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Chapter 1

Kinetic approach to statistical
physics

Thermodynamics deals with the behavior and relation of quantities of macroscopic systems
which are in equilibrium. The concrete time evolution does not enter the discussions in thermo-
dynamics, although systems may change - quasi-statically - between di!erent equilibrium states.
A macroscopic system, however, consists of many microscopic entities, many degrees of freedom,
such as moving atoms in a gas or magnetic / electric dipoles in magnets or ferroelectrics. There-
fore it seems very natural to analyze the time evolution of these entities to get insight into the
behavior of macroscopic systems whereby a statistical approach is most adequate, for the simple
reason that we cannot track down the temporal behavior of each entity separately.
In this chapter we will discuss a conceptual version of a many-body system to understand
how one can view non-equilibrium behavior and how equilibrium is reached and eventually
characterized. Entropy will play an essential role to give us the connection to thermodynamics
of the equilibrium state. This discussion will also make clear how the immense number of degrees
of freedom, N , is essential for the quality of the statistical approach and the emergence of the
laws of thermodynamics. The kinetic approach Þnd one important application in kinetic gas
theory and BoltzmannÕs transport theory which will not be covered here (part of the lecture
ÓTheorie der W¬armeÓ in Bachelor of Physics).

1.1 Time evolution and Master equation

We start by considering a model withN units (atoms, ...) which can be inz di!erent micro-states
(Fig.1.1):

{ s!
i } with i = 1 , . . . , N ; ! = 1 , . . . , z . (1.1)

We may deÞne the variables!
i such that if the unit i is in the state ! ! then

s!
i =

!
"

#

1 ! = ! ! ,

0 ! != ! ! .
(1.2)

Thus "s i is a vector with one component (! !) being 1 and the others 0. For the moment, these
degrees of freedom are considered to be independent and theirz micro-states have the same
energy, when we introduce the time evolution of this system. For the purpose of a simple
simulation of the time evolution of these units, we introduce discrete, equally spaced time steps
tn with tn+1 " tn = " t. During each time step the micro-state of each unit can change from!
to ! ! with a probability p!! 0 which is connected with the transition rate #!! 0 by

p!! 0 = # !! 0" t . (1.3)
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Figure 1.1: A schematic system (box) ofN units (cirlce) with micro-states ! = 1 , . . . , 8. Each
unit can be in an individual state at a given time.

We require that the reverse processes have equal probability due to time reversal symmetry:
p!! 0 = p! 0! and, thus, #!! 0 = # ! 0! . At a given time, we Þnd N! units of the system are in the
micro-state ! (Fig.1.2)

N! =
N$

i =1

s!
i with

z$

! =1

N! = N. (1.4)

Thus, picking at random a unit i we would Þnd it in the micro-state ! with the probability,

w! =
N!

N
with

z$

! =1

w! = 1 . (1.5)

! " #" ! "$$$%"

! " #" ! "$$$%"

&'()*+'&",)+)-.'"

Figure 1.2: Distribution of the units on di!erent micro-states: Evolution towards the Þxed
point with detailed balance where all micro-states are occupied by the same number of units on
average.

Let us now discuss the ÓbudgetÓ of each micro-state! during the evolution in time: (1) the
number N! is reduced, because some units in micro-state! will have a transition to another
micro-state (! # ! !) with the rate

%
! 0 #!! 0N! ; (2) the number N! increases, since some units in

another micro-state undergo a transition to the micro-state ! with the rate
%

! 0 #! 0! N! 0 . Note
that these rates are proportional to the number of units in the micro-state which is transformed
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into another micro-state, because each unit changes independently with the rate #!! 0 . The
corresponding budget equation is given by

N! (tn+1 ) = N! (tn ) " " t
$

! 0"= !

#!! 0N! (tn )

& '( )
leaving state !

+ " t
$

! 0"= !

#! 0! N! 0(tn )

& '( )
entering state !

. (1.6)

This set of z iterative equations describes the evolution of theN units in a statistical way,
whereby we do not keep track of the state of each individual unit, but only of the number of
units in each micro-state. As we will see below (H -theorem), starting from an arbitrary initial
conÞguration { N! } of the units at t1 = 0, this iteration moves generally towards a Þxed point,
N! (tn+1 ) = N! (tn ) which requires that

0 =
$

! 0"= !

#!! 0N! (tn ) "
$

! 0"= !

#! 0! N! 0(tn ) . (1.7)

There is no time evolution anymore forN! (t), although the units are still changing their states
in time. As this equation is true for all ! we Þnd that independently

0 = # !! 0N! (tn ) " #! 0! N! 0(tn ) , (1.8)

which means that for any pair of micro-states! and ! ! the mutual transitions compensate each
other. Equation (1.8) is known as the condition of detailed balance.1 Due to #!! 0 = # ! 0! in our
conceptual model, we Þnd the Þxed point conditionN! = N! 0 = N/z , i.e all micro-states are
equally occupied.
We now slightly reformulate the iterative equation (1.6) taking the limit of " t # 0 and dividing
it by N :

dw!

dt
= " w!

$

! 0"= !

#!! 0 +
$

! 0"= !

#! 0! w! 0 , (1.14)

which turns into a di!erential equation. This is the so-called master equationof the system. Also
here it is obvious that the detailed balance condition leads to a solution where all probabilities
w! (t) are constant in time:

w! #!! 0 = w! 0#! 0! $
w!

w! 0
=

#! 0!

#!! 0
= 1 , w! =

1
z

. (1.15)

1 We show here that the detailed balance condition follows from rather general arguments even if the condition
! !! 0 = ! ! 0 ! is not satisÞed. First, we deÞne for the general case

N! = ! ! " ! such that R!! 0 = ! !! 0 ! ! = ! ! 0 ! ! ! 0 = R! 0 ! , (1.9)

which leads to the Þxed point condition Eq.( 1.7),

0 =
!

! 0

(R!! 0 " ! � R! 0 ! " ! 0 ) =
!

! 0

R!! 0 (" ! � " ! 0 ) . (1.10)

Note that the condition ! !! 0 = ! ! 0 ! would imply ! ! = ! ! 0 . Assuming R!! 0 > 0 for all pairs ( #, #0) (more generally
ergodicity is necessary, i.e. the system cannot be decomposed into disconnected subsystems), this equation can
only be solved by " ! = " = const for all #.
Proof: Assume that

"
1

= "
2

= · · · = " ! 1 > " ! 1+1

= " ! 1+2

= · · · = " ! 2 > " ! 2+1

= · · · > · · · = " z > 0 (1.11)

then for #  #
1

we Þnd !

! 0

R!! 0 (" ! � " ! 0 ) =
!

! 0>! 1

R!! 0 (" ! � " ! 0 ) > 0 , (1.12)

such that we cannot satisfy Eq.( 1.10) and only the solution " ! = " = const for all # is possible. Thus, using
Eq.(1.9) it follows that

R!! 0 " ! � R! 0 ! " ! 0 = 0 ) ! !! 0N! � ! ! 0 ! N ! 0 = 0 , (1.13)

and the detailed balance condition is satisÞed.
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We can deÞne a mean value of a property or quantity Ó#Ó associated with each micro-state! ,
which we call #! :

%#&=
$

!

#! w! . (1.16)

Such mean values describe the macro-state of the system. The time evolution of this quantity
is easily derived,

d
dt

%#& =
$

!

#!
dw!

dt
=

$

!

#!

*

+" w!

$

! 0"= !

#!! 0 +
$

! 0"= !

#! 0! w! 0

,

-

= "
1
2

$

!,! 0
{ #! " #! 0} (w! " w! 0)# !! 0 ,

(1.17)

where the last equality is obtained by symmetrization using #!! 0 = # ! 0! . Obviously the time
evolution of %#&stops when detailed balance is reached.

1.1.1 H-function and information

We introduce the function H (t) which has the following form

H (t) = "
$

!

w! ln w! . (1.18)

This function can be viewed as a measure for the lack of our knowledge about the microscopic
state of our system. Concretely, if at the time t we pick one atom at random, we may ask how
well we can predict to Þnd the atom in a given micro-state. Assume thatw1 = 1 and w! = 0
for ! = 2 , . . . , z. Then we can be sure to Þnd the micro-state 1. In this caseH (t) = 0. For
generic distributions of probabilities H (t) > 0. The larger H (t) the less certain the outcome of
our picking experiment is, i.e. the less information is available about the system.
It is interesting to follow the time dependence ofH (t),

dH (t)
dt

= "
$

!

dw!

dt
(ln w! + 1) =

$

!,! 0
#!! 0(w! " w! 0)(ln w! + 1)

=
1
2

$

!,! 0
(ln w! " ln w! 0)(w! " w! 0)# !! 0 ' 0 .

(1.19)

Note that ( x " y)(ln x " ln y) ' 0. This implies that H (t) evolves in a speciÞc direction in time,
despite the assumption of time reversal symmetry, which was an essential part in reaching the
symmetrized form of Eq.(1.19). The condition dH/dt = 0 then requires w! = w! 0 , corresponding
to detailed balance. The inequality (1.19) suggests that detailed balance corresponds to the
macroscopic state of the system with maximal possibleH and, thus, the maximal uncertainty
of knowledge.
Let us consider this idea from a slightly di!erent view point. For given w! = N! /N in a system
of N units, there are

N !
N1!N2! á á áNz!

= W (N! ) (1.20)

realizations among zN possible conÞgurations. In the large-N limit we may apply Stirling
formula

ln n! ( n ln n " n +
1
2

ln 2$n, (1.21)
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which then leads to

ln W (N! ) ( N ln N " N "
$

!

[N! ln N! " N! ]

= " N
$

!

w! ln w! = NH (t) .
(1.22)

where we have ignored terms of the order lnN . Thus, H measures for given set{ N! } the number
of available conÞgurations of the units.
Now we show the maximalH corresponds indeed to the detailed balance condition being then
equivalent to the set { N! } with the largest possible number of conÞgurations. For this purpose
we maximizeH as a functional of w! through the following extended form of H

H ! = "
$

!

w! ln w! + %

.
$

!

w! " 1

/

, (1.23)

where we introduced the constraint of normalization of the probability distribution using a
Lagrange multiplier. Thus, searching the maximum with respect to w! and %, we get to the
equation

dH !

dw!
= " ln w! " 1 + %= 0 and

$

!

w! = 1 , (1.24)

which can only be solved byw! = e" # 1 = 1 /z and constitutes again the condition of detailed
balance.
The conclusion of this discussion is that the detailed balance describes the distributionw! with
the highest probability, i.e. the largest number of di!erent possible realizations yield the same
{ N1, . . . , Nz} . This is indeed the maximal value of W (N! ) = N !/ { (N/z )!} z, the number of
realizations. In its time evolution the system, following the master equation, moves towards the
Þxed point with this property and H (t) grows monotonously until it reaches its maximal value.

1.1.2 Simulation of a two-state system

The master equation (1.14), introduced above, deals with a system of independent units in a
statistical way. It corresponds to a rate equation. We would like now to consider a ÓconcreteÓ
model system and analyze how it evolves in time both analytically by solving the master equation
and numerically by simulating a system with a not so large number of units. This will be
most illustrative in view of the apparent problem we encounter by the fact that our model
conserves time reversal symmetry. Nevertheless, there is an apparent preference in the direction
of evolution.
We consider a system ofN units with two di!erent micro-states ( z = 2) to perform a computa-
tional simulation. We describe the micro-state of unit i by the quantity

mi =

!
"

#

+1 ! = 1

" 1 ! = 2 .
(1.25)

This may be interpreted as a magnetic moment point up (+1) or down (" 1). The transition
between the two states corresponds simply to a sign change ofmi , which happens with equal
probability in both directions (time reversal symmetry). The computational algorithm works in
the following way. Within a time step each unit experiences a transition with a probability p
(0 < p < 1), whereby the probabilistic behavior is realized by a random number generator. This
means generate a uniformly distributed random numberR ) [0, 1] and then do the following
process for all units:

mi (tn+1 ) =

!
"

#

mi (tn ) if p < R < 1

" mi (tn ) if 0 * R * p .
(1.26)
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This time series corresponds to a so-called Markov chain which means that the transition at
each step is completely independent from previous steps.
After each time step we ÓmeasureÓ the quantities

M (t) =
1
N

N$

i =1

mi (t) and H (t) = "
2$

! =1

w! (t) ln w! (t) (1.27)

where
w1(t) =

1
2

{ 1 + M (t)} and w2(t) =
1
2

{ 1 " M (t)} . (1.28)

Note that M (t) may be interpreted as a average magnetization per unit. The results of the
simulations for both quantities are shown in Fig.1.3. In the starting conÞguration all units have
the micro-state mi = +1 (completely polarized). There is only one such conÞguration, while the
Þxed point distribution is characterized by w1 = w2 = 1 / 2 with a large number of realizations

W =
N !

{ (N/ 2)!} 2 ( 2N

0
2

$N
for large N , (1.29)

following StirlingÕs formula. This corresponds toM = 0. The closer to the Þxed point distribu-
tion the system is the more realizations are available. We may estimate this by

W (M ) =
N !

N1!N2!
=

N !
{ N/ 2(1 + M )} !{ N/ 2(1 " M )} !

$ ln W (M ) ( N ln 2 "
N
2

{ (1 + M ) ln(1 + M ) + (1 " M ) ln(1 " M )} +
1
2

ln
2

$N (1 " M 2)

( N ln 2 +
1
2

ln
2

$N
"

M 2N
2

$ W (M ) ( 2N

0
2

$N
e# M 2N/ 2 ,

(1.30)
where we have used the Stirling formula for largeN and the expansion forM + 1 (ln(1 + x) =
x " x2

2 + á á á). The number of realizations drop quickly from the maximal value at M = 0
with a width " M =

1
2/N . The larger N the larger the fraction of realizations of the system

belonging to the macroscopic state withM ( 0.
This explains the overall trend seen in the simulations. The ÓmeasuredÓ quantities approach a
Þxed point, but show ßuctuations. These ßuctuations shrink with increasing system sizeN . The
relation found from (1.19) is not strictly true, when we consider a speciÞc time series of a Þnite
system. The master equations leading to (1.19) are statistical and consider an averaged situation
for very large systems (N # , ). The ÓÞxed pointÓ reached after a long time corresponds to the
situation that each conÞguration of micro-states is accessed with the same probability. Macro-
scopic states deviating from the Þxed point occupy less and less of the available conÞguration
space for increasingN .
The master equations of our two-state system are

dw1

dt
= #( w2 " w1) and

dw2

dt
= #( w1 " w2) , (1.31)

where # = # 12 = # 21. Adding and subtracting the two equations leads to

d
dt

(w1 + w2) = 0 and
d
dt

(w1 " w2) = " 2#(w1 " w2) , (1.32)
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respectively. The Þrst equation states the conservation of the probabilityw1 + w2 = 1. The
second leads to the exponential approach ofM (t) to 0,

M (t) = M 0e# 2t! , (1.33)

with M 0 = M (0) = 1, from which we also obtain

H (t) = " ln 2 "
1
2

(1 + e# 2t! ) ln(1 + e# 2t! ) "
1
2

(1 " e# 2t! ) ln(1 " e# 2t! ) ( ln 2 " e# 4t! . (1.34)

where the last approximation holds for times t - 1/ 4# and shows the relaxation to the unpo-
larized situation. We see that the relaxation times for M and H di!er by a factor two

&M =
1

2#
and &H =

1
4#

(1.35)

which can be observed also roughly by eye in the results of our simulation (Fig.1.3.).

-0.25

0

0.25

0.5

0.75

1

M
(t)

N=100 N=1000 N=10000

0 100 200
tn

0

0.25

0.5

0.75

H(
t)

0 100 200
tn

0 100 200
tn

Figure 1.3: Simulation of a two-state system for di!erent numbers of units N : 1st column,
N = 100; 2nd column, N = 1000; 3r d column, N = 10000. Note that for su$ciently large t
(- '/p ), M (t) # 0 and H (t) # ln 2.

1.1.3 Equilibrium of a system

The statistical discussion using the master equation and our simulation of a system with many
degrees of freedom shows that the system relaxes towards a Þxed point of the probability distribu-
tion w! which describes its macroscopic state independent of time. This probability distribution
of the micro-states accounts for averaged properties, and allows us to calculate average values
of certain physical quantities related to the micro-states. This Þxed point is equivalent to the
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equilibrium of the system. Deviations from this equilibrium yield non-equilibrium states of the
system, which then relax towards the equilibrium, if we allow the system to do so. The equi-
librium state is characterized in a statistical sense as the state with the maximal number of
realizations in terms of conÞgurations of micro-states of the units. We now aim at getting a
connection with macroscopic thermodynamic properties of the system in equilibrium.

1.2 Analysis of a closed system

We turn to a system of N units whose states possess di!erent energies,(! . Again we describe
the macro-state of the system by means of the probability distribution w! = N! /N . The system
shall be closed, such that no matter and no energy is exchanged with the environment. Thus,
the total energy and the number of units is conserved:

%(&=
z$

! =1

w! (! and 1 =
z$

! =1

w! , (1.36)

which deÞne the internal energyU = N %(& = Nu unchanged in a closed system, and the
normalization of the probability distribution.

1.2.1 H and the equilibrium thermodynamics

As before we deÞne the functionH (t), an increasing function of time, saturating at a maximal
value, which we consider as the condition for ÓequilibriumÓ. Time evolution and aspects of
non-equilibrium will be addressed later. Rather we search now for the maximum ofH with
respect to w! under the condition of energy conservation. Thus, we introduce again Lagrange
multipliers for these constraints

H (w! ) = "
$

!

w! ln w! + %{
$

!

w! " 1} "
1
)

{
$

!

w! (! " %(&} (1.37)

and obtain the equation

0 =
dH
dw!

= " ln w! " 1 + %"
(!

)
. (1.38)

This equation leads to

w! = e" # 1# #! /$ with e1# " =
$

!

e# #! /$ = Z (1.39)

which satisÞes the normalization condition forw! .
We aim now at giving di!erent quantities a thermodynamic meaning. We begin by multiplying
Eq.(1.38) by w! and sum then over! . This leads to

0 = "
$

!

2
w! ln w! + w! (1 " %) + w!

(!

)

3
= H " 1 + %"

%(&
)

(1.40)

which we use to replace 1" %in (1.38) and obtain

%(&= ) (ln w! + H ) + (! . (1.41)

The di!erential reads

d%(&= ( H + ln w! )d) + )
4

dH +
dw!

w!

5
+ d(! . (1.42)
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After multiplying by w! and a ! -summation the Þrst term on the right hand side drops out and
we obtain

d%(&= )dH +
$

!

w! d(! . (1.43)

Now we view%(&= u as the internal energy per unit andd(! =
%

i
%#!
%qi

dqi whereqi is a generalized

coordinate, such as a volume, a magnetization etc. Thus%#!
%qi

= " Fi! is a generalized force, such
as pressure, magnetic Þeld etc. Therefore we write (1.43) as

du = )dH "
$

!,i

w! Fi! dqi = )dH "
$

i

%Fi &dqi $ dH =
du
)

+
1
)

$

i

%Fi &dqi . (1.44)

This suggests now to make the following identiÞcations:

) = kB T and H =
s

kB
, (1.45)

where ) represents the temperatureT and H the entropy density s. Naturally we identify the
relations, 4

*S
*U

5

qi

=
4

*s
*u

5

qi

=
1
T

and
4

*s
*qi

5

u
= %Fi &. (1.46)

In this way we have made a sensible connection to thermodynamics. Below we will use the
H -function as equivalent to the entropy.

1.2.2 Master equation

Because the micro-states have di!erent energies, the time evolution as we have discussed by the
master equation for completely independent units has to be modiÞed in a way so as to conserve
the energy in each time step. This can be guaranteed only by involving two micro-states of
di!erent units to be transformed together under the constraint of overall energy conservation.
A master equation doing this job has the form

dw!

dt
=

$

!
1

,!
2

,!
3

{ #!!
1

;!
2

!
3

w!
2

w!
3

" #!
2

!
3

;!!
1

w! w!
1

} . (1.47)

For this purpose we assume that there is no correlation between the states of di!erent units.
Here #!!

1

;!
2

!
3

denotes the rate for the transition of the pair of states (! 2, ! 3) to ( !, ! 1) under the
condition that (!

2

+ (!
3

= (! + (!
1

. Time reversal symmetry and the freedom to exchange two
states give rise to the following relations:

#!!
1

;!
2

!
3

= # !
2

!
3

;!!
1

= # !
1

! ;!
2

!
3

= # !!
1

;!
3

!
2

. (1.48)

This can be used in order to show that theH -function is only increasing with time,

dH
dt

= "
$

!

dw!

dt
{ ln w! + 1 }

=
1
4

$

!,!
1

,!
2

,!
3

#!,!
1

;!
2

!
3

(w! w!
1

" w!
2

w!
3

) { ln(w! w!
1

) " ln(w!
2

w!
3

)} ' 0 .

(1.49)

The equilibrium is reached whendH/dt = 0 and using (1.39) leads to,

w! w!
1

=
e# #! /k B T e# #!

1

/k B T

Z 2 =
e# #!

2

/k B T e# #!
3

/k B T

Z 2 = w!
2

w!
3

. (1.50)
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We now revisit the condition of detailed balance under these new circumstances. On the one
hand, we may just set each term in the sum of the right hand side of (1.47) to zero to obtain a
detailed balance statement:

0 = # !!
1

;!
2

!
3

w!
2

w!
3

" #!
2

!
3

;!!
1

w! w!
1

= # !!
1

;!
2

!
3

{ w!
2

w!
3

" w! w!
1

} , (1.51)

whereby the second equality is a consequence of time reversal symmetry. On the other hand,
we may compress the transition rates in order to reach at a similar form as we had it earlier in
(1.8),

#!
!! 0w! = # !

! 0! w! 0 . (1.52)

where we deÞne

#!
!! 0 =

$

!
1

,!
2

#!!
1

;! 0!
2

w!
1

and #!
! 0! =

$

!
1

,!
2

#!!
1

;! 0!
2

w!
2

. (1.53)

It is important now to notice that time reversal does not invoke # !
!! 0 = # !

! 0! , but we Þnd that
at equilibrium

#!
! 0! =

$

!
1

,!
2

#!!
1

;! 0!
2

e# #!
2

/k B T

Z
= e# (#! # #! 0 )/k B T

$

!
1

,!
2

#!!
1

;! 0!
2

e# #!
1

/k B T

Z
= e# (#! # #! 0 )/k B T #!

!! 0 .

(1.54)
Thus detailed balance implies here di!erent transition rates for the two directions of processes
depending on the energy di!erence between the two micro-states,(! " (! 0 , and the temperature
T,

w!

w! 0
=

#!
! 0!

#!
!! 0

= e# (#! # #! 0 )/k B T . (1.55)

The degrees of freedom of each unit ßuctuate in the environment (heat reservoir) of all the other
units which can interact with it.

1.2.3 Irreversible processes and increase of entropy

Although thermodynamics shows its strength in the description of reversible processes, it pro-
vides also important insights into the irreversible changes. An example is the Gay-Lussac ex-
periment. However, the nature of the irreversible process and in particular its time evolution is
not part of thermodynamics usually. A process which considers the evolution of a system from
a non-equilibrium to its equilibrium state is irreversible generally.
Here we examine brießy some aspects of this evolution by analyzing a closed system consisting
of two subsystems (Fig.1.4) , 1 and 2, which are initially independent (inhibited equilibrium) but
then at t = 0 become very weakly coupled. Both systems shall have the same type of units with
their micro-states which they occupy with probabilities w(1)

! = N (1)
! /N 1 and w(2)

! = N (2)
! /N 2,

respectively (Ni is the number of units in system i ). Each subsystem is assumed to be in its
equilibrium internally which can be sustained approximatively as long as the coupling between
them is weak.
The number of conÞgurations for the combined system is given by the product of the number
of conÞgurations of the two subsystems:

W = W1W2 with Wi =
Ni !

N (i )
1 !N (i )

2 ! á á áN (i )
z !

(1.56)

which then leads to the entropy

S = kB ln W = kB ln W1 + kB ln W2 = S1 + S2

= " N1kB

$

!

w(1)
! ln w(1)

! " N2kB

$

!

w(2)
! ln w(2)

! ,
(1.57)
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T
1

T2

U
~ 21

Figure 1.4: A closed system consisting of two weakly coupled subsystems, 1 and 2, with initial
temperatures T1 and T2 respectively, evolves towards equilibrium through energy transfer from
the warmer to the colder subsystem.

using Eq.(1.22) and (1.45). In the complete system the internal energy is conserved,U = U1+ U2.
We deÞneU01 and U02 as the internal energy of the two subsystems, if they are in equilibrium
with each other. The non-equilibrium situation is then parametrized for the energy by the
deviation ÷U: U1 = U01 + ÷U and U2 = U02 " ÷U. The entropy satisÞes at equilibrium

S( ÷U) = S1(U01 + ÷U) + S2(U02 " ÷U)

with 0 =
*S

* ÷U
=

*S1

*U1
"

*S2

*U2
=

1
T1

"
1
T2

$ T1 = T2 = T0 ,
(1.58)

for ÷U = 0. 2 Thus, we Þnd for small ÷U,

1
T1

=
*S1

*U1

6
6
6
6
U
1

= U
01

+ ÷U
(

1
T0

+ ÷U
* 2S1

*U 2
1

6
6
6
6
U
1

= U
01

,

1
T2

=
*S2

*U2

6
6
6
6
U
2

= U
02

# ÷U
(

1
T0

" ÷U
* 2S2

*U 2
2

6
6
6
6
U
2

= U
02

.

(1.60)

With ( 1.58) we then obtain through expansion in ÷U,

S( ÷U) = S1(U01) + S2(U02) +
÷U2

2

7
* 2S1

*U 2
1

6
6
6
6
U
01

+
* 2S2

*U 2
2

6
6
6
6
U
02

8

+ O( ÷U3) . (1.61)

so that the time evolution of the entropy is given by

dS
dt

= ÷U
d÷U
dt

7
* 2S1

*U 2
1

6
6
6
6
U
01

+
* 2S2

*U 2
2

6
6
6
6
U
02

8

=
d÷U
dt

4
1
T1

"
1
T2

5
, (1.62)

where we used Eq.(1.60). Note that the only time dependence appears in÷U. The derivative
d÷U/dt corresponds to the energy ßow from one subsystem to the other. We expressd÷U/dt in
terms of the distribution functions of one of the subsystems, say system 1.

d÷U
dt

= N1

$

!

(!
dw(1)

!

dt
= N1

$

!

(!
*w (1)

!

*T1

dT1

dt
( N1

dT1

dt

$

!

(!
*

*T1

e# #! /k B T
1

Z1
. (1.63)

2Note that the entropy as a thermodynamic potential obeys,

S = S(U, qi ) with dS =
dU
T

�
!

i

Fi

T
dqi . (1.59)
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Note that here and in the following

w(j )
! =

e# #! /k B Tj

Zj
with Zj =

$

!

e# #! /k B Tj . (1.64)

The derivative yields

d÷U
dt

( N1
dT1

dt

*

+
$

!

(2
! w(1)

! "

.
$

!

(! w(1)
!

/ 2
,

- 1
kB T2

1
=

N1

kB T2
1

dT1

dt

9
%(2&1 " %(&2

1

:
= C1

dT1

dt
,

(1.65)
where C1 denotes the heat capacity of subsystem 1, since

d÷U
dt

=
dT1

dt
* ÷U
*T1

= C1
dT1

dt
. (1.66)

Thus, we have here derived the relation

kB T2
1 C1 = N1

9
%(2&1 " %(&2

1

:
, (1.67)

which connects the heat capacity with the ßuctuations of the energy value. Note that the
internal energy of subsystem 1 is not conserved due to the coupling to subsystem 2.
In which direction does the energy ßow? Because we know thatdS/dt ' 0, from (1.62) follows

0 *
dS
dt

= C1
dT1

dt
T2 " T1

T1T2
, (1.68)

which yields for T1 > T 2 that
dT1

dt
< 0 $

d÷U
dt

< 0 . (1.69)

This means that the energy ßow goes from the warmer to the colder subsystem, reducing the
temperature of the warmer system and increasing that of the colder subsystem as can be seen
by the analogous argument. The ßow stops whenT1 = T2 = T0.
Let us now consider the situation again by means of the master equation. We may approximate
the equation of w(a)

! by (a, b= 1 , 2),

dw(a)
!
1

dt
(

$

! 0
1

,!
2

,! 0
2

$

b

;
#(ab)

!
1

,!
2

;! 0
1

! 0
2

w(a)
! 0
1

w(b)
! 0
2

" #(ab)
! 0
1

,! 0
2

;!
1

!
2

w(a)
!
1

w(b)
!
2

<
(1.70)

which describes the evolution of the probability distribution transferring in general energy be-
tween the two subsystems, as only the overall energy is conserved but not in each subsystem
separately,

(!
1

+ (!
2

= (! 0
1

+ (! 0
2

. (1.71)

All processes inside each subsystem are considered at equilibrium and give no contribution by
the condition of detailed balance. This remains true as long as the subsystems are very large
and the coupling between them weak. For symmetry reasons

#(12)
!
1

!
2

;! 0
1

! 0
2

= # (12)
! 0
1

! 0
2

;!
1

!
2

= # (12)
!
2

!
1

;! 0
1

! 0
2

= # (12)
!
1

!
2

;! 0
2

! 0
1

> 0 . (1.72)

We use now this equation and estimated÷U/dt

d÷U
dt

= N1

$

!
1

,! 0
1

,!
2

,! 0
2

(!
1

;
#(12)

!
1

,!
2

;! 0
1

! 0
2

w(1)
! 0
1

w(2)
! 0
2

" #(12)
! 0
1

,! 0
2

;!
1

!
2

w(1)
!
1

w(2)
!
2

<

=
N1

2

$

!
1

,! 0
1

,!
2

,! 0
2

((!
1

" (! 0
1

)# (12)
!
1

!
2

;! 0
1

! 0
2

e
# #! 0

1

/k B T
1

# #! 0
2

/k B T
2 " e# #!

1

/k B T
1

# #!
2

/k B T
2

Z1Z2
.

(1.73)
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Using (1.71) and assuming that T1 and T2 are close to each other (T1 ( T2 ( T0), we obtain
may expand in T1 " T2,

d÷U
dt

(
N1

2Z 2

$

!
1

,! 0
1

,!
2

,! 0
2

#(12)
!
1

!
2

;! 0
1

! 0
2

e# (#!
1

+ #!
2

)/k B T
0((!

1

" (! 0
1

)2 T2 " T1

kB T2
0

( K (T2 " T1) (1.74)

with Z =
%

! e# #! /k B T
0 ( Z1 ( Z2 and

K (
N1

2Z 2

$

!
1

,! 0
1

,!
2

,! 0
2

#(12)
!
1

!
2

;! 0
1

! 0
2

e# (#!
1

+ #!
2

)/k B T ((!
1

" (! 0
1

)2

kB T2
0

> 0 . (1.75)

The energy ßow is proportional to the di!erence of the temperatures and stops when the two
subsystems have the same temperature. It is also here obvious that the spontaneous energy
transfer goes from the warmer to the colder reservoir. This corresponds to FourierÕs law asd÷U/dt
can be considered as a heat current (energy current) from subsystem 1 to 2,JQ = " d÷U/dt . This
heat transport is an irreversible process leading to an increase of the entropy,

dS
dt

=
d÷U
dt

4
1
T1

"
1
T2

5
( K

(T2 " T1)2

T2
0

=
J 2

Q

KT 2
0

' 0 (1.76)

This irreversible process leads us from the less likely system conÞguration of an inhibited equi-
librium (di!erent temperature in both subsystems) to the most likely of complete equilibrium
(T1 = T2 = T0) with the entropy

S = " NkB

$

!

w! ln w! with w! =
N!

N
= w(1)

! =
N (1)

!

N1
= w(2)

! =
N (2)

!

N2
, (1.77)

i.e. the probability distribution is uniform for the whole system with N = N1 + N2 units.
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Chapter 2

Classical statistical Physics

Statistical physics deals with the equilibrium properties of matter and provides the microscopic
understanding and basis for thermodynamics. This chapter develops a new practical approach
to equilibrium state of macroscopic systems. Time is not a variable anymore and measurements
may be considered as averages over a large ensemble of identical systems in di!erent possible
microscopic states under the same external parameters.

2.1 Gibbsian concept of ensembles

As a practical example, we consider the state of a gas ofN classical particles, given by 3N canon-
ical coordinatesq1, . . . , q3N and by the corresponding 3N conjugate momentap1, . . . , p3N . These
deÞne a 6N -dimensional space #, where each point in # represents a state of the microscopic
system. Considering the whole system ofN particles under certain macroscopic conditions,
given external parameter such as temperature, pressure, volume, internal energy, .... , we Þnd
that an inÞnite number of states in # are compatible with the same external condition, and
would not be distinguishable by macroscopic measurements.

ensemble

[p]

[q]
!

t=0

t>0

time evolution

Figure 2.1: Time averages are replaced by averages over an ensemble of systems in di!erent
microscopic states, but with the same macroscopic conditions.

If we would like to calculate a certain macroscopic quantity we could perform temporal average
of the microscopic variables over a very long evolution time. Based on the states in # this
is, however, not a practical method as it involves the discussion of the temporal evolution.
Gibbs introduced the concept of ensembles to circumvent this problem. Taking a large (inÞnite)
number of systems under identical macroscopic conditions, we can Þnd macroscopic quantities
by averaging over an ensemble of states. That this scheme is equivalent to a temporal average
is a hypothesis, as it is assumed that the time evolution of the system would lead to all possible
states also represented in the ensemble. This is theergodicity hypothesis.1 The set of states

1Ergodicity hypothesis: We consider the subspace deÞned byH(p, q) = E in !. Due to energy conservation a
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for given macroscopic parameters is then represented by a distribution of points in the space #.
This distribution is generally continuous for a gas of particles.
For the calculation of averages we introduce the density function+(p, q) providing the measure
of the density of points in #-space ((p, q) stands for the whole state (p1, . . . , p3N ; q1, . . . q3N )).
Then

+(p, q)d3N pd3N q (2.1)

gives the number of representative points contained in the small volumed3N pd3N q in #, very
analogous to the distribution function in Boltzmann theory. This can now be used to calculate
averages of any desired quantity which can be expressed in the variable (p, q), A(p, q):

%A&=

=
dpdqA(p, q)+(p, q)

=
dpdq+(p, q)

. (2.2)

We will use from now on the short notation dpdq for d3N pd3N q where it is not misleading.

2.1.1 Liouville Theorem

The dynamics of the system ofN particles shall be described by a HamiltonianH(p, q) which
yields the equation of motion in the Hamiltonian formulation of classical mechanics,

úpi = "
* H
*qi

and úqi =
* H
*pi

(i = 1 , . . . , 3N ) . (2.3)

This equation describes the motion of the points in #. IfH does not depend on time derivatives
of pi and/or qi , then the equations of motion are time reversal invariant. They determine the
evolution of any point in # uniquely.
Now let us consider the points in the # space and note that their number does not change in
time, as if they form a ßuid. Thus, they satisfy the continuity equation

*+
*t

+ ". á (+"v) = 0 (2.4)

where "v = ( úp1, . . . , úp3N ; úq1, . . . , úq3N ) and ". = ( */*p 1, . . . , */*p 3N ; */*q 1, . . . , */*q 3N ). Intro-
ducing the generalized substantial derivative we can rewrite this equation as

D+
Dt

+ +". á "v = 0 . (2.5)

The divergence of the ÓvelocityÓ"v is

". á "v =
3N$

i =1

>
* úqi

*qi
+

* úpi

*pi

?
=

3N$

i =1

>
*

*qi

* H
*pi

"
*

*pi

* H
*qi

?

