y%

Figure 6.6: Left panel: phase diagram of ferromagnetic Ising model inH, m, T ); right panel:
phase diagram of the liquid-gas transition in @, V, T). In both cases the shaded region represents
a coexistence region.

In the H-T-plane this shaded region is simply a line for the pbrst order transition of a discontin-
uously changing magnetization.

6.3 Gaussian transformation

We analyze the mean Peld approximation in a dilerent formulation, using the Gaussian transfor-
mation. The partition function of the Ising model can be rewritten by introducing a continuous

3Note that in reality ramping H through O does not necessarily lead to a sharp transition. Flipping all
magnetic moments at once is not a trivial matter. Thus the system may stay trapped in the metastable free
energy minimum for a certain range of positive H. The transition may happen through the nucleation of reversed
magnetic bubbles (domains) and the subsequent expansion of the reversed region by means of domain wall motion.
(Similar to the nucleation and expansion of droplets in undercooled vapor.) There is a certain bPeld where the
metastable minimum becomes a saddle point and thus unstable for inpPnitesimally higher Pelds. Varying the
magnetic Peld periodically can lead to hysteretic loops.
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auxiliary peld / i:

Z = $ e#% ij Ji Sisi*'(" i SiHi
{si}
@y’p 8 F
i (2%k T)ilzgd tJ d/ e i Q7D CiFHOC #H)) ¥ gl isi
B € #% i’ i si=*s
7
1 @+% = 8 . . "
— 3 d/i’ ez i @) )ij (.i#Hi)(.j#Hj)+ iln[2cosh((s. il
(2$kg T)V 2 detd % i
(6.41)
where we use theN 1 N -matrix
!
" " J (i,j) nearest neighbors
Jj = (6.42)

0 otherwise

and (J#l)ij is the inverse ofJj; . We assume the magnetic beld to be site dependent, which will
be convenient later. We used the identity

@+% +2 a2 @+% 1 2 37 a2
d/e#=*s = 8 d/ e#2a( #3587 = = 2gqe>S
#% #%
@, o, 7 c 8 ) ) 3 ) (6.43)
$ diy efr oy iATit s 2 o) 2T Gega el i SIAIS
#% i
with A being a positive debniteN 1 N-matrix. This exact rewriting of the partition function
is called Gaussian transformation (also known as Hubbard-Stratonovich transformation) We
replaced here the discrete variables; by a continuous beld/ ;.
We introduce the potential S(/ i, H;) and write

@0 p 8

z=C di fSLiHD = #(F (6.44)
#% i

_ 3
with C =1/(2$kg T)V 2 detJ and

$ $
S(/i,Hi) = % @FY (" H)U " Hy) " 1% Ini2coshess ). (6.45)

] i

The evaluation of these integrals in Eq.6.44) is, however, as di$cult as it was to determine
the partition function for the original formulation with Ising spins. One approximation is based

on the proposal that the integral is dominated by the maximum of the integrand. The type of
evaluation is known as saddle point approximation (sometimes also called method of steepest
descent). Thus, one replaces the auxiliary Peld by the valu# which dominates the integral
for the partition function. ® This method is similar to discussions we had earlier when we tested
the equivalence of dilerent ensembles, although statistically less reliable as we will see later. It
relies on the assumption that the Ructuations of the Peld/ j around £ are small - something

“Reference: OField Theory, the Renormalization Group, and Critical PhenomenaO, Daniel J. Amit, World
Scientibc.
SMethod of steepest descent:We consider the integral

(b
I = N9y (6.46)

a
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which has to be tested. Therefore we look for the minimum ofS now and approximate Z then
by

* $
Z( ce!GAHD  with 0= */Sg =" (%1 (B " H;)" stanh(-sB) (6.49)
i - a .
EN it ]
which leads to the saddle-point equation
$
B =H;" s Jjtanh(-sA) (6.50)

i
For H; = 0 the saddle point is given by the uniform solution £ = £, satisfying

$
P="s Jjtanh(-sP) = Jzstanh(-s @) . (6.51)
j
This yields the same critical temperature for the onset of a Pnite solution for? as the mean peld

solution, following the same scheme of discussion as above. The relation to of the mean beld
approximation is given by the condition

*Inz _, dS(®,Hi) _, *S

$
H dH, o= Q"D Hj) = stanh(-sA) - (6.52)

%i&z kBT

such that
m = stanh(-s ) $ P=Jzm. (6.53)

The discussion of the thermodynamic properties are in this formulation analogous to the ordinary
mean Peld treatment and give exactly the same behavior. We are, however, now in a position
to go beyond the mean beld level and, in particular, to test the validity of the mean beld
approximation.

6.3.1 Correlation function and susceptibility

We consider brst the correlation function

*2|n 7 d2S(8, H))
#i = %S &" %6 &%H&= (kg T)? " kg T 6.54
ij i Sj i % ( B ) *Hi*Hj ( B dHide ( )
With ( 6.52) we obtain
d da
-#ij = ——stanh(-s 4) = -s?cosH ?(-s ! 6.55
1= gy Stann(-s ) P g, (6.55)
which if inverted yields
1 dH 1 g 23,
. _S o
#1= = cost(-s L = Z costf(-sP@) 'j + —s 6.56
i T g (-s#) a2 <2 S costt(-s @) (6.56)
and N > 1 and g(x) a function with a unigue maximum at X = @& in the interval [ a, b, i.e.
/ 1 1"
9() = g(®) + g(®)(x —®) + Sg"(B)(x -0+ (6.47)
For the maximum, the conditions g¢'(®) =0 and g”(®) < 0 holds. We approximate the integral
(b ] (oo , %, &
| ~ Vo9& dx ef%N lg” (OIx—x)*  gNg (X) dx ef%N lg”" () x-x)* = & Vg ) (6.48)
a —0o0o N |g//(m)|
which is exact in the limit N — oco. Considering In1 we bnd that In | ~ Ng(®) + O(In N).
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where we use .50

$ dH; -s2J;
Hj=/4+s Jj tanh(-sA&, L=y 1. 6.57
(T dEntsA) S s o en (6.57)
The following Fourier-transformations lead to a simple form for (6.56), ©
$ o $ o $ .
Jj = Ni J@ENXHN) gy = Ni #(@)e AN oy = Ni A #)  (5.62)
q q q
with
kBT#O . '32 29 2 : 2 2
#A) = —— with #g= ————=-s° 1" tanh?(-s =-(s“" m9),
@) 1+#0J() 07 cost(-s P (sh) ( )
(6.63)

using (6.53. On a d-dimensional hypercubic lattice with only nearest-neighbor coupling, we
obtain for the Fourier transformed coupling strength,

1 $ i $d
=+ Jie qari#r) = " 23 cosg a (6.64)
ij ) =1
with the lattice constant a. As we will see below, if we focus on the long-distance correlations
only, we can restrict ourselves to the smallj range and we expand] () as

J@E) (" Jz+ Jg®a?

ks T ks Ts? (6.65)

#
$ @ w7 Jz+ Jogra2 * ke(T" To)+ Js?q?a?+ kg Tm?/s?

s2#m?2

where for the last approximation, we assumedn + s as is the case in ordered phase close g
and for T > T.. This correlation function has then the famous Ornstein-Zernike form,

A

T

(6.66)

where 7 is the correlation length, as introduced in (5.13).
First let us use this result to determine the susceptibility. For this purpose we take the earlier
derived connection of the susceptibility with the RBuctuations.

Ns?2

$ $
0=- {%iS&"%i&%&}=- #; = N-#({=0)=

6.67

i i kB(T " TC)+ kBTm2/32 ( )

SFor the inversion of ! jj it is important to realize that ! j =!( # — # ) is translation invariant. We use now
the linear equation | I

a= !y = lia =h . (6.58)

i i
We perform now the Fourier transform of the second equation,

[ ) ! ) )
Ni ljae ®® = Ni ljae 6 5)e 88 -1 ga(e)= Ni he %% = p(g) . (6.59)
i j i j i
On the other hand, we bnd
1ht L es o 1N ees) e -1 1! -6
5 e = o g e e E <) g = T ae ™ =a(9), (6.60)
i j i j i
leading to the relation
1
(R 6.61
@= g (6.61)

—1

which is a convenient way to handle the inverted matrix ! ;.
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We use now the earlier mean Peld result fom? = 3s2&in (6.34) and obtain for the regime very
close toT. the behavior, I

' Ns?
ﬁkg(T"Tc) T>Te,
o(T) = (6.68)
Ns?
> T«
2Ke [T" Tl T<Te

showing that the susceptibility is singular approaching T, from both sides of the phase transition
with the same exponent for|&].

