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Exercise 1 [Moller formula ]: In this exercise we shall derive the Mgller formula for the
differential cross-section for electron-electron scattering at leading order in the electron
charge e.

Using the LSZ reduction formula for this process we can write the connected part T of
the S-matrix S =1+ 4T as
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where pq, po are the 4-momenta of the incoming particles, while p}, p,, are the 4-momenta
of the outgoing particles. (To lowest order in e we only have tree diagrams that contribute
as Z, 2e?; thus we may set Z, = 1.) You should then proceed as follows:

(i) Rewrite T using the Fourier transform of the connected Green’s function G.(p1, p2, p', Pb)-
Assume that p; # p) so that only the interacting part of the S-matrix contributes.

(ii) Use the Feynman rules for connected & amputated Green’s functions in momentum
space (see lectures) to obtain, to leading order in e
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where M is the matrix element for this process defined by
(P oI T prs p2) = (2m) 6 (p + 1y — 1 — p2) - M.

Notice that the two contributions in (1) come with different signs. This is to be
expected since they are related by an exchange of identical fermions.

iii) In the lecture we derived an expression for the total cross-section ¢ in the laborator
y
frame. Since \/(p1 - p2)2 — m* = m|p,| in the laboratory frame, the corresponding
Lorentz invariant expression must be given by
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where the bar over the squared matrix element |M|? denotes spin averaging,
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Now go to the center of mass frame of the two incoming particles, i.e. to the frame
for which
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By integrating out the 6(Y-function show that (2) reduces to
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where d€Q is the solid angle element corresponding to p}, i.e. d*p} = |p}|* d|p}| d.
Hints:

e First show \/(p1 - p2)2 — m* = 2EVE? — m? in the center of mass frame.

e Use the vectorial part of the 6 function to integrate out pb.

e Go to spherical coordinates for p} and integrate out |p]| using the remaining
0 function, recalling that
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where the function f only has simple zeros xg, i.e. f(zo) = 0 implies that

f'(x0) # 0; the sum in (4) runs then over all these (simple) zeros .
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Finally calculate the spin averaged matrix element (3), and thus derive the Mgller
formula
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where a = €2 /(4r) is the fine structure constant and 6 the scattering angle of the two
outgoing particles in the center of mass frame, i.e. § = £L(p, p}) = £(—p, py) € [0, 7].

Hints:

e Using the symmetry in (1) you only need to compute |M;|? and M| My, where
M =1M; —iMs.

e Use the spin sums to express the products of spinors as traces over chains of
y-matrices.

e In order to compute the traces you may want to use the following identities

tr(y*9") = 4g"
tr(v#y"*y7) = 4(9" 9" — g"g" + g"7g"")

VA = =297
VAN = 497
YA NNy = =297

e Since the process is invariant under rotations around the beam axis the azimu-
thal angle is trivial. You can then choose without loss of generality to work in
the x-z plane, where

p=pz, py=(E psing 0,pcosd), p,= (L, —psind,0,—pcos?).