& '( )
= 0

= 0 . (2.6)

This means that the points in # space evolve like an incompressible ßuid. This property is
known as LiouvilleÕs theorem. We may write this also in the form

0 =
D+
Dt

=
*+
*t

+
3N$

i =1

>
úqi

*+
*qi

+ úpi
*+
*pi

?
=

*+
*t

+
3N$

i =1

>
* H
*pi

*+
*qi

"
* H
*qi

*+
*pi

?
. (2.7)

point in this subspace, evolving in time, does not leave this subspace. The ergodicity hypothesis states, that a
point on H = E can reach in its temporal evolution every point of this subspace (Boltzmann, 1887). This is not
rigorously valid, however. EhrenfestÕs version of this hypothesis (1911) states: The trajectory of a point comes
any other point in the same subspace arbitrarily close in the course of time. Of course, it is possible to Þnd
(singular) counter examples, for which only a tiny fraction of the subspace is accessed.
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Using Poisson brackets2 this equation reads

*+
*t

= {H , +} . (2.9)

2.1.2 Equilibrium system

A satisfactory representation of a system in equilibrium requires for an ensemble that the density
function does not depend on timet, i.e. *+/*t = 0. From LiouvilleÕs theorem we get the
condition that

0 =
3N$

i =1

>
úqi

*+
*qi

+ úpi
*+
*pi

?
= "v á". + = {H , +} . (2.10)

A general way to satisfy this is to take a density function which depends only on quantities
conserved during the motion, such as energy or particle number. Then the system would evolve
within a subspace where+ is constant.
We may use this feature of+ now to consider averages of certain quantities, based on the above
mentioned equivalence between the temporal and ensemble averages. DeÞning the temporal
average ofA(p, q) as

%A&= lim
T $%

1
T

@T

0
A(p(t), q(t))dt (2.11)

for any starting point ( p(t = 0) , q(t = 0)) in the space # and (p(t), q(t)) obeying the equation
of motion (2.3). The hypothesis of ergodicity, even in its restricted sense, implies that this
average can be taken as an average of an ensemble of an inÞnite number of di!erent microscopic
states (points in #-space). As the evolution of (p, q) conserves the energy, this leads naturally
to consider an ensemble of states of a Þxed energy (internal energy). We call such ensembles
microcanonical. Although the microcanonical ensemble is not so frequently used in practice
than other ensembles which we will consider later, it is very useful for illustrative purposes. It
describes an isolated closed system with no energy exchange with the environment.
We postulate that in equilibrium any state of a macroscopic system satisfying the external
conditions appears with equal probability. In our microcanonical description with Þxed energy,
number of particles N and volume V , we postulate

+(p, q) =

!
"

#

const. E * H (p, q) * E + 'E

0 otherwise
(2.12)

where 'E is small. The average value ofA is then given by (2.2). The validity of this approach
is based on the assumption of small mean square ßuctuations (standard deviation)

%{A " %A&}2&
%A&2 + 1 . (2.13)

Such ßuctuations should be suppressed by the orderN # 1 as we will see below.

2.2 Microcanonical ensemble

We consider a macroscopic system ofN particles in a volume V which is isolated and closed.
The microcanonical ensemble for a given energyE consists of all systems of this kind, whose

2The Poisson bracket is deÞned as

{u, v} =
!

i

"
$u
$qi

$v
$pi

� $u
$pi

$v
$qi

#
= � {v, u} . (2.8)
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energy lies in the range [E, E + 'E ]. First we deÞne the phase volume

%(E) = & N

@

H (p,q)& E
dpdq , (2.14)

which contains all point in # space with energy lower than or equal toE . Moreover, &N is a
renormalization factor

&N =
1

N !h3N (2.15)

which compensates for the over-counting of the phase space in the integral by dividing by the
number of equivalent states reached by permutations of the particles,N !. The factor h3N corrects
for the dimension integral to produce a dimensionless %(E). Thus, h has the units of action
([pq] = Js). While this could be Planck constant h, its magnitude is completely unimportant in
classical statistical physics. From this we obtain the volume of the microcanonical ensemble as

, (E ) = & N

@

E &H (p,q)& E + &E
dpdq= %(E + 'E ) " %(E) =

d%(E)
dE

'E . (2.16)

Thus we may renormalize the density function+(p, q) with the condition,

1 = & N

@
dp dq +(p, q) =

&N

, (E )

@

E &H (p,q)& E + &E
dp dq (2.17)

such that

+(p, q) =

!
AA"

AA#

1
, (E )

E * H (p, q) * E + 'E

0 otherwise

. (2.18)

As postulated we choose+(p, q) to be a constant in the energy range [E, E + 'E ].

2.2.1 Entropy

We use, (E ) to deÞne the entropy

S(E, V, N ) = kB ln , (E ) . (2.19)

We can consider, (E ) or S as a measure of the imprecision of our knowledge of the state of the
system. The more states are available in microcanonical ensemble, the less we know in which
state the system is at a given time and the larger is the volume, and the entropy.
We consider a composite system consisting of two subsystems, 1 and 2,

H(p, q) = H 1(p1, q1) + H 2(p2, q2) , (2.20)

with ( N1, V1) and (N2, V2), resp., for the corresponding particle number and volume. Each of
the two systems is characterized by, 1(E1) and , 2(E2), respectively. The volume , (E) of the
microcanonical ensemble is the product of the subsystems under the conditions

E = E1 + E2 , N = N1 + N2 and V = V1 + V2 . (2.21)

For simplicity we assume that the volumes and particle numbers of the subsystems may be Þxed,
while they can exchange energy, such thatE1 and E2 can ßuctuate. Therefore the volume of
the microcanonical ensemble of the total system for givenE reads,

, (E ) =
$

0& E 0& E

, 1(E !) , 2(E " E !) , (2.22)
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where we assume for the sum a ÓdiscreteÓ mesh of equally spacedE !-values of mesh spacing
'E (+ E). We claim that this sum is well approximated by a single value E !

0 giving rise to
a sharp maximum among the summands (E1 = E !

0 and E2 = E " E !
0)3. The largest term is

obtained by
*, 1(E !) , 2(E " E !)

*E !

6
6
6
6
E 0= E 0

0

= 0 (2.25)

such that

0 =
>

1
, 1(E !)

*, 1(E !)
*E ! +

1
, 2(E " E !)

*, 2(E " E !)
*E !

?

E 0= E 0
0

=
* ln , 1(E1)

*E 1

6
6
6
6
E

1

= E 0
0

"
* ln , 2(E2)

*E 2

6
6
6
6
E

2

= E # E 0
0

.

(2.26)

From this we obtain with øE1 = E !
0 and øE2 = E " E !

0

*S1(E1)
*E 1

6
6
6
6
E

1

= øE
1

=
*S2(E2)

*E 2

6
6
6
6
E

2

= øE
2

(2.27)

which can be considered as the equilibrium condition. Note that this is equivalent to the state-
ment that the equilibrium state corresponds to the macrostate with the largest number of mi-
croscopic realizations.
Identifying E as the internal energyU we deÞne the temperature

*S
*U

=
1
T

$
1
T1

=
1
T2

, (2.28)

leading to T as an equilibrium state variable. We have ignored the other variablesV, N which
we will consider later.
Let us assume that there is some impediment which forces the two subsystems to speciÞc vari-
ables such that each subsystem independently is at equilibrium, but not the total system. For
example, a big vessel of gas may be separated by a wall into two subvessels. Then we Þnd for
the corresponding, of the combined system,

÷, (E, V, N ) = , 1(E1, V1, N1), 2(E2, V2, N2) with

!
"

#

E = E1 + E2

V = V1 + V2

N = N1 + N2

(2.29)

such that the entropy is given by

÷S(E, V, N ) = S1(E1, V1, N1) + S2(E2, V2, N2) * S(E, V, N ) , (2.30)

i.e. the entropy is concave. This means also the equilibrium is obtained by the maximal entropy,
which is a consequence of the second law of thermodynamics. In terms of the volume of the
microcanonical volume , the equilibrium state assumes among all volumes the maximal one,
the most likely one in terms of probability.

3Note that ln %i / Ni and Ei / Ni (i = 1 , 2) as both quantities are extensive. We then Þnd quickly the
following bounds:

%
1

(E 0
0

)%
2

(E � E 0
0

)  %(E )  E
&E

%
1

(E 0
0

)%
2

(E � E 0
0

) . (2.23)

Note that E/&E is the number of summands. Thus, we obtain for the entropy

kB ln %
1

(E 0
0

)%
2

(E � E 0
0

)  S(E )  kB ln %
1

(E 0
0

)%
2

(E � E 0
0

) + kB ln
E
&E

. (2.24)

It is important to see that the last term only scales with system size as ln N (keeping &E Þxed), while the Þrst
term scales with N . Therefore in the very large-N limit the last term is irrelevant. Which proves that S(E ) is
given by the maximal term in the sum ( 2.22).
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2.2.2 Relation to thermodynamics

With ( 2.19) we have a deÞnition of the entropy which for the variablesE(= U), V and N is a
thermodynamic potential and allows us to calculate a variety of state variables and relations,

dS =
4

*S
*E

5

V,N
dE +

4
*S
*V

5

E,N
dV +

4
*S
*N

5

E,V
dN =

1
T

dE +
p
T

dV "
µ
T

dN . (2.31)

This allows also to calculate the thermodynamic equation of state,

p = T
4

*S
*V

5

E,N
(2.32)

and to determine other thermodynamic potentials. The caloric equation of state is obtained
from 4

*S
*U

5

V,N
=

1
T

, (2.33)

by using U = E as the internal energy. The derivative with respect to N yields Þnally the
chemical potential

µ = " T
4

*S
*N

5

E,V
, (2.34)

the energy in order to add a particle to the system.

2.2.3 Ideal gas - microcanonical treatment

We consider a classical gas ofN independent mono-atomic particles in the Þxed volumeV ,
which is closed and isolated. The Hamiltonian is simply given by

H(p, q) = H(p) =
N$

i =1

"p 2
i

2m
. (2.35)

Hence we obtain the volume

%(E) = & N

@

H (p)& E
dpdq= & N V N

@

H (p)& E
dp . (2.36)

This p-integral corresponds to the volume of a sphere of radiusR in 3N -dimensional space.4

The integral is straightforward,

%(E) = & N V N C3N (2mE )3N/ 2 with Cn =
$n/ 2

#
Bn

2 + 1
C (2.39)

4Volume of sphere in #-dimensional space: V(R) = CR! . The volume enclosed in a thin shell of width &R at
the radius R is given by

vshell = V(R) � V(R � &R) = CR!
$
1�

%
1� &R

R

&! '
(2.37)

with &R⌧ R, see Fig.2.2 . In the limit # very large, #&R� R, we Þnd

vshell ⇡ V(R) . (2.38)

Thus, the main part of the volume in the sphere is concentrated at the outermost shell.
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Figure 2.2: The volume of the sphere is located close to the surface in high dimensions, see
the central diagram. Thus, the fraction of the volume close to the shell and the total volume
converges towards one asn # , (diagram on the right hand side).

where C3N is the proper prefactor for the volume of an 3N -dimensional sphere.5 This leads to

, (E ) =
* %(E)

*E
'E = & N C3N V N 3N

2
2m (2mE )3N/ 2# 1 'E . (2.42)

Remarkably, for very large N (/ 1023) we Þnd that the following deÞnitions for the entropy are
identical up to terms of order ln N and constants:

S' = kB ln , (E, V, N ) and S" = kB ln %(E, V, N ) (2.43)

leading to

S' = kB ln(& N V N C3N ) + kB

4
3N
2

" 1
5

ln(2mE ) + kB ln
4

3N
2

2m'E
5

= kB ln(& N V N C3N ) + kB
3N
2

ln(2mE ) + O(ln N ) = S" + O(ln N ) .

(2.44)

Since we can drop terms of order lnN for the extensive entropy, we will continue, for convenience,
using S" instead of S' ,

S(E, V, N ) = NkB ln

.

V
4

2m$E
h2

5 3/ 2
/

"
3N
2

kB ln
3N
2

+
3N
2

kB " NkB ln N + NkB (2.45)

where we used StirlingÕs formula

ln n! ( n ln n " n +
1
2

ln(2$n) for n # , , (2.46)

and neglected all terms of order lnN . We then rewrite

S(E, V, N ) = NkB ln

.
V
N

4
4$mE
3Nh2

5 3/ 2
/

+
5
2

NkB . (2.47)

This equation may now be solved forE so that we obtain the internal energy as a thermodynamic
potential

U(S, V, N) = E = N
3n2/ 3h2

4$m
exp

>
2S

3NkB
"

5
3

?
. (2.48)

5Prefactor Cn : Use the n-dimensional Gaussian integral in Cartesian coordinates

I =
(

+1

�1
dx

1

· · ·
(

+1

�1
dxn e�(x 2

1+···+x 2
n ) =

%(
+1

�1
dxe�x 2

&n

= ' n/ 2 . (2.40)

The same integral in spherical coordinates is given by

I = nCn

( 1

0

drr n �1e�r 2

=
n
2

Cn

( 1

0

dt t
n
2 �1e�t =

n
2

Cn !
) n

2

*
= Cn !

) n
2

+ 1
*

(2.41)

such that we obtain Cn given in (2.39). Note, !( n + 1) = n! for n � 0 as an integer.
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The thermodynamic quantities are obtained by derivation: the temperature

T =
4

*U
*S

5

V,N
=

2U
3NkB

$ U =
3
2

NkB T , (2.49)

the pressure

p = "
4

*U
*V

5

S,N
=

2
3

U
V

=
NkB T

V
$ pV = NkB T , (2.50)

and the chemical potential

µ =
4

*U
*N

5

S,V
=

U
N

4
5
3

"
2
3

S
NkB

5
= " kB T ln

.
V
N

4
2$mkB T

h2

5 3/ 2
/

. (2.51)

Through further derivatives it is possible to obtain various response functions. The ideal gas is
readily described by means of the microcanonical ensemble.

2.3 Canonical ensemble

We change to a macroscopic system for which we control the temperature by connecting it to a
very large heat reservoir. The system together with the reservoir forms a closed system of given
total energy. Therefore we consider two subsystems, system 1 describing our system and system
2 being the heat reservoir (Fig.2.3),

H (p, q) = H 1(p1, q1) + H 2(p2, q2) . (2.52)

The heat reservoir is much larger than system 1,N2 - N1, such that energy transfer between
the two subsystems would be too small to change the temperature of the reservoir. Within
the microcanonical scheme we determine the phase space of the combined system in the energy
range

E * E1 + E2 * E + 'E . (2.53)

E  , S   , T

11

2 2

E  , S   , T

Figure 2.3: The two systems 1 and 2 are coupled thermally. System 2 acts as a huge reservoir
Þxing the temperature of the system 1 which we want to investigate.

Therefore the volume of the microcanonical ensemble of the total system is

, (E ) =
$

0& E
1

& E

, 1(E1), 2(E " E1) . (2.54)

Analogously to our previous discussion in section2.2.1, there is one valueøE1 = E !
0 ( øE2 = E " E !

0)
which provides the by far dominant contribution. In addition here øE2 - øE1 is valid. The
corresponding volumes in #-space are, 1( øE1) and , 2( øE2) and , (E ) ( , 1( øE1), 2(E " øE1). Due
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to this simple product form we can determine the (unrenormalized) density function+1(p1, q1)
of the system 1, by considering the mean value ofA(p, q) in system 1,

%A&1 =

=
1 dp1dq1A(p1, q1)+1(p1, q1)

=
1 dp1dq1+1(p1, q1)

=

=
1 dp1dq1A(p1, q1)

=
2 dp2dq2+(p, q)

=
1 dp1dq1

=
2 dp2dq2+(p, q)

. (2.55)

Taking into account that +(p, q) is constant in the range E * H 1(p1, q1) + H 2(p2, q2) * E + 'E
we obtain6

%A&1 =

=
1 dp1dq1A(p1, q1), 2(E " H 1(p1, q1))

=
1 dp1dq1, 2(E " H 1(p1, q1))

. (2.57)

Using the assumption that øE2 ( E - øE1 we may expand, 2(E " H 1(p1, q1)) in H 1(p1, q1)) ,

kB ln , 2(E " H 1(p1, q1)) = S2(E " H 1(p1, q1)) = S2(E) " H 1(p1, q1)
*S2( øE2)

*E 2

6
6
6
6

øE
2

= E
+ á á á

= S2(E) "
H 1(p1, q1)

T
+ á á á

(2.58)
from which we derive

, 2(E " H 1(p1, q1)) = eS
2

(E )/k B e#H
1

(p
1

,q
1

)/k B T . (2.59)

Here T is the temperature of both systems which are in equilibrium.
Within the canoncial ensemble, taking the temperatureT as a given parameter, we write gener-
ally for the density function, the probability to Þnd the system of N particles in the microstate
(p, q),

+(p, q) =
1
Z

e#H (p,q)/k B T , (2.60)

where we introduced thepartition function Z

Z = & N

@
dp dqe# ( H (p,q) with - =

1
kB T

, (2.61)

which, up to prefactors, corresponds to the volume of the ensemble of system 1, calledcanonical
ensemble, again renormalized by &N .7

2.3.1 Thermodynamics

The connection to thermodynamics is given by the relation

Z = e# (F (T,V,N ) , (2.62)

where F (T, V, N) is the Helmholtz free energy, a thermodynamical potential. Note,F is an
extensive quantity, because obviously scaling the system by a factor%would yield Z " . Moreover,

F = U " T S (2.63)

with

U = %H& and S = "
4

*F
*T

5

V,N
. (2.64)

6We use (

2

dp
2

dq
2

( (p, q) /
(

E (p1 ,q1)H2(p2 ,q2)E (p1 ,q1)+"
dp

2

dq
2

= %
2

(E (p
1

, q
1

)) (2.56)

where E (p
1

, q
1

) = E �H
1

(p
1

, q
1

).
7Note that there is, rigorously speaking, the constraint H

1

(p
1

, q
1

) < E . However, ignoring this constraint is a
good approximation, as the main contribution is from the valid range.
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This can be proven using the equation,

1 = & N

@
dp dqe( (F #H ) , (2.65)

which through di!erentiation with respect to - on both sides gives,

0 = & N

@
dp dqe( (F #H )

.

F + -
4

*F
*-

5

V,N
" H

/

$ F (T, V, N) " U(T, V, N) " T
4

*F
*T

5

V,N
= 0 .

(2.66)

Using this formulation for the free energy we obtain for the pressure

p = "
4

*F
*V

5

T,N
, (2.67)

which in the case of a gas leads to the thermodynamic equation of state.
The internal energy is easily obtained from the partition function in the following way,

U(T, V, N) = %H&=
&N

Z

@
dp dqHe# ( H = "

1
Z

*Z
*-

= "
*

*-
ln Z . (2.68)

This is the caloric equation of state.

2.3.2 Equipartition law

We now consider a set of special average values which will lead us to the so-called equipartition
law, the equal distribution of energy on equivalent degrees of freedom. We examine the mean
value,

D
qµ

* H
*q!

E
=

&N

Z

@
dp dqqµ

* H
*q!

e# ( H = "
&N

Z-

@
dp dqqµ

*
*q!

e# ( H

= "
&N

Z-

@!

dp d!q qµe# ( H

& '( )
= 0

+
&N ' µ!

Z-

@
dpdqe# ( H = ' µ! kB T ,

(2.69)

where we used integration by parts leading to the boundary terms in theq! -coordinate (expressed
by

=! d!q...), which we assume to vanish. Analogously we Þnd for the momentum
D

pµ
* H
*p!

E
= ' µ! kB T . (2.70)

If the Hamiltonian is separable into a p-dependent kinetic energy and aq-dependent potential
energy part and, moreover, if the following scaling behavior is valid

H(p, q) = Ekin (p) + V (q) with Ekin (%p) = %2Ekin (p) and V(%q) = %) V (q) (2.71)

then we can use the above relations and Þnd for mono-atomic particles

%Ekin &=
3N
2

kB T and %V&=
3N
#

kB T . (2.72)

The total energy is given by the sum of the two contributions.
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2.3.3 Ideal gas - canonical treatment

Consider a gas ofN particles without external potential and mutual interactions described by
the Hamiltonian

H(p) =
N$

i =1

"pi
2

2m
. (2.73)

The partition function is given by

Z = & N

NF

i =1

@
d3pi d3qi e# *p i

2/ 2mk B T = & N

> @
d3p d3q e# *p 2/ 2mk B T

? N

= & N V N { 2$mkB T} 3N/ 2 .

(2.74)

From this we obtain the free energy and the internal energy using StirlingÕs formula,

F (T, V, N) = " kB T ln Z = " NkB T ln

.
V
N

4
2$mkB T

h2

5 3/ 2
/

" NkB T ,

U(T, V, N) = "
*

*-
ln Z =

3N
2

kB T (caloric equation of state) .

(2.75)

The entropy is given by

S(T, V, N) = "
4

*F
*T

5

V,N
= NkB ln

.
V
N

4
2$mkB T

h2

5 3/ 2
/

+
5N
2

kB (2.76)

and the pressure by

p = "
4

*F
*V

5

T,N
=

NkB T
V

(2.77)

which corresponds to the thermodynamic equation of state. Finally the chemical potential is
obtained as

µ =
4

*F
*N

5

T,V
= " kB T ln

.
V
N

4
2$mkB T

h2

5 3/ 2
/

. (2.78)

An important aspect for the ideal system is the fact that the partition function has a product
form because each particle is described independently. In this way it leads to an extensive free
energy and internal energy.

2.4 Grand canonical ensemble

We consider now a new situation by allowing beside the heat exchange also the exchange of
matter of our system with a very large reservoir, see Fig.2.4 . Thus we take the system 1 with
N1 particles in a volume V1 coupled to the reservoir 2 with N2 particles in the volume V2 with

N1 + N2 and V1 + V2 , (2.79)

and N = N1 + N2 and V = V1 + V2 Þxed.
The Hamiltonian can be decomposed into two parts

H(p, q, N) = H(p1, q1, N1) + H(p2, q2, N2) (2.80)

such that the corresponding partition function for given temperature (everything is coupled to
an even larger heat reservoir) is given by

ZN (V, T) =
1

h3N N !

@
dp dq e# ( H (p,q,N ) . (2.81)
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T

N2, V2
N1, V1

T, µ
T, µ

Figure 2.4: TThe two systems 1 and 2 can exchange matter between each other while the
surrounding heat reservoir Þxes the temperature of system 1 and 2. System 2 acts as a huge
particle reservoir Þxing the chemical potentialµ of the system 1 which we want to investigate.

The factor 1/N ! takes into account that all possible commutation of the particles give the same
states (distinguishable classical particles). Now we segregate into the subsystems Þxing the
volumes and particle numbers (N2 = N " N1),

ZN =
1

h3N N !

N$

N
1

=0

N !
N1!N2!

@
dp1 dp2

@

V
1

dq1

@

V
2

dq2e# ( {H (p
1

,q
1

,N
1

)+ H (p
2

,q
2

,N
2

)}

=
N$

N
1

=0

1
h3N

1N1!

@

V
1

dp1 dq1 e# ( H (p
1

,q
1

,N
1

) 1
h3N

2N2!

@

V
2

dp2 dq2 e# ( H (p
2

,q
2

,N
2

) .

(2.82)

Note that the distribution of the particles into the two subsystems is not Þxed yielding the
combinatorial factor of N !/N 1!N2! (number of conÞgurations with ÞxedN1 and N2 by permuting
the particles in each subsystem). From this we deÞne the probability+(p1, q1, N1) that we can
Þnd N1 particles in the volume V1 at the space coordinates (p1, q1),

+(p1, q1, N1) =
e# ( H (p

1

,q
1

,N
1

)

ZN N1!h3N
2N2!

@

V
2

dp2 dq2 e# ( H (p
2

,q
2

,N
2

) (2.83)

which is renormalized as

N$

N
1

=0

1
h3N

1

@

V
1

dp1dq1+(p1, q1, N1) = 1 . (2.84)

We may write

+(p1, q1, N1) =
ZN

2

ZN

1
N1!

e# ( H (p
1

,q
1

,N
1

) , (2.85)

where we now use the relation

ZN
2

(V2, T)
ZN (V, T)

= e# ( { F (T,V # V
1

,N # N
1

)# F (T,V,N )} (2.86)

with

F (T, V " V1, N " N1) " F (T, V, N) ( "
4

*F
*V

5

T,N
V1 "

4
*F
*N

5

T,V
N1 = " µN 1 + pV1 . (2.87)

Thus we deÞne
z = e(µ (2.88)

which we call fugacity. Thus within the grand canonical ensemble we write for the density
function

+(p, q, N) =
zN

N !
e# ( { pV + H (p,q,N )} . (2.89)
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µ is the chemical potential as introduced earlier. We now introduce the grand partition function

Z (T, V, z) =
%$

N =0

zN ZN (V, T) , (2.90)

which incorporates all important information of a system of Þxed volume, temperature and
chemical potential.

2.4.1 Relation to thermodynamics

We use now (2.89) and integrate both sides

1 = e# (pV
%$

N =0

zN

N !

@
dp dq
h3N e# ( H (p,q,N ) = e# (pV Z (T, V, z) (2.91)

which leads to
'( T, V, µ) = " pV = " kB T ln Z (T, V, z) , (2.92)

the grand potential
d' = " SdT " pdV " Ndµ . (2.93)

The average value ofN is then given by

%N &= "
4

* '
*µ

5

T,V
= kB T

*
*µ

ln Z = z
*
*z

ln Z =
1
Z

%$

N =0

NzN ZN . (2.94)

It is also convenient to derive again the internal energy

U = "
*

*-
ln Z $ CV =

4
*U
*T

5

V,µ
. (2.95)

2.4.2 Ideal gas - grand canonical treatment

For the ideal gas, it is easy to calculate the grand partition function (here for simplicity we set
h = 1),

Z (T, V, z) =
%$

N =0

zN ZN (T, V) =
%$

N =0

zN

N !
V N

h3N (2$mkB T)3N/ 2 = exp
>

zV
h3 (2$mkB T)3/ 2

?
.

(2.96)
We can also derive the probabilityPN of Þnding the system withN particles. The average value
is given by

%N &= z
*
*z

zV
h3 (2$mkB T)3/ 2 =

zV
h3 (2$mkB T)3/ 2 $ Z = e' N ( . (2.97)

From this we conclude that the distribution function for the number of particles is given by

PN = e#' N ( %N &N

N !
(

1
1

2$%N &
e# (N #' N ()2/ 2' N ( (2.98)

which is strongly peaked atN = %N & - 1.8 The ßuctuations are given by

%N 2& " %N &2 = z
* %N &

*z
= %N & $ . T =

v
kB T

=
1
p

. (2.99)

8Note that for µ > 0 it pays the energy µ to add a particle to the system. Therefore as T goes to 0 the average
particle number hN i increases (diverges). Oppositely, hN i decreases forT ! 0, if µ < 0 and energy has to be
paid to add a particle.
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The grand potential is given by

'( T, V, µ) = " kB T e(µ V
h3 (2$mkB T)3/ 2 = " kB T%N &= " pV . (2.100)

The chemical potential is obtained by solving Eq.(2.97) for µ

µ = " kB T ln

7
V (2$mkB T)3/ 2

%N &h3

8

. (2.101)

2.4.3 Chemical potential in an external Þeld

In order to get a better understanding of the role of the chemical potential, we now consider an
ideal gas in the gravitational Þeld, i.e. the particles are subject to the potential/ (÷h) = mg÷h,
where÷h and g denote the altitude and the earth accelation of gravity, respectively. We introduce
a reference chemical potentialµ0 as a constant. Then we write for the chemical potential,

µ = µ0 + mg÷h " kB T ln

.
(2$mkB T)3/ 2

nh3

/

(2.102)

where we deÞnen = %N &/V as the local number density of particles. In equilibrium the tem-
perature and the chemical potential shall be constant. We may determineµ by the condition
that at ÷h = 0 the density is n = n0,

µ(T) = µ0 + kB T ln

.
(2$mkB T)3/ 2

n0h3

/

$ mg÷h = kB T ln
Gn0

n

H
. (2.103)

We can now solve this equation forn = n(÷h),

n(÷h) = n0e# (mg ÷h , (2.104)

and with the (local) equation of state we Þnd

p(÷h) = n(÷h)kB T = p0e# (mg ÷h . (2.105)

This is the famous barometer formula.

2.5 Fluctuations

Changing from one type of ensemble to the other we have seen that certain quantities which
have been strictly Þxed in one ensemble are statistical variables of other ensembles. Obvious
examples are the internal energy which is Þxed in the microcanonical ensemble but not in the
other two, or the particle number which is Þxed in the microcanonical and canonical ensembles
but not in the grand canonical ensemble. The question arises how well the mean values of
these quantities are determined statistically, which is connected with the equivalence of di!erent
ensembles. In this context we will also introduce the ßuctuation-dissipation theorem which
connects the ßuctuations (statistical variance) of a quantity with response functions.

2.5.1 Energy

In the canonical ensemble the internal energy is given as the average of the HamiltonianU = %H&.
Therefore the following relation holds:

&N

@
dp dq [U " H ] e( (F #H ) = 0 . (2.106)
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Microcanonical ensemble Canonical ensemble Grand canonical ensemble

density
(unrenormalized)

! (p, q) = " (E ! H (p, q)) ! (p, q) = e! ! H (p,q)
! (p, q) = e! ! (H (p,q)! µN )

= zN e! ! H (p,q)

partition
function

Zm! can = ! N

!
dpdq ! (p, q)

= #(E)

ZN = ! N

!
dpdq ! (p, q)

= ! N

!
dpdq e! ! H (p,q)

Z =
""

N =0

! N

!
dpdq ! (p, q, N )

=
""

N =0

zN ZN

average value "A#=
! N

!(E)

!
dpdq ⇢(p, q)A(p, q) "A#=

! N

ZN

!
dpdq ⇢(p, q)A(p, q) "A#=

!"

N =0

! N

Z

!
dpdq ⇢(p, q, N )A(p, q, N )

thermodyn.
potential

S(E, V, N ) = kB log#(E, V, N ) F (T, V, N ) = ! kB T logZN (T, V ) " (T, V, µ) = ! kB T logZ (T, V, µ)

Figure 2.5: Synopsis of the three ensembles for a gas.

Taking the derivative of this equation with respect to - we obtain

0 =
*U
*-

+ & N

@
dp dq(U " H )

I
F " T

*F
*T

" H
J

e( (F #H ) =
*U
*-

+ %(U " H )2&. (2.107)

This leads to the relation for the ßuctuations of the energy around its average valueU,

%H2& " %H&2 = %(U " H )2&= "
*U
*-

= kB T2 *U
*T

= kB T2CV . (2.108)

BecauseCV is an extensive quantity and therefore proportional to N , it follows that

%H2& " %H&2

%H&2
0

1
N

(2.109)

which is a sign of the equivalence of microcanonical and canonical ensembles. In the thermo-
dynamic limit N # , , the ßuctuations of the energy vanish compared to the energy itself.
Therefore the internal energy asU = %H&= E is a well deÞned quantity in the canonical
ensemble as well as it was in the microcanonical ensemble.

We now consider the partition function

Z = e# (F
can

(T ) = & N

@
dp dq e# ( H (p,q) =

@%

0
dE , (E)e# (E

=
@%

0
dE e# (E +ln ' (E ) =

@%

0
dE e( (T S

m

0
can

(E )# E )

(2.110)

where the entropy S(E) = Sm0can(E ) is deÞned according to the microcanonical ensemble. The
maximum of the integrand at E = E0 is deÞned by the condition, see Fig.2.6,

T
*S
*E

6
6
6
6
E = E

0

= 1 and
* 2S
*E 2

6
6
6
6
E = E

0

< 0 . (2.111)

Note that
* 2S
*E 2

6
6
6
6
E = E

0

=
*

*E
1
T

6
6
6
6
E = E

0

= "
1

T2

*T
*E

6
6
6
6
E = E

0

= "
1

T2CV
< 0 . (2.112)
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If we now expand the exponent in the integrand, we obtain

T S(E) " E = T S(E0) " E0 "
1

2T CV
(E " E0)2 + á á á (2.113)

such that with U = E0,

Z ( e( (T S# U)
@%

0
dE e# (E # U)2/ 2kB T 2CV = e( (T S# U)

1
2$kB T2CV

$ Fcan ( U " T Sm0can "
1
2

kB T ln
9

2$kB T2CV
:

= U " T Sm0can + O(ln N ) .

(2.114)
Since the free energy is extensive, the term of order lnN is in the large-N limit irrelevant.

Gaussian approximation

U = E0

e! ( T S ( E ) ! E )

Figure 2.6: Saddle point approximation of the partition function: integrand in Eq.( 2.110) and
the approxiation in Eq.( 2.114). Solid line is the full integrand and dashed line its Gaussian
approximation.

2.5.2 Particle number

We consider now the ßuctuations of the particle number. The following relation holds

%N 2& " %N &2 = z
*
*z

z
*
*z

ln Z = z
*
*z

1
Z

$

N

NzN ZN =
1
Z

$

N

N 2zN ZN "

.
1
Z

$

N

NzN ZN

/ 2

(2.115)
from which we derive

%N 2& " %N &2 = " kB T
* 2

*µ 2 '( T, V, µ) = kB T
* %N &
*µ

. (2.116)

We now relate the right hand side with the isothermal compressibility. Introducing the speciÞc
volume v = V/N we considerµ = µ(v, T) (note that µ is not extensive). Moreover we use the
Gibbs-Duhem relation

SdT " V dp+ Ndµ = 0 (2.117)

which derives from considerations on the Gibbs free energy (see thermodynamics course) and
obtain

dµ = v dp"
S
N

dT $
4

*µ
*v

5

T
= v

4
*p
*v

5

T
. (2.118)
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Sincev = V/N depends on bothV and N , the following derivatives are useful

4
*
*v

5

V,T
=

4
*N
*v

5

V,T

4
*

*N

5

V,T
= "

N 2

V

4
*

*N

5

V,T
,

4
*
*v

5

N,T
=

4
*V
*v

5

N,T

4
*

*V

5

N,T
= N

4
*

*V

5

N,T
.

(2.119)

From (2.118) then conclude

"
N 2

V

4
*µ
*N

5

V,T
= V

4
*p
*V

5

N,T
$

1
N

4
*N
*µ

5

V,T
= "

1
vV

4
*V
*p

5

N,T
=

. T

v
. (2.120)

Consequently the ßuctuations of the particle number is connected with the response function,
. T , the isothermal compressibility,

. T =
v

%N &kB T

9
%N 2& " %N &2:

. (2.121)

2.5.3 Magnetization

Considering a system ofN classical magnetic moments"m i which have Þxed magnitudem and
can be fully rotated, we deÞne the magnetization

"M =
N$

i =1

"m i . (2.122)

The average value of the magnetization is

%M z&= N %m1,z&=
@ NF

i =1

d' i M ze( [F #H ( *m
1

,..., *m N ; *H )] = "
4

*F
*H z

5

T,N
. (2.123)

Note that the magnetic Þeld couples to magnetic moments through Zeeman coupling,

H( "m 1, . . . , "m N ; "H ) = H 0( "m 1, . . . , "m N ) " "H á á á"M . (2.124)

Now we discuss the equation,

0 =
@

d' 1 á á ád' N (%M z& " M z)e( (F #H ) , (2.125)

taking the derivative with respect to the Þeld Hz leads to

0 =
* %M z&

*H
" -

@
d' 1 á á ád' N (%M z& " M z)

*
*H z

(F " H ) e( (F #H )

= 0zz " -
@

d' 1 á á ád' N (%M z& " M z)2e( (F #H ) = 0zz " - %(%M z& " M z)2&.

(2.126)

This yields the convenient ßuctuation-dissipation relation for magnetic susceptibility,

0zz =
1

kB T

9
%M 2

z & " %M z&2:
. (2.127)
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Chapter 3

Quantum Statistical Physics

Quantum statistical physics opens the door to new phenomena and also provides an under-
standing of the third law of thermodynamics, which we had found to be often violated within
classical statistical physics. Moreover, we will Þnd that for ideal quantum gases the concept of
indistinguishable particles leads to the classiÞcation of particles into two categories: Bosons and
Fermions.

3.1 Basis of quantum statistical physics

Every state of a quantum mechanical system (with many degrees of freedom) can be described
by a superposition of stationary states |1n& of the Hamiltonian H, which form a complete
orthonormal basis,

|( &=
$

n

cn |1n& (3.1)

where the complex coe$cientscn represent the wavefunction whose time dependence is deter-
mined by the Hamiltonian H. For the stationary states the following holds:

H| 1n&= 2n|1n& with %1n|1n 0&= ' nn 0 and 1 =
$

n

|1n&%1n| . (3.2)

The renormalization of the state |( &requires

1 = %( |( &=
$

n,n 0
c)

ncn 0%1n|1n 0&=
$

n

|cn |2 . (3.3)

The square modulus|cn |2 denotes the probability to Þnd the state |1n&in |( &.
Observable quantities are represented by Hermitian operatorsöA, and their expectation value is

%( | öA|( &=
$

n,n 0
c)

ncn 0%1n| öA|1n 0&. (3.4)

This expectation value is generally time dependent through the wavefunctioncn = cn(t) =
cn(0)e# i+n t/ ! .
Using the viewpoint of time evolution of the system, let us now consider the measurement of a
macroscopic observable. This corresponds to an average (indicated here by over-bar) over a time
much longer than the microscopic time scales (time between collisions, inverse energy spacing,
etc.),

%öA&= %( | öA|( &= lim
T $%

1
T

@T

0
dt

$

n,n 0
c)

n (t)cn 0(t)%1n| öA|1n 0&=
$

n,n 0
c)

ncn 0%1n| öA|1n 0&. (3.5)
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As the dynamics (time evolution) follows from the Hamiltonian of the systems,|( &is a state of
Þxed energy,E# =

%
n |cn(t)|22n . Like in the classical case we may represent the average value

%öA&also by an average over an ensemble of equivalent systems,

%öA&=
$

n,n 0
+nn 0%1n| öA|1n 0& (3.6)

with +nn 0 = c)
ncn 0 . The time dependence ofcn yields

c)
ncn 0 = lim

T $%

1
T

@T

0
dt c)

n (0)cn 0(0)ei (+n # +n 0 )t/ ! = |cn |2' nn 0 (3.7)

such that all terms invoking coherent interference (c)
ncn 0 with n != n!) vanish such that

%öA&=
$

n

|cn |2%1n| öA|1n& (3.8)

where we note that |cn |2 is time independent. The same result in the ensemble picture requires
that

+nn 0 = |cn |2' nn 0 (3.9)

implying that there is no interference between di!erent member systems of a given ensemble.