Now return to the correlation function in the paramagnetic phase (T > T.) and represent the
correlation function in real space, where we restrict ourselves to the long-distance behavior
r #, . Thus we have the Fourier-transform #¢). For large || the phase factore?# rapidly
oscillates for for larged such that in #(¢) only small § are important.

For simplicity we consider only the three-dimensional case,

@ @y

@, @ . . .
dSq ) A % - glar cos$ A gar » gfiar
# #)e"* (5 d d = — d
© 7 @ (g dd DS i e, WO g
@+% q eiqr A e ri/ kg T e#r//
T 28, VMm@ T 2372 T 483 x
(6.69)
where we used residue calculation for the last integral and introduced the parametrization,
s? kg T 72 5 Js?a?
A= = d R — 6.70
1" TJT Ja2 an kg (T" Te) (679
The general form of the correlation function for other dimensionsd is
e#r//
# 0 D2 (6.71)

if T>Tec’ In all cases there is a correlation length which diverges as we approach # T, .
At T; we bnd I
#_kBT@ddq e'rmo" Inrd=2 679
T2 (29 ? H# awa gps '

This suggests that forT # T+ the correlation function should rather behave as
|

A Inref™ d=2

# 0 o (6.76)

"Note that the correlation function in  ¢-space

A 2
| = | =

I( &) 1+ 0o & @a+og(e=A (6.72)

is the Fourier transform of the di$erential equation

" #
2

A&(H) = {1-0*V = 1 0" % 4%, (6.73)

- rdfl ﬁ $r L
With the ansatz ! s = re™" we obtain easily, b= (1 — d)/2 as given in (6.71). At the transition point we have
0~! =0 such that the di$erential equation has then the form,
d=1
V21 s = A&(¥) = lgx_ Inr d=2 (6.74)
d>3
as given in (6.75).
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which we will encounter later in the context of scaling again.
Eventually we may characterize the ordered phaseT < T.), also through the behavior of the
correlation function, which has the property

rlégg #-=0 (6.77)
for T > T as well asT < T.. In the latter case 7 plays the role of Ohealing lengthO over which
any distortion of the mean Peld recovers to its uniform value%; &= m. This means now that

!
"0 T>T¢,

lim 08 Sj &= 9%; &%&:

6.78
i % [$% # ( )

m2 T<T..

Thus in the ordered phase spins are correlated of OinbniteO distances (debned only in the ther-
modynamic limit of inpPnitely large systems) and are called long range ordered in contrast to
short range order which means correlations over short distances only.

6.4 Ginzburg-Landau theory

We have used the Landau expansion of the free energy above to discuss phase transitions in
the vicinity of the critical temperature where m was small. This can be extended to a highly
convenient method which allows us to discuss phase transition more generally, in particular, those
of second order. LandauOs concept of the disorder-to-order transition is based on symmetry
and spontaneous symmetry breaking. The disordered high-temperature phase has a certain
symmetry which is characterized by a groupG of all symmetry operations leaving the system
invariant. At the second order phase transition a form of order appears reducing this symmetry
such that the low-temperature phase obeys a symmetry grous which is a subgroup ofG. This
change of symmetry is calledspontaneous symmetry breakingvhereby the system chooses one
among several degenerate states. The number of choices corresponds to the ordeGoE, i.e.
order of G devided by order of G. This symmetry lowering is described by the appearance of
an order parameter, a quantity which does not possess all symmetries of the grouf®.

A further important aspect emerges when long-length scale variations of the order parameter
are taken into account. This can be easily incorporated in the Ginzburg-Landau theory and
allows to discuss spatial variations of the ordered phase as well as Buctuations.

6.4.1 Ginzburg-Landau theory for the Ising model

For the Ising model of the previous section we can identifym as the order parameter. The order
parameter m is not invariant under time reversal symmetry K,

®m ="m. (6.79)

The two states with positive and negative m are degenerate. The relevant symmetry group
above the phase transition is
G=G1K (6.80)

with G as the space group of the lattice (simple cubic) and, the group {E, K} (E denotes the
identity operation). As for the space group we consider the magnetic moment here independent
of the crystal lattice rotations such that G remains untouched through the transition so that
the corresponding subgroup is

G=G8G (6.81)

The degeneracy of the ordered phase is given by the order & G which is 2 in our case.
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The Ginzburg-Landau free energy functional has ind dimensions the general form

@ > ?
Fo(H,T)+ i %m(r‘)2+ %m(l“)“" HE)m) + '5[." m(t')]?

@ (6.82)
Fo(H,T)+ d%%f(m,. mH,T)

FIm;H,T]

where we choose the coe$cients according to the expansion done i6.83 as

Jz4T S Jz Jz
= -—"1 =" & and B =

— — — . 6.83
ad T, ad 3s2ad ( )

Here a is the lattice constant. We have introduced the spatial continuum limit for the order
parameter m which is based on the procedure o€oarse graining We take a block of sites with
the volume L{ with Lp much larger than the lattice constant a and debne

19 .
b.
i* %(*)

and &y(t') is the set of sites in the block around the center position”. Here we assume thats; &
is changing slowly in space on the length scalky,.
Under this condition we can now also determine. from the model Hamiltonian using the fol-
lowing consideration. The variational equation of the free energy functional is given by

_ IF *f "o, *f "2

0= $ 0=_—""a——="."2m+Am+Bm" H (6.85)
m m *"'m

Let us compare this equation with the saddle-point equation 6.506.51) assumingH = 0. It is
su$cient to keep only the terms of brst order in m. We then take the equations 6.50,6.53) and
expand the self-consistence equation to linear order

$ $ $
Ati)="s Jjtanh(-sAt)) (" -s* I Atj) = -s? JIPE; +4)
] j {8} nn.

. , (6.86)
* 2

2 $ 1 9 $
-S J +Zﬂ(l"|) + a a. p(lu|) + é aual Wﬂ(l".)'
{&}nn. {&}nn K =XY.. Hote

I

% . . .
The sum 4, runs over nearest-neighbor sites. Note that the second term in the bracket

[...] vanishes due to symmetry. Now using the coarse graining procedure we may replace
AF;) = Jzm(') and obtain
4 5
0=3z 11 m) 3% 2me), 6.87)

c

and the comparison of coe$cients leads to
.= Ja¥d, (6.88)
We may rewrite the equation (6.87) as

" a’ke T Js232
0O=m" 72" 2m  with 7%= B¢ =
zkg(T" Te) ke (T" To)

(6.89)

where we introduced the length7 which is exactly equal to the correlation length forT > T in

(6.70).
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6.4.2 Critical exponents

Close to the phase transition at T various quantities have a specibc temperature or beld de-
pendence which follows powerlaws il =1 " T/T. or H with characteristic exponents, called
critical exponents. We introduce here the exponents relevant for a magnetic system like the Ising
model. The heat capacity C and the susceptibility O follow the behavior

C(T) 0] &* and  O(T) 0| &*° (6.90)
for both & >0 and & < 0. Also the correlation length displays a powerlaw
7(T) 0| &% . (6.91)

For & >0 (ordered phase) the magnetization grows as

m(T) 0] &C . (6.92)
At T = T; (&= 0) the magnetization has the Peld dependence
mo HY& (6.93)
and the correlation function has a powerlaw dependence on the distanae
1

These exponents are not completely independent but are related by means of so-called scaling
laws:

¥ Rushbrooke scaling:# +2- + 4 =2
¥ Widom scaling: 4= -("" 1)

¥ Fisher scaling: 4 =(2 " 8)!

¥ Josephson scalingld =2 " #

We do not derive all relations, but restrict to FisherOs result in order to show the basic idea. We
consider the correlation function for & < 0 but very close to T.. Then using (6.94 we assume
that we can write #+ as

1
#: 0 Mg(w) . (6.95)

According to our previous discussion the susceptibility is given by the integral of # over space

@ @
1 1 .
00 dir#0 d g d(77) 0 7%#1 ddng(y) 01&*' @* D 0|&%° (6.96)

which leads to4 = ! (2" 8).
Let us now determine the exponents within mean beld theory. The only one we have not found
so far is'. Using the Ginzburg-Landau equations for& = 0 leads to

Bm3=H $ '=3 (6.97)
Thus the list of exponents is
1 1
#=0, -=-, 4=1 '=3 l==- 8=0 6.98
1 2 ) 1 2 ( )

These exponents satisfy the scaling relations apart from the Josephson scaling which depends
on the dimensiond.

