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Last week we showed that any single-qubit unitary can be implemented using three rotations
around two axes. We used

U=e® R.(8) Ry(v) R-(9), (1)
but the same is true with any other two orthogonal axes.

This week we will show how to implement an arbritary unitary operator, acting on many qubits,
using a quantum circuit composed only of CNOT gates and elementary single-qubit gates,
namely (again) rotations around the three axes,

Q i Q r Q o Q —12Z
R.(0) = c.os'29 ZSII;2 R(0) = 09892 sm92]7 R.(0) [e 2 99]’
—1Sll 5 COS 5 [SIng  COS g 0 e'2
[1 0 0 0
01 00
CNOT = 0 001
0010

First we will show a concrete construction that achieves universality, and then we will examine
the size of the circuit and compare it with theoretical lower bounds.

We will use two types of controlled gates. Controlled gates (left) mean apply U if the control
qubit is |1), otherwise apply the identity. Multiplexed gates (center and right) mean apply U; if
the state of the control qubit(s) is |7).
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For instance, controlled gates with one control qubit have the matrix form [ 0 U} , and multi-

plexed gates with one control qubit correspond to the matrix [(éo UO ] .
1

Exercise 1. Untversal construction

This is an elegant recursive construction. We will start with an arbitrary unitary U acting on n
qubits, and will successively break it down into gates that act on fewer and fewer qubits, until
we are left with elementary rotations and CNOTs.

(a) The cosine-sine decomposition of 2¢ x 2¢ unitary matrices gives us the relation
|40 O] [C =S|[By 0
o=y alls elle sl g

where Ay, A1, Bg, By are unitary £ x £ matrices, and C' and S are real diagonal matrices
such that C? + 82 = 1.



Show that we can write

cos 0y sin 6y
cos 01 sin 64

cos 6y sin 6,

for some angles 6y, ..., 0.

Solution. If C and S are diagonal matrices,
Cco S0
C1 S1
Cp Se

then the condition C? + S2? = 1 becomes

3 + s? 1
2 2
Cl+51 1

2+ 52 1
But any two real numbers ¢ and s such that ¢ 4+ s = 1 can be expressed as the cosine and the sine of an

angle 6.

Show that the cosine-sine decomposition corresponds to the following circuit identity:

Solution. The two matrices

40 0 _[By 0
Sl AP B (Y

correspond to multiplexed gates. For instance, A acts as

A (|0) ® |2)) = [0) @ Aolz)
A (1)@ z) = (1) © Ailz).

To see this, note that

Oo OO

|0>1 Y |x>(n71) = |x>n = : s |1>1 X |$><n71) = |2n71 +x>n — . ,
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where the green subscript indicates the position of the 0 or 1. Also, A can be written as

on—1_1 on—1_1
A= 37 ag? )yl + Y ¥ 2"+ a)2n T 4y
z,y=0 z,y=0
Ag Ay
on—1_3 on—1_7
= > ag? [0)0h ® 2}yl + D al? 1)1 @ @)yl
z,y=0 z,y=0

and therefore their product comes

2n7171 on— 1 1
A(oy@lz) = > ag? |0)(0]0) ®z)(yla’) Z a;? 1) (1|0) ®|z)(y|a")
an—1l_q
=0y Y ag¥e)(yla)
x,y=0
=10) ® Aolz"),
on—1l_3 on—1l_3
A @)= > ag?]0) ) @) (ylz) + > af? 1) (1]1) @|z)(yla")
z,y=0 tg/ z,y=0 :’1-/
on—1_1
=he > ag¥la)(yl)
x,y=0
= (1) ® Aolz").

The middle matrix is a multiplexed rotation of a single qubit, conditioned on the state of the remaining
n — 1 qubits,

COS 0(] —sin 0()

cos By —sinf,
sin (9() COSs 6()

sin 0, cosby.

This matrix acts as

cosf, —sinf,
R (01 ehoms) = R @), Re=[Gog 0%

To see this, note that we can write R as

on—1_1
R= Y (cos6,|0)0| ® y)(y| — sin6,|0)(1| @ [y)(y| + sin 6, |1)(0] @ [y){y| + cos 0, 1)(1] @ [y)(yl)
y=0
on—1_1
= > (cos0,[0)(0] —sin B, |0)(1] + sin 6, [1)(0] + cos 0, [1)(1]) @ [y)(y]
y=0
on—1_1
= Ry @ y)yl.
y=0

Applying R on a state |k) ® |z) results in

on— 1 1
Rk @ [2)m-n) = > Rylk)@|y) <y|ﬂc>
y=0
_62y
= Rs|k) ® |x).



We can see that R is a multiplexed rotation: it applies a rotation around the y-axis by an angle 6, on the
first qubit if the other n — 1 qubits are in state |z).

Note: What about input states that are not diagonal in the computational basis? We can simply expand
them in this basis, and apply the operators linearly.