Postulates of quantum statistical physics

The quantum statistical physics is based on two key postulates:

¥ Equal probability:

c)
ncn =

!
"

#

r , E * (n * E + 'E ,

0 , otherwise,
(3.10)

where r is a real constant.

¥ Random phase: ifn != n! then
c)

ncn 0 = 0 , (3.11)

i.e. the phase of the wavefunction is a random variable. Such a behavior requires an at
least weak coupling to the environment in order to randomize the phases.

As a consequence we consider a system as described e!ectively by a wavefunctionbn,

|( &e$ =
$

n

bn |1n& (3.12)

(unrenormalized state) with

|bn |2 =

!
"

#

1 E * 2n * E + 'E

0 otherwise
(3.13)

and bn have a random phase. Then average values can be considered as the expectation value

%öA&=
%

n |bn |2%1n| öA|1n&
%

n |bn |2
(3.14)

whereby each eigenstate of the Hamiltonian with energy in the given energy interval [E, E + 'E ]
appears in the state|( &e$ with the same probability.
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3.2 Density matrix

Mixed states or incoherent superpositions of states are conveniently described by density matrices
ö+.1

We deÞne Þrst the density matrix as an operator through its matrix elements

%1n|ö+|1n 0&= +nn 0 = |cn |2' nn 0 . (3.20)

In the basis of stationary states the density matrix is diagonal. Therefore we may formally write
the density matrix in spectral form as

ö+ =
$

n

|cn |2|1n&%1n| . (3.21)

We may also express the average value oföA as a trace of the form,

%öA&=
%

n%1n| öA ö+|1n&
%

n%1n|ö+|1n&
=

tr ( öA ö+)
tr ö+

. (3.22)

Note that the Þnal expression is independent of the basis{| 1n&}, as known from standard linear
algebra. The cyclic permutation of matrices (operators) does not change the trace:tr (ABC ) =
tr (BCA ). Thus the basis transformation U yields A! = UAU# 1, such that

tr (A!) = tr (UAU# 1) = tr (AU # 1U) = tr (A) . (3.23)

In this sense the density matrix is a convenient tool to perform ensemble averages as it contains
basis-free informations. In order to describe equilibrium properties ö+ should not depend on
time t and therefore it should commute with the Hamiltonian,

i !
* ö+
*t

= [ H , ö+] = 0 . (3.24)

It is obvious that the density matrix deÞned in (3.21) commutes with H . Compare this with
LiouvilleÕs theorem of classical mechanics.

1We distinguish pure and mixed states. A pure state given as superposition, for instance, energy eigenstates
(Eq.( 3.1))

|" i =
!

n

cn |) n i (3.15)

leads to the density matrix of a pure state, if we assume phase coherence of the wavefunctioncn :

ö(
pure

= |" ih" | =
!

n,n 0

c⇤
n cn 0 |) n ih) n 0 | (3.16)

whereby the mixed terms c⇤
n cn 0 with n 6= n0 are interference terms. For mixed states we assume that there is no

phase coherence in the wavefunctions such that all mixed terms disappear. Such a state represented by density
matrix has the form

ö(
mixed

=
!

n

|cn |2|) n ih) n | . (3.17)

Note that

tr (ö(
pure

) = tr (ö(
mixed

) = 1 )
+
,

-

tr (ö( 2

pure

) = 1 ,

tr (ö( 2

mixed

)  1 .
(3.18)

Average (expectation) values are calculated in both cases the same way:

h öAi = tr (ö( öA) =

+
,

-

.
n,n 0 c⇤

n cn 0h) n | öA |) n 0i pure ,

.
n |cn |2 < ) n | öA |) n i mixed .

(3.19)
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Synopsis - Classical versus Quantum statistical physics.
Classical formulation for gas ofN particles (&N = 1 /N !h3N )

Classical Statistical Physics Quantum Statistical Physics

observable phase space functionA(p, q) Hermitian operator öA

density density function +(p, q) density matrix ö+

sum / integral phase space integral trace over Hilbertspace

&N
=

dp dqá á á tr (á á á)

renormalized density &N
=

dp dq +(p, q) = 1 tr (ö+) = 1

statistical average %A&= & N
=

dp dq +(p, q)A(p, q) %öA&= tr (ö+ öA)

LiouvilleÕs theorem
*+
*t

= {H , +}
* ö+
*t

= "
i
!

[H , ö+]

(Poisson bracket) (commutator)

stationary ensembles {H , +} = 0 [H , ö+] = 0

3.3 Ensembles in quantum statistics

We now formulate the quantum statistical physics in terms of the three types of ensembles which
we introduced for the classical statistical physics.

3.3.1 Microcanonical ensemble

The microcanonical ensemble is suitable for closed systems which do not exchange energy and
particles with the environment. We take the density matrix in its diagonal form +nn 0 = ' nn 0 |bn |2.
In this ensemble we consider an incoherent state which consists of the equally distributed set of
states within a certain narrow energy range betweenE and E + 'E . Thus,

|bn |2 =

!
"

#

1 E * (n * E + 'E

0 otherwise.
(3.25)

The energies(n are the eigenenergies of the stationary states|1n& for the Hamiltonian H.
Formally we then write the density matrix as

ö+ =
$

E & #n & E + &E

|1n&%1n| with tr ö+ =
$

n

+nn = , (E ) . (3.26)
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Here , (E ) is the number of quantum states |1n&with energy in the given energy range. Anal-
ogously to the classical case we use now, (E) to deÞne the entropy

S(E, V ) = kB ln , (E ) . (3.27)

From this we may derive the thermodynamics. Note that , (E ) is connected with the density of
states d%(E)/dE of the quantum system:

%(E) =
$

+n & E

1 $ , (E ) =
$

E & +n & E + &E

1 =
d%(E)

dE
'E . (3.28)

3.3.2 Canonical ensemble

For a system which is in thermal equilibrium with a reservoir of given temperatureT we use the
canoncial ensemble formulation. Analogously to the classical statistical physics we deÞne the
density matrix here as

+(p, q) = e# ( H (p,q) # +nn 0 = ' nn 0e# (# n , (3.29)

and we deÞne the partition function as

Z =
$

n

e# (# n = tr ö+ = e# (F (T,V,N ) (3.30)

where F is the Helmholtz free energy. The density matrix can be written as an operator,

ö+ =
$

n

|1n&e# (# n %1n| = e# ( H
$

n

|1n&%1n|

& '( )
=1

= e# ( H . (3.31)

Thus the partition function can also be expressed as

Z = tre# ( H (3.32)

and average values of observables are given by

%öA&=
tr ( öAe# ( H )

tre# ( H =
1
Z

tr
G

öAe# ( H
H

. (3.33)

The connection to thermodynamics is given via the Helmholtz free energy,

F (T, V, N) = " kB T ln Z . (3.34)

3.3.3 Grand canonical ensemble

Now we connect the system in addition to the heat reservoir also to the particle reservoir of
given chemical potential µ. In the same spirit as for the canonical ensemble we use the analogy
to the classical systems. The density matrix now reads,

ö+ = e# ( (H# µ !N ) (3.35)

with N the particle number operator and the grandcanonical partition function is then

Z = tre# ( (H# µ !N ) =
$

N

zN ZN (3.36)

with z = e(µ as the fugacity, leading to the grand potential

'( T, V, µ) = " kB T ln Z . (3.37)
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3.4 Ideal quantum paramagnet - canonical ensemble

The ideal paramagnet with quantum spins represents a simple example to illustrate some aspects
of quantum statistics before going to the more involved cases.

3.4.1 Spin 1/2

We consider N quantum spin 1/2 moments (S = ! / 2) where for each spin the Hilbert space
contains two states, |s, sz&= {| 1/ 2, ± 1/ 2&} for a given quantization axis which we may choose
to be the z-axis. In a magnetic Þeld these moments are described by the Hamiltonian,

H =
N$

i =1

H i = "
µB g

!

N$

i =1

"H áö"Si = "
gµB

2

N$

i =1

"H áö"3 i (3.38)

with µB the Bohr magneton and g = 2 the gyromagnetic ratio. The Pauli matrices are deÞned
as

ö3x =
4

0 1
1 0

5
, ö3y =

4
0 " i
i 0

5
and ö3z =

4
1 0
0 " 1

5
, (3.39)

and ö30 is the 21 2 unit matrix. The following property for Pauli matrices,

("a áö"3 )("báö"3 ) = "a á"b ö30 + i ("a 1 "b) áö"3 (3.40)

yield the simple relation,

("a áö"3 )2n = |"a |2n ö30 and ("a áö"3 )2n+1 = |"a |2n"a áö"3 (3.41)

and tr ö"3 = 0 and tr ö30 = 2 in order to determine the partition function 2,

Z = tr
2

e# ( H
3

= tr
2

e(µ B
"

i
*H áö*, i

3
=

G
tr

2
e(µ B *H áö*,

3HN

=
G

tr
2

ö30 cosh(-µ B H ) + ö"H áö"3 sinh(-µ B H )
3HN

= (2 cosh(-µ B H ))N ,

(3.45)

2For independent spin degrees of freedom we use the product state

|" s1 ,s 2 ,...,s n i = |s
1z i ⌦ |s

2z i ⌦ · · ·⌦ |sNz i (3.42)

with the short notation | 1
2

, siz i = |siz i. If the Hamiltonian can be written in terms of independent degrees of
freedom, H(s

1

, s
2

, . . . , sN ) =
. N

i =1

Hi (si ) (all Hi are identical), then the partition function can be split into a
product form

ZN = tr | i
)

e�# H
*

= tr | i

/
N0

i =1

e�# Hi

1

=
N0

i =1

)
tr |si ie

�# Hi
*

=
)

tr |s1i{e�# H1}
* N

= Z N
1

. (3.43)

Next we calculate the average value h öS
1z i of one single spins

h öS
1z i =

tr | i( öS
1z e�# H)

tr | i(e�# H)
=

tr | i
)
{2

i 6=1

e�# Hi } öS
1z e�# H1

*

tr | i
)
{2

i 6=1

e�# Hi }e�# H1

* =
Z N �1

1

tr |s1i( öSjz e�# H1 )
Z N

1

=
tr |s1i öS

1z e�# H1

Z
1

(3.44)
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where H = | "H | and ö"H = "H/H .3 We obtain the free energy

F = " NkB T ln[2 cosh(-µ B H )] =

!
"

#

" Nµ B H k B T + µB H

" NkB T ln 2 kB T - µB H
(3.47)

which is interpreted as F = U " T S being dominated by the internal energyU at low and by
the entropy S = kB ln 2 in the high-temperature limit. Note that the entropy is given by

S(T) = "
*F
*T

= NkB ln[2 cosh(-µ B H )] " NkB -µ B H tanh(-µ B H ) (3.48)

which goes to zero forT # 0 satisfying the third law of thermodynamics. Now we turn to the
magnetization,

M n = µB

N$

i =1

%ön áö"3 i &= µB N %ön áö"3 1&

= N
tr

2
µB ön áö"3

;
ö30 cosh(-µ B H ) + öH áö"3 sinh(-µ B H )

<3

2 cosh(-µ B H )
= N ön á öHµ B tanh(-µ B H )

(3.49)
where ön is a normal vector. Let us calculate the magnetic susceptibility for the case that"H 2 öz,
Þrst for a moment alongz,

0zz = µ2
B -N

9
%ö3z2& " %ö3z&2:

= µ2
B -N

9
%ö30& " %ö3z&2:

=
µ2

B N
kB T

9
1 " tanh2(-µ B H )

:
=

µ2
B N

kB T
1

cosh2(-µ B H )
.

(3.50)

This yields a high-temperature behavior (kB T - µB H )

0zz(T) =
µ2

B N
kB T

(3.51)

corresponding to a Curie-behavior.

3.4.2 Spin S - classical limit

We now turn to larger quantum spins with magnitude S = ! s where s is an integer or half-
integer. The Hilbert space of such a spin contains 2s+1 basis states{| s, sz&} = {| s, " s&, |s, " s+

1&, . . . , |s, s " 1&, |s, s&} with ö"S2|s, sz&= ! 2s(s + 1) |s, sz&and öSz|s, sz&= ! sz|s, sz&. We apply a
magnetic Þeld parallel to thez-axis of the N independent spins, leading to the Hamiltonian,

H = "
gµB

!

N$

i =1

ö"S á"H = "
gµB

!

N$

i =1

öSz
i H , (3.52)

3Evaluation of exponential function: Expansion in a Tayler-series,

e#µ B $H ·ˆ$% =
1!

n =0

(*µ B )n

n!
( +H · ö+, )n =

1!

ñ =0

$
(*µ B )2ñ

(2÷n)!
H 2ñ ö,

0

+
(*µ B )2ñ +1

(2÷n + 1)!
H 2ñ +1( ö+H · ö+, )

'

= ö, 0 cosh(*µ B H ) + ö+H · ö+, sinh(*µ B H ) .

(3.46)

where we used the relations (3.41).
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where g = 2 again. Note that the Þeld direction does not matter for the following discussion.
We calculate again the partition function of the canonical ensemble,

Z = tr
2

e# ( H
3

= tr

.
NF

i =1

e(gµ B H öSz
i / !

/

=

7
s$

sz = # s

%s, sz|e(gµ B H öSz
i / ! |s, sz&

8 N

=

7
s$

sz = # s

e(gµ B Hs z

8 N

=

7

e# (gµ B Hs
2s$

n=0

e(gµ B Hn

8 N

=

7

e# (gµ B Hs e(gµ B H (2s+1) " 1
e(gµ B H " 1

8 N

=
4

sinh (-µ B H (2s + 1))
sinh (-µ B H )

5 N

.

(3.53)
We obtain the free energy

F = " NkB T ln
>

sinh (-µ B H (2s + 1))
sinh (-µ B H )

?
(3.54)

and the internal energy

U = " Nµ B H
2

(2s+1) coth ( -µ B H (2s + 1))) " coth (-µ B H )
3

= " Nµ B H 2sBs(-µ B H ) (3.55)

where Bs(x) is the ÓBrillouin functionÓ.

Bs(x) =
2s + 1

2s
coth[(2s + 1) x) "

1
2s

coth(x) =

!
A"

A#

2
3

(s + 1) x + á á á x + (2s + 1) # 1 ,

1 " 1
se# x + á á á x - (2s + 1) # 1 .

(3.56)

In Fig.3.1 the heat capacity is depicted, which is the derivative ofU with respect to temperature.
Note the approach towards the classical limit with increasing spins (see also discussion forF
below). Also the magnetization can be expressed by the Brillouin function,

M z = gµB

N$

i =1

%öSz
i &= Nµ B 2sBs(-µ B H ) , (3.57)

which also identiÞes the internal energy asU = " M zH . The other components vanish,M x =
M y = 0.

quantum
classical

s = 80
s = 25
s = 10

kB T

/ 1/s

CV

Figure 3.1: As the spins increases, the ÓquantumÓ heat capacity approaches the classical heat
capacity.
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The limit of s - 1 leads us to the classical limit4. Let us examine this by simultaneously Þxing
2sµB = m to be Þnite. The free energy and entropy take the limit forkB T - mH ,

F = " NkB T ln 2s and S = NkB ln 2s (3.62)

where we may identify the value of S with S0 of the classical case in the footnote. In the
low-temperature limit we distinguish two regimes:
(1) 2skB T - mH - kB T: we Þnd

F = " NmH + NkB T ln(-mH/s ) and S = NkB ln 2s " NkB ln(2-mH ) + NkB (3.63)

which corresponds essentially to the low-temperature classical regime.
(2) mH - 2skB T: we obtain

F = " NmH
4

1 "
1
2s

5
+ O

G
T e# 2(mH/s

H
and S # 0 (3.64)

which corresponds to the quantum result. This quantum range shrinks for increasings, see
Fig.3.1 .

3.5 Ideal quantum gas - grand canonical ensemble

A gas of independent particles in quantum mechanics has the additional key feature that indis-
tinguishable particles are classiÞed in Fermions (particles with half-integer spins) and Bosons
(particles with integer spins). The former follow the Pauli principle, i.e. we cannot Þnd two
Fermions in the same quantum state. For Bosons no such restriction exists. A many-particle
state of Bosons (Fermions) is described by a wavefunction which is completely symmetric (anti-
symmetric) under the pair-wise exchange of particle variables. We will discuss this in detail in
the next chapter when we introduce the technique of second quantization. The free particles in
quantum mechanics are represented by plane waves

1*p ("r ) = %"r |1*p &=
1

3
V

ei*p á*r/ ! with (*p =
"p 2

2m
. (3.65)

4Classical ideal paramagnet: We take a classical vector magnetic moment +m of length m and assume a magnetic
Þeld along the z-direction. Thus, each moment possesses only the angular orientation as a degree of freedom.
This leads to the partition function,

Z =
( N0

i =1

"
d# i

4'
e# $m i · $H

#
=

%(
d#
4'

e#mH cos &
&N

=
%

sinh(*mH )
*mH

&N

. (3.58)

The free energy is given by

F � F
0

= �Nk B T {ln (sinh( *mH )) � ln( *mH )} =

+
33,

33-

�NmH + Nk B T ln(2*mH ) kB T ⌧ mH

�Nk B T
3!

%
mH
kB T

&
2

kB T � mH
(3.59)

and the entropy in the limiting cases,

S � S
0

= �
%

$F
$T

&

H,N

=

+
33,

33-

�Nk B ln(2*mH ) + Nk B kB T ⌧ mH

�N
3

%
mH
kB T

&
3

kB T � mH
(3.60)

where we observe that in the zero-temperature limit the classical entropy diverges logarithmically in temperature.
In the high-temperature limit the entropy should reach a value connected to the phase space of each magnetic
moment, such that we may choose

S
0

= Nk B ln(2s + 1) ⇡ Nk B ln(2s) and F
0

= �Nk B T ln(2s + 1) ⇡ Nk B T ln(2s) . (3.61)

corresponding to the count of states in the quantum system: (2s + 1) N .
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Introducing periodic boundary conditions we quantize the momentum quantum number. For
this purpose we assume a cubic system with edge lengthL and V = L 3. The wavefunction
satisÞes the boundary conditions

1*p ("r + ( L, 0, 0)) = 1*p ("r + (0 , L, 0)) = 1*p ("r + (0 , 0, L )) = 1*p ("r ) (3.66)

which is satisÞed, if

"p =
2$!
L

(nx , ny, nz) =
h
L

(nx , ny, nz) with nx , ny, nz ) Z . (3.67)

The grand partition function for a gas of such particles is given by

Z =
$

{ n$p }

g{ n$p } e
# ( (E # µN ){n $p } , (3.68)

with
E =

$

*p

(*p n*p and N =
$

*p

n*p . (3.69)

Here n*p is the number of particles per state, the occupation number, whereby the sum
%

{ n$p }

runs over all allowed conÞgurations of occupations.5 The factor g{ n$p } is given by

g{ n$p } =

!
AAA"

AAA#

1 indistinguishable particles (Fermions and Bosons),

F

*p

1
n*p !

classical particles (Boltzmann).
(3.71)

Each many-particle quantum state for indistinguishable particles includes all permutations
through the total symmetrization (Bosons) or antisymmetrization (Fermions) of the wavefunc-
tion. For Fermions we Þnd that for each state|1*p &the occupation number isn*p = 0 , 1 and for
Bosonsn*p = 0 , 1, 2, . . . . Thus, calculating the partition function we obtain for Fermions/Bosons,

Z =
$

n$p
1

,n $p
2

,...

;2
ze# (# $p

1

3n$p
1

2
ze# (# $p

2

3n$p
2 á á á

<

=
F

*p

$

n$p

G
ze# (# $p

Hn$p
=

!
AAAAA"

AAAAA#

F

*p

G
1 + ze# (# $p

H
Fermions

F

*p

1
1 " ze# (# $p

Bosons

(3.72)

with z = e(µ as the fugacity.6

5Note that sums over +p are discrete sums over+n due to Eq.(3.67), but for large L can be approximated well
by integrals

!

$p

=
!

$n

⇡
(

d3n =
L 3

(2' ! )3

(
d3p =

V
h3

(
d3p . (3.70)

6 Classical particles: The partition function is given by

Z =
!

n !p 1
,n !p 2

,...

$
1

n$p1 !

4
ze�#' !p 1

5 n !p 1 1
n$p2 !

4
ze�#' !p 2

5 n !p 2 · · ·
'

=
1!

N =0

zN 1
N !

+
,

-

!

$p

e�#' !p

6
7

8

N

=
1!

N =0

zN Z (class )

N ,

(3.73)
which corresponds to the usual partition function of independent classical particles within the grand canonical
ensemble.

44



From the partition function we arrive at the equation of state

pV
kB T

= " - '( T, V, µ) =

!
AAAAA"

AAAAA#

$

*p

ln
G

1 + ze# (# $p

H
Fermions ,

"
$

*p

ln
G

1 " ze# (# $p

H
Bosons,

(3.74)

and the particle number

N = z
*
*z

ln Z =

!
AAAAA"

AAAAA#

$

*p

1
e(# $p z# 1 + 1

Fermions ,

$

*p

1
e(# $p z# 1 " 1

Bosons.

(3.75)

These equations can be used to determine the chemical potential whenN is Þxed. The occupa-
tion number of a state is also easily obtained,

%n*p & =
1
Z

!
"

#

F

*p 0"= *p

$

n$p 0

G
ze# (# $p 0

Hn$p 0

K
L

M

$

n$p

n*p (ze# (# $p )n$p

=

%
n$p

n*p (ze# (# $p )n$p

%
n$p

(ze# (# $p )n$p
= " kB T

*
*( *p

ln Z =

!
AAA"

AAA#

1
z# 1e(# $p + 1

Fermions ,

1
z# 1e(# $p " 1

Bosons.

(3.76)

These correspond to the Fermi-Dirac and the Bose-Einstein distribution, respectively.
Eventually we compare the grand potential and the internal energy. Using (3.74) we obtain

' = 4 kB T
$

*p

ln
G

1 ± ze# (# $p

H
= 4 kB T

@
d( g(() ln

G
1 ± ze# (#

H

= 4 V kB T
1

4$2

4
2m
! 2

5 3/ 2 @%

0
d( (1/ 2 ln(1 ± ze# (# )

= "
2
3

V
1

4$2

4
2m
! 2

5 3/ 2 @%

0
d(

(3/ 2

z# 1e(# ± 1
,

(3.77)

where the plus (minus) sign corresponds to Fermions (Bosons). For the second equality we
performed an integration by parts. We have also introduced the density of states

g(() =
$

*p

' (( " (*p ) = V
1

4$2

4
2m
! 2

5 3/ 2

(1/ 2 , (3.78)

for the energy integration. Now we consider the internal energy

U =
$

*p

%n*p &(*p =
@%

0
d( g(()

(
z# 1e(# ± 1

= V
1

4$2

4
2m
! 2

5 3/ 2 @%

0
d(

(3/ 2

z# 1e(# ± 1
. (3.79)

Thus from ' = " pV we obtain the general relation

U =
3
2

pV . (3.80)

Note that we did not so far include the spin s of the particles in our considerations. This gives
an additional factor 2s + 1 to ' and U.
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3.6 Properties of Fermi gas

We consider now Fermions of spins, i.e. there are 2s+1 di!erent species. The equation of state
and the equation for the particle number of the Fermi gas are given by

p
kB T

=
4$
h3 (2s + 1)

@%

0
dp p2 ln

G
1 + ze# (# $p

H
,

1
v

=
N
V

= n =
4$
h3 (2s + 1)

@%

0
dp p2 1

z# 1e(# $p + 1
,

(3.81)

where we used the relation
%

*p = V
h3

=
d3p (see previous footnote). We rewrite these equations

introducing special functions of z,

p
kB T

=
2s + 1

%3 f 5/ 2(z)

n =
1
v

=
2s + 1

%3 f 3/ 2(z)

(3.82)

where %= h/
3

2$mkB T is the thermal wavelength. These functions are deÞned as7

f 5/ 2(z) =
4

3
$

@%

0
dx x2 ln(1 + ze# x2

) = "
%$

l=1

(" 1)l zl

l5/ 2

f 3/ 2(z) = z
*
*z

f 5/ 2(z) = "
%$

l=1

(" 1)l zl

l3/ 2
.

(3.84)

For the following it will also be important to consider the asymptotic behavior of these functions.
For z + 1 we may use the expansion just given. Forz - 1 we Þnd8

f 5/ 2(z) (
8

15
3

$
(ln z)5/ 2

I
1 +

5$2

8(ln z)2 + á á á
J

f 3/ 2(z) =
4

3
3

$
(ln z)3/ 2

I
1 +

$2

8(ln z)2 + á á á
J

.

(3.88)

7Expansion of f
5/ 2(z):

4p
'

( 1

0

dx x 2 ln(1 + ze�x 2

) = � 4p
'

( 1

0

dx
1!

l=1

x2(�1)l zl e�lx 2

l
= �

1!

l=1

(�1)l zl

l5/ 2
. (3.83)

8Derivation of the large- z-expansion: Use# = µ/k B T = ln z and rewrite

f
5/ 2(z) =

2p
'

( 1

0

dy y1/ 2 ln(1 + e! �y ) =
8

15
p

'

( 1

�!
dy0(y0 + #)5/ 2 ey 0

(1 + ey 0 )2
, (3.85)

where the second equation is obtained by twice integrating by parts. More over we extend the lower integration
boundary to �1, at the expense of a small error of order e�! = 1 /z . We now expand (y0 + #)5/ 2 assuming #
large and Þnd

f
5/ 2(z) =

8
15

p
'

(
+1

�1
dy0

$
#5/ 2 +

5
2

#3/ 2y0 +
15
8

#1/ 2y02 + · · ·
'

ey 0

(1 + ey 0 )2

=
8

15
p

'

$
I
0

#5/ 2 +
5
2

I
1

#3/ 2 +
15
8

I
2

#1/ 2 + · · ·
' (3.86)

where

I n =
(

+1

�1
dy

yn ey

(1 + ey )2
) I

0

= 1 , I
1

= 0 , I
2

=
' 2

3
, . . . . (3.87)

Note that all I n = 0 for n odd. It is easy to obtain f
3/ 2(z) by taking the derivative.
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3.6.1 High-temperature and low-density limit

Low density (high temperature) implies %3n + 1 and z = e(µ + 1 . We can use now (3.82)

%3n = (2 s + 1)
>

z "
z2

23/ 2
+ á á á

?
$ z =

%3n
2s + 1

+
(%3n)2

23/ 2(2s + 1) 2
+ á á á. (3.89)

This allows us to replacez in the equation of state 9,

p
kB T

(
2s + 1

%3

>
z "

z2

25/ 2

?
(

N
V

>
1 +

%3n
25/ 2(2s + 1)

?
. (3.91)

The second term represents the Þrst quantum correction to the classical limit of the ideal gas.
This allows us also to calculate the isothermal compressibility,

. T = "
1
V

4
*V
*p

5

T,N
=

V
NkB T

1

1 + " 3n
23/ 2(2s+1)

. (3.92)

The quantum correction suppresses the compressibility, as a consequence of PauliÕs exclusion
principle, i.e. Fermions avoid each other. The occupation numbers is approximatively given by

%n*p &=
1

z# 1e(# $p + 1
( ze# (# $p (

%3n
2s + 1

e# (# $p =
1

2s + 1
nh3

(2$mkB T)3/ 2
e# (# $p (3.93)

corresponding to the Maxwell-Boltzmann distribution per spin. With the general relation ( 3.80)
we obtain immediately the internal energy and the heat capacity

U (
3
2

NkB T
>

1 +
%3n

25/ 2(2s + 1)

?
and CV =

3
2

NkB

>
1 "

N%3

27/ 2(2s + 1) V

?
, (3.94)

including the Þrst quantum corrections.

3.6.2 Low-temperature and high-density limit: degenerate Fermi gas

At low temperature we reach the Óquantum limitÓ%3 - v = V/N , which implies large fugacityz.
First we consider the zero-temperature situation. The occupation numbers follow a step function

%n*p &= )( µ " (*p ) =

!
"

#

1 , (*p < µ ,

0 , (*p > µ .
(3.95)

The Fermions occupy states within a sphere in momentum space, the Fermi sphere (Fig.3.2).
The particle density n is

n =
N
V

=
2s + 1

h3

@
d3p%n*p &=

2s + 1
h3

4$
3

p3
F =

(2s + 1) k3
F

6$2 (3.96)

wherepF is the Fermi momentum ((*pF = µ(T = 0) = (F ), isotropic, and kF = pF / ! is the Fermi
wavevector. The groundstate energy is

U0 =
2s + 1

h3 V
@

d3p(*p %n*p &=
2s + 1

h3 4$V
@pF

0
dpp2 p2

2m
=

2s + 1
h3

4$V
5

p3
F

p2
F

2m
=

3
5

N( F (3.97)

9Note that the lowest order expansion reproduces the chemical potential of the classical ideal gas, as given in
Eq.(2.51) and (2.78):

z = e#µ ⇡ N
V

- 3 ) µ = �kB T ln

9
V
N

%
2'mk B T

h2

&
3/ 2

:

. (3.90)
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where (F denotes the Fermi energy. The zero-point pressure is obtained through (3.74),

p0 =
2
3

U0

V
=

2
5

N
V

(F . (3.98)

In contrast to the classical ideal gas, a Fermi gas has Þnite zero-point pressure which is again
a consequence of the Pauli principle and is responsible for the stability of metals, neutron stars
etc.

p
z

p
y

p
x

p
F

Figure 3.2: Fermi sphere of occupied single particle states. Fermi radiuspF .

Next we turn to Þnite temperatures for which the occupation number broadens the step atpF .
We use now (3.88, 3.96) to obtain the relation

4
(F

kB T

5 3/ 2

=
3
4

3
$%3

2s + 1
N
V

=
4

µ
kB T

5 3/ 2

+
$2

8

4
µ

kB T

5 # 1/ 2

+ á á á, (3.99)

which at constant density n = N/V can be solved for the chemical potential,

µ(T) = (F

7

1 "
$2

12

4
kB T
(F

5 2

+ á á á

8

, (3.100)

and analogously we obtain for the pressure,

p(T) = p0

7

1 +
5$2

12

4
kB T
(F

5 2

+ á á á

8

. (3.101)

Again we derive the internal energy from the relation (3.74)

U =
3
2

pV = U0

7

1 +
5$2

12

4
kB T
(F

5 2

+ á á á

8

, (3.102)

which also leads to the heat capacity for ÞxedN

CV =
4

*U
*T

5

V,N
=

5$2

6
U0

k2
B T
(2
F

+ á á á=
$2

2
k2

B
N
(F

T + á á á, (3.103)

see Fig.3.3. This is the famous linear temperature dependence of the heat capacity, which can be
well observed for electrons in simple metals:CV = 4T + á á áwith 4 as the Sommerfeld coe$cient.

Obviously now the third law of thermodynamics is satisÞed,CN
T $ 0"# 0. Also the entropy goes

to zero linearly in T.
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Figure 3.3: The internal energyU and the heat capacityCV in the quantum situation compared
with the classical situation.

3.6.3 Spin-1/2 Fermions in a magnetic Þeld

We consider now the magnetic response of spins = 1 / 2 Fermions in a magnetic Þeld (ideal
paramagnetic gas). The Hamiltonian has to be extended by a Zeeman term. Taking the Þeld
along the z-axis this reads,

H Z = "
gµB

!

N$

i =1

sz
i H (3.104)

with g = 2 as gyromagnetic ratio and µB the Bohr magneton. The energy di!erence between
spins parallel and antiparallel to the applied Þeld can be absorbed into a spin-dependent fugac-
ity, 10

z± = e(µ ± (µ B H , (3.108)

such that the density of Fermions is given by

n =
N
V

=
1
v

=
1
%3

9
f 3/ 2(z+ ) + f 3/ 2(z# )

:
= n+ + n# (3.109)

and the magnetization

m =
M
V

= µB (n+ " n# ) =
µB

%3

9
f 3/ 2(z+ ) " f 3/ 2(z# )

:
. (3.110)

Let us now calculation the spin susceptibility for zero magnetic Þeld, given by

0 =
*m
*H

6
6
6
6
H =0

=
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B

%3kB T
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*f 3/ 2(z)

*z
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=
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%3kB T
f 1/ 2(z) (3.111)

10We calculate the grand canonical partition function
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(3.105)

where z% is deÞned as in Eq.(3.108). The grand canonical potential is given by

# = �kB T ln Z = �kB T
- 3

;
f
5/ 2(z

+

) + f
5/ 2(z�)

<
(3.106)

from which we determine the magnetization

m = � 1
V
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=
kB T
- 3
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(3.107)

corresponding to Eq.(3.110).
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with z = e(µ . We may now again consider limiting cases.

High-temperature limit: We replacez + 1 in Eq.(3.111) using Eq.(3.89) with n = 1 /v and Þnd

0 =
µ2

B n
kB T

>
1 "

%3n
25/ 2

?
. (3.112)

The Þrst term is the result for particles with spin and has a Curie like behavior and the second
term is the Þrst quantum correction reducing the susceptibility.

Low-temperature limit: Taking only the lowest order for z - 1 we obtain,

0 =
µ2

B

%3kB T
4

3
$

(ln z)1/ 2 =
µ2

B

%3kB T
4

3
$

4
(F

kB T

5 1/ 2

= µ2
B

3n
2(F

. (3.113)

This is the famous Pauli spin susceptibility for a Fermi gas, which is temperature independent.

3.7 Bose gas

There are two situations for Bosons: (1) a system with well-deÞned particle number, e.g. bosonic
atoms, 4He, ... ; (2) Bosons which results as modes of harmonic oscillators (no Þxed particle
number), e.g. photons, phonons, magnons, etc..

3.7.1 Bosonic atoms

We consider Bosons without spin (S = 0) for which 4He is a good example. Analogously to the
Fermions we introduce functions ofz to express the equation of state and the particle number,

p
kB T

=
1
%3 g5/ 2(z) =

1
%3

%$

l=1

zl

l5/ 2

1
v

=
N
V

=
1
%3 g3/ 2(z) =

1
%3

%$

l=1

zl

l3/ 2
.

(3.114)

For small z both functions grow linearly from zero and g3/ 2(z) has a divergent derivative for
z # 1. We concentrate on the range 0< z * 1, such that µ(T) * 0. For z = 1 we obtain

g3/ 2(1) =
$

l

1
l3/ 2

= 5(3/ 2) ( 2.612 and g5/ 2(1) =
$

l

1
l5/ 2

= 5(5/ 2) ( 1.342 (3.115)

where 5(x) is RiemannÕs5-function (see Fig.3.4).

3.7.2 High-temperature and low-density limit

It is easy to see that (like the Fermions) the Bosons behave in this limit as a classical ideal gas.
An intriguing aspect occurs, however, in the quantum corrections. For the pressure we Þnd

p(T) =
N
V

kB T
>

1 "
N

25/ 2

%3

V
+ á á á

?
. (3.116)

The quantum correction reduces the classical ideal gas pressure and yields the compressibility

. T = "
1
V

4
*V
*p

5

T,N
=

V
NkB T

1

1 " " 3N
23/ 2V

. (3.117)
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Figure 3.4: Functions g3/ 2(z) and g5/ 2(z).

In contrast to the Fermions where the quantum nature of the particles diminishes the compress-
ibility, here the compressibility is enhanced. Actually, in this approximation the compressibility
even diverges if

23/ 2 =
N
V

%3 , (3.118)

i.e. at low enough temperature or high enough density. We will now see that this indeed indicates
an instability of the Bose gas.

3.7.3 Low-temperature and high-density limit: Bose-Einstein condensation

Let us now consider Eq. (3.114) carefully. The function g3/ 2(z) is monotonically increasing with
z. If T is lowered,%0 T# 1/ 2 increases, such thatz has to increase too in order to satisfy (3.114).
Therefore µ approaches the singular point at 0 (z = 1). The critical point is determined by

g3/ 2(1) = 5(3/ 2) =
N
V

%3 $

!
AAAA"

AAAA#

Tc =
h2

2$kB m[5(3/ 2)V/N ]2/ 3
,

Vc =
N

5(3/ 2)
h3

(2$mkB T)3/ 2
.