The critical exponents arise from the specibc [Buctuation (critical) behavior around a second-
order phase transition. They are determined by dimension, structure of order parameter and
coupling topology, and are consequently identical for equivalent phase transitions. Therefore,
the critical exponents incorporate universal properties.
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6.4.3 Range of validity of the mean Peld theory - Ginzburg criterion

In Eq. (6.16) we gave a condition for the validity of the mean Peld approximation. The Ruc-
tuations around the mean Peld should be small. We formulate this statement more concretely
here. In previous chapters we have found that for large systems the Ructuations are very small
compared to the mean value (e.g. energy, particle number, ...). Looking at the Ructuations of
the magnetic moments, the question arises what is the natural Osystem sizeO. The natural length
scale for Buctuations is the correlation length which we know from the correlation function # .
Thus, the relevant Osystem sizeO corresponds to the volurive = 79. Looking at the ratio

s "% §(s; " Yes; §&

Ej = 6.99
” % 8% & (6.99)
we estimate denominator and numerator in the same volume/, in the following way,
% #
i %0 0j
EcL = %— o (6.100)

where & denotes the set of lattice points around 0 covered by the volum®, . We brst look at the
numerator and use the fact that # decays on the length7 quickly. Thus we use the RBuctuation-
dissipation theorem relating the correlation function and the susceptibility and obtain,

@
dor #, = kaT@ . (6.101)
v N
where the factorf is independent of7 and temperature Q/%d gives the fraction to which integral
limited to V, corresponds to the susceptibilityOkg T =~ ;; #;j . We can estimate it by using
the scaling form of #:,
Q, po#1 @y, d# 1 2@1 2@%
. drmg(rﬂ):f , drmg(rﬂ) $ 7 . dx xg(x) = f7 ) dx xg(x) ,
(6.102)

which leads indeed tof independent of 7 and of order one. Next we consider the denominator
of EgL and we restrict to T < T so that we immediately bnd

%0&% &= m(T)?N, (6.103)
iV,

with N, = (7/a)¥ as the number of lattice sites within the volume V,. The criterion for the
mean beld theory to be applicable is then given by
4 _5y ) 4_5y

0(T) ! 2 fs 2 o #d/ 2
+ - m(T — + — 104
N (T) $ 3s°& & (6.104)

kaTC

with 7y as the correlation length at zero-temperature. Since we are testing the mean pbeld theory
we have used here the mean beld exponents of E6.98. From these we obtain the range of
validity 4 5,

g, L2

6 7

which excludes obviously a narrow range of temperature close td. for dimensionsd * 3. For
dimensionsd > 4 there is no limitations and the mean Peld theory including the Ginzburg-
Landau theory is valid also close toT.. The temperature region

(6.105)

4 54 =2

"T=T" T/ Te (6.106)

fa
6 7o
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is called the critical region and grows with shrinking 75 as the number of spins in the correlation
volume V, becomes smaller.

One important result is the fact that the dimension d; = 4 has been identibed as an upper
critical dimension. For d > d. the mean beld exponents are valid. This does, however, not mean
that the mean beld approximation delivers the exact thermodynamics.

6.5 Self-consistent beld approximation

Fluctuation elects alect not only the critical exponents, they also alter the condition for the
instability. The mean beld approximation overestimates the tendency to order by ignoring
Buctuations. The functional integral formulation based on the Gaussian transformation allows
us to tackle the discussion of Buctuation elects in a systematic way. A good insight into some
aspects of the RBuctuation elects is obtained by the so-called self-consistent beld approximation
which is used to analyze the instability condition. We consider the Ructuations around the mean
order parameter value by looking at the partition function in Eq.( 6.44)
@+% ! F
Z=C d/y e SGiHD (6.107)
#% i

Our aim in the following will be to examine the instability condition of the paramagnetic state
in the absence of a magnetic beld, i.eH; = 0. Including thermal Buctuations we Pnd that the
mean square of the beld ; is Pnite above the transition temperature, while the simple mean
value vanishes, i.e.%2&% 0 while %;&= 0.

6.5.1 Renormalization of the critical temperature

We take now advantage of the fact that in the paramagnetic phase only small values of; are
important. Therefore, we expand to S(/ ;) to second order in the Peldd ; in the following way,
!

! D E T
18 $ “*2in[2coshes/ ]
SUV (0" 5 OTHlTirleT o, i
1$ > D 1 E?
° 2 ! SRl " cost(-s/ i) v
1% 9 :
(So" 3 (@*Y) + s (A" -2 wi& il .

i.j

We take %iz&: 9%2&independent of position. Now we turn to Fourier space,

1 $ . .
/i - W /qeqal with /% = /#q , (6109)
q
and we obtain
$ ~ 1 ?
1
S(/) = Sp" — e+ s - 2520628 /g4l
() 02Nq 80 s 2( S°%°8 [yl #q
S 2
1 $ 2.2 '
(So+ 55 & 41 028 + Izt 2oh2& 14/ 4o (6.110)
ad $ 9 :
= So+ sypay 07+ A+3J7Bs%- %h2& /4l 4
q
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A slightly more compact form is reached by taking the relation/4 = Jzmy following Eq.(6.53
and kg T. = Jzs? such that

_ a 9 o2 ~ 1%
S—SO+N q +A+3B/ﬁ1&mqm#q—50+§
q

taking the coe$cients from the above Ginzburg-Landau formulation.
Now we may rewrite the partition function in this approximation as

F L@

9 :
Zo dmy dmyg exp " -G *1G)mymeg/ 2

G*L(@)mgmaq (6.111)

Z !

(6.112)

q
e 3

2
Zo  dmydm, exp " -G #1(Q)(m(542 + mj;qz)IZ
q

where we used the parametrizationm,4 = m, + im; . The product Iy runs only over the half-
space of}, e.g. {6 | 0 ' ﬁ)}, because the full product g dmydmy¢ would constitute a doubling
of integrals compared to™ ; d/;. Using this we calculate the mean value

@

— 1 d 1\20 — 1 $
e = S5 dromne)’s= q g Mg &
. . R (6.113)
"Nz Mt M &S g G0 @ A zEwncer .q2
q q q

which represents a self-consistent equation foPm?& Note that the G(¢) corresponds to a
renormalized correlation function, analogous to # in (6.65).
On the other hand, we can determine the susceptibility using the RBuctuations,

1 @ 9 :
O(T) = -5 drdir om()mE )&" %n()&om(t )&
6.114
S L (6.114)
= WMo &= CU=0)= A Eomee

The fact that the susceptibility diverges at the phase transition can now be used to determine
the instability temperature T2 which is dilerent from the ObareQOT, debning the zero ofA. Thus
we analyze the equation

3Bk T $ 1
Ld 0#1+ g2’
g

0¥1=[A+3BUn%q= A+ (6.115)

where 0%1 = 0 determines T). For the sum overd we have to be careful because the form we
have chosen for the expansion in small powers af is not valid at large g. We correct for this
by introducing an upper cuto! &dpr a, which is of the order a*1, the inverse lattice constant.
Then going to integral form L#4 q ¥ ddq/(2%$)¢ and setting 0% 1 = 0 we reach at equation

4
. Jza® 94 Cykg T} @y, o 1

ap)

Ac=Jza"d £ 1 = - 6.116
: T. 2@y, a2 (6:119)
where Cy = " d'is the surface area of a unit-sphere in d dimensions as debned in EqZ.39.