We will now break down the multiplexed unitary gate using the relation

Uy 0] |V Of|D 0| [W 0 (4)
0 Ui |0 V|]|0o Dff|0o W]’
where V, D, W are unitary matrices, and D is diagonal. Show that we can write

€Z¢0

D 0 D 0 el
[0 DT]_[O D’] C-Rey O = =0 )

e_z(bé

where D’ is also unitary and diagonal. This gives us the following circuit identity:

. . |A 0
Solution. Notation: {0 B

by A@® B. You can check that (A@® B)(A @ B) = (AA) @ (BB), if the matrices have the same size.

} = |0)0] ® A+ |1){(1| ® B is the direct sum of operators A and B, denoted

If Up and U; are unitary matrices, then U; & U is unitary. Since V @V and W @ W are also unitary, it
follows from Eq. 4 that D & D' must be unitary. This means that D @ D' is already of the form C — R.,
and D' = 1.

[The following was not asked in the exercise.] Here is how to derive the matrices V, D and W. Ui Ug is a
unitary matrix, and therefore has a spectral decomposition

U\U] =VDVT,

where D is the diagonal matrix whose entries are the eigenvalues of U UQJr , and the columns of V' are the

corresponding eigenvectors. Now take D := V' D, and W := DVTU,. We can check that this choice of
matrices works,

(Ve VY (DaeDYWaeWw)=(VDW)a (VD'W)
= (VDDV'Uy) & (VDD'V'U,)
= (WUSU:) ® (VVTUL)
=U, & Us.

Now we only have to deal with multiplexed rotations R, and R.. Show that, for a single
control qubit,
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with & =y, z. These identities can be generalized to
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Solution. Note: remember that circuits read from left to right and matrix multiplication is the other
way around. The factor of 2 for instance in R (2«) is there so the rotation matrices don’t have factors of
1/2 floating around.

We start with R,. We want to find the rotation angles a and g such that
R.(2¢0) ® R.(2¢1) = cNOT (1 ® R.(2a)) oNOT (1 ® R.(28)).
On the left-hand side we have

e~ %0
et®o
R=(2¢0) ® R=(2¢1) = - ;
ele1
and, on the right-hand side,
CcNOT (1 ® R.(2a)) eNOT (1 ® R.(28)) =
10 e 10 e
_ |01 e 0 1 e
B 0 1 e 0 1 e
i 10 e 10 e’
fe—i(at8)
_ ei(ath)
= cila=8)
| e—ila—p)
This means we have to pick «, 8 such that o + 8 = ¢o and —a + 8 = ¢1; in other words,
_ ¢o— 1 _ ¢o+ P
o= 5 8= 7
For R, we need to satisfy
R,(2¢0) ® Ry(2¢1) = cNOT (1 ® Ry(2a)) cNOT (1 ® Ry(208))
On the left-hand side, we have
cos¢p —sin¢o
| singo cos ¢o
Ry (2¢0) @ Ry (2¢1) - cos ¢1 _ sin ¢1 )
sin ¢1 cos ¢1
and, on the right-hand side,
CNOT (1 ® Ry(2cr)) cNoOT (1 ® Ry(28)) =
1 0 cosa —sina 1 0 cosf —sinf
10 1 sina  cosa 0 1 sinf8  cosf3
- 0 1 cosa —sina 0 1 cosf —sinf
1 0 sina  cosa 1 0 sing  cospf

[cos acos B — sin asin B
sin acos B + cos asin B

[cos(a + B)

sin(a+ B)  cos(a+ B)

—sinacos 8 — cos asin 3
cosacos B — sinasin 8

—sin(a + B)

cos(—a + )
sin(—a + )

cos acos f + sinasin 8
—sinacos B+ cos asin 8

—sin(—a + )
cos(—a + )

sin acos B — cos asin 3
cosacos 8 + sinasin 38



Again, we have to choose «, 8 such that a4+ = ¢o, —a+ [ = ¢1. To summarize, we obtained the identities

R;(2¢0) ® R:(2¢1) = cNOT (1 ® R (¢o — ¢1)) ONOT (1 ® R (o + #1)),
Ry(2¢0) © Ry(2¢1) = cNOT (1 ® Ry(¢o — 1)) cNOT (1 ® Ry(¢o + ¢1)).

Exercise 2. Circuit size

Now we will see how large a circuit we need to implement an arbritary unitary operation. In
particular, we will look at the number of CNOT gates necessary. We start with the theoretical
lower bound on the number of gates, and then we see if the construction from Exercise 1 performs,
compared to that bound.

(a) Show that the dimension of the space of unitary matrices acting on n qubits (such that
the global phase is irrelevant), SU(2"), is 4™ — 1. This tells us that, in order to achieve
universality, a quantum circuit of n qubits must take 4™ — 1 parameters.

Solution. A unitary acting on n qubits corresponds to a matrix of 2" x 2" complex entries. That accounts
for 2 x 4™ real parameters. However, the unitarity condition, UUT = U' = 1, imposes a system of 4" linear
equations on the matrix entries. This leaves room for 2 x 4™ — 4" = 4" free parameters. If we want to
implement any unitary up to the global phase (one real parameter less), we need to a circuit with 4™ — 1

free parameters.