(3.119)

This deÞnes a critical temperatureTc and critical volume Vc below which a new state of the
Bose gas occurs. Note that this equation is qualitatively very similar to (3.118) and even
quantitatively not so far ( 5(3/ 2) ( 2.6125 23/ 2 ( 2.85) . The question arises what happens for
T < T c or V < Vc. Actually the problem occurring in ( 3.114) and (3.119) arises in the step

N =
$

*p

1

e( (#$p # µ) " 1
#

V
h3

@
d3p

1

e( (#$p # µ) " 1
. (3.120)

The integral does not count the occupation of the state"p = 0, because the momentum distribu-
tion function entering the integral,

+(p) =
p2

e( (#$p # µ) " 1
$ +(0) = 0 . (3.121)

This is Þne as long as the occupation of the Õ"p = 0Õ-state (single-particle groundstate) is vanish-
ingly small compared toN . However, forT < T c (V < Vc) the occupation becomes macroscopic,
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%n*p=0 &/N > 0 and we cannot neglect this contribution in the calculation ofN (see Fig.3.5). Thus,
the correct density is

N
V

=
1
%3 g3/ 2(z) + n0(T) = nn(T) + n0(T) (3.122)

with n0(T) denoting the density of Bosons in the single-particle groundstate ("p = 0). These
particles form a condensate, theBose-Einstein condensate. What happens at Tc is a phase
transition. We encounter here a Ótwo-ßuidÓ system for which the total particle density split
into a condensed fractionn0 and a normal fraction nn. From (3.122) we Þnd the temperature
dependence ofn0 (see Fig.3.5),

n0(T) =
N
V

N

1 "
4

T
Tc

5 3/ 2
O

. (3.123)

1

n
nn0

n0

p TTc

n

Figure 3.5: Occupation: Left panel: A macroscopic fraction of particle occupy the momentum
p = 0-state for T < T c. Right panel: Temperature dependence of the condensate fraction.

Next we also determine the equation of state,

p =

!
AAA"

AAA#

kB T
%3 g5/ 2(z) , V > Vc

kB T
%3 g5/ 2(1) , V < Vc

. (3.124)

We now consider the compressibility forV > Vc . For this purpose we Þrst determine

*V
*z

= " N%3
g!

3/ 2(z)

g3/ 2(z)2 , (3.125)

and consider

*p
*V

=
kB T
%3 g!

5/ 2(z)
*z
*V

$ . T =
N%6

V kB T g3/ 2(z)2

g!
3/ 2(z)

g!
5/ 2(z)

, (3.126)

where we use the notationg!
n (z) = dgn(z)/dz . As anticipated earlier the compressibility diverges

at the transition V # Vc (or T # Tc), since the derivative g!
3/ 2(z) # , for z # 1. In the

condensed phase the pressure is independent ofV as is obvious from (3.124). Therefore the
condensed phase is inÞnitely compressible, i.e. it does not resist to compression.
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Some further thermodynamic quantities can be derived. First we consider the entropyS from
the grand canonical potential

S(T, V, µ) = "
4

* '
*T

5

V,µ
=
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5
2
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4
T
Tc

5 3/ 2

, T < T c ,

(3.127)

where we used (3.114).11 For the heat capacity at Þxed particle number N we Þnd from the
internal energy U = 3

2pV,
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(3.131)

T

V

NkB

Tc

3/2

C

Figure 3.6: Heat capacity: CV has a cusp at the transition and vanishes asT3/ 2 towards
zero-temperature. In the high-temperature limit Cv approaches 3NkB / 2 which corresponds to
the equipartition law of a mono-atomic gas.

In accordance with the third law of thermodynamics both the entropy and the heat capacity go
to zero in the zero-temperature limit. The entropy for T < T c can be viewed as

S
N

= s
4

T
Tc

5 3/ 2

=
nn(T)

n
s with s =

5
2

kB
g5/ 2(1)

g3/ 2(1)
(3.132)

11Calculation of the temperature derivatives: (1) Fixed chemical potential:
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where we used (
(z g

5/ 2 = g
3/ 2/z .

(2) Fixed particle number: we use

g
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- 3 ) dg
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g
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which leads to the relation
dg

5/ 2

dT
=

g
3/ 2(z)

z
dz
dT

= �9
4

g
3/ 2(z)

g
1/ 2(z)

N- 3

V
. (3.130)

This leads to the expression for the heat capacity.
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where s is the entropy per normal particle (speciÞc entropy), i.e. a non-vanishing contribution
to the entropy is only provided by the normal fraction (two-ßuid model). The heat capacity has
a cusp at T = Tc.

BEC

c
v

p

T
isothermal

p

T

transition line

transition line

v (T)

Figure 3.7: Phase diagrams; left panel:p-v-diagram; the isothermal lines reach the transition
line with zero-slope, i.e. the compressibility diverges. Right panel:p-T-diagram; the condensed
phase corresponds to the transition line, there is no accessible space above the transition line.

We consider now the phase diagram of various state variable.
(1) p-v-diagram: phase transition line

p0v5/ 3 =
h2

2$m

g5/ 2(1)

[g3/ 2(1)]5/ 3
, (3.133)

(2) p-T-diagram: phase transition line

p0 =
kB T
%3 g5/ 2(1) 0 T5/ 2 (3.134)

which is the vapor pressure (constant forT < T c) (see Fig.3.7). We use this line to determine
the latent heat l per particle via the Clausius-Clapeyron relation,

dp0

dT
=

l
T" v

with l = T" s . (3.135)

The condensate takes no speciÞc volume compared to the normal fraction. Thus, "v = vc.
Therefore we obtain

l = T vc
dp0

dT
= T vc

5
2

kB g5/ 2(1)

%3 = T
5
2

kB
g5/ 2(1)

g3/ 2(1)
(3.136)

where we used the relation%3 = vcg3/ 2(1). Note that this is consistent with our result on
the speciÞc entropys. The condensed phase has no speciÞc entropy such that "s = s and,
consequently,l = T" s using (3.132).

Examples of the Bose-Einstein condensates is the quantum ßuid4He which shows a condensation
below T" ( 2.18K into a superßuid phase. We will discuss this in more detail in Chapt.7. A
further very modern example are ultracold atoms in optical traps, e.g. 87 Rb (37 electrons +
87 nucleons = 124 Fermions# Boson). For 2000 atoms in the trap the critical temperature to
Bose-Einstein condensation is as low as 170 nK (for the measured momentum distribution see
Fig.3.8).
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Figure 3.8: Velocity distribution of Rb-atoms: Left panel: T > T c; middle panel: T / Tc ;
right panel T + Tc. A peak at the center develops corresponding to the fraction of particles
with Ózero-velocityÓ and at the same time the fraction of particles with Þnite velocity shrinks.
(Source: http://www.nist.gov/public a!airs/gallery/bosein.htm)

3.8 Photons and phonons

We consider now classes of Bose gases whose particle numbers is not conserved. They are derived
as normal modes of harmonic oscillators. Thus we Þrst consider the statistical physics of the
harmonic oscillator. The most simple example is the one-dimensional harmonic oscillator whose
spectrum is given by

(n = ! ,
4

n +
1
2

5
with n = 0 , 1, 2, . . . (3.137)

and the eigenstates|n&.12 The quantum number n is considered as the occupation number of
the oscillator mode. We analyze this within the canonical ensemble formulation with a given
temperature T. The partition function reads

Z = tre# ( H =
%$

n=0

%n|e# ( H |n&=
%$

n=0

e# (# n = e# ( ! '/ 2
%$

n=0

e# ( ! 'n =
e# ( ! '/ 2

1 " e# ( ! ' . (3.141)

The internal energy is obtained through

U = "
* ln Z

*-
=

1
2

! , +
! ,

e( ! ' " 1
. (3.142)

12Harmonic oscillator with the Hamiltonian

H =
öP 2

2
+

%2

2
öQ2 = ! %

%
a†a +

1
2

&
(3.138)

with a and a† as the lowering and raising operators, respectively,

öQ =

B
!

2%
(a + a†)

öP = �i%

B
!

2%
(a � a†)

6
33337

33338

) [a, a†] = 1 , [ öQ, öP ] = i ! (3.139)

The stationary states |ni are deÞned byH|ni = . n |ni and obey

a|ni =
p

n|n � 1i and a†|ni =
p

n + 1 |n + 1 i . (3.140)

We can interpret a† and a as creation and annihilation operator for a particle of energy ! %. In the language of
second quantization the commutation relation of a† and a corresponds to that of Bosons.
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The heat capacity is

C =
dU
dT

= kB

4
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2kB T

5 2 1
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, (3.143)

with the limiting properties
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(3.144)

In the high-temperature limit the heat capacity approaches the equipartition law of a one-
dimensional classical harmonic oscillator. The mean quantum number is given by

%n&=
1
Z

%$

n=0

ne# (# n =
1

e( ! ' " 1
. (3.145)

This corresponds to the Bose-Einstein distribution function. Thus we interpret n as a number
of Bosons occupying the mode, .

3.8.1 Blackbody radiation - photons

Electromagnetic radiation in a cavity is a good example of a discrete set of independent harmonic
oscillators. Consider a cubic cavity of edge lengthL . The wave equation is expressed in terms
of the vector potential 4

1
c2

* 2

*t 2 " ". 2
5

"A = 0 (3.146)

and the electric and magnetic Þeld are then

"E = "
1
c

* "A
*t

and "B = ". 1 "A , (3.147)

where we used the Coulomb gauge". á "A = 0 and / = 0. This can be solved by a plane wave,
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"e*k" á"k = 0 ,
(3.148)

i.e. a linear dispersion relation and a transverse polarization"e*k" (%: polarization index). As-
suming for simplicity periodic boundary conditions in the cube we obtain the quantization of
the wavevector,

"k =
2$
L

(nx , ny, nz) with ni = 0 , ± 1, ± 2, . . . (3.149)

Each of the parameter set ("k, %) denotes a mode representing an independent harmonic oscillator.
These oscillators can be quantized again in the standard way.13 The states of a mode di!er by
energy quanta! , *k . The occupation numbern*k" is interpreted as the number ofphotonsin this
mode.

13Canonical quantization of the radiation Þeld: Introduce the variables
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which leads to the following expression for the Hamiltonian
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The partition function is then derived from that of a harmonic oscillator
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(3.153)

where the exponent 2 originates from the two polarization directions. The internal energy follows
from
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where we have neglected the zero point motion term (irrelevant constant). The density of modes
in (3.154) is denoted as
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which leads to the spectral energy density

u(,, T ) =
, 2
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e( ! ' " 1

, (3.156)

which is the famous Planck formula (Fig.3.9). There are two limits

u(,, T ) (

!
AAA"

AAA#

kB T
, 2

$2c3 ! , + kB T Rayleigh-Jeans-law

! , 3

$2c3 e# ( ! ' ! , - kB T WienÕs law

(3.157)

whereby the Rayleigh-Jeans law corresponds to the classical limit. The maximum for givenT
follows WienÕs displacement law,

! , 0 = 2 .82kB T . (3.158)

The total internal energy density leads to the Stefan-Boltzmann law

U
V

=
@

d,u (,, T ) =
$2

15
(kB T)4

(! c)3 0 T4 . (3.159)

The energy current density of a blackbody is deÞned as

U
V

c =
energy

areaátime
. (3.160)

Thus the emission power of electromagnetic radiation per unit area for the surface of a blackbody
is deÞned by

Pem =
U
V

c
1

4$

@!

d' *k

"k á"n

|"k|
=

U
V

c
1

4$

@!

d' *k cos) =
Uc
4V

=
$2

60
(kB T)4

! 3c2 = 3T 4 (3.161)

where for the current density the component perpendicular to the surface counts ("n : surface
normal vector). Note that the integral

=! d' *k only extends over the hemisphere with cos) > 0.

This is the Hamiltonian of a harmonic oscillator for each mode which we can quantize and obtain the new form

H =
!

$k,)

! %$k

%
a†

$k)
a$k) +

1
2

&
=

!

$k,)

! %$k

%
n$k) +

1
2

&
(3.152)

where A$k) ! a$k) annihilates and A⇤
$k)

! a†
$k)

creates a photon in the mode (+k, - ).
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Figure 3.9: Spectral density of black body radiation.

This blackbody radiation plays an important role for the energy budget of the earth. The sun
can be considered a blackbody emitting an energy current at the temperature ofT ( 6000K .
This delivers an energy supply of 1.37kW/m 2 to the earth. The earth, on the other hand, has
to emit radiation back to the universe in order not to heat up arbitrarily. The earth is not a
black body but a ÓgrayÓ body as it is strongly reßecting in certain parts of the spectrum. A
further example of blackbody radiation is the cosmic background radiation at a temperature
2.73 K which originates from the big bang.

3.8.2 Phonons in a solid

We consider DebyeÕs theory of the lattice vibration and their inßuence on the thermodynamics of
a solid. A solid consists of atoms which form a lattice. They interact with each other through a
harmonic potential. Let us assume that the solid consists ofNA atoms arranged in a cube of edge
length L , i.e. there are 3NA degrees of freedom of motion. For our purpose it is convenient and
su$cient to approximate this solid as a homogeneous isotropic elastic medium whose vibration
are described by the following equations of motion:

1
c2

l

* 2"u
*t 2 " ". ( ". á "u ) = 0 longitudinal sound mode ,

1
c2

t

* 2"u
*t 2 " ". 2"u = 0 transversal sound mode.

(3.162)

There are two independent transversal ("k á"u = 0) and one longitudinal ( "k 1 "u = 0) sound
mode. These equation can be solved by plane waves and yield linear dispersion analogous to
the electromagnetic waves:

, (l )
*k

= cl |"k| and , (t )
*k

= ct |"k| . (3.163)

The density of states is obtained analogously using periodic boundary conditions for the waves,

D(, ) =
V , 2

2$2

4
1
c3

l
+

2
c3

t

5
. (3.164)

A di!erence occurs due to the Þnite number of degrees of freedom. In the end we get 3NA

modes. Thus there must be a maximal value of, and |"k|. We take the sum

3NA =
$

|*k|& kD

3 =
3V

(2$)3 4$
@kD

0
dk k2 =

V k3
D

2$2 $ kD =
4

6$2NA

V

5 1/ 3

(3.165)
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and deÞne in this way the Debye wave vectorkD and the Debye frequency, D = cef f kD where

3
c3

ef f
=

4
1
c3

l
+

2
c3

t

5
. (3.166)

The internal energy is obtained again in the same way as for the electromagnetic radiation apart
from the limit on the frequency integration,

U(T)
V

=
@' D

0
d, u (,, T ) . (3.167)

real materials

! D(    )!
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!
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!

Debye

D(    )

Figure 3.10: Density of states of phonons. Left panel: Debye model; right panel: more realistic
spectrum. Note that the low frequency part in both cases follows an, 2 law and leads to theT3-
behavior of the heat capacity at low temperature. This is a consequence of the linear dispersion
which is almost independent of the lattice structure and coupling.

We consider Þrst the limit of small temperatureskB T + kB ) D = ! , D () D : Debye temperature).
The internal energy is given by

U(T) = V
(kB T)4

(2$! )3

3
c3

ef f
4$

@%

0
dx

x3

ex " 1
& '( )

= $4/ 15

= V
$2(kB T)4

10! 3c3
ef f

=
3$4kB T

5

4
T
) D

5 3

NA (3.168)

and correspondingly the low-temperature heat capacity is

CV =
12$4

5
NA kB

4
T
) D

5 3

, (3.169)

the famous Debye law. On the other hand, at high temperatures (T - ) D ) we use

1
e( ! ' " 1

(
1

- ! ,
"

1
2

+
- ! ,
12

. (3.170)

This yields for the internal energy

U(T) =
3V

2$2c3
ef f

@' D

0
d,

4
, 2kB T "

! , 3

2
+

! 2, 4

12kB T

5
+ á á á

= 3NA kB T

.

1 "
3
8

! , D

kB T
+

1
20

4
! , D

kB T

5 2
/

+ á á á
(3.171)
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and leads to the heat capacity

CV = 3NA kB

>
1 "

1
20

) 2
D

T2

?
+ á á á. (3.172)

In the high-temperature limit the heat capacity approaches the value of the equipartition law
for 3NA harmonic oscillators (Fig.3.11).

3

!

T

3Nk
B

C

T

Dulong!Petit

D

Figure 3.11: Heat capacity: Low-temperature behavior follows aT3-law. At high-temperature
the universal Dulong-Petit law recovers, which is a classical result of the equipartition law for
particles in a harmonic potential.

The Debye temperature lies around room temperature usually. However, there also notable
exception such as lead (Pb) with) D = 88K or diamond with ) D = 1860K .

3.9 Diatomic molecules

We now investigate the problem of the diatomic molecules (made out ofN atoms) which are
bound by a two-particle interaction potential V (r ) =

%
i<j Vij (r ) with Vij (r ) = v(|"r i " "r j |).

A good approximation for the binding potential is the Lenard-Jones potential composed of an
attractive and a Õhard-coreÕ repulsive part,

v(r ) = 4 (

N4
÷r
r

5 12

"
4

÷r
r

5 6
O

(3.173)

with ( as the potential depth and r0 = 2 1/ 6÷r as the minimal point, see Fig.3.12 . Quantum
mechanical aspects appear in the low-temperature regimekB T + ( ((: depth of the Lenard-Jones
potential). Under this condition we consider the Lenard-Jones potential around its minimum as
a harmonic potential. Ignoring for the moment the motion of the center of mass, the Hamiltonian
can be restricted to the relative coordinatesr and relative momenta "p,

H =
"p2

2m) + v(r ) =
"p2

2m) + A(r " r 0)2 " ( (
p2

r

2m) +
"L 2

2m) r 2
0

+ A(r " r 0)2 " ( (3.174)

where the reduced mass is given bym) = m/ 2 and pr is radial momentum along the axis of
the molecule bond. The motion separates into radial vibrational part which corresponds to a
one-dimensional harmonic oscillator and the rotational motion. The two independent spectra
are given by

E vib
n = ! ,

4
n +

1
2

5
and E rot

l =
! 2l (l + 1)

2m) r 2
0

(3.175)
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Figure 3.12: Lenard-Jones potential.

with , =
1

2A/m ) .
Let us now analyze the partition function of the di!erent degrees of freedom. The translational
degree of freedom (center of mass motion) corresponds to the motion of a particle of mass 2m
in three dimensions. At low temperatures this has to be treated as a bosonic quantum liquid in
the case that the atoms are identical (not only chemically but also as an isotope, same massm),

Z trans =
F

*p

1
1 " ze# (*p 2/ 4m

. (3.176)

Next we have the vibrational part and the rotational part which we want to consider more
carefully,

Zvib =

7
e# ( ! '/ 2

1 " e# ( ! '

8 N/ 2

(3.177)

and

Zrot =

7
%$

l=0

(2l + 1) e# (l (l+1) /I rot

8 N/ 2

(3.178)

where I rot = 2m) r 2
0/ ! 2. Note that per angular momentum quantum number l there are 2l + 1

degenerate states. Since we know the behavior ofZtrans and Zvib already from the previous
sections, we address now only the rotational part. The partition function cannot be expressed
in closed form. Thus we examine only the limiting behaviors. As a characteristic energy scale
we take kB ) rot = 2 /I rot . For T - ) rot we obtain

Zrot (
4 @%

0
dl (2l + 1) e# (l (l+1) /I rot

5 N/ 2

=
4

" I rot kB T
@%

0
dl

d
dl

e# (l (l+1) /I rot

5 N/ 2

= ( I rot kB T)N/ 2 =
4

2
T

) rot

5 N/ 2

.

(3.179)

We may expand further in -/I rot
14 and Þnd

Zrot (
4

2
T

) rot
+

1
3

+
) rot

30T
+ á á á

5 N/ 2

. (3.181)

14We use the Euler-MacLaurin sum,
1!

l=0

f (l ) =
( 1

0

dlf (l ) +
1
2

f (0) +
1!

k=1

(�1)k Bk

(2k)!
f (2k �1)(0) + R1 , (3.180)

with Bk the Bernoulli numbers B
1

= 1 / 6, B
2

= 1 / 30, .... and R1 is a small correction.
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For T + ) rot ,

Zrot (
G

1 + 3e# ( 2/I rot + á á á
HN/ 2

. (3.182)

There is a hierarchy of temperatures in this system,Tc + ) rot + ) vib + Tdis , where Tc is
the critical temperature for the Bose-Einstein condensation of the molecules,kB ) vib = ! , and
kB Tdis is the molecule dissociation temperature (/ binding energy). We consider in the di!erent
regimes the behavior of the heat capacity per molecule,C(T) = dU/dT (see Fig.3.13,

2C(T)
N

=

!
AAAAAAAAAAAAAA"

AAAAAAAAAAAAAA#

3
2

kB + 3kB

4
) rot

T

5 2

e# $rot /T Tc + T + ) rot

3
2

kB + kB +
kB

180

4
) rot

T

5 2

+ kB

4
) vib

2T

5 2

e# $vib /T ) rot + T + ) vib

3
2

kB + kB + kB ) vib + T + Tdis

3kB Tdis + T .

(3.183)
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3/2

5/2
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3

2C/Nk

Figure 3.13: Schematic behavior of heat capacity of a diatomic molecule.

Note that due to the vibrational modes the heat capacity goes through maxima when molecules
are formed. Also the rotational modes are responsible for a non-monotonic behavior. Upon
lowering temperature it looses gradually in magnitude due to the quantum mechanical freezing
out of degrees of freedom.
For the hydrogen molecule H2 the energy scales areTdis / 50000K , ) vib / 2000K and ) rot /
85K . 15 There is no Bose-Einstein condensation for H2, because it solidiÞes at 14K .

15 Note that due to the fact that the nuclear spins of the H-atom is 1/2, there is a subtlety about the degeneracies.
Actually, as identical Fermions their wave function has to be totally antisymmetric under exchange. If the two
spins form a spin singlet then the orbital part has to have even parity, i.e. l = 0 , 2, 4, . . . (called Ópara-hydrogenÓ),
while for the spin triplet conÞguration odd parity is required, i.e. l = 1 , 3, 5, . . . (called Óortho-hydrogenÓ). As
a consequence in the partition function ( 3.178) the summands of odd l should have a prefactor 3. This does not
a$ect the heat capacity at temperatures T � / rot which is the classical limit of the rotator. But there is a (minor)
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correction at lower temperature such that

2C
N

⇡ 3
2

kB + 9 kB

%
/ rot

T

&
2

e�&rot /T (3.184)

for Tc ⌧ T ⌧ / rot .
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Chapter 4

Identical Quantum Particles -
Formalism of Second Quantization

This chapter gives an introduction to the formalism of second quantization which is a convenient
technical tool discussing many-body quantum systems. It is indispensable in quantum Þeld
theory as well as in solid state physics. We distinguish between Fermions (half-integer spins)
and Bosons (integer spins) which behave quite di!erently, as we have seen in the previous chapter.
This behavior is implemented in their many-body wave functions. While in the previous chapter
we could circumvent to deal with this aspect as we considered independent indistinguishable
quantum particles, it is unavoidable to implement a more careful analysis once interactions
between the particles appear.

4.1 Many-body wave functions and particle statistics

The Hamiltonian describing the dynamics of a systems of many identical quantum particles
must be invariant under exchange (permutation) of particle degrees of freedom (coordinate,
momentum, spin etc). The identical quantum particles are indistinguishable, since in quantum
mechanics it is impossible to follow the trajectories of particles under general conditions, unlike
in classical mechanics. Permutations play indeed an important role in characterising quantum
particles. We introduce the many-body wave function ofN particles,

1 ("r 1, s1; "r 2, s2; . . . ; "r N , sN ) (4.1)

where each particle is labeled by the coordinate"r and spin s. In the following we will use for
this the short-hand notation 1 (1, . . . , N ). Analogously we deÞne many-body operators,

öA(1, . . . , N ) = A(ö"r 1, ö"p1, ö"S1; . . . ; ö"r N , ö"pN , ö"SN ) (4.2)

with ö"r j , ö"pj and ö"Sj being the operators for position, momentum and spin of particlej . Note that
the Hamiltonian H belongs to these operators too.
We introduce the transposition (exchange) operator öPij which is an element of the permutation
group of N elements and exchanges the particlesi and j (1 * i, j * N ),

öPij 1 (1, . . . , i, . . . , j, . . . , N ) = 1 (1, . . . , j, . . . , i, . . . , N ) ,

öPij öA(1, . . . , i, . . . , j, . . . , N ) = öA(1, . . . , j, . . . , i, . . . , N ) .
(4.3)

Note that ( öPij )# 1 = öPij . As it is invariant under particle exchange, the Hamiltonian commutes
with öPij ,

[H , öPij ] = 0 (4.4)
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and, consequently, any combination of several transpositions, i.e. all elements of the permutation
group SN , commute with H . Hence, eigenstates ofH have the property

H| 1&= E|1& $ H öPij |1&= öPij H| 1&= E öPij |1&, (4.5)

where we deÞne the wave function as

1 (1, . . . , N ) = %1, . . . , N |1&. (4.6)

We distinguish now between Fermions and Bosons through their behavior under transpositions
öPij ,

1 (1, . . . , i, . . . , j, . . . , N ) =

!
"

#

+ 1 (1, . . . , j, . . . , i, . . . , N ) Bosons,

" 1 (1, . . . , j, . . . , i, . . . , N ) Fermions .
(4.7)

This means that bosonic wave functions are completely symmetric under exchange of particles,
while fermionic wave functions are completely antisymmetric1. Note that the antisymmetric
wave functions prevents two Fermions from having the same quantum numbers. If ("r i , si ) and
("r j , sj ) are identical, then we Þnd

1(1, . . . , i, . . . , i, . . . , N ) = " 1 (1, . . . , i, . . . , i, . . . , N ) = 0 , (4.8)

which implies the Pauli exclusion principle.

4.2 Independent, indistinguishable particles

We considerN identical particles in a potential V which are not interacting among each other.
The Hamiltonian is then given by

H =
N$

i =1

H i with H i =
ö"p2

i

2m
+ V(ö"r i ) . (4.9)

The states of each particle form an independent Hilbert space{ 1! } and we can Þnd the stationary
states

H i 1! ("r i , si ) = (! 1 ! ("r i , si ) . (4.10)

These single-particle wave functions are renormalised, i.e.

$

s

@
d3r |1! ("r, s )|2 = 1 . (4.11)

We may now construct a many-body wave function as a product wave function with the corre-
sponding exchange property.
For Bosons we write

%"r 1, s1; . . . , "r N , sN |( B &= ( B (1, . . . , N ) =
$

öP * SN

öP1!
1

("r 1, s1) á á á1! N ("r N , sN ) (4.12)

and for Fermions

%"r 1, s1; . . . , "r N , sN |( F &= ( F (1, . . . , N ) =
$

öP * SN

sgn(öP) öP1!
1

("r 1, s1) á á á, 1! N ("r N , sN ) (4.13)

1Composite particles: Note that this property is valid also for composite particles. Any particle composed of
an even number of particles would be a Boson, e.g.4He which contains 2 protons + 2 neutrons + 2 electrons = 6
Fermions, as exchange two such particles leaves the sign of wave function unchanged. In the same way a particle
with an odd number of Fermions is a Fermions, e.g. 3He with 2 protons + 1 neutron + 2 electrons = 5 Fermions.
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where the operator öP permutes the state indices! i of the wave functions and sgn(öP) is the
sign of the permutation öP which is +1 ( " 1) if öP is composed of an even (odd) number of
transpositions. Interestingly the fermionic wave function can be represented as a determinant,
the so-calledSlater determinant,

( F (1, . . . , N ) = Det

*

P
+

1µ
1

(1) á á á 1µ
1

(N )
...

...
1µN (1) á á á 1µN (N )

,

Q
- . (4.14)

Obviously the determinant vanishes if two rows or columns are identical, enforcing the Pauli
principle. These wave functions are not renormalized so that

%( B |( B &= N !n!
1

! á á án! N ! ,

%( F |( F &= N ! ,
(4.15)

where n! j denotes the number of particles in the stationary single particle state labeled by! j .
For Fermions it is n! j = 0 , 1 only.

4.3 Second Quantization Formalism

It is in principle possible to investigate many-body states using many-body wave functions.
However, we will introduce here a formalism which is in many respects much more convenient
and e$cient. It is based on the operators which ÓcreateÓ or ÓannihilateÓ particles and act on
states in the Fock spaceF which is an extended space of states combining Hilbert spaceQn of
di!erent particle numbers n,

F =
%R

n=0

Qn . (4.16)

Note that the name Ósecond quantizationÓ does not imply a new quantum mechanics.
We can express a many-body state of independent particles in the particleoccupation number
representations,

|n!
1

, n!
2

, . . .& (4.17)

which is a state in F whose particle number is given byN = n!
1

+ n!
2

+ á á á.

4.3.1 Creation- and annihilation operators

We deÞne operators öa! and öa 
! which connect Hilbertspaces of di!erent particle number,

öa! : Qn # Q n# 1 and öa 
! : Qn # Q n+1 . (4.18)

The Þrst we call annihilation and the second creation operator whose action is best understood
in the particle number or occupation representation.

Bosons: Let us Þrst consider Bosons which, for simplicity, do not possess a spin. The two
operators have the following property,

öa! |n!
1

, n!
2

, . . . , n! , . . .&=
3

n! |n!
1

, n!
2

, . . . , n! " 1, . . .&,

öa 
! |n!

1

, n!
2

, . . . , n! , . . .&=
3

n! + 1 |n!
1

, n!
2

, . . . , n! + 1 , . . .&,
(4.19)

and
%n!

1

, n!
2

, . . . , n! , . . . |öa 
! =

3
n! %n!

1

, n!
2

, . . . , n! " 1, . . . | ,

%n!
1

, n!
2

, . . . , n! , . . . |öa! =
3

n! + 1%n!
1

, n!
2

, . . . , n! + 1 , . . . | .
(4.20)
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It is obvious that

öa! |n!
1

, n!
2

, . . . , n! = 0 , . . .&= 0 and %n!
1

, n!
2

, . . . , n! = 0 , . . . |öa 
! = 0 . (4.21)

The operators satisfy the following commutation relations,

[öa! , öa 
! 0 ] = ' !! 0 and [öa! , öa! 0 ] = [öa 

! , öa 
! 0 ] = 0 . (4.22)

Note that these relations correspond to those of the lowering and raising operators of a harmonic
oscillator. Indeed we have seen previously that the excitation spectrum of a harmonic oscillator
obeys bosonic statistics.
The creation operators can also be used to construct a state from the vacuum, denoted as
|0&, where there are no particles, such that öa! |0&= 0. A general state in occupation number
representation can be written as,

|n!
1

, n!
2

, . . . , n! , . . .&=
á á á(öa 

! )n! á á á(öa 
!
2

)n!
2 (öa 

!
1

)n!
1

1
n!

1

!n!
2

! á á á
|0&. (4.23)

The number operator is deÞned as

ön! = öa 
! öa! with ön! |n!

1

, n!
2

, . . . , n! , . . .&= n! |n!
1

, n!
2

, . . . , n! , . . .& (4.24)

and the total number of particles is obtained through the operator

SN =
$

i

ön! i . (4.25)

Knowing the spectrum of the Hamiltonian of independent particles as given in Eq.(4.10) we may
express the Hamiltonian as

H =
$

!

(! öa 
! öa! =

$

!

(! ön! . (4.26)

Fermions: Now we turn to Fermions with spin 1/2 (half-integer spin). Again the single-particle
state shall be labelled by! including the spin index for 6 and 7. Analogously to the case of
Bosons we introduce operators öa 

! and öa! which obey anti-commutation rules,

{ öa! , öa 
! 0} = ' !! 0 and { öa! , öa! 0} = { öa 

! , öa 
! 0} = 0 , (4.27)

where { . . .} is deÞned as{ öA, öB } = öA öB + öB öA. In particular this implies that

öa 
! öa 

! = 0 and öa! öa! = 0 (4.28)

such that n! = 0 , 1, i.e. each single-particle state labelled by! can be occupied by at most one
particle, because

öa 
! | . . . , n! = 1 , . . .&= öa 

! öa 
! | . . . , n! = 0 , . . .&= 0 . (4.29)

A general state may be written as

|n!
1

, n!
2

, . . . , n! , . . .&= á á á(öa 
! )n! á á á(öa 

!
2

)n!
2 (öa 

!
1

)n!
1 |0& (4.30)

which restricts n! to 0 or 1. The order of the creation operators plays an important role as the
exchange of two operators yields a minus sign. We consider an example here,

|n1, n2, n3, n4&= |1, 1, 1, 1&= öa 
4öa 

3öa 
2öa 

1 |0&. (4.31)

Removing now one particle yields

öa2|1, 1, 1, 1& = öa2[öa 
4öa 

3öa 
2öa 

1] |0&= öa 
4öa 

3öa2öa 
2öa 

1 |0&= öa 
4öa 

3(1 " öa 
2öa2)öa 

1 |0&

= öa 
4öa 

3öa 
1 |0&= |1, 0, 1, 1&

(4.32)
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and now analogously

öa3|1, 1, 1, 1& = öa3[öa 
4öa 

3öa 
2öa 

1] |0&= " öa 
4öa3öa 

3öa 
2öa 

1 |0&= " öa 
4(1 " öa 

3öa3)öa 
2öa 

1 |0&

= " öa 
4öa 

2öa 
1 |0&= "| 1, 1, 0, 1&.

(4.33)

Obviously, the order of the operators is important and should not be ignored when dealing with
Fermions.

4.3.2 Field operators

We consider now independent free particles whose states are characterized by momentum"p = ! "k
and spin s with an energy (*k = ! 2"k2/ 2m. The wave function has a plane wave shape,

1*k =
1

3
V

ei*ká*r with "k =
2$
L

(nx , ny, nz) , (4.34)

where we used periodic boundary conditions in a cube of edge lengthL (volume V = L 3). On
this basis we write Þeld operators

S( s("r ) =
1

3
V

$

*k

ei*ká*r öa*ks and S(  
s("r ) =

1
3

V

$

*k

e# i*ká*r öa 
*ks

(4.35)

and the inverse,

öa 
*k

=
@

d3r
ei*ká*r
3

V
S(   ("r ) und öa*k =

@
d3r

e# i*ká*r
3

V
S(( "r ) (4.36)

Also these operatorsS( s("r ) and S(  
s("r ) act as annihilation or creation operators, respectively, in

the sense,
S( s("r )  |0&= |"r, s & and / s("r ) = %"r, s |/ &= %0|S( s("r )|/ &. (4.37)

Moreover we have the condition

S( s("r )|0&= 0 and %0|S(  
s("r ) = 0 . (4.38)

The Þeld operators also satisfy (anti-)commuation relations,

S( s("r ) S(  
s0("r !) 4 S(  

s0("r !) S( s("r ) =
1
V

$

*k,*k 0

ei*ká*r # i*k 0á*r 0
(öa*ksöa 

*k 0s0 4 öa 
*k 0s0öa*ks)

& '( )
= ' *k*k 0 ' ss0

= ' ("r " "r !)' ss0 (4.39)

and analogously

S( s("r ) S( s0("r !) 4 S( s0("r !) S( s("r ) = 0 and S(  
s("r ) S(  

s0("r !) 4 S(  
s0("r !) S(  

s("r ) = 0 (4.40)

for Bosons (" ) and Fermions (+). Taking these relations it becomes also clear that

%"r !, s!|"r, s & = %0|S( s0("r !) S( s("r )  |0&

= %0|' ("r " "r !)' ss0 |0& 4 %0|S( s("r )  S( s0("r !)|0&
& '( )

=0

= ' ("r " "r !)' ss0 .
(4.41)

Applying a Þeld-operator to a N -particle state yields,

S(  
s("r )|"r 1, s1; . . . ; "r N , sN &=

3
N + 1 |"r 1, s1; . . . ; "r N , sN ; "r, s &, (4.42)
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such that
|"r 1, s1; "r 2, s2; . . . ; "r N , sN &=

1
3

N !
S(  

sN
("r N ) á á áS(  

s
1

("r 1)|0&. (4.43)

Note that particle statistics leads to the following relation under particle exchange,

|"r 1, s1; "r 2, s2; . . . ; "r N , sN &= ±| "r 2, s2; "r 1, s1; . . . ; "r N , sN & (4.44)

where + is for Bosons and" is for Fermions. The renormalisation of the real space states have
to be understood within the projection to occupation number states, yielding many-body wave
functions analogous to those introduced Eqs.(4.12, 4.13),

%(1, . . . , N ) = %"r 1, s1; . . . , "r N , sN |n*k
1

,s0
1

, n*k
2

,s0
2

, . . .&. (4.45)

Note that N =
%

*k,s n*k,s. Taking care of the symmetry / antisymmetry of the many-body wave
function we recover the renormalization behavior in Eqs.(4.42, 4.43).