Thus the renormalized transition temperature is

T
T) = ¢ <Te.. 6.117
¢ Caz (&a)%2 ¢ ( )
(2$)4 d" 2
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Therefore the transition temperature is reduced by the Ructuations. The dimensiord = d, =2
appears as a lower critical dimension. For dimensiord * d, the integral diverges at the lower
boundary (infrared divergence) such that no Pnite transition temperature is possible. The
dimension d_ is more subtle. Below we will comment from a dilerent point of view on this
result.®

The renormalization of T in EQ.(6.117 contains the Ructuation-induced correction term,

&a) 2 ( 2d$Y/ 2 L1 1 dgo
d" 2 (2$)9#(1 + d/2)(d" 2) 20$9/2(d/ 2)!
such that T) # T, for inPnity dimensions. This means that Ructuations do not alect the mean

Peld solution at all in inPnite dimension. Each site is coupled to a reservoir of inbPnite neighbours,
making Ructuation negligible ®

fracC dz(2$)d(

0 (6.118)

6.5.2 Renormalized critical exponents

Now we turn to the behavior of the susceptibility at the new critical temperature. For this
purpose we rewrite 6.115 with the help of (6.116 and obtain for T # T,

@y, | J
3BCd /d dj#l kBT " kBTg

(2%)d 01+ .92 g2

0%l =(A" A+

3BCyks T} @y qi# 3

" " 6.119
CATA g, “o0q2 (6.119)
@y 23 # 3
A . 3BCgkgT) @#dl2 X
= (A" A)" e er0) e

Note that .0 = 72. We distinguish now two cases. First choose the dimension larger than the
upper critical dimension d > d. =4 and obtain

3BCdkBT3{ 0 }(2#d)/2{&(-0 )l2ypdea

0" (A" Ad" —ogya d" 4

S (A" AY" 3BCyks T} &d#4o#1= kg (T Ty Cyz® T (&a)™* 4y
¢ (2$)d4.2 d" 4 ads? ¢/ 2(2%)d T, d" 4 (6.120)
> 2
dg2 C.z2 T) (&a)%#4 #1
s om= 2T az”Tc (&2) 01T T
kg (T" TQ) 2(2$)4 T, d" 4

We observe that this corresponds to the behavior found in mean Peld calculation. Indeed above
the critical dimension d. the mean beld exponents are correct, and the only elect of Buctuations
is to renormalize certain quantities such as the critical temperature. Obviously ford #, we
recover the mean Peld result as exact with the same arguments as in the last section.

Next we considerd < d¢ = 4. In this case the integral over x in (6.119 converges and the upper
bound does not enter in the limit T # T2. The integral only depends ond and is given by
Kgq=#[(d" 2)/2J#[(4" d)/2]. Therefore, we obtain

)
0*l=(A" A" izg)ddkilc K 40®# 92 (6.121)

8Actually for the Ising model this approach overestimates the e$ect of Ructuations. As we will show in
Sect6.6.2 there is long-range order at bnite temperatures for d = 2. However, we have seen in Sect4.7.3 that
long-range order of a solid (crystalline lattice) is destroyed at any Pnite temperature for d =1 and 2. The same
is true for quantum spin systems (Heisenberg model).

9Note that for practical reason one assumes that the coupling scales so thatJz = const in order to obtain a
non-divergent mean beld T.
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Figure 6.7: Critical region.

This equation has two regimes. For larged the second term on the right hand side is dominating
over 01, On the other hand, if 0 is small, 0% is dominant. The brst case applies foiT very
close to T} such that we arrive at the behavior

2
d" 2’

Away from Tg the second case holds and we return back to the usual mean beld behavior,

O(T)0|T" T with 4= (6.122)

o(T)o|T" T2I**. (6.123)

The crossover happens roughly at the boundary debned by the Ginzburg criterion. It is now
also obvious that the critical exponent 4 depends on the dimension. The critical dimensions
d. =2 and d; = 4 need a special care in this discussion as the expression we have obtained do
not straightforwardly apply to them.

We can now also use this result to determine the exponent of the correlation length. We may
use7? = .0 such that we bnd immediately

4
5 (6.124)

6.6 Long-range order - PeierlsO argument

We have seen in the previous section that the critical temperature is reduced from its mean beld
value by thermal RRuctuations. The lower the dimension (the coordination number) the more
severe thermal Buctuations act against order. We consider here the case of the Ising model in one
and two dimensions. In one dimension no magnetic order is possible at any Pnite temperature,
while in two dimensions there is a Pnite-temperature phase transition.

6.6.1 Absence of bnite-temperature phase transition in the 1D Ising model

We consider the ground state of the ferromagnetic Ising chain. All spins are aligned. The lowest
energy excitation is a domain wall for which the spins point up on the left and down on the
right hand side of the domain wall. The energy for such a wall is 2s?. With N spins on the
Ising chain, there would beN " 1 positions possible for this wall and would yield an entropy
S = kg In(N " 1) accounting for the uncertainty of the conbguration of the state. Therefore a
simple estimate of the free energy for the presence of a domain wall leads to

"F=2Js2" kgTIn(N " 1). (6.125)
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Taking now the thermodynamic limit N #, would yield for any bnite temperature a negative
" F such that the ordered phase (without domain wall) would be unfavorable.

AL

Figure 6.8: Domain wall as the lowest excitation.

In the one-dimensional Ising chain long-range order exists only at zero temperature analogously
to the classical spin chain discussed earlier.

6.6.2 Long-range order in the 2D Ising model

The argument given by Peierls to proof long-range order for the 2D Ising model is also based on
domains. We consider a square lattice and assume that all spins at the boundary are pointing
up. This requirement is not relevant, if the thermodynamic limit is considered, i.e. the number
of site or spinsN #, . However, it implies that all domain walls on the lattice are closed. The
energy cost for a domain wall of the lengthL compared to the completely aligned conbguration
is

E(L)=2Js%L. (6.126)

Now choose a sitg somewhere in the interior of the system. We debn®. as the probability
that this spin s; is +s. Thus the mean value of the spin is

% &= S(P+ " Py) (6.127)

where in the case of long range ordef$; &> 0 due to the boundary condition. Moreover the
correlation function satisbes for|i " j|#,

%S| & # 961 &% &= S?(P+ " Py)? (6.128)

which is Pnite for the long-range ordered system, iP, £ Pyx. Thus our proof has to address
this point.

We consider the system at low temperature such that the correlation length is long and dilerent
states are most electively described by conbgurations of domain walls which are rather dilute.
The patrtition function is then given by

$
z= Kt K =2-Js? (6.129)

cr !

where # is the set of conbgurations and. . is the total length of all domain walls of conbguration

c.lf the spin s; = + s (" s) then there is an even (odd) number of domain walls encircling the
site j . Thus the probability that the spin s; = s is given by

19

P, = = gfKle (6.130)

x| E
el
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Now we considerPyz whose sum overc includes one innermost domain wall encircling sitej .
Thus we may rewrite

$ $ $
Py = % gL)ert  éfte= " g(L)e" Py (6.131)

L C*!j+ L

where g(L) is the number of shapes of the innermost domain wall of lengthL. Note that #j+
contains all conbgurations of domain walls including an even number of walls encircling and
all others not encircling j .

I +
B +

o+ o+ o+ o+ o+ o+ o+ o+ o+

R S S T T e S S S S
+ +£+ + o+ o+ o+ o+ o+ o+ 4+
B e + o+ o+ o+ - - - =+ o+
B e - =+ +|- |+ +
L e N R el s
+E———+E|+———————++
L e I o e o e
+ +H|-|+]- - - - - - - + o+ - -+ o+
++————’m—++j‘ + +
+ + +
+ + o+
+ + o+
+ + o+

o+ o+ o+ o+ o+ o+ o+ o+ o+

Figure 6.9: Domain wall conbgurations.

We now try to Pnd an upper bound forg(L). The domain wall should not cut itself. If we ignore
this condition and in addition the requirement that the domain wall is closed, we can derive a
simple upper bound forg(L),

L1, 1,1 L™ °_ L% s

g(L)< 413 1L121 2 —24Le : (6.132)
which can be understood as a walk of length_ through the lattice. From the starting point,
we may start in 4 directions and every following step has 3 possible directions. On the contour
there areL equivalent starting points (assuming close contour) and 2 directions. Then there are
maximally (L/ 4)? sites enclosed by the domain and the starting point may be shift on any of
them (for given circumference the square has the largest area among all rectangles). Therefore
we can write $ ) $ 5

P, < L7 dnszk)p, < L® Lin3#K) (6.133)

L/ 424L L=4,68,.. 96

since P, < 1. For su$ciently low temperature In3 " K =1In3 " 2Js?- < 0 so that the sum
converges very well. By making the temperature small enough, also the conditioRs < % can
be reached. With the condition P+ + Py =1 it follows that

P." Py >0 $ lim 9%;s; &= const. (6.134)
li# ] 15%

which means that we have long- range order at a Pnite temperature.
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Chapter 7

Superf3uidity

Only the nobel gas Helium remains a liquid down to zero temperature at ambient pressure. After
liquefaction it is a quantum liquid which involves two isotopes, with bosonic (fermionic) character
for “He (3He). Note that the nucleus of “He consists of two protons and two neutrons, resulting
in a Boson, while ®He has only one neutron and forms a fermionic atom. Only under pressure
eventually solidibcation occurs (Fig. 7.1). Both quantum liquids undergo a phase transition to
the miraculous state of superf3uidity, characterized by the frictionless or dissipationless Row of
the RBuid through constrictions and narrow capillaries, beside a few other amazing properties.
Considering their phase diagrams in Fig7.1, we recognize a profound dilerence for the superf3uid
phase between*He (left panel) and 3He (right panel). The bosonic atoms undergo a Bose-
Einstein condensation to become a superf3uid below- ( 2.18K at ambient pressure. The
fermionic atoms, on the other hand, become superf3uid only around 6K, when they form so-
called Cooper pairs, in many aspects resembling the superconducting phase of electrons. Here
we will discuss only the case of superRuidHe.