(b) Prove the following circuit identities:
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Solution. For the top identity, we have
1 0 cosa  —isina
0 1 —18in a cos &
ONOT (1 ® Ry (200)) = 0 1 cosa  —isina
i 1 0 —isin cos a
[ cosa —isin« i
_ |—tsina  cosa
B —isino cosa |’
L cos a —isinq |
[ cosa —isina 171 o
—isin« cos av 0 1
(1 ® Ra(2a)) cNoT = cos o —isino 0 1
L —isina cosa | 1 0
[ cosa —isina 1
— | Ttema cosa - = cNOT (1 ® Ry (2a)). v
—isina COos «
L cos & —isin |
For the middle identity,
1 0 et
0 1 et
CNOT (R.(2a)® 1) = 0 1 pie
L 1 0 el
- —ia _
. e—’LDL
- e’LOL
e 0
e~ Tl o
el 0 1
(R-(2a) ® 1) cNOT = pio 01
i e | 1 0
- —ia _
= ¢ gio| = CNOT (L ® R:(20)). v
i eia O |

Finally, the bottom identity is trivial, (U2)(U1) = (U2U1). Indeed, it only tells us how to read circuits and

write them as multiplication of matrices, from right to left.

(c¢) Those identities allow us to compress the unitary gates that are applied after a CNOT.

For instance,

A HH e H]

—HH A H

oo —

N

— HH
— HH

L H

Jah)

U

Each CNOT only brings at most 4 new parameters.
parameters implemented in an n-qubit circuit with

Show that the number of independent
¢, CNOTs is at most 3n + 4c,.

Prove that the minimum number of CNOT gates necessary to implement an arbritary

n-qubit unitary operation is given by

Cp =

PN,

(4" — 3n —1).



Solution. Let’s show (with pictures!) how each CNOT only allows for 4 new free parameters.

10

10
10

10
10

So, we implement at most 3 elementary rotations per qubit in the beginning of the computation (to initialize
each qubit), and then 4 new elementary rotations per CNOT gate used. The minimum number of elementary
rotations in a circuit with n qubits and ¢, CNOT gates is 3n + 4¢,. This corresponds to the number of
free parameters in the circuit. In order to implement a unitary that acts on n qubits, we need 4™ — 1 free
parameters, so the total number of CNOTs is

4" —1=p<3n+4ec, = cn>-4"-3n-1).

NG

Show that the number of CNOT gates used in the decomposition of Exercise 1 also scales
as 4™.

Solution. The generalization of exercise 1 ¢) tells us that a multiplexed rotation R, or R, with k control
qubits (k-multiplexed) can be decomposed into 2 ¢NOTs and 2 (k — 1)-multiplexed rotations. Applying
this decomposition recursively gives us the total number of gates necessary to implement the multiplexed
rotation using only CNOTs and non-multiplexed rotations.

Let ¢ be the number of ¢NOTs and 7, the number of k-multiplexed rotations with k. We have

[level #gates
k Tk
k—1 2c+ 21,1
k—2 2¢+ 2(2¢ + 2r-1)
k—3 2c+2(2c+2(2c+ ri—2))

k
0 (ZQJ) c+ 2%rg.
Jj=1

N——
L 2k+1_2

The number of CNOTs necessary per k-multiplexed rotation would be 28Tt — 2. Not let’s see how many

of these rotations we need per unitary. Combining parts a) and b) of exercise 1, we can see that we can
decompose a unitary that acts on k qubits into 4 unitaries acting on k — 1 qubits and 3 (k — 1)-multiplexed
rotations,




Applying this decomposition recursively gives us

[level #gates T
k U

k—1 3rk—1 +4uk—1

k—2 3rp—1 + 4(3Tk_2 =+ 4uk_2)

k—3 3rg_1+ 4(37%72 + 4(37%73 + 4uk,3))

1 (Zj;f ki1 3rj) .

The total number of CNOTs necessary to implement a unitary acting on n qubits in this way is

n—1
Co = 4TI 3(2M T 2
j=1

=4" —3(2") + 2,

which grows with 4™.

This decomposition can be optimized. For instance, using the identities

CNOT (1 ® Ry(2a)) cNOT (1 ® Ry(28)) = (1 ® Ry(28)) cNOT (1 ® Ry(2a)) CNOT
cNOT (1 ® R.(2a)) cNOT (1 ® R.(28)) = (1 ® R.(28)) cNOT (1 ® R.(2a)) CNOT,

we can find a decomposition of multiplexed rotations such that some CNOTs cancel out:

i

Hi b ol o

7] | [ B[O B

This way we only need 2 ONOTs to implement a k-multiplexed rotation. That brings us to a total

of Z;:ll 4n—i=l 3 (29) = %4” - %2" CNOT gates to implement a unitary acting on n qubits. Further

optimizations can be found in http://arxiv.org/abs/quant-ph/0406176.
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