4.4 Observables in second quantization

It is possible to express Hermitian operators in the second quantization language. We will show
this explicitly for the density operator by calculating matrix elements. The particle density
operator is given by

S+("r ) =
N$

i =1

' ("r " S"r i ) . (4.46)

Now we take two states|/ &, |/ !& ) QN with the Þxed particle number N and examine the matrix
element

%/ !|S+("r )|/ & =
@

d3r1 á á ád3rN %/ !|"r 1, . . . , "r N &%"r 1, . . . , "r N |
$

i

' ("r " S"r i )|/ &

=
@

d3r1 á á ád3rN

$

i

' ("r " "r i )%/ !|"r 1, . . . , "r N &%"r 1, . . . , "r N |/ &

= N
@

d3r1 á á ád3rN # 1%/ !|"r 1, . . . , "r N # 1, "r &%"r 1, . . . , "r N # 1, "r |/ &,

(4.47)

where we suppress spin indices for the time being. Here we used in the last equality that we
can relabel the coordinate variables and permute the particles. Since we have the product of
two states under the same perturbation, Fermion sign changes do not appear andN identical
integrals follow. We claim now that the density operator can also be written as

S+("r ) = S(   ("r ) S(( "r ), (4.48)

which leads to

%/ !|S(   ("r ) S(( "r )|/ & =
@

d3r1 á á ád3rN # 1%/ !|S(   ("r )|"r 1, . . . , "r N # 1&%"r 1, . . . , "r N # 1|S(( "r )|/ &

= N
@

d3r1 á á ád3rN # 1%/ !|"r 1, . . . , "r N # 1, "r &%"r 1, . . . , "r N # 1, "r |/ &

(4.49)

which is obviously identical to Eq.(4.47).
According to Eq.(4.26) the kinetic energy can be expressed as

H kin =
$

*k

! 2"k2

2m
öa 

*k
öa*k =

$

*k

! 2"k2

2m
ön*k (4.50)
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which, using Eq.(7.19), may also be expressed in Þeld operator language as

H kin =
1

2mV

$

*k

@
d3rd3r !

G
! ". ei*ká*r

H G
! ". !e# i*ká*r 0H S(   ("r ) S(( "r !)

=
! 2

2m

@
d3r ( ". S(   ("r )) á( ". S(( "r )) .

(4.51)

Note the formal similarity with the expectation value of the kinetic energy using single-particle
wave functions, ! 2

2m

=
d3r ". 6) ("r )á". 6("r ) . In an analogous way we represent the potential energy,

SHpot =
@

d3rU ("r ) S(   ("r ) S(( "r ) =
@

d3rU ("r )S+("r ) . (4.52)

Beside the particle density operator ö+("r ) also the current density operators can be expressed by
Þeld operators,

S"J ("r ) =
!

2mi

G
S(   ("r )( ". S(( "r )) " ( ". S(   ("r )) S(( "r )

H
(4.53)

and the spin density operator for spin-1/2 Fermions (writing spin indices again),

S"S("r ) =
!
2

$

ss0

S(  
s("r )"3 ss0 S( s0("r ), (4.54)

where "3 ss0 are the Pauli matrices. In momentum space the operators read,

S+*q =
@

d3re# i*q á*r S+("r ) =
$

*k,s

öa 
*k,s

öa*k+ *q,s (4.55)

S"S*q =
!
2

$

*k,s,s0

öa 
*k,s

"3 ss0öa*k+ *q,s0 (4.56)

S"J *q =
!
m

$

*k,s

4
"k +

"q
2

5
öa 

*k,s
öa*k+ *q,s . (4.57)

Finally we turn to the genuine many-body feature of particle-particle interaction,

SHint =
1
2

$

s,s0

@
d3r d3r ! S(  

s("r ) S(  
s0("r !)V ("r " "r !) S( s0("r !) S( s("r ) =

1
2V

$

*k,*k 0*q

$

s,s0
V*q öa 

*k+ *q,s
öa 

*k 0# *q,s0öa*k 0,s0öa*k,s,

(4.58)
where the factor 1/ 2 corrects for double counting and

V("r ) =
1
V

$

*q

V*q ei*q á*r . (4.59)

Note that the momentum space representation has the simple straightforward interpretation that
two particles with momentum ! "k and ! "k ! are scattered into states with momentum ! ("k + "q)
and ! ("k ! " "q), respectively, by transferring the momentum ! "q.

4.5 Equation of motion

For simplicity we discuss here a system of independent free quantum particles described by the
Hamiltonian

H =
$

*k

(*köa 
*k
öa*k (4.60)
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where we suppress the spin index. We turn now to the Heisenberg representation of time
dependent operators,

öa*k(t) = ei H t/ ! öa*ke# i H t/ ! . (4.61)

Thus, we formulate the equation of motion for this operator,

i !
d
dt

öa*k = " [H , öa*k ] = "
$

*k 0

(*k 0 [öa
 
*k 0öa*k 0 , öa*k ]

= "
$

*k 0

(*k 0

!
AAAAAAA"

AAAAAAA#

öa 
*k 0 [öa*k 0 , öa*k ]

& '( )
=0

+ [öa 
*k 0 , öa*k ]

& '( )
= # &$k, $k 0

öa*k 0 for Bosons

öa 
*k 0 { öa*k 0 , öa*k}

& '( )
=0

" { öa 
*k 0 , öa*k}

& '( )
= &$k, $k 0

öa*k 0 for Fermions

=
$

*k 0

(*k 0öa*k 0 ' *k,*k 0 = (*köa*k ,

(4.62)

and analogously

i !
d
dt

öa 
*k

= " [H , öa 
*k
] = " (*köa 

*k
. (4.63)

A further important relation in the context of statistical physics is

e# ( H öa 
*k
e( H = e# (#$k öa 

*k
. (4.64)

Analogously we Þnd for the number operator SN =
%

*k öa 
*k
öa*k ,

e(µ !N öa 
*k
e# (µ !N = e(µ öa 

*k
. (4.65)

Both relations are easily proven by examining the action of this operator on a eigenstate of the
Hamiltonian |%&= |n*k

1

, . . . , n*k , . . .&,

e# ( H öa 
*k
e( H |%& = e(E e# ( H öa 

*k
|%&=

1
n*k + 1e(E e# ( H |n*k

1

, . . . , n*k + 1 , . . .&

=
1

n*k + 1e( (E # E 0) |n*k
1

, . . . , n*k + 1 , . . .&= e( (E # E 0)öa 
*k
|%&

(4.66)

whereE =
%

*k 0 (*k 0n*k 0 and E ! =
%

*k 0 (*k 0n*k 0 + (*k such that E " E ! = " (*k . Note that for Fermions

the operation of öa 
*k

on |%&is only Þnite, if n*k = 0 otherwise we have a zero. Still the relation
remains true for both types of quantum particles. The analogous proof applies to Eq.(4.65).

Fermi-Dirac and Bose-Einstein distribution: Let us look at the thermal average,

%ön*k&= %öa 
*k
öa*k&=

tr { e# ( H 0
öa 

*k
öa*k}

tre# ( H 0 , (4.67)

where we use the HamiltonianH ! = H " µ SN . We can rearrange the numerator of (4.67) using
Eqs.(4.64) and (4.65),

tr { e# ( H 0
öa 

*k
öa*k} = tr { e# ( H 0

öa 
*k
e( H 0

e# ( H 0
öa*k} = e# ( (#$k # µ) tr { öa 

*k
e# ( H 0

öa*k}

= e# ( (#$k # µ) tr { e# ( H 0
öa*köa 

*k
} = e# ( (#$k # µ) tr { e# ( H 0

[1 ± öa 
*k
öa*k ]} ,

(4.68)
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where Õ+Õ and Õ" Õ stand for Bosons and Fermions, respectively. Inserting this into Eq.(4.67) we
Þnd,

%ön*k&= e# ( (#$k # µ) (1 ± %ön*k&) $ %ön*k&=

!
AAA"

AAA#

1

e( (#$k # µ) " 1
Bosons

1

e( (#$k # µ) + 1
Fermions

(4.69)

which corresponds to the standard Bose-Einstein and Fermi-Dirac distribution.

4.6 Correlation functions

Independent classical particles do not have any correlation among each other. This is di!erent
for quantum particles. The second quantization language is very suitable for the formulation of
correlation functions and to show that Fermion and bose gases behave rather di!erently.

4.6.1 Fermions

First let us write the ground state of a free Fermi gas of spin-1/2 Fermions as we have introduced
it already in Sect.3.6.2. Starting from the vacuum |0&we Þll successively all low lying states
with a Fermion of both spins s until all Fermions are placed. This deÞnes the Fermi sphere in
k-space with the radiuskF , the Fermi wave vector. The ground state is then,

|%0&=
|*k|& kFF

*k

F

s= +,,

öa 
*ks

|0& (4.70)

and n*k = %%0|ön*k |%0&= )( kF " | "k|) is a step function with ön*k =
%

s öa 
*ks

öa*ks.

First we formulate the one-particle correlation function in real space using Þeld operators,2

n
2

gs("r " "r !) = %S(  
s("r ) S( s("r !)& (4.72)

which measure the probability amplitude to be able to insert a Fermion at place"r after having
removed one at"r ! with the same spin s. We evaluate this expression by going tok-space,

n
2

gs("r " "r !) =
1
V

$

*k,*k 0

e# i*ká*r + i*k 0á*r 0
%Sa 

*ks
Sa*k 0s&

& '( )
= %ön*ks&' *k,*k 0

. (4.73)

At T = 0 we obtain

n
2

gs("r " "r !) =
@

|*k|& kF

d3k
(2$)3 e# i*ká(*r # *r 0) =

1
(2$)2

@kF

0
dk k2

@+1

# 1
dcos) eik |*r # *r 0| cos$

=
1

2$2|"r " "r !|

@kF

0
dk k sin(k|"r " "r !|) =

3n
2

sinx " x cosx
x3

6
6
6
6
x= kF |*r # *r 0|

.

(4.74)

Note the limits: gs("r # 0) = 1 and gs("r # , ) = 0 where gs("r " "r !) corresponds to the overlap
of the two states 0

2
n

S( s("r )|%0& and

0
2
n

S( s("r !)|%0&. (4.75)

2The correlation function at zero-temperature is given by the expectation value for the ground state,
n
2

gs(+r � +r 0) = h%
0

|E" †
s (+r) E" s (+r 0)|%

0

i , (4.71)

which is just the zero-temperature limit of Eq.( 4.72).
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Analogous results can be calculated for Þnite temperatures (hereT - TF ), where for the
ÓclassicalÓ limit an analytical result can be found based on the Maxwell-Boltzmann distribution:

%ön*ks&=
n
2

(2$)3

(
3

$A)3 e# k2/A 2

with A2 =
2mkB T

! 2 =
4$
%2 , (4.76)

leading to

n
2

gs("r " "r !) =
n

2$3/ 2A3

@
d3k e# i*ká(*r # *r 0)e# k2/A 2

=
n
2

e# A2(*r # *r 0)2/ 4 =
n
2

e# - (*r # *r 0)2/" 2

(4.77)

Next we turn to the pair correlation function which we deÞne as
Gn

2

H2
gss0("r " "r !) = %S(  

s("r ) S(  
s0("r !) S( s0("r !) S( s("r )& (4.78)

being the probability to be able to pick two Fermions at the di!erent places, "r and "r !, with the
spins s and s!, respectively. Again we switch to the more convenientk-space,

Gn
2

H2
gss0("r " "r !) =

1
V 2

$

*k,*k 0,*q,*q 0

e# i (*k# *k 0)á*r e# i (*q# *q 0)á*r 0
%Sa 

*ks
Sa 

*qs0Sa*q 0s0Sa*k 0s &. (4.79)

In order to evaluate the mean value%Sa 
*ks

Sa 
*qs0Sa*q 0s0Sa*k 0s &we use the same technique as presented

in Sect.4.5.3

From this it follows straightforwardly for s = s!,
Gn

2

H2
gss("r " "r !) =

1
V 2

$

*k,*q

G
1 " e# i (*k# *q)á(*r # *r 0)

H
%Sn*ks&%Sn*qs&=

Gn
2

H2
[1 " gs("r " "r !)2], (4.84)

and we can write,

gss("r " "r !) =

!
AAA"

AAA#

1 "
9(sinx " x cosx)2

x6

6
6
6
6
x= kF |*r # *r 0|

T = 0 ,

1 " e# 2- (*r # *r 0)2/" 2

T - TF .

(4.85)

3Evaluation of h Ea†
$ks

Ea†
$qs 0Ea$q 0s0Ea$k 0s i: We separate the task into two cases: (1) s = s0 and (2) s 6= s0.

(1) s = s0:

h Ea†
$ks

Ea†
$qs Ea$q 0sEa$k 0s i =

1
Z

tr
F
e�# H0

Ea†
$ks

Ea†
$qs Ea$q 0sEa$k 0s

G
=

1
Z
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Ea†
$ks

e# H0
e�# H0

Ea†
$qs Ea$q 0sEa$k 0s

G

=
e�# (' !k �µ )

Z
tr

F
e�# H0

Ea†
$qs Ea$q 0sEa$k 0sEa†

$ks
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Z
tr

F
e�# H0
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$qs Ea$q 0s (&$k, $k 0 � Ea†

$ks
Ea$k 0s )

G

=
e�# (' !k �µ )

Z
tr

F
e�# H0

Ea†
$qs Ea$q 0s

G
&$k, $k 0 � e�# (' !k �µ )

Z
tr

F
e�# H0

Ea†
$qs Ea$q 0sEa†

$ks
Ea$k 0s )

G

= e�# (' !k �µ )hEn$q,s i&$q,$q 0&$k, $k 0 � e�# (' !k �µ )

Z
tr

F
e�# H0

Ea†
$qs (&$q 0 ,$k � Ea†

$ks
Ea$q 0s )Ea$k 0s )

G

= e�# (' !k �µ )hEn$q,s i(&$q,$q 0&$k, $k 0 � &$q 0 ,$k &$q, $k 0 ) + e�# (' !k �µ )h Ea†
$ks

Ea†
$qs Ea$q 0sEa$k 0s i .

(4.80)
From this we Þnd

h Ea†
$ks

Ea†
$qs Ea$q 0sEa$k 0s i =

1

e# (' !k �µ ) + 1
hEn$q,s i(&$q,$q 0&$k, $k 0 � &$q 0 ,$k &$q, $k 0 ) = hEn$k,s ihEn$q,s i(&$q,$q 0&$k, $k 0 � &$q 0 ,$k &$q, $k 0 ) . (4.81)

(2) s 6= s0:

h Ea†
$ks

Ea†
$qs 0Ea$q 0s0Ea$k 0s i = e�# (' !k �µ )

4
hEn$q,s i&$q,$q 0&$k, $k 0 + h Ea†

$ks
Ea†

$qs 0Ea$q 0s0Ea$k 0s i
5

(4.82)

analogous to case (1), such that

h Ea†
$ks

Ea†
$qs 0Ea$q 0s0Ea$k 0s i = hEn$k,s ihEn$q,s i&$q,$q 0&$k, $k 0 . (4.83)
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Figure 4.1: The equal-spin pair correlation function for Fermions: (a)T - TF and (b) T = 0.

Fig.4.1 shows the equal-spin correlation function which goes to zero for"r # 0, since Fermions
avoid eachother. This dip in the correlation is called exchange hole and has a radius of order%
(thermal wave length) for T - TF and k# 1

F in the groundstate. Note that in the latter case the
correlation function shows a weak oscillator with wavevectorkF .
The case ofs != s! leads to gss0("r ) = 1, i.e. there is no correlation betweens = 1 / 2-Fermions of
opposite spin. The probability to Þnd another Fermion around the position of a Fermion at "r
corresponds to

g("r ) =
1
2

[g++("r ) + g+, ("r )]. (4.86)

The density depletion around such a Fermion is then,

n
=

d3r (g("r ) " 1) = "
n
2

@
d3r { gs("r )} 2 = "

2
n

@
d3r

1
V 2

$

*k,*k 0

%Sn*ks&%Sn*k 0s&ei (*k# *k 0)á*r

= "
2

nV

$

*k

%Sn*ks&2 =

!
AA"

AA#

" 1 T = 0 ,

"
%3n
25/ 2

T - TF .

(4.87)

which means that the exchange hole expels one Fermion such that each Fermion ÓdefendsÓ a
given volume against other Fermions of the same spin forT = 0, while the exchange hole shrinks
like %n3 for T - TF .

4.6.2 Bosons

Analogous to the Fermions we consider Þrst the single-particle correlation function fors = 0
Bosons,

g1("r " "r !) = %S(   ("r ) S(( "r !) &=
1
V

$

*k,*k 0

e# i*ká*r + i*k 0á*r 0
%Sa 

*k
Sa*k 0 &=

1
V

$

*k

%Sn*k&e# i*ká(*r # *r 0) , (4.88)

which in the limit "r ! # "r approaches the constant densityn and vanishes at very large distances.
For T = 0 we consider the groundstate, the Bose-Einstein condenstate,%Sn*k&= N' *k,0 and for
T - Tc we use the classical distribution (Eq.(4.76)) where Tc is the critical temperature for
Bose-Einstein condensation.

g1("r " "r !) =

!
"

#

n T = 0 ,

ne# - (*r # *r 0)/" 2

T - Tc .
(4.89)
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The pair correlation functions reads,

g2("r " "r !) = %S(   ("r ) S(   ("r !) S(( "r !) S(( "r ) &

=
1

V 2

$

*k,*k 0,*q,*q 0

e# i (*k# *k 0)á*r # i (*q# *q 0)á*r 0
%Sa 

*k
Sa 

*qSa*q 0Sa*k 0 &,
(4.90)

Analogous to the Fermions we evaluate4

%Sa 
*k
Sa 

*qSa*q 0Sa*k 0 &= (1 " ' *k*q )
2

' *k*k 0 ' *q*q 0 + ' *k*q 0 ' *q*k 0

3
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& " %Sn*k&) (4.92)

This leads to
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$
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+
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(4.93)
For T = 0 with %Sn*k&= N' *k,0 (%Sn2

*k
&= N 2' *k,0) we obtain

g2("r " "r !) = 2 n2 "
1

V 2 N (N + 1) =
N (N " 1)

V 2 , (4.94)

so no correlation is observed. The probability to pick the Þrst particle isn = N/V and a second
one (N " 1)/V (( n for large N ). For the high-temperature limit, T - Tc, the correlation
function is given

g2("r " "r !) = n2 + g1("r " "r !)2 = n2
G

1 + e# 2- (*r # *r 0)2/" 2

H
. (4.95)

The probability of Þnding two Bosons at the same position is twice as large as for long distances,
see Fig.4.2 . Thus, in contrast to Fermions (Fig.4.1), Bosons like to cluster together.
The radius of bunching of the Bosons in the limitT - Tc is of order%and shrinks with increasing
T (classical limit).

4.7 Selected applications

We consider here three examples applying second quantization to statistical physics systems.

4.7.1 Spin susceptibility

We calculate the spin susceptibility of spin-1/2 Fermions using the ßuctuation-dissipation rela-
tion.

0 =
1

V kB T

2
%öM 2

z & " %öM z&2
3

, (4.96)

4Special case ofh Ea†
$k
Ea†

$q Ea$q 0Ea$k 0 i for &$k$q &$k$k 0&$q$q 0 :

h Ea†
$k
Ea†

$k
Ea$k Ea$k i = h Ea†

$k
{Ea$k Ea†

$k
� 1}Ea$k i = h Ea†

$k
Ea$k Ea†

$k
Ea$k i � h Ea†

$k
Ea$k i = h En2

$k i � hEn$k i (4.91)
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Figure 4.2: The pair correlation function for Bosons. g2(r ) is given in units of n# 2 and r in
units of %/
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*ks
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ss0öa*ks0 = µB

$
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söa 
*ks

öa*ks (4.97)

using Sect.4.4. Moreover, g = 2 and s = ± 1. First we calculate the magnetization in zero
magnetic Þeld,

%öM z&= µB

$

*k,s

s%öa 
*ks

öa*ks&= µB

$

*k,s

sn*k = 0 . (4.98)

Now we turn to
%öM 2

z &= µ2
B

$

*k,s

$

*k 0,s0

ss!%öa 
*ks

öa*ksöa 
*k 0s0öa*k 0s0&, (4.99)

which we determine like in Sect.4.6.1,
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=
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(4.100)
which leads straightforwardly to

%öa 
*ks

öa*ksöa 
*k 0s0öa*k 0s0&= %öa 

*ks
öa*ks&

G
1 " %öa 

*ks
öa*ks&

H
' *k*k 0 ' ss0 + %öa 

*ks
öa*ks&%öa 

*k 0s0öa*k 0s0&. (4.101)

We now insert this result into Eq.(4.99) and obtain

%öM 2
z &= 2µ2

B

$

*k

%Sn*ks&(1 " %Sn*ks&) = 2 µ2
B

$

*k

1
4 cosh2(- ((*k " µ)/ 2)

, (4.102)

where the second term cancels due to the spin summation. In the low-temperature limit this is
conÞned to a narrow region (/ kB T) around the Fermi energy, such that we approximate

%öM 2
z & ( µ2

B V
@+ %

#%
d(N ((F )

1
4 cosh2(-(/ 2)

= V µ2
B kB T N ((F ) , (4.103)
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where the density of states is deÞned as

N (() =
1
V

$

*k,s

' (( " (*k ) . (4.104)

Then the spin susceptibility is given as the Pauli susceptibility,

0 = µ2
B N ((F ) = µ2

B
3n
2(F

, (4.105)

where the expression with the density of states at(F is general and the second equality is valid for
free Fermions. The Pauli susceptibility is independent of temperature, because onlyN ((F )kB T
Fermions can be spin polarised (thermal softening of the Fermi sea). Thus, the factor (kB T)# 1

is compensated by the shrinking density of polarisable spins as temperature decreases.5

4.7.2 Bose-Einstein condensate and coherent states

Our aim here is to characterise the Bose-Einstein condensate further beyond what we did in
the last chapter. Here, we consider the concepts of both the o!-diagonal long-range order and
the order parameter for the condensate. We start with the discussion of the single-particle
correlation function for a homogeneous gas of spin-0 Bosons in more detail than in Sect.4.6.2,

g("r " "r !) = %S(   ("r ) S(( "r !)&=
1
V

$

*k,*k 0

%öa 
*k
öa*k 0&ei (*k 0á*r 0# *ká*r ) =

1
V

$

*k

%ön*k&e# i*ká(*r # *r 0) , (4.109)

where %ön*k&is the Bose-Einstein distribution. For independent free Bosons we may write

g( "R) =
1
V

$

*k

e# i*ká*R

e( (#$k # µ) " 1
, (4.110)

with (*k = ! 2"k2/ 2m and "R = "r " "r !. Let us look at the two limits "R # 0 and "R # , . For the
Þrst limit we may expand

g( "R) =
1
V

$

*k

1 " i"k á"R " ("k á"R)2/ 2 + á á á

e( (#$k # µ) " 1
= n "

"R2

6
%"k2&+ á á á, (4.111)

where n = N/V is the particle density6 and

%"k2&=
2m
! 2

U
V

=

!
"

#

6$n%# 2 T - Tc

3.08$n%# 2(T/T c)3/ 2 T < T c

(4.113)

5Classical limit: The classical limit can be discussed using the Maxwell-Boltzmann distribution function,

n$ks =
n- 3

2
e�k 2) 2 / 4* , (4.106)

with - as the thermal wavelength. Inserting into Eq.( 4.102) we obtain
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d3k
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1� - 3n
25/ 2

&
,

(4.107)
which using Eq.(4.96) leads to the susceptibility found earlier in Eq.( 3.112).

! =
µ2

B n
kB T

%
1� - 3n

25/ 2

&
(4.108)

The factor 1 � n$ks in Eq.( 4.102) introduces the quantum correction in the second term.
6Average for an isotropic momentum distribution function hEn$k i:

h( +R · +k)2i =
!

j =x,y,z

R2

j hk2

j i =
h+k2i

3
(R2

x + R2

y + R2

z ) =
h+k2i

3
+R2 , (4.112)

becausehk2

x i = hk2

y i = hk2

z i = h+k2 i/ 3 and hkx ky i = hky kz i = hkz kx i = 0.
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where U is the internal energy of the Bose gas. The correlation falls o! quadratically for Þnite,
but small "R (| "R| + %). Note that the in the T # 0 limit the correlation function does not
drop in agreement with Eq.(4.89). For the long-distance limit we note that only the small wave
vectors contribute to the "k-sum so that we may expand the integrand in the following way
(- ((*k " µ) + 1),

g( "R) (
@

d3k
(2$)3

e# i*ká*R

- ((*k " µ)
=

2mkB T
! 2

@
d3k

(2$)3

e# i*ká*R

"k2 + k2
0

(4.114)

where k2
0 = " 2mµ

! 2

> 0. This form we know from the Yukawa potential,

g( "R) (
mkB T
(2$)4! 2

e# k
0

| *R|

| "R|
=

e# k
0

| *R|

(2$)3%2| "R|
. (4.115)

The single-particle correlation function decays exponentially for large distances (Fig.4.3). This
behavior is valid for T > T c where µ < 0.

g(~R)

~R

T > Tc

T < Tc

n

n0

Figure 4.3: Schematic behavior of the single-particle correlation function in the normal(T > T c)
and the Bose-Einstein condensed phase (T < T c). n is the overall particle density and n0 the
density of condensed particles.

For T < T c the chemical potential lies at the lowest single-particle state, i.e. µ = 0 for free
Bosons, such that k0 = 0. The short-distance behavior is still described by Eq.(4.111). For
the long-distance behavior we conclude from Eq.(4.115) that the correlation function goes to
zero like | "R|# 1. However, this is not true, since our integral approach neglects the macroscopic
occupation of the "k = 0 state. Thus, we should use

%ön*k&= n0' ("k) +
1

(2$)3

1

e( (#$k # µ) " 1
, (4.116)

such that for | "R| # , ,

g( "R) = n0 +
1

(2$)3%2| "R|
. (4.117)

The correlation function approaches a Þnite value on long distances in the presence of a Bose-
Einstein condensate (Fig.4.3).

Bogolyubov approximation:

We consider this now from the view point of the Þeld operator for free Bosons,

S(( "r ) =
1

3
V

$

*k

öa*kei*ká*r =
öa03
V

+
1

3
V

$

*k"=0

öa*kei*ká*r . (4.118)
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The correlation function in Eq.( 4.117) suggests the following approximation: öa0 # a0 =
3

N0.
For a Bose-Einstein condensate we may replace the operator öa0 simply by a complex number,
such that

S(( "r ) # S(( "r ) = 10("r ) + ' S(( "r ) , (4.119)

with 10("r ) =
3

n0ei. , where / is an arbitrary phase and n0 = N0/V . In a uniform system
this phase does not a!ect the physical properties. This so-called Bogolyubov approximation is,
of course, incompatible with the occupation number representation. On the other hand, it is
possible for a condensate state whose particle number is not Þxed. Indeed a state incorporating
this property is a coherent state.

Coherent state:

We introduce a coherent state as an eigenstate of the annihilation operator öa! of a Bosonic state
of energy(! . Let us call this state |( ) &with the property,

öa! |( ) &= #|( ) &, (4.120)

where # is a complex number. Such a state is given by

|( ) &= e#| ) |2/ 2
$

N!

#N!

3
N! !

|N! &; , (4.121)

with öa! |N! &=
3

N! |N! " 1&. The expectation value for ön! = öa 
! öa! is

%ön! &= %( ) |öa 
! öa! |( ) &= %( ) |#) #|( ) &= #) # = |#|2 (4.122)

and the variance is

%ön2
! &"%ön! &2 = %öa 

! öa! öa 
! öa! &"| #|4 = %öa 

! öa! &+ %öa 
! öa 

! öa! öa! &"| #|4 = |#|2 + |#|4 " | #|4 = |#|2 (4.123)

such that
%ön2

! & " %ön! &2

%ön! &2 =
1

|#|2
=

1
%ön! &

. (4.124)

Taking now the "k = 0 state as coherent we identify

öa0|( &= #0|( &=
1

N0ei. |( &. (4.125)

In this spirit we Þnd that the mean value is

%S(( "r )&= 10("r ) , (4.126)

which does not vanish for the condensed state. Note, however,%öa*k&= 0, if "k != 0. The Þnite
value of %öa0&requires states of di!erent number of particles in the "k = 0 state for the matrix
elements making up this mean value. This is an element of spontaneous symmetry breaking.
The condensate can be considered as a reservoir with on averageN0 particles (N0 - 1), to
which we can add or from which we can remove particles without changing the properties of
the system. The coherent state satisÞes this condition. We also can deÞne anorder parameter
characterizing the condensate (see also Chapter6), the condensate wavefunctionof Eq.(4.126),

10("r ) = |10("r )|ei. (*r ) =
3

n0ei. . (4.127)

Spontaneous symmetry breaking occurs via the (arbitrary) choice of the phase of the condensate
wave function.
The number of particles and the phase/ are conjugate in the sense that a state with Þxed
particle number has no deÞnite phase (also no order parameter like Eq.(4.127)) and a state with
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Þxed phase has no deÞnite particle number.7 First we consider the wave function of the coherent
state in the number representation,

( N = %N |( ) &= e#| ) |2/ 2 #N
3

N !
(4.132)

with # =
3

N0ei.
0 . Thus, the probability for the particle number N is given by

PN = |( N |2 = eN
0

N N
0
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0

)2/ 2N
0 (4.133)

for large N0. On the other hand, projecting into the phase representation,
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(4.134)

such that

P. = |%/ |( ) &|2 (

0
N0

2$
e# (. # .

0

)2N
0

/ 2 . (4.135)

The Gaussian approximation is in both representations only valid, ifN0 - 1. The coherent state
is neither an eigenstate of SN nor ei !. . But for both the distributions are well localized around
the corresponding mean values,N0 and / 0. The uncertainty relation is obtained by considering
the deviations from the mean values,

" / 2 = %( ) |( S/ " / 0)2|( ) &=
1

N0

" N 2 = %( ) |( SN " N0)2|( ) &= N0

K
AAL

AAM
$ " N " / = 1 , (4.136)

compatible with a commutation relation of the form [ SN, S/ ] = i .

7Phase and number operator eigenstates:The deÞne the number operator and the phase operator and their
corresponding eigenstates.

EN |N i = N |N i and ei b+ |" i = ei+ |" i (4.128)

where the two states are connected by the Fourier transform

|" i =
1p
2'

1!

N =0

eiN+ |N i with hN |" i =
eiN+

p
2'

(4.129)

analogous to the relation between real and momentum space states. In this context care has to be taken to ensure
that the states |" i form an orthogonal complete set of the Hilbert space. A way to construct this is to start with
an Þnite Hilbert space {|N i} assuming that 0  N  L � 1 � 1. Then we can restrict ourselves to a discrete
set of phases" = " k = 2 'k/L with k = 0 , . . . , L � 1 (analog to wave vectors in a Þnite system with periodic
boundary conditions). Now it is easy to see that

h" k |" k 0i = &k,k 0 . (4.130)

Keeping this in mind we take the limit L ! 1.
Based on this above operators can be represented as

EN =
1!

N =0

N |N ihN | and ei b+ =
1!

N =0

|N ihN + 1 | ; . (4.131)

Thus for both EN and ei b+ the coherent state does not represent an eigenstate, but rather the best localized in
either basis.
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4.7.3 Phonons in an elastic medium

We consider here vibrations of an elastic media using a simpliÞed model of longitudinal waves
only. As in Sect.3.8.2 we describe deformation of the elastic medium by means of the displace-
ment Þeld "u ("r, t ). The kinetic and elastic energy are then given by

Ekin =
+m

2

@
d3r

4
*"u ("r, t )

*t

5 2

and Eel =
%e

2

@
d3r ( ". á "u ("r, t )) 2 , (4.137)

where +m is the mass density of the medium and%e denotes the elastic modulus. Note that we
use a simpliÞed elastic term which involves density ßuctuations only, corresponding to". á "u ,
and ignores the contributions of shear distortion. This two energies are now combined to the
Lagrange functional L ["u ] = Ekin " Eel, whose variation with respect to "u ("r, t ) yields the wave
equation,

1
c2

l

* 2

*t 2 "u " ". ( ". á "u ) = 0 , (4.138)

for longitudinal waves with the sound velocity cl =
1

%e/+ m (Eq.(3.162). The general solution
can be represented as a superposition of plane waves,

"u ("r, t ) =
1

3
V

$

*k

"e*k

G
q*k(t)ei*ká*r + q*k(t)) e# i*ká*r

H
, (4.139)

with polarization vector "e*k = "k/ |"k| and the amplitudes q*k(t) satisfy the equation,

d2

dt2 q*k + , 2
*k
q*k = 0 , (4.140)

with the frequency , *k = cl |"k| = cl k. We may rewrite the energy,E = Ekin + Eel, in terms of q*k ,

E =
$

*k

+m , 2
*k

;
q*k(t)q)

*k
(t) + q*k(t)) q*k (t)

<
. (4.141)

which we express in a symmetrized form, for future convenience. Now we introduce new variables

Q*k =
3

+m (q*k + q)
*k
) and P*k =

d
dt

Q*k = " i, *k
3

+m (q*k " q)
*k
) , (4.142)

leading to the energy

E =
1
2

$

*k

G
P2

*k
+ , 2

*k
Q2

*k

H
. (4.143)

This corresponds to a set of independent harmonic oscillators labelled by the wave vectors"k,
as we have seen in Sect.3.8. We now turn to the step of canonical quantization replacing the
variables (P*k , Q*k) # ( SP*k , SQ*k) which satisfy the standard commutation relation,

[ SQ*k , SP*k 0 ] = i ! ' *k,*k 0 . (4.144)

This can be reexpressed in terms of lowering and raising operators,

öb*k =
1

1
2! , *k

G
, *k

SQ*k + i SP*k

H
, öb 

*k
=

1
1

2! , *k

G
, *k

SQ*k " i SP*k

H
, (4.145)

which obey the following commutation relations due to Eq.(4.144),

[öb*k ,öb 
*k 0 ] = ' *k,*k 0 , [öb*k ,öb*k 0 ] = [ öb 

*k
, öb 

*k 0 ] = 0 . (4.146)
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Therefore öb 
*k

and öb*k can be viewed as creation and annihilation operators, respectively, for
bosonic particles, called phonons. The Hamiltonian can be now written as

H =
$

*k

! , *k

4
öb 

*k
öb*k +

1
2

5
=

$

*k

! , *k

4
ön*k +

1
2

5
(4.147)

whose eigenstates are given in the occupation number representation,|n*k
1

, n*k
2

, . . .&.
We can now also introduce the corresponding Þeld operator using Eq.(4.139),
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<
(4.148)

which is not an eigen operator for the occupation number states. Actually the thermal mean
value of the Þeld vanishes%S"u ("r )&= 0.

Correlation function:

The correlation function is given by

g("r " "r !) = %S"u ("r ) áS"u ("r !)& " %S"u ("r )& á %S"u ("r !)&= %"u ("r ) á"u ("r !)&
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(4.149)

Note that

%öb 
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öb*k 0&= %ön*k&' *k,*k 0 , %öb*k
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*k 0&=

9
1 + %ön*k&

:
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*k 0&= %öb*k
öb*k 0&= 0 , (4.150)

such that
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(4.151)

Melting:

Instead of calculating the correlation function "r != "r ! we now analyze the local (onsite) ßuctua-
tion, i.e "r = "r !,

%"u ("r )2&=
!
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=
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5
. (4.152)

With , *k = cl k and the fact the number of degrees of freedom are limited, as described in
Sect.3.8.2 (k * kD ), we Þnd

%"u ("r )2&=
!

(2$)2+m cl

@kD

0
dkk coth

4
- ! cl k

2

5
=

!
AAA"

AAA#

kD kB T
2$2%e

T - ) D ,

kD kB ) D

8$2%e
T + ) D ,

(4.153)

which are at high (low) temperature thermal (quantum) ßuctuations. As "u denotes the deviation
of the position of an atom from its equilibrium position, we can apply LindemannÕs criterion for
melting of the systems. We introduce the lattice constanta with kD ( $/a . If %"u 2&is a sizeable
fraction of a2 then a crystal would melt. Thus we deÞne the Lindemann numberL m with the
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condition that the lattice is stable for %"u 2&< L 2
m a2. Thus we obtain a melting temperture Tm

with

L 2
m =

%"u 2&
a2 =

kB Tm

2$%ea3 $ kB Tm = 2$%ea3L 2
m = 2$+m a3c2

l L 2
m = 2$M i c2

l L 2
m , (4.154)

whereM i = +m a3 is the atomic mass per unit cell. Note that usuallyL m ( 0.1 give a reasonable
estimate for Tm .
At su$ciently low temperature we can also observequantum meltingwhich occurs due to quan-
tum ßuctuations, the zero-point motion of the atoms in a lattice. We considerT + ) D and Þx
the temperature,

L 2
m =

kB ) D

8$a3%e
=

!
8a4+m a4cl

$ clm =
!

8+m a4L 2
m

(4.155)

which deÞnes a critical value for the sound velocity,clm , which here is temperature independent.
For cl > c lm the ßuctuations are small enough that lattice stable, because it sti! enough, while
for cl < c lm the lattice is ÓsoftÓ such that the zero-point motion destroys the lattice. We will
see in Chapt.7 that the 4He shows such a quantum melting transition at very low temperature
under pressure (pressure increases elastic constant and sound velocity), where the solid phase is
stable at high pressure and turns into a liquid under decreasing the pressure.

Lower dimensions:

We consider the elastic medium at lower dimensions. For two dimensions, we rewrite Eq.(4.153),

%"u ("r )2&=
!

4$cl +m

@kD

0
dk coth

4
- ! cl k

2

5
(4.156)

and Þnd that for all temperatures T > 0 the integral diverges at lower integral boundary
(Óinfrared divergenceÓ). Only atT = 0 we Þnd

%"u ("r )2&=
! kD

4$cl +m
=

kB ) D

4$c2
l +m

=
kB ) D

4$%e
(4.157)

Þnite. Thus in two dimension the lattice forming an elastic medium is only stable at zero
temperature. But still we can have quantum melting, if the lattice becomes su$ciently soft.
In one dimension Eq.(4.153) turns into

%"u ("r )2&=
!