619 $"¥r
51 § &%  B#A5H
@ 9
Y s
! - %&()$$ Eoop @#AS%  <=-+8%
& *p K . .
s % )-8 8 | 502099 >*-+9%89:09:%
= ap #1058 \S Y vop 89:09;%
1 1 1 I /1-—/|.|"#$ ") | 1 —/\/:75 0
1$ 231$  431$  531$ 631  731$ " #% " #% " #% " #% % &(@&% "%
8I(.1"9,1%:;<$ Yo+ *-.10-*%123%

Figure 7.1: Phase diagrams of Helium. Left panel: bosoniéHe. Right panel: fermionic He.
Note the logarithmic temperature scale in the right panel. While *He has one superfRuid phase,
there are two, the A- and B-phase, for3He.

7.1 Quantum liquid Helium

We consider now the quantum liquid “He.! The brst question we ask is why Helium remains
liquid even in its ground state. A classical system of interacting particles would form a solid

1The quantum liquid ®He is a so-called Fermi liquid well described by LandauOs phenomenological theory based
on the concept of fermionic quasiparticles. This concept can be extended to other interacting Fermions, most
notably to electrons in metals, as will be discussed in the course OSolid State TheoryO.
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lattice in order to minimize the potential energy, as the kinetic energy vanishes at zero temper-
ature. This is not the case when we consider quantum particles which are subject to zero-point
motion. Let us consider here a simple argument on why Helium is liquid while other noble gases
solidify.

The interaction between Helium atoms consists of two components. There is a strongly repulsive
interaction on short range, since the closed electron shells (two 1s electrons) repel each other
when the atoms come close. On long distances the atoms attract each other through the rather
weak van der Waals force. A good bt of the potential is given by

r
V(r) = Ae# rlr 1 n B Tz (71)

with A =489eV, B =9.31 10?%eV, r; =0.22 and r, = 4.64 A. Qualitatively this resembles
the Lenard-Jones potential we introduced earlier, with a negative minimum and a vanishing
potential for large distancesr. It has a minimum at ro ( 3A with a potential energy V =

" 7.81 107 4eV. The mean distance between Helium atoms towards zero temperature at ambient
pressure isd ( 4.4A. Assuming that Helium is a solid with this lattice constant, the condition
for melting is that position Buctuations of the atoms acquire a OconsiderableO fraction of the
lattice spacing d. The Lindemann criterion for melting request the mean displacement of the
atom from its equilibrium position,

Tr*Lm with Ly ( 0.1, (7.2)

such that for the solid the atom would have to be conbned with a range of linear size t ( 0.5A.
Taking HeisenbergOs uncertainty principle, t 1 " p( ! we obtain for the zero-point energy,
g P 1 4%
“om Cam
which is slightly larger than the potential depth. Thus, the Helium atoms dissociate due to
the zero-point motion. Only pressure beyond 25 bar opens the way to solidibcations at low
temperatures (T < 5K). We encounter Oquantum meltingO at very low temperatures, when we
lower the pressure isothermally through the critical pressurep. / 25bar (see also in Sect4.7.3).
Classical thermally driven melting is observed for isobar increase of temperature from the solid
phase with the pressure clearly above 25 bar.

( 861 10"V, (7.3)

7.1.1 Superf3uid phase

Around T- ( 2.17K the quantum liquid undergoes a phase transition between a normal and
superBuid phase. This transition is called @transitionO due to the peculiar shape of the specibc
heat as a function of temperature. (Fig7.2). There is an obvious similarity with the specibc heat
of Bosons as shown in Fig3.6, which suggest that the superf3uid phase is based on Bose-Einstein
condensation. There are, however, also clear dilerences such as the low-temperature behavior
of the specibc heat, which has a power law ¥ 2 for the ideal Bose gas andT 2 for “He. This is
connected with the dilerence in the excitation spectrum.

We examine here the property of a superf3uid to Bow frictionless. First we ask the question
whether the ideal Bose-Einstein condensate is a superf3uid. For this purpose we study an ideal
Bose gas of particles Bowing in a capillary tube with a velocity” V relative to the capillary
walls. We can view the same situation in the rest frame of the superf3uid, such that the tube is
moving with velocity V. The former inertial system we callK ', the latter K. Then the following
relations for the momentum and energy of the superf3uid hold,

K: P E

(7.4)
I L I | R , 1 _ PR | RN M w2
K-: P =P" MV E'=E" P&+ —2\7

2Reference: J.C. Slater and J.G. Kirkwood, Phys. Rev. 37, 682 (1931).
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Figure 7.2: Specibc heat at the superf3uid transitionT- .

where M is the total mass of all particles of the superf3uid. Initially all particles have the same
velocity ¥ such that P =0 and E = 0 in system K (rest frame of superRuid). Let us assume one
particle scatters with the wall and transfers the momentumg to the wall. Such an excitation of
the superf3uid costs the energy (), viewed in systemK . For this situation we obtain E = (()
and P = " 3. Thus, the energy dilerence between the initial and the bnal state in the rest frame
of the tube, K ', is given by

"E'= ()+p A, (7.5)

The minimal energy drop is obtained by choosingd antiparallel to V¥, such that the superf3uid
overall slows down. The scattering process can only happen, if the energy of the superf3uid is
reduced, "E' < 0. For an ideal Bose gas the energy of an excitation is given bf(p) = p%/ 2m.
There is always a momentumy with

pZ

2
"E!—% pi $

2m vp<0
Consequently the condensed ideal Bose gas is not a superf3uid and is subject to friction, as we
can always bPnd a scattering channel which slows the superf3uid down by transferring momentum
to the capillary.

Real Bose gases have interaction. This leads in the superf3uid phase to a dilerent form of
elementary excitations with a linear dispersion,

+par = p<2mv. (7.6)

(®) = clbl = csp, (7.7)

corresponding to a sound-like excitation. Inserting this in Eq.(7.6) we Pnd that the inequality
can only be satisbed forv ' ¢s. Therefore there is a critical velocity v below which the Buid
Bows frictionless (dissipationless).

The real excitation spectrum of the superf3uid has a more complex structure as shown in Fig..3.
At small energy and momentum the spectrum is linear as assumed above. However, with growing
momentum it turns non-monotonic with a local minimum around pg. This part of the spectrum

is called roton. For these two parts of ((p) we write
!

A Csp P+ pPo
"+ “om) P( Po
where for “He the parameters are
s =240ms*1 $=1.9¢\#1, < =87, m) =0.16Mpe . (7.9)
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The critical velocity is now given by the lowest possible excitation within Eq.(7.5), corresponding
to the dashed line in Fig.7.3,

vo( WP =" _gomsit. (7.10)
Po Po

Note that the roton minimum is a precursor of solid He. Under pressure " shrinks and eventually

e(p)

: >
Po p

Figure 7.3: Spectrum of a real superf3uid with a linear sound-like behavior at low energy and
a local minimum around pg, the rotons. The dashed line ¢.p) indicates the maximal velocity
of the superRuid to sustain frictionless 3ow, i.e. Bow without generating elementary excitations
which would lead to a slow down.

reaches zero at a critical pressure where the rotons condense forming a coherent state with specibc
momentum corresponding to a crystalline (hexagonal closed packed) lattice.

7.1.2 Collective excitations - Bogolyubov theory

In this section we discuss the low-energy excitations of a Bose gas of weakly interacting particles.
For this purpose we follow the theory developed by Bogolyubov. We write the Hamiltonian in
the second-quantization language for spinless Bosons,

H = Hgin + Hint (7.11)

with $
Hin = (" W&, &

k

L@
Hiw = 5 drd® '@ @) ¢ Hve " rHR T HRT)

(7.12)

where (; = ! %k¥2mand V(@ " ') = U' (¢ " t') denotes a contact interaction, i.e. the particles
repel each other when they are on the same position. We transform the interaction part into
the occupation number representations using Eq4.35), using the relation,

$ _
(%r')=31v & k& (7.13)
k
and obtain,
us
Him = o0 8 8,808 . (7.14)
kk’qg
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Now we tuep to the Bogolyubov approximation introduced in Sect. 4.7.2, by identifying the @&,
and & by Npo (phase/ = 0 for simplicity). This is justiped when No - N " Ng. We can
then approximate the Hamiltonian by keeping only the leading terms in Ng obtained through
the following combinations of momenta:

A B L I LA

k=k'=¢g=0 N2 k=k'=0,4&0 Noé, &,
g="keok'=0 No&, & g=k't0,k=0 | Nog_é,
k="k'="g£0 Not 8, g=k=0,k't0 Noé, &

g=k'=0kE0 No, &

Terms of order Ng’/ do not exist and terms of order Né’z

Collecting these terms we obtain to this order,

and lower in Ng are neglected.

I _on UN¢E $ 7 " UNo? .
HY =" uNo+ — =+ G" w8
k=0
(7.15)
LTE 2 o s e s e s 3
YA . 3,8, t @6 +@ 8 +@ 8,y
L0

The requirement that the total particle number remains constant on average at lowest temper-
ature leads tou = Ung (derivation is somewhat tedious and omitted here),

i~y Uno, 18 79 Lo S
H =" Ng ? > ( + Uno (akaf(+(a#ka#k)+ Uno(aka#k + @y, 6) . (7.16)
k=0
This Hamiltonian has a single-particle form, but does not conserve the number of particles, as
terms like &,y & and éké#f( describe how particles from excited states are absorbed by the con-
densate and emitted from the condensate, respectively. We search a set of bosonic annihilation
and creation operators whichdiagonalizethis Hamiltonian into a form
] 1 $ P -y n
H = - Ep(éf(ék + (4#1;@#12) + Eo" MNg. (7.17)

2
k=0

where the operatorszlg (&) create (annihilate) independent Bogolyubov quasiparticles The
following Bogolyubov transformationallows us to reach this form?

dT(uf( #T(Vf( and a #f(uf( ér(VR ) (7.23)

3Bogolyubov transformation: We insert the transformation ( 7.23) into the second term of the Hamiltonian

(7.16) and obtain for a bxed K,
4 5

(.§ + Uny) (%Uﬁ — ﬁi_ﬁVﬁ)(d{@Uﬁ — ﬂ')T_§V§) + ((ﬂ.iﬁ Ug — %Vﬁ)(d_ﬁUﬁ — ﬂ%VQ)
4 5 (7.18)
+Uno (Bfug — B_gvg)(@'gug — Byvg) + (A _gug — Bl vg)(AgUg — B 4 vg)
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where the new operators satisfy the relation,
[8.8,]=[d,.8,]1=1 $ [&&l=u"v=1. (7.24)

The diagonalization leads to

N 1S w X, Ung

Ef( = (Tf +2Uno(f< and Eo Ef( " (R "Ung " No? (7.25)
k=0
and the transformation coe$cients,
K I
a1 ' T4 5
LT 02§ Ro =1+ lv 10 670y
k k Ung Ung
0 $ (7.26)
- n "k E
Vf(_ * 1" 02 a ﬁ =1+ 7(R " 7R .
k Unpg Ung

The spectrum of the elementary excitations is linear in the small momentum Iimit,'l'< # 0,

Ei ( p= —'k, (7.27)

corresponding to a phonon spectrum of compressive waves. Thus, for sm&lthe Bogolyubov
quasiparticles represent phonons. In the large momentum regior{; - Ung the spectrum merges
gradually with (i,

Er ( (+ Ung (7.28)

with a shift of Ung (see Fig7.4). In E; rotons are not included as they are beyond the simple
approximation applied here. Therefore, within the Bogolyubov theory the critical velocity is
determined by the slope of the phonon spectrum, i.e. by the speed of sound,

0o___

Un
Vo= Cg = TO (7.29)

which is higher than the real v discussed above. The constanEg is the ground state energy.

where we assume thatug and vg are real. We now separate the terms to compare with Eq.(7.17),

(B +d B _g)[(.g + Uno)(ug + V§) — 2Unoug Vgl +2( g + Uno)vg — 2Unougvg
(7.19)
+HAJD + A _gB)[Uno(ug + Vg) — 2(.5 + Uno)ugvg] .

With the condition that ug —vg = 1 from Eq.( 7.24) we parametrize ug = cosh/g and v = sinh /4. In order to
get the terms in the second line of Eq.(7.19) to vanish we bnd then

Ung

0= Ungcosh2g — (. + Ung)sinh 2/ = tanh2/g =
-% + Ung

(7.20)

which leads after using some identities of hyperbolic functions to ug and vg in Eq.(7.26). Moreover by comparison
with Eq.( 7.17) we bPnd

J
gt Un JUnOtanh2/§ _
1—tanh? 2/ 1—tanh?® 2/

2+2.§Un0. (721)

Eg =(.§ + Ung)cosh2g —Ungsinh2/g = J H

Finally the constant term
2(.g + Ung)vg — 2Unougvg = —(.g + Unp)cosh2g + Ungsinh2/g —.g + Ung = Eg —.g —Ung (7.22)

which yields the term E, in Eq.(7.17).

121



"I98
S

0 A

k|

Figure 7.4: Spectrum of the Bogolyubov quasiparticles in Eqs{.17) and (7.25. The solid line
displays Ey with a linear dispersion for small momentaf = !k and the dashed line showsg .
There are no rotons in this simple approach.

Note that in the approximation done here the sum in Eq diverges at Iarge'l'(. This is an artefact
of taking the potential as an inbnitely sharp contact interaction, i.e. U is independent ofk.
Now we turn to the condensate fraction of the interacting system. How many particles condense?
This can be straightforwardly calculated,
L1
Np=n Vf( buak&. (7.32)
0

This is advantageous when we want to calculate now mean values for which we insert the
Bogolyubov transformation in Eq.(7.23),

%, & & = %8 Ul " B, V) (Gl " B, V)&

(7.33)

2 / 2 n n
|Ug 1298, & &+ [V |98, 8, &" U}V, 98,8 . &" Uy V) %8, & &.

Then we use the fact that the Bogolyubov quasiparticles are independent, described by the
Hamiltonian in Eq.(7.17),

1

1
0, - 0, =1+ 0 -1+ —
/ekék& (Eﬁ " ’ /6#T(é &=1 08 . b T(& 1 (Eﬁ "1 ’

#k #k #
(7.34)

%, 1 8,8= %48 &=0 .

“Groundstate energy: It is rather easy to see that in the large-& limit the integrand in Eq (Eq.(7.25)) behaves
like

m(Ung)?
p2
and leads to a divergence of the sum. A careful and more extensive analysis of the problem shows that this
singular part can be extracted such that the renormalised ground state energy is given by
r 8 )
E(l): Eﬁ—.ﬁ—Un0+
40

Eﬁ — g — Ung —» — (7.30)

Uno)? U U 16 2y &y
m(Uny) + No n0:N0 No 14 nom

p2 2 2 15 2n, 12 (7.31)

The approximation for the ground state energy used here relies on the assumption that we are dealing with a
Bose gas. This is, however, not guaranteed even for weak interactions.
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Note that B¢ = E, - The momentum distribution of the Bosons for k £ 0 is obviously,

1 1+ 02 1 02
= 04 & &= 24 __ 4 2= k + k 7.35
N = %, 6 &= (|ug|”+ [l )e(Eﬁ" 1 Vi | G OE Err 11 Ofi (7.35)

The brst term vanishes atT = 0 for all k £ 0, while the second remains bnite. Thus, unlike
for the ideal Bose gas for which all particles condense into thé = O state, here we have an
interaction induced reduction. Let us discuss this aspect. The zero-temperture distribution

function has the following behavior,
!