2$cl +m

@kD

0
dk

1
k

coth
4

- ! cl k
2

5
, (4.158)

which (infrared) diverges at all temperatures including T = 0. Quantum and thermal ßuctua-
tions are strong enough in one dimension to destabilize any lattice.
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Chapter 5

One-dimensional systems of
interacting degrees of freedom

So far we considered almost exclusively ideal systems of non-interacting degrees of freedom,
which we could treat with reasonable e!ort. Systems with interactions are considerably more
complex to handle and in most cases no exact analytical discussion is possible. Notably in one
spatial dimension we Þnd a number of models which can be treated exactly and give us some
interesting new aspects. Here we consider two classical systems, the spin chain and the lattice
gas in one-dimension. Note, however, that in principle there are exact solutions also for quantum
spin chains and other one-dimensional quantum models whose statistical physics, nevertheless,
is rather complex to address.

5.1 Classical spin chain

We consider here a chain of spins (magnetic moments){ "s i } which are represented by freely
rotating vectors of Þxed lengthS. They interact with each other via nearest-neighbor coupling
in the following way:

H("s i ) = J
N$

i =1

"s i á"s i +1 (5.1)

where J is the coupling strength. Note that this model has a global spin rotation symmetry,
i.e. the Hamiltonian remains invariant, if we rotate all the spin in the same way. It is known as
the Heisenberg Hamiltonian. For J < 0 the spins tend to align parallel (ferromagnetic) and for
J > 0 they tend to be antiparallel, alternating (antiferromagnetic). We require that the chain
is open and occupied byN + 1 spins (N bonds).

5.1.1 Thermodynamics

First we tackle the thermodynamics of the system using the canonical ensemble. Interestingly
the topology of the coupling allows to calculate the partition function exactly.1 We consider the
spins as vectors of Þxed length whose degree of freedom is the angular orientation and we write
the partition function as

Z =
@

d' 1

4$
á á á

d' N +1

4$
e# (J

"
i *s i á*s i +1 , (5.2)

which decays into a product form, if we consider the reference polar axis (Óz-axisÓ) for the spin"s i

given by the direction of the spin "s i +1 () i is deÞned as the angle between"s i and "s i +1 ). Therefore

1We follow here M.E. Fisher, American Journal of Physics 32, 343 (1964).
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J > 0

J

ferromagnetic antiferromagnetic

J < 0

Figure 5.1: Spin chain: CouplingJ between spins of arbitrary orientation. J < 0: ferromagnetic
alignment preferred; J > 0: antiferromagnetic alignment preferred.

we may write

Z =
NF

i =1

> @
e# (J*s i á*s i +1

d' i

4$

? @
d' N +1

4$
=

NF

i =1

> @
e# (JS 2 cos$i

d' i

4$

? @
d' N +1

4$

=
>

1
2

@+1

# 1
dxe# (JS 2x

? N

=
>

sinh(-JS 2)
-JS 2

? N

(5.3)

which looks similar to the expression obtained for the classical ideal paramagnet (see Sect.3.4.2).
We may actually consider each spin being subject to a Zeeman Þeld induced via the coupling
by the neighboring spins, a feature which we will use later in the context of the mean Þeld
approximation. It is interesting to see that Z does not depend on the sign ofJ . Thus, the
thermodynamics is the same for a ferromagnetic and an antiferromagnetic chain.
Easily we can determine the free and the internal energy,

F (T, N ) = NkB T ln(-JS 2) " NkB T ln
9

sinh(-JS 2)
:

,

U(T, N ) = NkB T " NJS 2 coth(-JS 2) .
(5.4)

In the low-temperature limit, -JS 2 - 1, the internal energy approaches the ground state energy,
U # " N |J |S2, i.e. all spins are parallel (J < 0) or alternating ( J > 0). The heat capacity is
obtained through the derivative of U with respect to T,

C = NkB

.

1 "
4

-JS 2

sinh(-JS 2)

5 2
/

(5.5)

with a similar form as for the ideal paramagnet. Note, that C # NkB in the zero-temperature
limit and, consequently, the third law of thermodynamic is not satisÞed (see Fig.5.2).

5.1.2 Correlation function

We now discuss the correlation among the spins along the chain. Due to the spin-spin interaction,
a spin inßuences the orientation of other spins over larger distances. We deÞne the correlation
function

#l = %"s i á"s i + l &= %sx
i sx

i + l &+ %sy
i sy

i + l &+ %sz
i sz

i + l &= 3%sz
i sz

i + l &

=
3

Z (4$)N +1

@
d' 1 á á ád' N +1 S2 cos ) i cos ) i + l e# (JS 2

"
i cos$i .

(5.6)
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where ) i is the angle of spini with respect to the generalz-axis (e.g. along the chain). We can
perform all integrations for the spin "s j with j < i and j > i + l which can be decomposed into
the same product form as discussed above. The remaining integrals are now

#l = 3S2
4

-JS 2

sinh(-JS 2)

5 l+1 @
d' i

4$
cos ) i e# (JS 2 cos$i

1
@

d' i +1

4$
e# (JS 2 cos$i +1 á á á

@
d' i + l cos ) i + l

(5.7)

Taking again the direction of spin "s i +1 as the reference for the spin"s i we Þnd the relation2

cos ) i = cos ) i +1 cos) i + sin ) i +1 sin) i cos/ i . (5.10)

Inserting this we notice that the averages%cos) i & != 0 and %sin) i cos/ i &= 0. Thus

#l = 3S2
4

-JS 2

sinh(-JS 2)

5 l+1 @
d' i

4$
cos) i e# (JS 2 cos$i

1
@

d' i +1

4$
cos ) i +1 e# (JS 2 cos$i +1 á á á

@
d' i + l

4$
cos ) i + l

= # l# 1
-JS 2

sinh(-JS 2)

@
d' i

4$
cos) i e# (JS 2 cos$i = # l# 1u(-JS 2)

(5.11)

with

u(x) =
1
x

" coth x (

!
AA"

AA#

1
x

" sign(x) x - 1 ,

x
3

x + 1 .

. (5.12)

If we take into account that # l=0 = S2 we Þnd

#l = S2 W
u(-JS 2)

Xl
= S2e# l// (" sign(J )) l with 7# 1 = " ln{| u(-JS 2)|} . (5.13)

Note that 0 < |u| < 1 for all Þnite temperatures and couplings. The correlation function decays
exponentially for all Þnite temperature and allows us to introduce a characteristic length scale,
the correlation length 7:

7(T) =

!
AA"

AA#

[ln(3kB T/ |J |S2)]# 1 kB T - | J |S2

|J |S2

kB T
kB T + | J |S2

(5.14)

For large temperature the correlation length shrinks rather slowly to zero and in the zero-
temperature limit it diverges indicating an inÞnitely extending correlation at T = 0. Indeed we
Þnd for T = 0 that u # 1 such that

#l (T = 0) = S2(" signJ )l (5.15)

for all l . This means that the spins order either ferromagnetically forJ < 0 or antiferromag-
netically for J > 0 at T = 0. However, for any Þnite temperature we Þnd #l # 0 for l # , .

2Consider +s
1

and +s
2

and take öy0 ? öz,+s
2

with |öy0| = |öz| = 1:

+s
1

= +s
2

cos/
1

+ (öy0 ⇥ +s
2

) sin /
1

cos"
1

+ öy0S sin /
1

sin "
1

(5.8)

and multiply by öz:
öz · +s

1>?@A
=S cos⇥1

= cos /
1

öz · +s
2>?@A

=S cos⇥2

+öy0 · (+s
2

⇥ öz)
> ?@ A

=ŷ 0S sin⇥2

sin /
1

cos"
1

. (5.9)
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Figure 5.2: Thermodynamic properties of spin chain: a) heat capacity: saturates at low temper-
ature to NkB like the potential energy of a two-dimensional harmonic oscillator; b) Susceptibility
plotted inversely: ferromagnetic case show divergence atT = 0 and antiferromagnetic case ap-
proaches non-monotonically a Þnite value atT = 0. Extrapolations from high-temperature
region cut horizontal axis at positive (ferromagnetic) and negative (antiferromagnetic) axis,
indicating e!ective energy scales for the corresponding correlations.

5.1.3 Susceptibility

Finally we want to study the susceptibility by assuming a coupling to the magnetic Þeld of the
form

H ! = H " g
N +1$

i =1

"s i á "H . (5.16)

Since it is impossible to use the above scheme to calculate the partition function forH ! with a
Þnite magnetic Þeld, we will use the relation derived earlier (2.127) based on the ßuctuations
of the magnetization, which does not require the knowledge of the partition function at Þnite
Þelds. In this way we obtain the susceptibility in the zero-Þeld limit (linear response). The
magnetic moment is give by "m = g

% N +1
i =1 "s i . Thus, the susceptibility per spin is given by

0zz =
1

NkB T

9
%m2

z& " %mz&2:
=

g2

NkB T

N +1$

i =1

N +1$

j =1

9
%sz

i sz
j & " %sz

i &%sz
j &

:
. (5.17)

The second term on the right hand side vanishes, since%sz
i &= 0 for all i in zero magnetic Þeld.

For the Þrst term we can use our result for the correlation function. In the limit of very large
N we obtain

0zz =
g2

3NkB T

N +1$

i =1

N +1$

j =1

#|i # j | (
g2

3NkB T

N$

i =1

7

#l=0 + 2S2
%$

l=1

ul

8

=
g2

3kB T
S2

4
1 +

2u
1 " u

5
=

g2S2

3kB T
1 + u(-JS 2)
1 " u(-JS 2)

.

(5.18)

Here we use that for large systems (N # , ) the corrections due to boundary contributions is
negligible. This susceptibility at high temperature (kB T - | J |S2) follows the Curie behavior

0zz =
g2S2

3kB T
(5.19)

87



irrespective of the sign ofJ . For the antiferromagnetic coupling 0zz goes through a maximum at
kB Tmax ( 0.238JS2 to a Þnite zero-temperature value. On the other hand, in the ferromagnetic
case0zz diverges at low temperatures

0zz =
g2S2

3
2|J |S2

(kB T)2 , (5.20)

more strongly than the Curie 1/T behavior.
Let us now also look at the Þrst lowest order correction in the high-temperature limit,

1
0zz

(
3kB T
g2S2

4
1 +

2JS2

3kB T

5
=

3kB

g2S2 (T " ) W ) $ 0zz =
C

T " ) W
(5.21)

where ) W = " 2JS2/ 3kB deÞnes the so-called Weiss temperature. Thus the extrapolation
from the high-temperature limit of 1 /0 zz allows to determine ) W from the intersection on the
temperature axis and consequently the sign and magnitude of theJ (see dashed lines in Fig.
5.2).
The Weiss temperature indicates the relevant energy scale of interaction among the spins. How-
ever, it does not imply that we would Þnd a phase transition to a long-range ordered state (see
Sect.5.3). As our discussion in this section shows, there is no ordering at any Þnite temperature.

5.2 Interacting lattice gas

We consider a simple model of a gas of hard-core particles which occupy sites on a lattice.3

ÓHard-coreÓ means that it is not allowed to place two or more particles on the same site, i.e.
there is an inÞnite repulsive onsite interaction We introduce nearest-neighbor interaction and
neglect the kinetic energy. Then the Hamiltonian can be formulated as

H = V
L$

i =1

ni ni +1 " µ
L$

i =1

4
ni "

1
2

5
(5.22)

where the lattice hasL sites and we assume periodic boundary conditions such thati = L +1 #
i = 1. The coupling strength V for the interaction can be attractive ( V < 0) or repulsive
(V > 0). The chemical potential is introduced and leave the particle number free, i.e. we work
with the grand-canonical ensemble which makes the problem more easy to solve. The variables
ni can only take the values 0 and 1 due to the hard-core constraint.

5.2.1 Transfer matrix method

Let us immediately determine the partition function,

Z =
$

{ ni }

e# ( H . (5.23)

We introduce the 21 2-matrix (transfer matrix) for the bonds ( i, i + 1),

Pni ,n i +1

= e# ( [V ni ni +1

# µ(ni + ni +1

# 1)/ 2]

$ öP =

Y

Z
P00 P01

P10 P11

[

\ =

Y

Z
e# (µ/ 2 1

1 e# (V + (µ/ 2

[

\ .
(5.24)

3In the exercise we will show the connection of the lattice gas model to the Ising spin model. The corresponding
discussion will make the similarity of the two systems clear.
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When we have one bond with periodic boundary condition it is obvious that the partition
function is given by four terms

Z2 =
$

n
1

,n
2

e# ( H (n
1

,n
2

) =
$

n
1

,n
2

Pn
1

,n
2

Pn
2

,n
1

= tr { öP2}

= P00P00 + P01P10 + P10P01 + P11P11 = e# (µ + 1 + 1 + e# 2(V + (µ

(5.25)

This allows us to rewrite the sum in the partition function as

Z =
$

n
1

=0 ,1

$

n
2

=0 ,1

á á á
$

nL =0 ,1

Pn
1

,n
2

Pn
2

,n
3

á á áPNL �1

,nL PnL ,n
1

= tr { öPL } =
$

n
1

=0 ,1

PL
n
1

,n
1

, (5.26)

where we performed the matrix multiplication. Interestingly, we have now to analysePL which
can easily be done in the eigenbasis of the matrixöP. For the trace we actually only need the
eigenvalues,

%± = e# (V/ 2 cosh
4

-
V " µ

2

5
±

T

e# (V sinh2
4

-
V " µ

2

5
+ 1 (5.27)

and
Z = %L

+ + %L
# ( %L

+ for L - 1 . (5.28)

Then the grand canonical potential and internal energy are given by

'( T, µ) = " kB T ln %L
+ = " Lk B T ln

N

e# (V/ 2 cosh
4

-
V " µ

2

5
+

T

e# (V sinh2
4

-
V " µ

2

5
+ 1

O

.

(5.29)
The particle number of the system can then be calculated easily,

N = L%ni &=
L
2

"
4

* '
*µ

5

T
(5.30)

and the results are given in Figs.5.3 and 5.4 where N (µ) is plotted for di!erent temperatures.
The two cases show distinct behaviors which is connected with the ground state properties.
For attractive interaction N changes in a single step, while for repulsive interactions two steps
appear with an intermediate plateaux at N = L/ 2.
The zero-temperature limit yields,

'( T, µ) = "
L
2

!
"

#

V " | µ " V | V < |µ " V |

0 V > |µ " V |
(5.31)

which leads to

N =
L
2

!
"

#

1 + sign(µ " V ) V < |µ " V |

1 V > |µ " V |
(5.32)

The condition V > |µ" V | is never satisÞed forV < 0, while it is valid in the range 0 < µ < 2V for
V > 0. Thus, the caseV < 0 has two (Fig.5.3) and the caseV > 0 has three regimes (Fig.5.4),
indicating that the two cases are di!erent. Indeed there are two ground states forV < 0
correspond to a completely Þlled or empty lattice, the latter being favored by the attractive
interaction. On the other hand, the repulsive interaction V > 0 favors an intermediate state
where only every second lattice site is occupied.
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Figure 5.3: Particle number as a function of the chemical potential forV < 0 (attractive
interaction) for three di!erent temperatures. The ground state corresponds to a completely
empty (full) lattice for µ < "| V | (µ > "| V |).

5.2.2 Correlation function

The transfer matrix method is also very convenient to obtain the correlation function,

#l = %ni ni + l & " %ni &%ni + l &. (5.33)

We consider Þrst the average particle density,

%ni & =
1
Z

$

n
1

,...,n L

Pn
1

,n
2

Pn
2

,n
3

á á áPni �1

,n i ni Pni ,n i +1

áPnL ,n
1

=
1
Z

tr
2

öP i # 1 öw öPL # i
3

=
1
Z

tr
2

öw öPL
3

(5.34)

with öw deÞned aswn,n 0 = n' n,n 0 . Let us transform this to the basis in which öP is diagonal
through the unitary transformation

öU öP öU# 1 =
4

%+ 0
0 %#

5
= öP! and öU öw öU# 1 =

4
w!

00 w!
01

w!
10 w!

11

5
= öw! . (5.35)

This leads to

%ni &=
1
Z

tr
2

öw! öP!
3

=
w!

00%L
+ + w!

11%L
#

%L
+ + %L

#
"# w!

00 . (5.36)

In the same way we treat now

%ni ni + l & =
1
Z

tr
2

öP i # 1 öw öPl öw öPL # i +1 # l
3

=
1
Z

tr
2

öw öPl öw öPL # l
3

=
1
Z

tr
2

öw!( öP!)l öw!( öP!)L # l
3

=
w!2

00%L
+ + w!

01w!
10(%l

+ %L # l
# + %l

# %L # l
+ ) + w!2

11%L
#

%L
+ + %L

#
"# w!2

00 + w!
01w!

10

4
%#

%+

5 l

.

(5.37)
The correlation function is given by

#l = w!
01w!

10

4
%#

%+

5 l

= n2e# l// [sign(%# /%+ )]l (5.38)
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Figure 5.4: Particle number as a function of the chemical potential for V > 0 (repulsive
interaction) for three di!erent temperatures. The ground state corresponds to a completely
empty (full) lattice for µ < 0 (µ > 2|V |) and to a state with every second site only Þlled for
) < µ < 2|V |.

where we identify #l=0 with n2 and the correlation length

7 =
1

ln |%+ /%# |
. (5.39)

Now let us interpret the correlation function by writing

ni = %ni &+ 'n i (5.40)

where by deÞnition, %ni &= %%ni &+ 'n i &= %ni &+ %'n i &yields %'n i &= 0. Thus, the correlation
function (5.33) reads also

#l = %'n i 'n i + l & (5.41)

and describes the correlation from the deviation from the average value.
For V < 0 the correlation function decays monotonically with the same sign, because the
particles rather occupy neighboring sites to beneÞt from the attractive interaction. If there is a
particle on site i we then Þnd, 'n i + l > 0.
In contrast, for V > 0 the correlation function shows alternating sign due to the trend to form
a particle density modulation, i.e. the particles prefer to occupy only every second lattice site
only in order to avoid the energy cost of the repulsive nearest-neighbor interaction. Thus, if
there is a particle on site i the neighboring site is more likely unoccupied, i.e.'n i ± 1 < 0 while
the next-nearest neighbors are again more likely occupied with'n i ± 2 > 0 and so on.
In the special caseµ = V > 0 (intermediate range in Fig.5.4) we obtain

#l =
1
2

(" tanh(-V/ 4))l and 7 =
1

ln | coth(-V/ 4)|
. (5.42)

In the zero-temperature limit 7 diverges, but is Þnite for anyT > 0. At T = 0 the state is a
perfectly alternating particle arrangement with degeneracy 2, as the particles may occupy either
all even- or all odd-numbered sites only.

It is important that both the thermodynamics as well as the correlation functions are determined
through the eigenvalues of the transfer matrix öP.
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5.3 Long-range order versus disorder

We Þnd in the one-dimensional spin chain no phase transition to anylong-range orderedstate at
Þnite temperatures. The term Ólong-range orderÓ is easiest understood through the correlation
function. We consider here again the example of a spin chain. The correlation function has the
property,

÷#l = %"s i á"s i + l & " %"s i & á %"s i + l &= %'"s i á'"s i + l &
l$%"# 0 (5.43)

which is true for a spin system with or without order ( '"s i = "s i " %"s i &). By rewriting

lim
l$%

%"s i á"s i + l &= %"s i & á %"s i + l &, (5.44)

we see that the left hand side is Þnite only with a Þnite mean value of%"s i &. Note that for the
classical spin chain only atT = 0 long-range order is realized. All spins are parallel forJ < 0
(ferromagnet) or alternating for J > 0 (antiferromagnet) such that

%"s i &=

!
"

#

özS J < 0

öz(" 1)i S J > 0
(5.45)

assuming that the spin align parallel to the z-axis (öz is the unit vector along the z-axis). Natu-
rally the limit in Eq.( 5.44) is then Þnite. 4 Also the lattice gas in one dimension does not show
long-range order except atT = 0.
Interestingly, in the case of quantum systems quantum phase ßuctuations can destroy long-
range order even atT = 0. An important example is the antiferromagnetic spin chain with a
Heisenberg Hamiltonian. In contrast the ferromagnetic Heisenberg chain has an ordered ground
state with all spins aligned, because the state with all spins parallel is an eigenstate of the total

spin operator, ö"Stot =
% N +1

i =1
ö"s i and ö"Stot commutes with the Hamiltonian, since it has full spin

rotation symmetry as in the classical case (N + 1: number of spins on the chain),

|( FM &= | 666 á á á & $ öSz
tot |( FM &= ( N + 1) ! s|( FM &. (5.48)

In case of the antiferromagnetic chain the (classical) state with alternating spins|( cAF & =
| 6767 á á á &, is not an eigenstate of the quantum Heisenberg Hamiltonian and consequently
not the ground state of the quantum antiferromagnetic chain. Our discussions of the melting
transition in Sect. 4.7.3 have shed some light on the role of thermal and quantum ßuctuation in
this context, and indicate that dimensionality of a system is crucial for the stability of ordered
phases.

4Previously we encountered long-range order in a Bose-Einstein condensate looking at the correlation function
in Eqs.(4.109) and (4.117). Extending the correlation function to

÷g( +R) = hE" †(+r) E"( +r + +R)i � hE" †(+r)ihE"( +r + +R)i , (5.46)

we Þnd that always lim $R !1 ÷g( +R) = 0, since with the Bogolyubov approximation,

lim
$R !1

hE" †(+r) E"( +r + +R)i = lim
$R !1

hE" †(+r)ihE"( +r + +R)i = lim
$R !1

) ⇤
0

(+r))
0

(+r + +R) = n
0

(5.47)

for T < T c and a constant phase" of )
0

(+r).
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Chapter 6

Phase transitions

Phase transitions in macroscopic systems are ubiquitous in nature and represent a highly impor-
tant topic in statistical physics and thermodynamics. Phase transitions deÞne a change of state
of a system upon changing external parameters. In many cases this kind of change is obvious,
e.g. transition between liquid and gas or between paramagnetic and ferromagnetic phase, and
in most cases it is accompanied by anomalies in measurable macroscopic quantities.
In a previous chapter we have seen a phase transition, the Bose-Einstein condensation. This
transition is special in the sense that it occurs for non-interacting particles. Generally, phase
transitions require an interaction favoring an ordered phase. Then the phase transition occurs
as a competition between the internal energy (or enthalpy) which is lowered by the order and
the entropy which at Þnite temperature favors disorder. The relevant thermodynamic potentials
to describe phase transitions are the Helmholtz free energyF (T, V, N, . . . ) and the Gibbs free
energyG(T, p, N, . . . ),

F = U " T S and G = H " T S . (6.1)

These potentials show anomalies (singularities) at the phase transition.
In this chapter we will consider the Ising model as one of the simplest models to describe phase
transitions from a statistical physics point of view. Based on this model we will introduce various
ways and concepts of addressing phase transitions.

6.1 Ehrenfest classiÞcation of phase transitions

The type of singularity in the thermodynamic potential deÞnes the order of the phase transition.
According to Ehrenfest classiÞcation we call a phase transition occurring at a critical temperature
Tc (di!erent phase for T > T c and T < T c) to be of nth order, if the following properties hold:
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for m * n " 1, and
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The same deÞnition is used for the free energy. In practice this classiÞcation is rarely used
beyond n = 2.

n = 1: A discontinuity is found in the entropy and in the volume:

S = "
4

*G
*T

5

p
and V =

4
*G
*p

5

T
(6.4)
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The discontinuity of the entropy experimentally corresponds to the latent heat. The change in
volume is connected with the di!erence in the density of the substance. A well-known example
is the transition between the liquid and the gas phase, for which the former is much denser than
the latter and accordingly takes a much smaller volume.

n = 2: The discontinuities are not in the Þrst derivatives but in the second derivatives of the
Helmholtz free energy or Gibbs free energy, i.e. in the response functions. Some such quantities
are the heat capacity, the compressibility or the thermal expansion coe$cient:

Cp = " T
4

* 2G
*T 2

5

p
, . T = "
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V

4
* 2G
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5

T
, # =

1
V

4
* 2G

*T*p

5
(6.5)

As we will see later, second order phase transitions are usually connected withspontaneous
symmetry breakingand can be associated with the continuous growth of anorder parameter.
Such transitions show also interesting ßuctuation features which lead to the so-calledcritical
phenomenaand universal behavior at the phase transition.

Ehrenfest relations: Interesting relations between various discontinuities at the phase transition
exist. They are generally known at Ehrenfest relations. We consider Þrst aÞrst-order transition
such as the gas-liquid transition. The phase boundary line in thep-T-phase diagram describes
the relation between temperature and vapor pressure in the case of liquid-gas transition. For
the di!erentials of the Gibbs free energy in the two phases, the following equality holds:

dGl = dGg $ " Sl dT + Vl dp = " SgdT + Vgdp . (6.6)

This allows us to get from the vapor pressure curve (p(T) at the phase boundary in the p-T-
plane) the relation

dp
dT

=
Sg " Sl

Vg " Vl
=

L
T" V

(6.7)

where L = T(Sg " Sl ) is the latent heat and " V = Vg " Vl is the change of the volume. This
relation is known as the Clausius-Clapeyronequation.
If the transition is of second orderthen the both the entropy and the volume are continuous
through the transition between two phaseA and B :

SA (T, p) = SB (T, p) and VA (T, p) = VB (T, p) , (6.8)

which yields the relations through the equality of their di!erentials,

dSA =
4

*SA

*T

5

p
dT +

4
*SA

*p

5

T
dp =

4
*SB

*T

5

p
dT +

4
*SB

*p

5

T
dp = dSB ,

dVA =
4

*VA

*T

5

p
dT +

4
*VA

*p

5

T
dp =

4
*VB

*T

5

p
dT +

4
*VB

*p

5

T
dp = dVB .

(6.9)

We now use the Maxwell relation
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and analogously
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Various other relations exist and are of experimental importance.
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6.2 Phase transition in the Ising model

To discuss a concrete system we introduce here the Ising model is the simplest model of a
magnetic system. We consider magnetic moments or spins with two possible states,si = ± s
(Ising spins). Sitting on a lattice they interact with their nearest neighbors (analogously to the
spin chain in the Chapter 5). We write the model Hamiltonian as

H = " J
$

' i,j (

si sj "
$

i

si H . (6.13)

The sum
%

' i,j ( denotes summation over nearest neighbors on the lattice, counting each bond
only once. J is the coupling constant which we assume to be positive. The second term
corresponds to a Zeeman term due to an external magnetic Þeld. The Ising spins are classical
variables, unlike quantum spins"s whose di!erent components do not commute with each other.
Ising spins represent only one component of a quantum spin and the Ising model may also be
considered as an extreme limit of anisotropic spin-spin interaction, where only one component
of the spins couples to neighboring spins.
The interaction favors the parallel alignment of all spins such that this model describes a fer-
romagnetic system. The ferromagnetic phase is characterized by a Þnite uniform mean value
%si &= m != 0, the magnetization, even in the absence of an external magnetic Þeld.

6.2.1 Mean Þeld approximation

The analysis of many coupled degrees of freedom is in general not simple. For the Ising model
we have exact solutions for the one- and two-dimensional (quadratic lattice) case. For three
dimensions only numerical simulations or approximative calculations are possible. One rather
frequently used approximative method to study the phase transition and the magnetically or-
dered phase is the so-called mean Þeld approximation. In the lattice model we can consider each
spin si as being coupled to a reservoir consisting of its neighboring spins. These neighboring
spins act then like a ßuctuating Þeld on the spin. In case of order they form a net directed Þeld
on si , a mean Þeld. Since this conditions applies to all spins equally, the scheme can be closed
by having a self-consistency in the mean Þeld, as we will show below.
Let us now tackle the problem in a more systematic way. We rewrite the spin for each site

si = %si &+ ( si " %si &) = m + ( si " m) = m + 's i (6.14)

and insert it into the Hamiltonian, where we approximate %si &= m uniformly.
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i
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's i 's j .

(6.15)

Here z is the number of nearest neighbors (for a hypercubic lattice ind dimensionsz = 2d). In
the mean Þeld approximation we neglect the last term assuming that it is small. This means
that the ßuctuations around the mean value would be small,

Eij =
%'s i 's j &
%si &%sj &

=
%'s i 's j &

m2 + 1 , (6.16)
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to guarantee the validity of this approximation. We will see later that this condition is not
satisÞed very near the phase transition and that its violation will be important in the context
of the critical phenomena. We now write the mean Þeld Hamiltonian

H mf = "
$

i

si he$ + NJ
z
2

m2 with he$ = Jzm + H , (6.17)

which has the form of an ideal paramagnet in a magnetic Þeldhe$. It is easy to calculate the
partition function and the free energy as a function of the parameterm,

ZN (T, m, H ) =
F
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e# (Jzm 2/ 2+ (h
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.
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e# (Jzm 2/ 2+ (h
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÷s

/ N

= e# (Jzm 2N/ 2 { 2 cosh(-sh e$)} N

(6.18)

and
F (T, H, m) = " kB T ln ZN = NJ

z
2

m2 " NkB T ln { 2 cosh(-sh e$)} . (6.19)

The equilibrium condition is reached when we Þnd the minimum ofF for given T and H . To
this end we minimize F with respect to m as the only free variable,

0 =
*F
*m

= NJzm " NJzs tanh(-sh e$) . (6.20)

This equation is equivalent to the self-consistence equation for the mean value ofsi :
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This is a non-linear equation whose solution determinesm and eventually through the free
energy all thermodynamic properties. In zero magnetic Þeld this equation is given as

m = s tanh
4

Jzsm
kB T

5
(6.22)

which yields Fig.6.1 for a graphical solution. 1

1Variational approach: Consider the Ising model (6.13) without magnetic Þeld. We now determine the free
energy on a variational level assuming a distribution of N independent spin with a net magnetization M = N

+

�N�
(N = N

+

+ N�). The probability that a certain spin is Ó+sÓ or Ó-sÓ is given byw± = 1

2

(1 ± ÷m) with ÷m = M/N .
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conÞgurations corresponding to a given M . We may now determine the free energy asF = U � T S = hH iM �
kB T ln %(M ) in the following way:

U = hH iM = �J
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hsi sj i = �JNzs2
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+

w
+

+ w�w� � w
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where we use for hsi sj i simply the conÞgurational average for pairs of completely independent spins for given
M , i.e. w

+

w
+

+ w�w� (w
+

w� + w
+

w�) is the probability that neighboring spins are parallel (antiparallel).
In this approach there is no correlation between the neighboring spins. For the entropy term we use Stirling
approximation and keep only extensive terms,

T S = kB T ln %(M ) ⇡ Nk B T
$
ln 2 � 1

2
(1 + ÷m) ln(1 + ÷m) � 1

2
(1 � ÷m) ln(1 � ÷m)

'
. (6.25)

Thus, we have expressed the free energy by a variational phase represented by independent spins whose variational
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6.2.2 Instability of the paramagnetic phase

The disordered phase above a certain critical temperatureTc is called paramagnetic phase. For
this phase we consider Þrst the magnetic susceptibility0(T) at zero magnetic Þeld, which is
obtained from

0(T) = N
d%si &
dH

6
6
6
6
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= "
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(6.27)

where we used the equilibrium condition (6.20). Thus we obtain
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(6.28)

where we used that for a paramagnetm(H = 0) = 0. This leads to the susceptibility

T = Tc

T < Tc
T > Tc

m

m

Figure 6.1: Graphical solution of the self-consistence equation (6.22). The crossing points of the
straight line and the step-like function gives the solution. There is only one solution atm = 0
for T ' Tc and three solutions for T < T c.

0(T) =
Ns2

kB T " Jzs2 (6.29)

which is modiÞed compared to that of the ideal paramagnet. IfkB T # Jzs2 from above 0(T)
is singular. We deÞne this as the critical temperature

Tc =
Jzs2

kB
. (6.30)

parameter is the mean moment m = hsi = s(w
+

� w�) = s ÷m. We minimize F with respect to ÷m,
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kB T

&
(6.26)

which corresponds to Eq.(6.22) in the absence of a magnetic Þeld. Thus, this variational approach and mean Þeld
are equivalent and give the same thermodynamic properties. As we will see, the mean Þeld approach is more
easily improved. In many cases similar variational calculations of the free energy based on independent degrees
of freedom yield thermodynamics equivalent to a mean Þeld approach.
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As the system approachesT = Tc it becomes more and more easy to polarize its spin by a tiny
magnetic Þeld. This indicates an instability of the system which we now analyze in terms of
the self-consistence equation (6.22) in the absence of a magnetic Þeld. Looking at Fig.6.1 we
Þnd that indeed the critical temperature Tc plays an important role in separating two types of
solutions of Eq.(6.22). For T ' Tc there is one single solution atm = 0 and for T < T c there are
three solutions including m = 0 , m(T), " m(T). The physically relevant solution is then the one
with Þnite value of m, as we will show below. It is obvious that belowT = Tc the mean Þeldm
grows continuously from zero to a Þnite value. From Fig.6.1 we see that the critical temperature
can be derived from Eq.(6.22) by requiring that the slope of both sides at m = 0 is identical.
Thus taking the derivative we Þnd

1 =
Jzs2

kB T
cosh# 2

4
Jzsm
kB T

5 6
6
6
6
m=0

=
Jzs2

kB T
$ Tc =

Jzs2

kB
(6.31)

which agrees with Eq.(6.30).
In order to see which of the solutions is a minimum of the free energy we expandF in m assuming
that m and H are small.
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For H = 0 we obtain
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where for the last step we took into account that our expansion is only valid forT ( Tc.
Moreover, F0 = " NkB T ln 2. This form of the free energy expansion is the famous Landau
theory of a continuous phase transition (for more details see later in Sect.6.4).

m

c

T = Tc

T > Tc

F

T < T

Figure 6.2: Landau free energy:T > T c: 2nd-order term is positive and minimum of F at
m = 0; T = Tc, 2nd vanishes and free energy minimum atm = 0 becomes very shallow;T < T c:
2nd-order term is negative and minimum of F is at Þnite value of m, bounded by the 4th -order
term.

It is obvious that for T > T c the minimum lies at m = 0. For T < T c the coe$cient of the
m2-term (2nd-order) changes sign and a Þnite value ofm minimizes F (see Fig. 6.2). The
minimization leads to

m(T) =

!
"

#

± s
3

3& T < Tc

0 T ' Tc

(6.34)
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with & = 1 " T/T c as a short-hand notation. There are two degenerate minima and the system
chooses spontaneously one of the two (spontaneous symmetry breaking).
Next we analyze the behavior of the free energy and other thermodynamic quantities around
the phase transition. The temperature dependence of the free energy and the entropy is given
by

F (T) = F0(T) "
3NkB Tc&2

4
)( &) and S(T) = "

*F (T)
*T

= NkB ln 2 "
3NkB &

2
)( &) ,

(6.35)
and eventually we obtain for the heat capacity,

C
T

=
*S
*T

=
3NkB

2Tc
)( &) + C0 (6.36)

whereC0 is zero in the present approximation forH = 0. While the free energy and the entropy
are continuous through the transition, the heat capacity shows a jump indicating the release of
entropy through ordering. Thus, we conclude that this phase transition is of second order.
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Figure 6.3: Thermodynamic quantities within mean Þeld theory. Free energy, entropy and heat
capacity.

Within mean Þeld approximation the region close toTc is described by the Landau expansion.
However, taking the solution of the complete mean Þeld equations leads to the thermodynamic
behavior for the whole temperature range as shown in Fig.6.3. Note that in this mean Þeld
approximation the entropy is NkB ln 2 in the paramagnetic phase, the maximal value the entropy
can reach.

6.2.3 Phase diagram

So far we have concentrated on the situation without magnetic Þeld. In this case the phase
transition leads to one of two degenerate ordered phases,m = + |m| or m = "| m|. An applied
magnetic Þeld lifts this degeneracy by introducing a bias for one of the two states, favoring the
order with m parallel to the Þeld. In a Þnite Þeld the transition turns into a crossover, since
there is already a driven momentm for temperatures aboveTc. This is also reßected in the
thermodynamic properties which show broad features aroundTc and not anymore the sharp
transition, e.g. the heat capacity is turned into a broadened anomaly (see Fig.6.4).
Next we turn to the behavior of the magnetization m as a function of the magnetic Þeld and
temperature (illustrated in Fig. 6.5 and 6.6). At H = 0 going from high to low temperatures
the slope of m(H )|H =0 is linear and diverges as we approachTc. This reßects the diverging
susceptibility as a critical behavior.
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Figure 6.4: Ising system in a Þnite magnetic Þeld: (left panel) Magnetization as a function of
temperature in a Þxed magnetic Þeld (solid line) and in zero Þeld (dashed line); (right panel)
heat capacity for a Þxed magnetic Þeld. In a magnetic Þeld no sharp transition exists.
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Figure 6.5: Magnetization as a function of magnetic Þeld for di!erent temperatures.