3
mUng 3___
Ofi ﬁ K 'k+ 2mUng
%, 6 & -9 = 7.36
/ﬁkﬂk&r 0 1" 02 ( 5 3 ( )
k M 1k - 2muUn
4(1k)* ' 0

which represents the depletion of the condensate due to particle-particle interaction. We calcu-
late now the total reduction of ng at T = 0 integrating over all k,

4 5
N 18 o _n"@d3k 07 _ e 1 mUng 32 7.37)
LAY, e 1 0z~ (2$)31" 02~ 3$2 12 '

which is valid only for su$cient weak interactions. This can be measured in terms of the
characteristic length 7, debPned as

1 2k!2 I 2

_ ; P 2 _
o - Uny with k7=1 $ 7°= >mUng (7.38)
which leads to the condition
4 mun S32
3$2n- ——2° $ n73- 1. (7.39)

[ 2

The characteristic length is much larger than the mean distance between particles.
If we apply the same scheme to a one-dimensional interacting Bose gas, we bnd that the integral

@

dk Op

251" 02 ¥ (7.40)
diverges due to thek” * dependence of the integrand for smalk (see Eq.({.36). This leads to the
conclusion that in one dimension quantum Ructuations destroy the Bose-Einstein condensate,
as soon as interaction is present.

The phonon spectrum determines the low-temperature behavior of the superf3uid. Let us con-
sider the heat capacity as an example. For this purpose we calculate the low-temperature internal
energy through the Hamiltonian H' in Eq.(7.17),

U= %H&= Eo" pN ¥ E,% 8 &= Eo" uN B N$24m S
= 1&= " + = " + —

(ke T)*

(7.41)
for kg T + Ung. Note that in this limit we look at Bosons with a linear energy-momentum dis-
persion, like photons or phonons which in three dimensions yield) 0 T#. The low-temperature
heat capacity is then accordingly

4 5
du 2%2 m 3?2

C= —=NZ2kg ——
dT 150 2 Ung! 2

(kgT)3 (7.42)
which is dilerent from the Bose-Einstein condensate withC 0 T¥2,
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7.1.3 Gross-Pitaevskii equations

We would like to introduce now a description of the Bose-Einstein condensate which allows
us to take also spatial variations into account. For this purpose we write the Hamiltonian of
interacting Bosons entirely in the language of peld operators,

@ >, ) ?
H o= & o SN @rn+Ive) Wl ¢)&r)

1@
+2 Eradt e e ¢yu e rHErHE )

(7.43)

where V (') is a potential (shifted by the chemical potential p) acting on the Bosons which are
interacting by a contact interaction. We derive now the equation of motion for the peld operator,

N O]
12" 2

i!:T@r‘,t)z[@f',t),H]z " '2' +V(E)" u+ Ul tt)@rt) @rt). (7.44)

m

If the external potential varies very slowly or is even constant we will replace the beld operator
by the Bogolyubov approximation discussed in Sect4.7.2 and obtain the equation
7 8
* 12" 2
i! qlo(r',t )= " +V(E)" p+ ULt t)]? 1o(tt), (7.45)

which is called Gross-Pitaevskii equation This equation is obtained by variation from the energy

functional @ | 2 Y J
E= % ol L@+ {VE) " Wl Lo+ SLo)l* (7.46)
through
il — ! =
it o) = o 0 (7.47)
We have also introduced the chemical potentialy which can be absorbed in the potergialv ).
In the homogeneous equilibrium (time independent) phase we require thatlo(') = ~ngp and

Px V() = 0. In order to get the right magnitude for |1g| we have to chooseu = Ung as in
Eq.(7.15.

Spatial variation:

Let us consider here some properties. First we address the characteristic length scale for the
recovery of the equilibrium phase near a local perturbation. For this purpose we assume a small
deviation, 3
1o(t)= no+ 8(), (7.48)

with |8()]? + no. Inserted into the Gross-Pitaevskii equation (Eq.(7.45) we obtain to linear
order in 8('),

" 2'; 28(F') + 2 Une8(t') = " V(r')(3m+ 8(t)) . (7.49)

We now consider point-like defect,V (') = Vo' (') which yields the following long distance ¢ - 7)
behavior,

gl 2 _ ) |2
. with 7¢ = 2mUng

the same length as introduced in Eqg.7.38 and 8y ( mV03 no/ 23! 2.

8(t) = 8 (7.50)
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Figure 7.5: Bose-Einstein condensate trapped in a harmonic potentia¥ (x) 0 x2. The Thomas-
Fermi approximation yields a condensate concentrated around the center of the potential well.
Note that the approximation is only justibed for large condensate densities o723 - 1). Thus,
near the region where the condensate density vanishes a more accurate analysis shows a smoother
vanishing than the Thomas-Fermi approximation.

For very slow variations of the potential where the kinetic part (dilerential part) of the Gross-
Pitaevskii equation can be neglected, the solution is rather simple,

4 5
Ho" V() Y2

1(¢) = 5

(7.51)

with Yo = Ung the chemical potential where V(') = 0. This is called the Thomas-Fermi
approximation °. The approximation breaks down when|1 ()| approaches zero. Then the full
problem has to be solved.

Continuity equation and currents:

We multiply now the Gross-Pitaevskii equation by 1)(,t ) and subtract the complex conjugate
of the resulting equation. From this we obtain,

ELEOP =" M) 210l )" ol t)! A1) )]

(7.55)

"4 z!ﬁ[lg,(r‘,t)." To(t,t)" Lo@t). 1)@ t)]

®Spatial modulation: To illustrate the e$ect of slow variation we assume a weak periodic potential V(x) =
Vo cos(@x). Inserting this potential into Eq.( 7.49) we obtain the e$ectively one-dimensional di$erential equation,

12
— 2'—m2”(x) +2Unp2(x) = —Vo/No cos@x) (7.52)
where we neglect the last term on the right-hand side. We then obtain

Vo/No Cos(Ox)

2092 = Uno(@ep +2) -

(7.53)

OSlow variationO corresponds to0q < 1 which we may now compare with the Thomas-Fermi approximation in
Eq.(7.52) with o = Uno,

$ I 1/ 2 Y
)(X)= no-— % cos(gx) ~ /Ny — \;OU nno cos(@x) = /no + 2(x) (7.54)
0

as obtained above in this limit.
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which we may rewrite as

A HE) = Lo )P

+ft’t) +"aitt)=0 with

y ! " "
A jtt)= ﬁ[12)(r',t). To(,t)" Lo(tt). 13 t)].
(7.56)
':L;he current density is connected with the phase of the condensate wave functionl (') =
noe" ) when the condensate density is constant.

] I n

J(t) = ano. ()= nvs() (7.57)
which we use also to debne the superf3uid velocitys. The energy of the homogeneous system
(V () =0) is then given by | J

1 —_ ml 2 " Un%
EWs)=V Ving" — (7.58)
2 2

with which we determine the critical velocity by E(vc) = 0, i.¢. there is no energy gain in
forming a condensate. The critical current is obtained asve = Ung/m = ¢s as found in the

Bogolyubov theory in Eq.(7.29.

Frictionless current and quantized vortices:

An important aspect of the condensate wave function is its property to be single-valued. This
gives rise to spectacular properties, for example, for the current Bow in a torus. In this multiply
connected system the phase of the wave function can showwinding of the phase under the
constraint that 1o(") has to match on a path around the torus. Thus the phase/ can only

change by an integer multiple of 2 (de Broglie condition). If we assume a regular torus the
current Bow would be homogeneous with a constant velocitys|. We bnd that the circular

integral of the velocity around the torus is quantized, because

- n !
Vsad = — '/ A= —2%n (7.59)
m m

with n_ being an integer. Thus the currentj = ngvs can only take discrete values in the torus,
such that a decay of current would mean an unwinding of the phasd . This constitutes a
frictionless Row of the superfBuid as it will Bow eternally.

A phase winding can occur within the superf3uid also when the superfBuid density forms a
singularity, a zero along a line. The solution of the Gross-Pitaevskii equations then has form

Lo(fo.).2) = - figf (ro )€ (7.60)

for a line along the z-axis with (rg,)) being the cylindrical coordinates perpendicular toz. The
function f (rg) goes to zero on the linerg = 0 like f(rg) O rg* and recovers to 1 with the
length scale?. This structure represents a vortex with winding number n. and is a topological
defect in the superf3uid. This means that it cannot be simply created or destroyed, but can only
enter or leave the superf3uid at the boundary. Two vortices with opposite winding numbers can
annihilate each other.