For all temperatures T > T c, the magnetization m(H ) is a single-valued function in Fig. 6.5 .
Below Tc, however,m(H ) is triply valued as a solution of the self-consistence equation. The part
with dm/dH > 0 is stable or metastable representing local minima of the free energy. The part
of dm/dH < 0 corresponds to a local maximum of the free energy and is unstable.2 Considering
for T < T c the magnetic Þeld running from negative to positive values, we Þnd forH < 0 the
state with m < 0 has lowest free energy. AtH = 0 there is a degeneracy between +|m| and "| m|
as both minima have the same energy and forH > 0, m > 0 is the lowest energy phase. Thus we

2Metastable and unstable states:We consider the uniform free energy of the magnetization m including the
Zeeman coupling to the external Þeld H , F 0(m, H ) = F (m) � mH . The (local) minimum of the free energy is
determined by

$F 0

$m
=

$F
$m

� H = 0 and
$2F 0

$m2

=
$2F
$m2

> 0 . (6.37)

while a local maximum has a negative second derivative. Considering the derivative with respect to H at the
extrema deÞned by Eq.(6.37), for m = m(H ),

d
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=
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=
=
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Therefore,

! =
dm
dH

=

+
333,

333-

(
$2F
$m2

)�1 > 0 stable / metastable

(
$2F
$m2

)�1 < 0 unstable .

(6.39)
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encounter a level-crossing of the free energy for the two states atH = 0 and the magnetization
jumps from negative to positive direction. This represents a Þrst-order transition, since the free
energy as a function ofH is singular, i.e. it has a sharp slope change (a discontinuity in the Þrst
derivative of F with respect to H ).3

This is visualized in a three-dimensional graph inm, H and T (Fig. 6.6). The shaded region
appearing for T < T c is the region where the two degenerate phases coexist. Asm is changed in
this region, the fraction of the two degenerate Þnite magnetization phases is changed continuously
following a Maxwell construction.

m(q) = q|m(H = 0 , T)| + (1 " q){"| m(H = 0 , T)|} = (2 q " 1)|m(H = 0 , T)| (6.40)

where q can change continuously with 0* q * 1. This may be viewed as domains of the two
states changing in size.

m

T

H

isothermal

T

gas

isothermal

p

V

liquid

Figure 6.6: Left panel: phase diagram of ferromagnetic Ising model in (H, m, T ); right panel:
phase diagram of the liquid-gas transition in (p, V, T). In both cases the shaded region represents
a coexistence region.

In the H -T-plane this shaded region is simply a line for the Þrst order transition of a discontin-
uously changing magnetization.

6.3 Gaussian transformation

We analyze the mean Þeld approximation in a di!erent formulation, using the Gaussian transfor-
mation. The partition function of the Ising model can be rewritten by introducing a continuous

3Note that in reality ramping H through 0 does not necessarily lead to a sharp transition. Flipping all
magnetic moments at once is not a trivial matter. Thus the system may stay trapped in the metastable free
energy minimum for a certain range of positive H . The transition may happen through the nucleation of reversed
magnetic bubbles (domains) and the subsequent expansion of the reversed region by means of domain wall motion.
(Similar to the nucleation and expansion of droplets in undercooled vapor.) There is a certain Þeld where the
metastable minimum becomes a saddle point and thus unstable for inÞnitesimally higher Þelds. Varying the
magnetic Þeld periodically can lead to hysteretic loops.
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where we use theN 1 N -matrix

Jij =

!
"

#

" J (i, j ) nearest neighbors

0 otherwise
(6.42)

and (J # 1)ij is the inverse ofJij . We assume the magnetic Þeld to be site dependent, which will
be convenient later. We used the identity
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with A being a positive deÞniteN 1 N -matrix. This exact rewriting of the partition function
is called Gaussian transformation (also known as Hubbard-Stratonovich transformation).4 We
replaced here the discrete variablesi by a continuous Þeld/ i .
We introduce the potential S(/ i , H i ) and write

Z = C
@+ %
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i 0
d/ i 0

8
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with C = 1 / (2$kB T)N/ 2
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(J # 1)ij (/ i " H i )( / j " H j ) "
1
-

$

i

ln[2 cosh(-s/ i )] . (6.45)

The evaluation of these integrals in Eq.(6.44) is, however, as di$cult as it was to determine
the partition function for the original formulation with Ising spins. One approximation is based
on the proposal that the integral is dominated by the maximum of the integrand. The type of
evaluation is known as saddle point approximation (sometimes also called method of steepest
descent). Thus, one replaces the auxiliary Þeld by the valueø/ i which dominates the integral
for the partition function. 5 This method is similar to discussions we had earlier when we tested
the equivalence of di!erent ensembles, although statistically less reliable as we will see later. It
relies on the assumption that the ßuctuations of the Þeld/ i around ø/ i are small - something

4Reference: ÓField Theory, the Renormalization Group, and Critical PhenomenaÓ, Daniel J. Amit, World
ScientiÞc.

5Method of steepest descent:We consider the integral

I =
( b

a
eNg (x )dx (6.46)
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which has to be tested. Therefore we look for the minimum ofS now and approximate Z then
by

Z ( Ce# (S ( ø. i ,H i ) with 0 =
*S
*/ i

6
6
6
6
. i = ø. i

= "
$

j

(J # 1)ij ( ø/ j " H j ) " s tanh(-s ø/ i ) (6.49)

which leads to the saddle-point equation

ø/ i = Hi " s
$

j

Jij tanh(-s ø/ j ) (6.50)

For Hi = 0 the saddle point is given by the uniform solution ø/ i = ø/ , satisfying

ø/ = " s
$

j

Jij tanh(-s ø/ ) = Jzs tanh(-s ø/ ) . (6.51)

This yields the same critical temperature for the onset of a Þnite solution forø/ as the mean Þeld
solution, following the same scheme of discussion as above. The relation tom of the mean Þeld
approximation is given by the condition

%si &= kB T
* ln Z
*H i

= "
dS( ø/ i , H i )

dHi
= "

*S
*H i

= "
$

j

(J # 1)ij ( ø/ j " H j ) = s tanh(-s ø/ i ) (6.52)

such that
m = s tanh(-s ø/ ) $ ø/ = Jzm . (6.53)

The discussion of the thermodynamic properties are in this formulation analogous to the ordinary
mean Þeld treatment and give exactly the same behavior. We are, however, now in a position
to go beyond the mean Þeld level and, in particular, to test the validity of the mean Þeld
approximation.

6.3.1 Correlation function and susceptibility

We consider Þrst the correlation function

#ij = %si sj & " %si &%sj &= ( kB T)2 * 2 ln Z
*H i *H j

( " kB T
d2S( ø/ i , H i )

dHi dHj
. (6.54)

With ( 6.52) we obtain

- #ij =
d

dHj
s tanh(-s ø/ i ) = -s 2 cosh# 2(-s ø/ )

dø/ i

dHj
(6.55)

which if inverted yields

## 1
ij =

1
s2 cosh2(-s ø/ )

dHj

dø/ i
=

1
s2 cosh2(-s ø/ )

>
' ij +

-s 2Jij

cosh2(-s ø/ )

?
(6.56)

and N � 1 and g(x) a function with a unique maximum at x = øx in the interval [ a, b], i.e.

g(x) = g(øx) + g0(øx)( x � øx) +
1
2

g00(øx)( x � øx)2 + · · · . (6.47)

For the maximum, the conditions g0(øx) = 0 and g00(øx) < 0 holds. We approximate the integral

I ⇡ eNg (x̄ )

( b

a
dx e� 1

2 N |g00
(x̄ )|(x �x̄ )

2 ⇡ eNg (x̄ )

(
+1

�1
dx e� 1

2 N |g00
(x̄ )|(x �x̄ )

2

=
%

2'
N |g00(øx)|

&
1/ 2

eNg (x̄ ) (6.48)

which is exact in the limit N ! 1. Considering ln I we Þnd that ln I ⇡ Ng(øx) + O(ln N ).
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where we use (6.50)

Hj = ø/ j + s
$

j 0
Jjj 0 tanh(-s ø/ j 0) $

dHj

dø/ i
= ' ij +

-s 2Jij

cosh2(-s ø/ )
. (6.57)

The following Fourier-transformations lead to a simple form for (6.56), 6

Jij =
1
N

$

*q

J ("q)ei*q á(*r i # *r j ) , #ij =
1
N

$

*q

#( "q)ei*q á(*r i # *r j ) , ' ij =
1
N

$

*q

ei*q á(*r i # *r j ) (6.62)

with

#( "q) =
kB T#0

1 + # 0J ("q)
with # 0 =

-s 2

cosh2(-s ø/ )
= -s 2 9

1 " tanh2(-s ø/ )
:

= - (s2 " m2) ,

(6.63)
using (6.53). On a d-dimensional hypercubic lattice with only nearest-neighbor coupling, we
obtain for the Fourier transformed coupling strength,

J ("q) =
1
N

$

i,j

Jij e# i*q á(*r i # *r j ) = " 2J
d$

) =1

cosq) a (6.64)

with the lattice constant a. As we will see below, if we focus on the long-distance correlations
only, we can restrict ourselves to the small"q range and we expandJ ("q) as

J ("q) ( " Jz + Jq2a2

$ #( "q) (
kB T

kB T
s2# m2

" Jz + Jq2a2
(

kB T s2

kB (T " Tc) + Js2q2a2 + kB T m2/s 2

(6.65)

where for the last approximation, we assumedm + s as is the case in ordered phase close toTc

and for T > T c. This correlation function has then the famous Ornstein-Zernike form,

#( "q) =
A

1 + 72q2 (6.66)

where 7 is the correlation length, as introduced in (5.13).
First let us use this result to determine the susceptibility. For this purpose we take the earlier
derived connection of the susceptibility with the ßuctuations.

0 = -
$

i,j

{%si sj & " %si &%sj &} = -
$

i,j

#ij = N- #( "q = 0) =
Ns2

kB (T " Tc) + kB T m2/s 2 (6.67)

6For the inversion of ! ij it is important to realize that ! ij = !( +ri � +rj ) is translation invariant. We use now
the linear equation

ai =
!

j

! �1

ij bj )
!

j

! ij aj = bi . (6.58)

We perform now the Fourier transform of the second equation,

1
N

!

i

!

j

! ij aj e�i$q ·$r i =
1
N

!

i

!

j

! ij aj e�i$q ·($r i �$r j )e�i$q ·$r j = !( +q)a(+q) =
1
N

!

i

bi e
�$q ·$r i = b(+q) . (6.59)

On the other hand, we Þnd

1
N

!

i

!

j

! �1

ij bj e�i$q ·$r i =
1
N

!

i

!

j

! �1

ij bj e�i$q ·($r i �$r j )e�i$q ·$r j = ! �1(+q)b(+q) =
1
N

!

i

ai e
�$q ·$r i = a(+q) , (6.60)

leading to the relation

! �1(+q) =
1

!( +q)
, (6.61)

which is a convenient way to handle the inverted matrix ! �1

ij .
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We use now the earlier mean Þeld result form2 = 3s2& in (6.34) and obtain for the regime very
close toTc the behavior,

0(T) =

!
AAAA"

AAAA#

Ns2

kB (T " Tc)
T > T c ,

Ns2

2kB |T " Tc|
T < T c ,

(6.68)

showing that the susceptibility is singular approachingTc from both sides of the phase transition
with the same exponent for |&|.
Now return to the correlation function in the paramagnetic phase (T > T c) and represent the
correlation function in real space, where we restrict ourselves to the long-distance behavior
r # , . Thus we have the Fourier-transform #("q). For large |"r | the phase factorei*q á*r rapidly
oscillates for for large"q such that in #( "q) only small "q are important.
For simplicity we consider only the three-dimensional case,

#*r =
@

d3q
(2$)3 #( "q)ei*q á*r (

A
4$2

@%

0
dq q2

@
d) sin)

eiqr cos$

1 + 72q2 =
A

4$2ir

@%

0
dq q

eiqr " e# iqr

1 + 72q2

=
A

4$2ir

@+ %

#%
dq q

eiqr

1 + 72q2 =
A
4$

e# r//

r72 =
kB T
4$J

e# r//

r
(6.69)

where we used residue calculation for the last integral and introduced the parametrization,

A =
s2

1 " Tc/T
=

kB T 72

Ja2 and 72 =
Js2a2

kB (T " Tc)
. (6.70)

The general form of the correlation function for other dimensionsd is

#*r 0
e# r//

r (d# 1)/ 2
(6.71)

if T > T c.7 In all cases there is a correlation length which diverges as we approachT # Tc+ .
At Tc we Þnd

#*r =
kB T
Ja2

@
ddq

(2$)d

ei*q á*r

q2 0

!
"

#

ln r d = 2

r 2# d d != 2
(6.75)

This suggests that for T # Tc+ the correlation function should rather behave as

#*r 0

!
AA"

AA#

ln r e# r// d = 2

e# r//

r d# 2 d != 2

(6.76)

7Note that the correlation function in +q-space

!( +q) =
A

1 + 02+q2
, (1 + 02+q)!( +q) = A (6.72)

is the Fourier transform of the di$erential equation

A&(+r) = {1� 02+r2}! $r =
"

1� 02

r d�1

$
$r

r d�1

$
$r

#
! $r . (6.73)

With the ansatz ! $r = r be�r/, we obtain easily, b = (1 � d)/ 2 as given in (6.71). At the transition point we have
0�1 = 0 such that the di$erential equation has then the form,

+r2! $r = ÷A&(+r) ) ! $r /
+
,

-

r d = 1
ln r d = 2
r 2�d d � 3

, (6.74)

as given in (6.75).
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which we will encounter later in the context of scaling again.
Eventually we may characterize the ordered phase (T < T c), also through the behavior of the
correlation function, which has the property

lim
r $%

#*r = 0 (6.77)

for T > T c as well asT < T c. In the latter case 7 plays the role of Óhealing lengthÓ over which
any distortion of the mean Þeld recovers to its uniform value%si &= m. This means now that

lim
|*r i # *r j |$%

%si sj &= %si &%sj &=

!
"

#

0 T > T c ,

m2 T < T c .
(6.78)

Thus in the ordered phase spins are correlated of ÓinÞniteÓ distances (deÞned only in the ther-
modynamic limit of inÞnitely large systems) and are called long range ordered in contrast to
short range order which means correlations over short distances only.

6.4 Ginzburg-Landau theory

We have used the Landau expansion of the free energy above to discuss phase transitions in
the vicinity of the critical temperature where m was small. This can be extended to a highly
convenient method which allows us to discuss phase transition more generally, in particular, those
of second order. LandauÕs concept of the disorder-to-order transition is based on symmetry
and spontaneous symmetry breaking. The disordered high-temperature phase has a certain
symmetry which is characterized by a groupG of all symmetry operations leaving the system
invariant. At the second order phase transition a form of order appears reducing this symmetry
such that the low-temperature phase obeys a symmetry groupG! which is a subgroup ofG. This
change of symmetry is calledspontaneous symmetry breakingwhereby the system chooses one
among several degenerate states. The number of choices corresponds to the order ofG/ G!, i.e.
order of G devided by order of G!. This symmetry lowering is described by the appearance of
an order parameter, a quantity which does not possess all symmetries of the groupG.
A further important aspect emerges when long-length scale variations of the order parameter
are taken into account. This can be easily incorporated in the Ginzburg-Landau theory and
allows to discuss spatial variations of the ordered phase as well as ßuctuations.

6.4.1 Ginzburg-Landau theory for the Ising model

For the Ising model of the previous section we can identifym as the order parameter. The order
parameter m is not invariant under time reversal symmetry öK ,

öKm = " m . (6.79)

The two states with positive and negative m are degenerate. The relevant symmetry group
above the phase transition is

G = G 1 K (6.80)

with G as the space group of the lattice (simple cubic) andK, the group { E, öK } (E denotes the
identity operation). As for the space group we consider the magnetic moment here independent
of the crystal lattice rotations such that G remains untouched through the transition so that
the corresponding subgroup is

G! = G 8 G (6.81)

The degeneracy of the ordered phase is given by the order ofG/ G! which is 2 in our case.
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The Ginzburg-Landau free energy functional has ind dimensions the general form

F [m; H, T ] = F0(H, T ) +
@

ddr
>

A
2

m("r )2 +
B
4

m("r )4 " H ("r )m("r ) +
.
2

[". m("r )]2
?

= F0(H, T ) +
@

ddr f (m, ". m; H, T )

(6.82)

where we choose the coe$cients according to the expansion done in (6.33) as

A =
Jz
ad

4
T
Tc

" 1
5

= "
Jz
ad & and B =

Jz
3s2ad . (6.83)

Here a is the lattice constant. We have introduced the spatial continuum limit for the order
parameter m which is based on the procedure ofcoarse graining. We take a block of sites with
the volume L d

b with L b much larger than the lattice constant a and deÞne

m("r ) =
1

Nb

$

i * %b(*r )

%si & with Nb =
ad

L d
b

(6.84)

and &b("r ) is the set of sites in the block around the center position"r . Here we assume that%si &
is changing slowly in space on the length scaleL b.
Under this condition we can now also determine. from the model Hamiltonian using the fol-
lowing consideration. The variational equation of the free energy functional is given by

0 =
'F
'm

$ 0 =
*f
*m

" ". á
*f

* ". m
= " . ". 2m + Am + Bm 3 " H (6.85)

Let us compare this equation with the saddle-point equation (6.50,6.51) assumingH = 0. It is
su$cient to keep only the terms of Þrst order in m. We then take the equations (6.50,6.53) and
expand the self-consistence equation to linear order

ø/ i = ø/ ("r i ) = " s
$

j

Jij tanh(-s ø/ ("r j )) ( " -s 2
$

j

Jij ø/ ("r j ) = -s 2
$

{ *a } n.n.

J ø/ ("r i + "a)

= -s 2J

*

+z ø/ ("r i ) +
$

{ *a } n.n.

"a á". ø/ ("r i ) +
1
2

$

{*a } n.n.

$

µ,! = x,y...

aµa!
* 2

*r µ*r !

ø/ ("r i )

,

- .

(6.86)

The sum
%

{*a } n.n.
runs over nearest-neighbor sites. Note that the second term in the bracket

[. . . ] vanishes due to symmetry. Now using the coarse graining procedure we may replace
ø/ ("r i ) = Jzm("r ) and obtain

0 = Jz
4

T
Tc

" 1
5

m("r ) " Ja2". 2m("r ) , (6.87)

and the comparison of coe$cients leads to

. = Ja2# d . (6.88)

We may rewrite the equation (6.87) as

0 = m " 72". 2m with 72 =
a2kB Tc

zkB (T " Tc)
=

Js2a2

kB (T " Tc)
(6.89)

where we introduced the length7 which is exactly equal to the correlation length for T > T c in
(6.70).
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6.4.2 Critical exponents

Close to the phase transition at Tc various quantities have a speciÞc temperature or Þeld de-
pendence which follows powerlaws in& = 1 " T/T c or H with characteristic exponents, called
critical exponents. We introduce here the exponents relevant for a magnetic system like the Ising
model. The heat capacityC and the susceptibility 0 follow the behavior

C(T) 0 | &|# ) and 0(T) 0 | &|# 0 (6.90)

for both & > 0 and & < 0. Also the correlation length displays a powerlaw

7(T) 0 | &|# ! . (6.91)

For & > 0 (ordered phase) the magnetization grows as

m(T) 0 | &|( . (6.92)

At T = Tc (& = 0) the magnetization has the Þeld dependence

m 0 H 1/& (6.93)

and the correlation function has a powerlaw dependence on the distancer

#*r 0
1

r d# 2+ 1 . (6.94)

These exponents are not completely independent but are related by means of so-called scaling
laws:

¥ Rushbrooke scaling:# + 2 - + 4 = 2

¥ Widom scaling: 4 = - (' " 1)

¥ Fisher scaling: 4 = (2 " 8)!

¥ Josephson scaling:!d = 2 " #

We do not derive all relations, but restrict to FisherÕs result in order to show the basic idea. We
consider the correlation function for & < 0 but very close to Tc. Then using (6.94) we assume
that we can write #*r as

#*r 0
1

r d# 2+ 1 g(r/7 ) . (6.95)

According to our previous discussion the susceptibility is given by the integral of #*r over space

0 0
@

ddr #*r 0
@

ddr
1

r d# 2+ 1 g(r/7 ) 0 72# 1
@

ddy
1

yd# 2+ 1 g(y) 0 | &|# ! (2# 1) 0 | &|# 0 (6.96)

which leads to 4 = ! (2 " 8).
Let us now determine the exponents within mean Þeld theory. The only one we have not found
so far is ' . Using the Ginzburg-Landau equations for& = 0 leads to

Bm 3 = H $ ' = 3 (6.97)

Thus the list of exponents is

# = 0 , - =
1
2

, 4 = 1 ' = 3 , ! =
1
2

8 = 0 (6.98)

These exponents satisfy the scaling relations apart from the Josephson scaling which depends
on the dimensiond.
The critical exponents arise from the speciÞc ßuctuation (critical) behavior around a second-
order phase transition. They are determined by dimension, structure of order parameter and
coupling topology, and are consequently identical for equivalent phase transitions. Therefore,
the critical exponents incorporate universal properties.
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6.4.3 Range of validity of the mean Þeld theory - Ginzburg criterion

In Eq. (6.16) we gave a condition for the validity of the mean Þeld approximation. The ßuc-
tuations around the mean Þeld should be small. We formulate this statement more concretely
here. In previous chapters we have found that for large systems the ßuctuations are very small
compared to the mean value (e.g. energy, particle number, ...). Looking at the ßuctuations of
the magnetic moments, the question arises what is the natural Ósystem sizeÓ. The natural length
scale for ßuctuations is the correlation length which we know from the correlation function #ij .
Thus, the relevant Ósystem sizeÓ corresponds to the volumeV/ = 7d. Looking at the ratio

Eij =
%(si " %si &)(sj " %sj &)&

%si &%sj &
(6.99)

we estimate denominator and numerator in the same volumeV/ in the following way,

EGL =

%
j * %,

#0j
%

j * %,
%s0&%sj &

, (6.100)

where &/ denotes the set of lattice points around 0 covered by the volumeV/ . We Þrst look at the
numerator and use the fact that #*r decays on the length7 quickly. Thus we use the ßuctuation-
dissipation theorem relating the correlation function and the susceptibility and obtain,

@

V,

ddr #*r = fk B T
0(T)

N
. (6.101)

where the factor f is independent of7 and temperature and gives the fraction to which integral
limited to V/ corresponds to the susceptibility 0kB T =

%
i,j #ij . We can estimate it by using

the scaling form of #*r ,
@/

0
dr

r d# 1

r d# 2 g(r/7 ) = f
@%

0
dr

r d# 1

r d# 2 g(r/7 ) $ 72
@1

0
dx xg(x) = f7 2

@%

0
dx xg(x) ,

(6.102)
which leads indeed tof independent of 7 and of order one. Next we consider the denominator
of EGL and we restrict to T < T c so that we immediately Þnd

$

j * V,

%s0&%sj &= m(T)2N/ (6.103)

with N/ = ( 7/a)d as the number of lattice sites within the volume V/ . The criterion for the
mean Þeld theory to be applicable is then given by

fk B Tc
0(T)

N
+

4
7
a

5 d

m(T)2 $
fs 2

2&
+ 3s2&

4
70

a

5 d

&# d/ 2 (6.104)

with 70 as the correlation length at zero-temperature. Since we are testing the mean Þeld theory
we have used here the mean Þeld exponents of Eq.(6.98). From these we obtain the range of
validity

&
4�d
2 -

f
6

4
a
70

5 d

(6.105)

which excludes obviously a narrow range of temperature close toTc for dimensionsd * 3. For
dimensions d > 4 there is no limitations and the mean Þeld theory including the Ginzburg-
Landau theory is valid also close toTc. The temperature region

" T = Tc " T / Tc

.
f
6

4
a
70

5 d
/ 2

4�d

(6.106)
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is called the critical region and grows with shrinking 70 as the number of spins in the correlation
volume V/ becomes smaller.
One important result is the fact that the dimension dc = 4 has been identiÞed as an upper
critical dimension. For d > d c the mean Þeld exponents are valid. This does, however, not mean
that the mean Þeld approximation delivers the exact thermodynamics.

6.5 Self-consistent Þeld approximation

Fluctuation e!ects a!ect not only the critical exponents, they also alter the condition for the
instability. The mean Þeld approximation overestimates the tendency to order by ignoring
ßuctuations. The functional integral formulation based on the Gaussian transformation allows
us to tackle the discussion of ßuctuation e!ects in a systematic way. A good insight into some
aspects of the ßuctuation e!ects is obtained by the so-called self-consistent Þeld approximation
which is used to analyze the instability condition. We consider the ßuctuations around the mean
order parameter value by looking at the partition function in Eq.( 6.44)

Z = C
@+ %

#%

7
F

i

d/ i

8

e# (S (. i ,H i ) . (6.107)

Our aim in the following will be to examine the instability condition of the paramagnetic state
in the absence of a magnetic Þeld, i.e.H i = 0. Including thermal ßuctuations we Þnd that the
mean square of the Þeld/ i is Þnite above the transition temperature, while the simple mean
value vanishes, i.e.%/ 2

i & != 0 while %/ i &= 0.

6.5.1 Renormalization of the critical temperature

We take now advantage of the fact that in the paramagnetic phase only small values of/ i are
important. Therefore, we expand to S(/ i ) to second order in the Þelds/ i in the following way,

S(/ ) ( S0 "
1
2

!
"

#

$

i,j

(J # 1)ij / i / j + kB T
$

i,j

D
* 2 ln[2 cosh(-s/ i ]

*/ i */ j

E
/ i / j

K
L

M

= S0 "
1
2

$

i,j

>
(J # 1)ij + -s 2' ij

D
1

cosh2(-s/ i )

E?
/ i / j

( S0 "
1
2

$

i,j

9
(J # 1)ij + -s 2' ij (1 " - 2s2%/ 2

i &
:

/ i / j .

(6.108)

We take %/ 2
i &= %/ 2&independent of position. Now we turn to Fourier space,

/ i =
1
N

$

*q

/ *qei*q á*r i with / )
*q = / # *q , (6.109)

and we obtain

S(/ ) = S0 "
1

2N

$

*q

>
1

J ("q)
+ -s 2(1 " - 2s2%/ 2&)

?
/ *q / # *q

( S0 +
1

2JzN

$

*q

>
q2a2

z
+ 1 " Jzs2- + Jzs4- 3%/ 2&

?
/ *q / # *q

= S0 +
ad

2J 2z2N

$

*q

9
.q 2 + A + 3JzBs6- 3%/ 2&

:
/ *q / # *q

(6.110)
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A slightly more compact form is reached by taking the relation / *q = Jzm*q following Eq.(6.53)
and kB Tc = Jzs2 such that

S = S0 +
ad

2N

$

*q

9
.q 2 + A + 3B %m2&

:
m*qm# *q = S0 +

1
2

$

*q

G# 1("q)m*qm# *q (6.111)

taking the coe$cients from the above Ginzburg-Landau formulation.
Now we may rewrite the partition function in this approximation as

Z ! = Z0

F

*q

!
@

dm*q dm# *q exp
9

" -G # 1("q)m*qm# *q / 2
:

= Z0

F

*q

!
@

dm!
*q dm!!

*q exp
2

" -G # 1("q)(m!
*q

2 + m!!
# *q

2)/ 2
3

(6.112)

where we used the parametrizationm± *q = m!
*q ± im !!

*q . The product
] ! runs only over the half-

space of"q, e.g. { "q | qz ' 0} , because the full product
]

*q dm*qdm# *q would constitute a doubling
of integrals compared to

]
i d/ i . Using this we calculate the mean value

%m2& =
1

L d

@
ddr %m("r )2&=

1
N 2

$

*q

%m*qm# *q&

=
1

N 2

$

*q

%m!
*q

2 + m!!
*q

2&=
kB T
N 2

$

*q

G("q) =
1

L d

$

*q

kB T
A + 3B %m2&+ .q 2

(6.113)

which represents a self-consistent equation for%m2&. Note that the G("q) corresponds to a
renormalized correlation function, analogous to #*q in (6.65).
On the other hand, we can determine the susceptibility using the ßuctuations,

0(T) = -
1

L d

@
ddr ddr ! 9

%m("r )m("r !)& " %m("r )&%m("r !)&
:

= - %m2
*q=0 &= G("q = 0) =

1
A + 3B %m2&

.

(6.114)

The fact that the susceptibility diverges at the phase transition can now be used to determine
the instability temperature T)

c which is di!erent from the ÓbareÓTc deÞning the zero ofA. Thus
we analyze the equation

0# 1 = [ A + 3B %m2&] = A +
3BkB T

L d

$

*q

1
0# 1 + .q 2 , (6.115)

where 0# 1 = 0 determines T)
c . For the sum over "q we have to be careful because the form we

have chosen for the expansion in small powers ofq is not valid at large q. We correct for this
by introducing an upper cuto! & for q, which is of the order a# 1, the inverse lattice constant.
Then going to integral form L # d %

*q #
=

ddq/ (2$)d and setting 0# 1 = 0 we reach at equation

Ac = Jza# d
4

T)
c

Tc
" 1

5
= "

Jza# d

s2

CdkB T)
c

(2$)d

@%

0
dq

qd# 1

.q 2 (6.116)

where Cd =
=

d' is the surface area of a unit-sphere in d dimensions as deÞned in Eq.(2.39).
Thus the renormalized transition temperature is

T)
c =

Tc

1 +
Cdz

(2$)d

(&a)d# 2

d " 2

< T c . (6.117)
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Therefore the transition temperature is reduced by the ßuctuations. The dimensiond = dL = 2
appears as a lower critical dimension. For dimensiond * dL the integral diverges at the lower
boundary (infrared divergence) such that no Þnite transition temperature is possible. The
dimension dL is more subtle. Below we will comment from a di!erent point of view on this
result.8

The renormalization of Tc in Eq.(6.117) contains the ßuctuation-induced correction term,

f racC dz(2$)d (&a)d# 2

d " 2
(

2d$d/ 2

(2$)d#(1 + d/ 2)(d " 2)
d- 1"#

1
2d$d/ 2(d/ 2)!

d$%"# 0 (6.118)

such that T )
c # Tc for inÞnity dimensions. This means that ßuctuations do not a!ect the mean

Þeld solution at all in inÞnite dimension. Each site is coupled to a reservoir of inÞnite neighbours,
making ßuctuation negligible.9

6.5.2 Renormalized critical exponents

Now we turn to the behavior of the susceptibility at the new critical temperature. For this
purpose we rewrite (6.115) with the help of ( 6.116) and obtain for T # T)

c+

0# 1 = ( A " Ac) +
3BCd

(2$)d

@%

0
dq qd# 1

I
kB T

0# 1 + .q 2 "
kB T)

c

.q 2

J

( (A " Ac) "
3BCdkB T)

c

(2$)d.

@%

0
dq

qd# 3

1 + 0.q 2

= ( A " Ac) "
3BCdkB T)

c

(2$)d.
{ .0 } (2# d)/ 2

@%
.

23

0
dx

xd# 3

1 + x2 .

(6.119)

Note that .0 = 72. We distinguish now two cases. First choose the dimension larger than the
upper critical dimension d > d c = 4 and obtain

0# 1 ( (A " Ac) "
3BCdkB T)

c

(2$)d.
{ .0 } (2# d)/ 2 { &(.0 )1/ 2} d# 4

d " 4

= ( A " Ac) "
3BCdkB T)

c

(2$)d. 2

&d# 4

d " 4
0# 1 =

kB

ads2 (T " T)
c ) "

Cdz2

2(2$)d

T)
c

Tc

(&a)d# 4

d " 4
0# 1

$ 0(T) =
ads2

kB (T " T)
c )

>
1 +

Cdz2

2(2$)d

T)
c

Tc

(&a)d# 4

d " 4

? # 1

0 | T " T)
c |# 1 .

(6.120)

We observe that this corresponds to the behavior found in mean Þeld calculation. Indeed above
the critical dimension dc the mean Þeld exponents are correct, and the only e!ect of ßuctuations
is to renormalize certain quantities such as the critical temperature. Obviously ford # , we
recover the mean Þeld result as exact with the same arguments as in the last section.
Next we considerd < d c = 4. In this case the integral over x in (6.119) converges and the upper
bound does not enter in the limit T # T)

c . The integral only depends ond and is given by
K d = #[( d " 2)/ 2]#[(4 " d)/ 2]. Therefore, we obtain

0# 1 = ( A " Ac) "
3BCdkB T)

c

(2$)d. d/ 2
K d0(2# d)/ 2 . (6.121)

8Actually for the Ising model this approach overestimates the e$ect of ßuctuations. As we will show in
Sect.6.6.2 there is long-range order at Þnite temperatures for d = 2. However, we have seen in Sect.4.7.3 that
long-range order of a solid (crystalline lattice) is destroyed at any Þnite temperature for d = 1 and 2. The same
is true for quantum spin systems (Heisenberg model).

9Note that for practical reason one assumes that the coupling scales so that Jz = const in order to obtain a
non-divergent mean Þeld Tc.
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Figure 6.7: Critical region.

This equation has two regimes. For large0 the second term on the right hand side is dominating
over 0# 1. On the other hand, if 0 is small, 0# 1 is dominant. The Þrst case applies forT very
close toT)

c such that we arrive at the behavior

0(T) 0 | T " T)
c |# 0 with 4 =

2
d " 2

. (6.122)

Away from T)
c the second case holds and we return back to the usual mean Þeld behavior,

0(T) 0 | T " T)
c |# 1 . (6.123)

The crossover happens roughly at the boundary deÞned by the Ginzburg criterion. It is now
also obvious that the critical exponent 4 depends on the dimension. The critical dimensions
dL = 2 and dc = 4 need a special care in this discussion as the expression we have obtained do
not straightforwardly apply to them.
We can now also use this result to determine the exponent of the correlation length! . We may
use72 = .0 such that we Þnd immediately

! =
4
2

. (6.124)

6.6 Long-range order - PeierlsÕ argument

We have seen in the previous section that the critical temperature is reduced from its mean Þeld
value by thermal ßuctuations. The lower the dimension (the coordination number) the more
severe thermal ßuctuations act against order. We consider here the case of the Ising model in one
and two dimensions. In one dimension no magnetic order is possible at any Þnite temperature,
while in two dimensions there is a Þnite-temperature phase transition.

6.6.1 Absence of Þnite-temperature phase transition in the 1D Ising model

We consider the ground state of the ferromagnetic Ising chain. All spins are aligned. The lowest
energy excitation is a domain wall for which the spins point up on the left and down on the
right hand side of the domain wall. The energy for such a wall is 2Js2. With N spins on the
Ising chain, there would beN " 1 positions possible for this wall and would yield an entropy
S = kB ln(N " 1) accounting for the uncertainty of the conÞguration of the state. Therefore a
simple estimate of the free energy for the presence of a domain wall leads to

" F = 2Js2 " kB T ln(N " 1) . (6.125)
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Taking now the thermodynamic limit N # , would yield for any Þnite temperature a negative
" F such that the ordered phase (without domain wall) would be unfavorable.

domain
wall

Figure 6.8: Domain wall as the lowest excitation.

In the one-dimensional Ising chain long-range order exists only at zero temperature analogously
to the classical spin chain discussed earlier.

6.6.2 Long-range order in the 2D Ising model

The argument given by Peierls to proof long-range order for the 2D Ising model is also based on
domains. We consider a square lattice and assume that all spins at the boundary are pointing
up. This requirement is not relevant, if the thermodynamic limit is considered, i.e. the number
of site or spinsN # , . However, it implies that all domain walls on the lattice are closed. The
energy cost for a domain wall of the lengthL compared to the completely aligned conÞguration
is

E(L) = 2 Js2L . (6.126)

Now choose a sitej somewhere in the interior of the system. We deÞneP± as the probability
that this spin sj is ± s. Thus the mean value of the spin is

%sj &= s(P+ " P# ) (6.127)

where in the case of long range order%sj &> 0 due to the boundary condition. Moreover the
correlation function satisÞes for|i " j | # , ,

%si sj & # %si &%sj &= s2(P+ " P# )2 (6.128)

which is Þnite for the long-range ordered system, ifP+ != P# . Thus our proof has to address
this point.
We consider the system at low temperature such that the correlation length is long and di!erent
states are most e!ectively described by conÞgurations of domain walls which are rather dilute.
The partition function is then given by

Z =
$

c* !

e# KL c K = 2 -Js 2 (6.129)

where # is the set of conÞgurations andL c is the total length of all domain walls of conÞguration
c.If the spin sj = + s (" s) then there is an even (odd) number of domain walls encircling the
site j . Thus the probability that the spin sj = ± s is given by

P± =
1
Z

$

c* ! ±
j

e# KL c (6.130)
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Now we considerP# whose sum overc includes one innermost domain wall encircling sitej .
Thus we may rewrite

P# =
1
Z

$

L

g(L )e# KL
$

c* ! +

j

e# KL c =
$

L

g(L )e# KL P+ (6.131)

where g(L ) is the number of shapes of the innermost domain wall of lengthL . Note that # +
j

contains all conÞgurations of domain walls including an even number of walls encirclingj and
all others not encircling j .

Figure 6.9: Domain wall conÞgurations.

We now try to Þnd an upper bound for g(L ). The domain wall should not cut itself. If we ignore
this condition and in addition the requirement that the domain wall is closed, we can derive a
simple upper bound forg(L ),

g(L ) < 4 1 3L # 1 1
1
L

1
1
2

1
4

L
4

5 2

=
L 2

24L
eL ln 3 , (6.132)

which can be understood as a walk of lengthL through the lattice. From the starting point,
we may start in 4 directions and every following step has 3 possible directions. On the contour
there areL equivalent starting points (assuming close contour) and 2 directions. Then there are
maximally ( L/ 4)2 sites enclosed by the domain and the starting point may be shift on any of
them (for given circumference the square has the largest area among all rectangles). Therefore
we can write

P# <
$

L / 4

L 2

24L
eL (ln 3 # K )P+ <

$

L =4 ,6,8,...

L 2

96
eL (ln 3 # K ) (6.133)

since P+ < 1. For su$ciently low temperature ln 3 " K = ln 3 " 2Js2- < 0 so that the sum
converges very well. By making the temperature small enough, also the conditionP# < 1

2 can
be reached. With the condition P+ + P# = 1 it follows that

P+ " P# > 0 $ lim
|i # j |$%

%si sj &= const. (6.134)

which means that we have long- range order at a Þnite temperature.
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Chapter 7

Superßuidity

Only the nobel gas Helium remains a liquid down to zero temperature at ambient pressure. After
liquefaction it is a quantum liquid which involves two isotopes, with bosonic (fermionic) character
for 4He (3He). Note that the nucleus of 4He consists of two protons and two neutrons, resulting
in a Boson, while 3He has only one neutron and forms a fermionic atom. Only under pressure
eventually solidiÞcation occurs (Fig. 7.1). Both quantum liquids undergo a phase transition to
the miraculous state of superßuidity, characterized by the frictionless or dissipationless ßow of
the ßuid through constrictions and narrow capillaries, beside a few other amazing properties.
Considering their phase diagrams in Fig.7.1, we recognize a profound di!erence for the superßuid
phase between4He (left panel) and 3He (right panel). The bosonic atoms undergo a Bose-
Einstein condensation to become a superßuid belowT" ( 2.18K at ambient pressure. The
fermionic atoms, on the other hand, become superßuid only around 10# 3K, when they form so-
called Cooper pairs, in many aspects resembling the superconducting phase of electrons. Here
we will discuss only the case of superßuid4He.
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Figure 7.1: Phase diagrams of Helium. Left panel: bosonic4He. Right panel: fermionic 3He.
Note the logarithmic temperature scale in the right panel. While 4He has one superßuid phase,
there are two, the A- and B-phase, for3He.

7.1 Quantum liquid Helium

We consider now the quantum liquid 4He.1 The Þrst question we ask is why Helium remains
liquid even in its ground state. A classical system of interacting particles would form a solid

1The quantum liquid 3He is a so-called Fermi liquid well described by LandauÕs phenomenological theory based
on the concept of fermionic quasiparticles. This concept can be extended to other interacting Fermions, most
notably to electrons in metals, as will be discussed in the course ÓSolid State TheoryÓ.
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lattice in order to minimize the potential energy, as the kinetic energy vanishes at zero temper-
ature. This is not the case when we consider quantum particles which are subject to zero-point
motion. Let us consider here a simple argument on why Helium is liquid while other noble gases
solidify.
The interaction between Helium atoms consists of two components. There is a strongly repulsive
interaction on short range, since the closed electron shells (two 1s electrons) repel each other
when the atoms come close. On long distances the atoms attract each other through the rather
weak van der Waals force. A good Þt of the potential is given by2

V (r ) = Ae# r/r
1 " B

Gr2

r

H6
(7.1)

with A = 489eV, B = 9 .3 1 10# 5eV, r1 = 0 .22 ûA and r2 = 4 .64 ûA. Qualitatively this resembles
the Lenard-Jones potential we introduced earlier, with a negative minimum and a vanishing
potential for large distances r . It has a minimum at r0 ( 3ûA with a potential energy V =
" 7.81 10# 4eV. The mean distance between Helium atoms towards zero temperature at ambient
pressure isd ( 4.4ûA. Assuming that Helium is a solid with this lattice constant, the condition
for melting is that position ßuctuations of the atoms acquire a ÓconsiderableÓ fraction of the
lattice spacing d. The Lindemann criterion for melting request the mean displacement of the
atom from its equilibrium position,

" r
d

* L m with L m ( 0.1 , (7.2)

such that for the solid the atom would have to be conÞned with a range of linear size "r ( 0.5ûA.
Taking HeisenbergÕs uncertainty principle, "r 1 " p ( ! we obtain for the zero-point energy,

" E =
" p2

2m
(

1
2m

4
!

" r

5 2

( 8.6 1 10# 4eV , (7.3)

which is slightly larger than the potential depth. Thus, the Helium atoms dissociate due to
the zero-point motion. Only pressure beyond 25 bar opens the way to solidiÞcations at low
temperatures (T < 5K). We encounter Óquantum meltingÓ at very low temperatures, when we
lower the pressure isothermally through the critical pressurepc / 25bar (see also in Sect.4.7.3).
Classical thermally driven melting is observed for isobar increase of temperature from the solid
phase with the pressure clearly above 25 bar.

7.1.1 Superßuid phase

Around T" ( 2.17K the quantum liquid undergoes a phase transition between a normal and
superßuid phase. This transition is called Ó%-transitionÓ due to the peculiar shape of the speciÞc
heat as a function of temperature. (Fig.7.2). There is an obvious similarity with the speciÞc heat
of Bosons as shown in Fig.3.6, which suggest that the superßuid phase is based on Bose-Einstein
condensation. There are, however, also clear di!erences such as the low-temperature behavior
of the speciÞc heat, which has a power lawT3/ 2 for the ideal Bose gas andT3 for 4He. This is
connected with the di!erence in the excitation spectrum.
We examine here the property of a superßuid to ßow frictionless. First we ask the question
whether the ideal Bose-Einstein condensate is a superßuid. For this purpose we study an ideal
Bose gas of particles ßowing in a capillary tube with a velocity" "v relative to the capillary
walls. We can view the same situation in the rest frame of the superßuid, such that the tube is
moving with velocity "v . The former inertial system we callK !, the latter K . Then the following
relations for the momentum and energy of the superßuid hold,

K : "P E

K ! : "P ! = "P " M"v E ! = E " "P á"v +
M
2

"v 2
(7.4)

2Reference: J.C. Slater and J.G. Kirkwood, Phys. Rev. 37, 682 (1931).
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Figure 7.2: SpeciÞc heat at the superßuid transitionT" .

where M is the total mass of all particles of the superßuid. Initially all particles have the same
velocity "v such that "P = 0 and E = 0 in system K (rest frame of superßuid). Let us assume one
particle scatters with the wall and transfers the momentum "p to the wall. Such an excitation of
the superßuid costs the energy(("p), viewed in systemK . For this situation we obtain E = (("p)
and "P = " "p. Thus, the energy di!erence between the initial and the Þnal state in the rest frame
of the tube, K !, is given by

" E ! = (("p) + "p á"v . (7.5)

The minimal energy drop is obtained by choosing"p antiparallel to "v , such that the superßuid
overall slows down. The scattering process can only happen, if the energy of the superßuid is
reduced, " E ! < 0. For an ideal Bose gas the energy of an excitation is given by(("p) = "p2/ 2m.
There is always a momentum"p with

" E ! =
"p2

2m
+ "p á"v =

p2

2m
" vp < 0 $ p < 2mv . (7.6)

Consequently the condensed ideal Bose gas is not a superßuid and is subject to friction, as we
can always Þnd a scattering channel which slows the superßuid down by transferring momentum
to the capillary.
Real Bose gases have interaction. This leads in the superßuid phase to a di!erent form of
elementary excitations with a linear dispersion,

(("p) = cs|"p| = csp , (7.7)

corresponding to a sound-like excitation. Inserting this in Eq.(7.6) we Þnd that the inequality
can only be satisÞed forv ' cs. Therefore there is a critical velocity vc below which the ßuid
ßows frictionless (dissipationless).
The real excitation spectrum of the superßuid has a more complex structure as shown in Fig.7.3.
At small energy and momentum the spectrum is linear as assumed above. However, with growing
momentum it turns non-monotonic with a local minimum around p0. This part of the spectrum
is called roton. For these two parts of ((p) we write

((p) =

!
AA"

AA#

csp p + p0

" +
(p " p0)2

2m) p ( p0

(7.8)

where for 4He the parameters are

cs = 240 ms# 1 ,
p0

!
= 1 .9ûA

# 1
,

"
kB

= 8 .7 K , m) = 0 .16mHe . (7.9)
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The critical velocity is now given by the lowest possible excitation within Eq.(7.5), corresponding
to the dashed line in Fig.7.3,

vc (
((p0)

p0
=

"
p0

= 60 ms# 1 . (7.10)

Note that the roton minimum is a precursor of solid He. Under pressure " shrinks and eventually

✏(p)

pp0

�

phonon%

roton%

vcp

Figure 7.3: Spectrum of a real superßuid with a linear sound-like behavior at low energy and
a local minimum around p0, the rotons. The dashed line (vcp) indicates the maximal velocity
of the superßuid to sustain frictionless ßow, i.e. ßow without generating elementary excitations
which would lead to a slow down.

reaches zero at a critical pressure where the rotons condense forming a coherent state with speciÞc
momentum corresponding to a crystalline (hexagonal closed packed) lattice.

7.1.2 Collective excitations - Bogolyubov theory

In this section we discuss the low-energy excitations of a Bose gas of weakly interacting particles.
For this purpose we follow the theory developed by Bogolyubov. We write the Hamiltonian in
the second-quantization language for spinless Bosons,

H = H kin + H int (7.11)

with
H kin =

$

*k

((*k " µ)öa 
*k
öa*k

H int =
1
2

@
d3r d3r ! S(   ("r ) S(   ("r !)V ("r " "r !) S(( "r !) S(( "r )

(7.12)

where (*k = ! 2"k2/ 2m and V("r " "r !) = U' ("r " "r !) denotes a contact interaction, i.e. the particles
repel each other when they are on the same position. We transform the interaction part into
the occupation number representations using Eq.(4.35), using the relation,

S(( "r ) =
1

3
V

$

*k

öa*kei*ká*r (7.13)

and obtain,

H int =
U
2V

$

*k,*k 0,*q

öa 
*k+ *q

öa 
*k 0# *q

öa*k 0öa*k . (7.14)
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Now we turn to the Bogolyubov approximation introduced in Sect. 4.7.2, by identifying the öa 
0

and öa0 by
3

N0 (phase / = 0 for simplicity). This is justiÞed when N0 - N " N0. We can
then approximate the Hamiltonian by keeping only the leading terms in N0 obtained through
the following combinations of momenta:

"k, "k !, "q öa 
*k+ *q

öa 
*k 0# *q

öa*k 0öa*k
"k, "k !, "q öa 

*k+ *q
öa 

*k 0# *q
öa*k 0öa*k

"k = "k ! = "q = 0 N 2
0

"k = "k ! = 0 , "q != 0 N0öa 
*q öa 

# *q

"q = " "k != 0 , "k ! = 0 N0öa 
*k
öa*k "q = "k ! != 0 , "k = 0 N0öa 

*k 0öa*k 0

"k = " "k ! = " "q != 0 N0öa*köa# *k "q = "k = 0 , "k ! != 0 N0öa 
*k 0öa*k 0

"q = "k ! = 0 , "k != 0 N0öa 
*k
öa*k

Terms of order N 3/ 2
0 do not exist and terms of order N 1/ 2

0 and lower in N0 are neglected.
Collecting these terms we obtain to this order,

H ! = " µN 0 +
UN 2

0

2V
+

$

*k"=0

>
(*k " µ +

UN0

V

?
öa 

*k
öa*k

+
UN0

2V

$

*k"=0

2
öa 

*k
öa 

# *k
+ öa# *köa*k + öa 

*k
öa*k + öa 

# *k
öa# *k

3
.

(7.15)

The requirement that the total particle number remains constant on average at lowest temper-
ature leads to µ = Un0 (derivation is somewhat tedious and omitted here),

H ! = " N0
Un0

2
+

1
2

$

*k"=0

; 9
(*k + Un0

:
(öa 

*k
öa*k + öa 

# *k
öa# *k) + Un0(öa 

*k
öa 

# *k
+ öa# *köa*k)

<
. (7.16)

This Hamiltonian has a single-particle form, but does not conserve the number of particles, as
terms like öa# *köa*k and öa 

*k
öa 

# *k
describe how particles from excited states are absorbed by the con-

densate and emitted from the condensate, respectively. We search a set of bosonic annihilation
and creation operators whichdiagonalizethis Hamiltonian into a form

H ! =
1
2

$

*k"=0

E*k(ö4 
*k
ö4*k + ö4 

# *k
ö4# *k) + E0 " µN 0 . (7.17)

where the operators ö4 
*k

(ö4*k) create (annihilate) independent Bogolyubov quasiparticles. The

following Bogolyubov transformationallows us to reach this form,3

öa*k = ö4*ku*k " ö4 
# *k

v*k and öa# *k = ö4# *ku*k " ö4 
*k
v*k , (7.23)

3Bogolyubov transformation: We insert the transformation ( 7.23) into the second term of the Hamiltonian
(7.16) and obtain for a Þxed +k,

(.$k + Un
0

)
4

(ö1†
$k
u$k � ö1�$k v$k )(ö1$k u$k � ö1†

�$k
v$k ) + (ö1†

�$k
u$k � ö1$k v$k )(ö1�$k u$k � ö1†

$k
v$k )

5

+ Un
0

4
(ö1†

$k
u$k � ö1�$k v$k )(ö1†

�$k
u$k � ö1$k v$k ) + (ö1�$k u$k � ö1†

$k
v$k )(ö1$k u$k � ö1†

�$k
v$k )

5 (7.18)
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where the new operators satisfy the relation,

[ö4*k , ö4 
*k
] = [ö4# *k , ö4 

# *k
] = 1 $ [öa*k , öa 

*k
] = u2

*k
" v2

*k
= 1 . (7.24)

The diagonalization leads to

E*k =
^

(2
*k

+ 2Un0(*k and E0 =
1
2

$

*k"=0

W
E*k " (*k " Un0

X
" N0

Un0

2
(7.25)

and the transformation coe$cients,

u*k =
1

^
1 " 02

*k

v*k =
0*k^

1 " 02
*k

K
AAAAAAL

AAAAAAM

$

!
AAAAA"

AAAAA#

0*k = 1 +
(*k

Un0
"

T 4
1 +

(*k

Un0

5 2

" 1

= 1 +
(*k

Un0
"

E*k

Un0
.

(7.26)

The spectrum of the elementary excitations is linear in the small momentum limit, "k # 0,

E*k ( csp =

0
Un0

m
! k , (7.27)

corresponding to a phonon spectrum of compressive waves. Thus, for small"k the Bogolyubov
quasiparticles represent phonons. In the large momentum region,(*k - Un0 the spectrum merges
gradually with (*k ,

E*k ( (*k + Un0 (7.28)

with a shift of Un0 (see Fig.7.4). In E*k rotons are not included as they are beyond the simple
approximation applied here. Therefore, within the Bogolyubov theory the critical velocity is
determined by the slope of the phonon spectrum, i.e. by the speed of sound,

vc = cs =

0
Un0

m
(7.29)

which is higher than the real vc discussed above. The constantE0 is the ground state energy.

where we assume thatu$k and v$k are real. We now separate the terms to compare with Eq.(7.17),

(ö1†
$k

ö1$k + ö1†
�$k

ö1�$k )[( . $k + Un
0

)(u2

$k + v2

$k ) � 2Un
0

u$k v$k ] + 2( .$k + Un
0

)v2

$k � 2Un
0

u$k v$k

+(ö1†
$k

ö1†
�$k

+ ö1�$k ö1$k )[Un
0

(u2

$k + v2

$k ) � 2(.$k + Un
0

)u$k v$k ] .
(7.19)

With the condition that u2

$k
� v2

$k
= 1 from Eq.( 7.24) we parametrize u$k = cosh / $k and v$k = sinh / $k . In order to

get the terms in the second line of Eq.(7.19) to vanish we Þnd then

0 = Un
0

cosh 2/ $k � (.$k + Un
0

) sinh 2/ $k ) tanh 2/ $k =
Un

0

. $k + Un
0

(7.20)

which leads after using some identities of hyperbolic functions to u$k and v$k in Eq.( 7.26). Moreover by comparison
with Eq.( 7.17) we Þnd

E$k = ( .$k + Un
0

) cosh 2/ $k � Un
0

sinh 2/ $k =
.$k + Un

0

J
1� tanh2 2/ $k

� Un
0

tanh 2/ $kJ
1� tanh2 2/ $k

=
J

. 2$k + 2 .$k Un
0

. (7.21)

Finally the constant term

2(.$k + Un
0

)v2

$k � 2Un
0

u$k v$k = �(.$k + Un
0

) cosh 2/ $k + Un
0

sinh 2/ $k � . $k + Un
0

= E$k � . $k � Un
0

(7.22)

which yields the term E
0

in Eq.( 7.17).
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Figure 7.4: Spectrum of the Bogolyubov quasiparticles in Eqs.(7.17) and (7.25). The solid line
displays E*k with a linear dispersion for small momenta "p = ! "k and the dashed line shows(*k .
There are no rotons in this simple approach.

Note that in the approximation done here the sum in E0 diverges at large"k. This is an artefact
of taking the potential as an inÞnitely sharp contact interaction, i.e. U is independent of"k. 4

Now we turn to the condensate fraction of the interacting system. How many particles condense?
This can be straightforwardly calculated,

n0 = n "
1
V

$

*k"=0

%öa 
*k
öa*k&. (7.32)

This is advantageous when we want to calculate now mean values for which we insert the
Bogolyubov transformation in Eq.(7.23),

%öa 
*k
öa*k& = %(ö4 

*k
u)

*k
" ö4# *kv)

*k
)(ö4*ku*k " ö4 
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# *k
& " u)

*k
v*k%ö4 

*k
ö4 

# *k
& " u*kv)

*k
%ö4# *k ö4*k&.

(7.33)

Then we use the fact that the Bogolyubov quasiparticles are independent, described by the
Hamiltonian in Eq.( 7.17),

%ö4 
*k
ö4*k&=

1

e(E $k " 1
, %ö4# *k ö4 

# *k
&= 1 + %ö4 

# *k
ö4# *k&= 1 +

1

e(E $k " 1
,

%ö4# *k ö4*k&= %ö4 
*k
ö4 

# *k
&= 0 .

(7.34)

4Groundstate energy: It is rather easy to see that in the large-+k limit the integrand in E
0

(Eq.( 7.25)) behaves
like

E$k � . $k � Un
0

! �m(Un
0

)2

p2

, (7.30)

and leads to a divergence of the sum. A careful and more extensive analysis of the problem shows that this
singular part can be extracted such that the renormalised ground state energy is given by

E 0
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=
!
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. (7.31)

The approximation for the ground state energy used here relies on the assumption that we are dealing with a
Bose gas. This is, however, not guaranteed even for weak interactions.
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Note that E*k = E# *k . The momentum distribution of the Bosons for "k != 0 is obviously,

n*k = %öa 
*k
öa*k&= ( |u*k |2 + |v*k |2)

1

e(E $k " 1
+ |v*k |2 =

1 + 02
*k

1 " 02
*k

1

e(E $k " 1
+

02
*k

1 " 02
*k

. (7.35)

The Þrst term vanishes at T = 0 for all "k != 0, while the second remains Þnite. Thus, unlike
for the ideal Bose gas for which all particles condense into the"k = 0 state, here we have an
interaction induced reduction. Let us discuss this aspect. The zero-temperture distribution
function has the following behavior,

%öa 
*k
öa*k&T =0 =

02
*k

1 " 02
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!
AAAA"

AAAA#

3
mUn0

2! k
! k +

3
2mUn0

(mUn0)2

4(! k)4 ! k -
3

2mUn0

(7.36)

which represents the depletion of the condensate due to particle-particle interaction. We calcu-
late now the total reduction of n0 at T = 0 integrating over all "k,

n0 = n "
1
V

$

*k"=0

02
*k

1 " 02
*k

= n "
@

d3k
(2$)3

02
*k

1 " 02
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= n "
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3$2

4
mUn0

! 2

5 3/ 2

(7.37)

which is valid only for su$cient weak interactions. This can be measured in terms of the
characteristic length 7, deÞned as

! 2k!2

2m
= Un0 with k!7 = 1 $ 72 =

! 2

2mUn0
(7.38)

which leads to the condition

3$2n -
4

mUn0

! 2

5 3/ 2

$ n73 - 1 . (7.39)

The characteristic length is much larger than the mean distance between particles.
If we apply the same scheme to a one-dimensional interacting Bose gas, we Þnd that the integral

@
dk
2$

02
*k

1 " 02
*k

"# , (7.40)

diverges due to thek# 1 dependence of the integrand for smallk (see Eq.(7.36). This leads to the
conclusion that in one dimension quantum ßuctuations destroy the Bose-Einstein condensate,
as soon as interaction is present.
The phonon spectrum determines the low-temperature behavior of the superßuid. Let us con-
sider the heat capacity as an example. For this purpose we calculate the low-temperature internal
energy through the Hamiltonian H ! in Eq.(7.17),

U = %H!&= E0 " µN 0 +
$

*k"=0

E*k%ö4 
*k
ö4*k&= E0 " µN 0 +

$

*k"=0

E*k

e(E $k " 1
( N

$2

30n

4
m

Un0! 2

5 3/ 2

(kB T)4

(7.41)
for kB T + Un0. Note that in this limit we look at Bosons with a linear energy-momentum dis-
persion, like photons or phonons which in three dimensions yieldU 0 T4. The low-temperature
heat capacity is then accordingly

C =
dU
dT

= N
2$2

15n
kB

4
m

Un0! 2

5 3/ 2

(kB T)3 (7.42)

which is di!erent from the Bose-Einstein condensate with C 0 T3/ 2.
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7.1.3 Gross-Pitaevskii equations

We would like to introduce now a description of the Bose-Einstein condensate which allows
us to take also spatial variations into account. For this purpose we write the Hamiltonian of
interacting Bosons entirely in the language of Þeld operators,

H =
@

d3r
>

! 2

2m
( ". S(   ("r ))( ". S(( "r )) + [ V ("r ) " µ]S(   ("r ) S(( "r )

?

+
1
2

@
d3r d3r ! S(   ("r ) S(   ("r !))U ' ("r " "r !) S(( "r !) S(( "r )

(7.43)

where V ("r ) is a potential (shifted by the chemical potential µ) acting on the Bosons which are
interacting by a contact interaction. We derive now the equation of motion for the Þeld operator,

i !
*
*t

S(( "r, t ) = [ S(( "r, t ), H ] =

N

"
! 2 ". 2

2m
+ V("r ) " µ + U S(   ("r, t ) S(( "r, t )

O

S(( "r, t ) . (7.44)

If the external potential varies very slowly or is even constant we will replace the Þeld operator
by the Bogolyubov approximation discussed in Sect.4.7.2 and obtain the equation

i !
*
*t

10("r, t ) =

7

"
! 2 ". 2

2m
+ V("r ) " µ + U|10("r, t )|2

8

10("r, t ) , (7.45)

which is calledGross-Pitaevskii equation. This equation is obtained by variation from the energy
functional

E =
@

d3r
I

! 2

2m
|". 10("r )|2 + { V ("r ) " µ}| 10("r )|2 +

U
2

|10("r )|4
J

(7.46)

through

i !
*
*t

10("r, t ) =
'E

'1 0("r, t )
. (7.47)

We have also introduced the chemical potentialµ which can be absorbed in the potentialV ("r ).
In the homogeneous equilibrium (time independent) phase we require that10("r ) =

3
n0 and

Þx V("r ) = 0. In order to get the right magnitude for |10| we have to chooseµ = Un0 as in
Eq.(7.15).

Spatial variation:

Let us consider here some properties. First we address the characteristic length scale for the
recovery of the equilibrium phase near a local perturbation. For this purpose we assume a small
deviation,

10("r ) =
3

n0 + 8("r ) , (7.48)

with |8("r )|2 + n0. Inserted into the Gross-Pitaevskii equation (Eq.(7.45)) we obtain to linear
order in 8("r ),

"
! 2

2m
". 28("r ) + 2 Un08("r ) = " V ("r )(

3
n0 + 8("r )) . (7.49)

We now consider point-like defect,V ("r ) = V0' ("r ) which yields the following long distance (r - 7)
behavior,

8("r ) = 80
e# r/

.
2/

r
with 72 =

! 2

2mUn0
(7.50)

the same length as introduced in Eq.(7.38) and 80 ( mV0
3

n0/ 2$! 2.
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Figure 7.5: Bose-Einstein condensate trapped in a harmonic potentialV (x) 0 x2. The Thomas-
Fermi approximation yields a condensate concentrated around the center of the potential well.
Note that the approximation is only justiÞed for large condensate densities (n073 - 1). Thus,
near the region where the condensate density vanishes a more accurate analysis shows a smoother
vanishing than the Thomas-Fermi approximation.

For very slow variations of the potential where the kinetic part (di!erential part) of the Gross-
Pitaevskii equation can be neglected, the solution is rather simple,

1 ("r ) =
4

µ0 " V ("r )
U

5 1/ 2

(7.51)

with µ0 = Un0 the chemical potential where V ("r ) = 0. This is called the Thomas-Fermi
approximation 5. The approximation breaks down when|1 ("r )| approaches zero. Then the full
problem has to be solved.

Continuity equation and currents:

We multiply now the Gross-Pitaevskii equation by 1 )
0("r, t ) and subtract the complex conjugate

of the resulting equation. From this we obtain,

%
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(7.55)

5Spatial modulation: To illustrate the e$ect of slow variation we assume a weak periodic potential V (x) =
V
0

cos(qx). Inserting this potential into Eq.( 7.49) we obtain the e$ectively one-dimensional di$erential equation,

� ! 2

2m
200(x) + 2 Un
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p
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where we neglect the last term on the right-hand side. We then obtain

2(x) = �V
0

p
n
0

cos(qx)
Un

0

(02q2 + 2)
. (7.53)

ÓSlow variationÓ corresponds to0q ⌧ 1 which we may now compare with the Thomas-Fermi approximation in
Eq.(7.51) with µ
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= Un
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as obtained above in this limit.
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which we may rewrite as

*+("r, t )
*t

+ ". á "j ("r, t ) = 0 with
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(7.56)
The current density is connected with the phase of the condensate wave function,1 ("r ) =
3

n0ei. (*r ) when the condensate density is constant.

"j ("r ) =
!
m

n0". / ("r ) = n0"v s("r ) (7.57)

which we use also to deÞne the superßuid velocity"v s. The energy of the homogeneous system
(V ("r ) = 0) is then given by

E("v s) = V
I

m
2

"v 2
sn0 "

Un2
0

2

J
(7.58)

with which we determine the critical velocity by E(vc) = 0, i.e. there is no energy gain in
forming a condensate. The critical current is obtained asvc =

1
Un0/m = cs as found in the

Bogolyubov theory in Eq.(7.29).

Frictionless current and quantized vortices:

An important aspect of the condensate wave function is its property to be single-valued. This
gives rise to spectacular properties, for example, for the current ßow in a torus. In this multiply
connected system the phase of the wave function can show awinding of the phase under the
constraint that 10("r ) has to match on a path around the torus. Thus the phase/ can only
change by an integer multiple of 2$ (de Broglie condition). If we assume a regular torus the
current ßow would be homogeneous with a constant velocity|"v s|. We Þnd that the circular
integral of the velocity around the torus is quantized, because

_
"v s ád"s =

!
m

_
". / ád"s =

!
m

2$n. (7.59)

with n. being an integer. Thus the current j = n0vs can only take discrete values in the torus,
such that a decay of current would mean an unwinding of the phase/ . This constitutes a
frictionless ßow of the superßuid as it will ßow eternally.
A phase winding can occur within the superßuid also when the superßuid density forms a
singularity, a zero along a line. The solution of the Gross-Pitaevskii equations then has form

10(r 0 , ), z ) =
3

n0f (r 0 )ei$n + (7.60)

for a line along the z-axis with ( r 0 , ) ) being the cylindrical coordinates perpendicular toz. The
function f (r 0 ) goes to zero on the liner0 = 0 like f (r 0 ) 0 r

n+
0 and recovers to 1 with the

length scale7. This structure represents a vortex with winding number n. and is a topological
defect in the superßuid. This means that it cannot be simply created or destroyed, but can only
enter or leave the superßuid at the boundary. Two vortices with opposite winding numbers can
annihilate each other.
The energy of a vortex consists of the core energy due to the local depletion of the condensate
and the contribution of the circular ßow of superßuid. The latter, however, is larger. To be
concrete we place the vortex along the rotation axis of a cylindrical vessel of radiusR. Then
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Figure 7.6: Phase winding and vortex: Left panel: phase winding (red line) around the torus
leads to a current. As the phase has close the current is quantized. Right panel: Vortex structure
of |1 (r 0 )|2 with a core of linear extension/ 7.

the energy per unit length is given by
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(7.61)
The Þrst part is the energy expense due to the vortex core, where the depletion of the condensate
leads to a loss of condensation energy

Ecore (
Un0

2
$72 . (7.62)

The second part is due to the currents and dominates the vortex energy. The amazing result is
that this latter energy scales logarithmically with the system size, i.e. radius of the cylinder in
our example, although the condensate density is only damaged on a comparatively small volume.
A further important point is that this energy grows with n2

. indicating that vortex of lowest
energy hasn. = ± 1. Therefore vortices of higher winding numbers would would separate into
such vortices to reduce the energy.

7.2 Berezinskii-Kosterlitz-Thouless transition

A peculiar behavior can be found in the two-dimensional superßuids, e.g. a4He Þlm on a
substrate. How does superßuid order establish in this case? We will see that due to phase
ßuctuations of the condensate wave function here a new type of phase transition appears.

7.2.1 Correlation function

First let us examine the correlation functions of the two-dimensional Þlm. For the bosonic
system we can do this the same way as we did previously in Sect.4.7.2. The correlation function
is given

g( "R) = %S(   ("r ) S(( "r + "R)&. (7.63)
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In the high-temperature limit we have approximated the long-distance behavior by

g( "R) =
@
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(7.64)

with k2
0 = " 2mµ/ ! 2, %= h/

3
2$mkB T (thermal wavelength) and K 0(x) is the modiÞed Bessel

function (also known as MacDonalds function). Thus, we Þnd exponential decay of the correla-
tion.
The low-temperature limit can be conveniently discussed by taking advantage of the simple
formulation of the energy in Eq.(7.46), where we keepn0 constant and restrict to the phase
ßuctuations. Then we obtain
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with the Fourier transform
/ ("r ) =

1
3

V

$

*q

/ *qei*q á*r (7.66)

and V here as the area of the system. Now turn to the calculation of the correlation function

g( "R) = n0%ei (. (0)# . ( *R)) &= n0e#' (. (0)# . ( *R)) 2( =
4

$R
r0

5 # 1(T )

(7.67)

where the last equality is connected with the fact that with the above energy the averaging is
Gaussian. 6 Here the correlation function still decays, but now algebraically with 8(T) = 2 /n 0%2

6Averaging: In order to calculate the correlation function in Eq.( 7.67) we turn the Fourier space for the phase:
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and rewrite the energy
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ignoring the constant term and separating real and imaginary part, " $q = "
1,$q + i"

2,$q . The partition function is
given by
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and the correlation function can be calculated by
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which can be evaluated by completing the square.
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We can again use the relation connection with the Bessel function used above and obtain
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(7.73)

where we introduce a cuto$ for large q with r
0

⇡ n�1/ 3 the mean distance between the Bosons.
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being a function linear in T and r # 3
0 = n being a characteristic length. At all temperatures there

is no real long-range order, but it looks like we are for all low enough temperatures always on a
critical point, since the correlation length is obviously inÞnitely larger.

7.2.2 Topological excitations and BKT transition

This qualitative change of the correlation function indicates a phase transition which does not
Þt into the picture of suppression of order due to collective modes of the phonon type. Phonons
are, however, not the only excitations possible. Kosterlitz and Thoulouss realized that in a two
dimensional superßuid (and also in other phases mentioned below) vortices play an important
role for this change of behavior. Vortices constitute atopological excitation.
A conceptual argument for the occurrence of transition can be derived through the free energy
of a single vortex. As we have seen above the energy of a vortex withn. = 1 is given by

E =
! 2n0

2m
2$ ln

4
R
7

5
(7.74)

where R a linear extension of the of the two-dimensional system. The entropy of the vortex is
given through the phase space of the vortex which is given by number of distinct vortex positions
in the system / R2/7 2 (number of cells of size72 where we can place the vortex), leading to
S = kB ln(R/7 )2. Thus the free energy of the vortex is

F = E " T S =
>

! 2n0

2m
2$ " 2kB T

?
ln

4
R
7

5
(7.75)

which suggests a phase transition at

kB TKT =
! 2n0

2m
$ (7.76)

where the prefactor changes sign. AboveTKT vortices are favored below they are suppressed.
Note that this argument does not depend on the system size as both contributions inF scale
the same way.
The transition can be understood in terms of vortex-anti-vortex pairs being bound or dissociated
(anti-vortex: has the same structure as the vortex but with opposite winding of the phase). The
high temperature phase corresponds to unbound free vortices destroying the phase coherence,
while at low temperatures vortices bind into pairs of opposite winding number such that there is
no phase winding of bound pairs. A vortex and anti-vortex pair behave like particle and antipar-
ticle. They can be created spontaneously at the expense of the energy of two vortices, without
changing the overall phase winding of the system. For the same reason they can annihilate each
other releasing the vortex energies. Thus the number of vortex pairs is not conserved. Only the
totel winding number of all vortices is conserved,

n(tot )
4 =

$

i

n(i )
. . (7.77)

We can discuss the gas of vortices in terms of the grand canonical ensemble.
Two vortices interact with each other by an energy

Eij = " 2
! 2

2m
2$n(i )

. n(j )
. ln

6
6
6
6
"r i " "r j

7

6
6
6
6 , (7.78)

which is formally equivalent to the Coulomb energy of two charged particles (winding number
as charge). Note this expression is only true if the vortex cores do not overlap, i.e.|"r i " "r j | - 7.
The grand canonical partition function is given by

Zv =
%$

N =0

zN

[(N/ 2)!]2
1

72N

$

{ n+ }

@
d2r1 á á ád2rN exp

*

+2-
! 2

2m
2$

$

i<j

n(i )
. n(j )

. ln

6
6
6
6
"r i " "r j

7

6
6
6
6

,

- (7.79)
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where the Þrst sum runs only over even numbersN (vortex pairs) such that
%

{ n+ } restricts to

winding numbers adding up to n(tot )
4 = 0. The fugacity z includes the energy of each vortex.

Considering the very dilute vortex system with z # 0 we can restrict to N = 0 , 2 and discuss
only a single vortex-anti-vortex pair (n(1)

. = " n(2)
. = 1). In view of the transition of the vortex

system it is now interesting to examine the vortex spacing. The mean square distance is given
by

%|"r 1 " "r 2|2&=
1

2$V 72Zv

@

|*r
1

# *r
2

|/ /
d2r 1 d2r2|"r 1 " "r 2|2

6
6
6
6
"r 1 " "r 2

7

6
6
6
6

# 2*# ! 2

m

(7.80)

where we renormalize by the volume (area)V of the system. The partition function can be
approximated by Zv ( 1. Then decomposing the two positions"r 1 and "r 2 into center of mass
and relative coordinates,"r vp = ( "r 1 + "r 2)/ 2 and "r = "r 1 " "r 2 we obtain

%|"r |2&= 7
2*# ! 2

2m # 2
@%

/
dr r 3# 2*# ! 2

2m = "
72

4 " 2- ! 2

mk B T

=
72

4

4
TKT

T
" 1

5 # 1

(7.81)

which shows that the vortex-anti-vortex separation is Þnite for T < T KT but diverges asT #
TKT . Note that here the same transition temperatureTKT is found as in Eq.(7.76).
The dissociated vortices move freely and destroy the phase coherence, while the moving bound
pair is not detrimental for the phase, as it does not carry a net phase winding. There are
similar two-dimensional systems which contain topological excitations. In a crystal lattice the
topological excitations are dislocations which have also a topological nature characterized by
means of the BurgerÕs vector. Another example is the two-dimensions XY-spin system with the
Hamiltonian,

H XY = J
$

' i,j (

(Sx
i S+

j Sy
i Sy

j ) = JS2
$

' i,j (

cos() i " ) j ) (7.82)

considering classical spins with"Si = S(cos) i , sin ) i ) where the in-plane angle plays a similar role
as the phase of the condensate wave function discussed above.
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