The energy of a vortex consists of the core energy due to the local depletion of the condensate
and the contribution of the circular RBow of superBuid. The latter, however, is larger. To be
concrete we place the vortex along the rotation axis of a cylindrical vessel of radiuR. Then

126



Figure 7.6: Phase winding and vortex: Left panel: phase winding (red line) around the torus
leads to a current. As the phase has close the current is quantized. Right panel: Vortex structure
of |1(rp)|? with a core of linear extension/ 7.

the energy per unit length is given by

@ @
Evortex = d?rE [1()]+
r&/ rg

@r @, 2 4.5
! 1%1«0,)) _ 12ng,. 5 R
( Ecore+ / drO rO 0 d) %g *) - Ecore‘l' WZSSI’] In 7 y

(7.61)
The brst part is the energy expense due to the vortex core, where the depletion of the condensate
leads to a loss of condensation energy

d?rE 1 ()]
/

Un
E core ( 705572 . (7.62)

The second part is due to the currents and dominates the vortex energy. The amazing result is
that this latter energy scales logarithmically with the system size, i.e. radius of the cylinder in
our example, although the condensate density is only damaged on a comparatively small volume.
A further important point is that this energy grows with n? indicating that vortex of lowest
energy hasn. = = 1. Therefore vortices of higher winding numbers would would separate into
such vortices to reduce the energy.

7.2 Berezinskii-Kosterlitz-Thouless transition

A peculiar behavior can be found in the two-dimensional superRuids, e.g. &He blm on a
substrate. How does superf3uid order establish in this case? We will see that due to phase
Ructuations of the condensate wave function here a new type of phase transition appears.

7.2.1 Correlation function

First let us examine the correlation functions of the two-dimensional bPIm. For the bosonic
system we can do this the same way as we did previously in Sedt7.2 The correlation function
is given

gR)= % )@t + R)& (7.63)
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In the high-temperature limit we have approximated the long-distance behavior by

() = @ @ gk ( omkeT @ @2k kR
IR= 29)2 (GFn 1 T2 (2$)2 k2 + K2
0 (7.64)
2 1 2% .,
= 5gKo(koR) (o7 kTRe# oR

3
with k& =" 2mu/ 12, %= h/  2$mkgT (thermal wavelength) and K o(x) is the modiPed Bessel
function (also known as MacDonalds function). Thus, we Pnd exponential decay of the correla-
tion.
The low-temperature limit can be conveniently discussed by taking advantage of the simple
formulation of the energy in Eq.(7.46), where we keepng constant and restrict to the phase
Buctuations. Then we obtain

*

@ | 1 $ v,
EU]=Ung dr (/)" 5 =Ungt Peflglug” 5 (7.65)
q
with the Fourier transform
1 $ o
[({t)= 3= [4€"% (7.66)
v q
and V here as the area of the system. Now turn to the calculation of the correlation function
4 $R SuT)
g(R) = no% ¢ % (R) g= noe® (- O#%. RN = *»8 (7.67)
lo

where the last equality is connected with the fact that with the above energy the averaging is
Gaussian. 8 Here the correlation function still decays, but now algebraically with 8(T) = 2 /n (%

SAveraging: In order to calculate the correlation function in Eq.( 7.67) we turn the Fourier space for the phase:
!

" 1 . 66
)= — e 7.68
(%) W 8 (7.68)
and rewrite the energy I I
E [u] - Un(2)02 q2n 6" g - U ngOQ q2(n %,Q + " qu) (769)
¢ &

ignoring the constant term and separating real and imaginary part, "¢ = "1 + i" 2. The partition function is

given by (o
Z= d" g d" g € U0 720 90T ) (7.70)
&
and the correlation function can be calculated by
+ 6
1 ( 0 ! o .8 ! 7
gR)= 5 digd'ag exp —=  ("ig* 201 —€*T) —*UNGO"  q'("ig+ "34) (7.71)
- W 8
& & §
which can be evaluated by completing the square.
+ 6 9 .
7 ( :
" keT 1! 1-cosg- R’ _ ke T » 1—cosg- R
o(R) = exp _ TUmev ? 8 7 Tuneeye ‘9T ¢ (7.72)
We can again use the relation connection with the Bessel function used above and obtain
9 ( . 9 ( .
_ ke T Mo 1-J0(qR)  _ R0 1 Jo(x)
g(R) =exp _W . dqg —a exp —2(T) . dx —
(7.73)

% &#F %N _ &_.
0I 0IR —(T)

~exp —2(T)In R = —
o o

where we introduce a cuto$ for large q with ro ~ n~ 2 the mean distance between the Bosons.
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being a function linear in T and r§3 = n being a characteristic length. At all temperatures there
is no real long-range order, but it looks like we are for all low enough temperatures always on a
critical point, since the correlation length is obviously inPnitely larger.

7.2.2 Topological excitations and BKT transition

This qualitative change of the correlation function indicates a phase transition which does not
bt into the picture of suppression of order due to collective modes of the phonon type. Phonons
are, however, not the only excitations possible. Kosterlitz and Thoulouss realized that in a two
dimensional superfuid (and also in other phases mentioned below) vortices play an important
role for this change of behavior. Vortices constitute atopological excitation
A conceptual argument for the occurrence of transition can be derived through the free energy
of a single vortex. As we have seen above the energy of a vortex witlh = 1 is given by

4 5

2
R
Moo = (7.74)

|
E=":
2m 7

where R a linear extension of the of the two-dimensional system. The entropy of the vortex is
given through the phase space of the vortex which is given by number of distinct vortex positions
in the system/ R?/72 (number of cells of size7? where we can place the vortex), leading to
S = kg In(R/7)2. Thus the free energy of the vortex is

> ? 4_5
F=E" TS= !2n°2$" KeT In = (7.75)
B T 2m B 7 '
which suggests a phase transition at
! 2n0
kg Tkt = 7.76
BTkT = - $ (7.76)

where the prefactor changes sign. Abov8kr vortices are favored below they are suppressed.
Note that this argument does not depend on the system size as both contributions ik scale
the same way.

The transition can be understood in terms of vortex-anti-vortex pairs being bound or dissociated
(anti-vortex: has the same structure as the vortex but with opposite winding of the phase). The
high temperature phase corresponds to unbound free vortices destroying the phase coherence,
while at low temperatures vortices bind into pairs of opposite winding number such that there is
no phase winding of bound pairs. A vortex and anti-vortex pair behave like particle and antipar-
ticle. They can be created spontaneously at the expense of the energy of two vortices, without
changing the overall phase winding of the system. For the same reason they can annihilate each
other releasing the vortex energies. Thus the number of vortex pairs is not conserved. Only the

totel winding number of all vortices is conserved,
$

n{® =" n". (7.77)
[

We can discuss the gas of vortices in terms of the grand canonical ensemble.

Two vortices interact with each other by an energy

I 2 . . P
Ej =" 25-26n""n%In L‘ . Jg, (7.78)

which is formally equivalent to the Coulomb energy of two charged particles (winding number
as charge). Note this expression is only true if the vortex cores do not overlap, i.gt'i " 'j| - 7.
The grand canonical partition function is given by

*

g N 13 @ 2 % E ,»-E
- 2. 4z +o. (i), () i i
Zy - N/ 2 72N . d’ridadlry exp*2 > 2% ’ n"’n’’In 5 (7.79)
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, % .
where the Prst sum runs only over even numberdl (vortex pairs) such that {n,} restricts to

winding numbers adding up to nEfOt) = 0. The fugacity z includes the energy of each vortex.

Considering the very dilute vortex system with z # 0 we can restrict to N = 0,2 and discuss
only a single vortex-anti-vortex pair (n_(l) =" n_(z) =1). In view of the transition of the vortex

system it is now interesting to examine the vortex spacing. The mean square distance is given

b
d 1 @ E . p é,w""

Fatroll |

where we renormalize by the volume (area)V of the system. The partition function can be
approximated by Z, ( 1. Then decomposing the two positiong'; and ', into center of mass
and relative coordinatest'y, = (' + ')/ 2 andt = 1" I'> we obtain

@y 2 24 Sy
w1 2 b i 12 < 7 T
! 4 mkéT

which shows that the vortex-anti-vortex separation is bnite for T < Tkt but diverges asT #
Tkt . Note that here the same transition temperature Tt is found as in Eq.(7.76).
The dissociated vortices move freely and destroy the phase coherence, while the moving bound
pair is not detrimental for the phase, as it does not carry a net phase winding. There are
similar two-dimensional systems which contain topological excitations. In a crystal lattice the
topological excitations are dislocations which have also a topological nature characterized by
means of the BurgerOs vector. Another example is the two-dimensions XY-spin system with the
Hamiltonian, $ $
Hxy =3 (S'S's/s’)=3s*  cos)i" )j) (7.82)
“ij ( i (
considering classical spins withs; = S(cos);, sin);) where the in-plane angle plays a similar role
as the phase of the condensate wave function discussed above.
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