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Exercise 1 [Lorentz generators |:
It has been shown in the lectures that the Noether charges corresponding to the Lorentz
transformations are given in the free scalar theory by

M* = /dgx (x“TOV — ¥ TO“) , (1)
where T is the stress energy tensor
v v 1 v 2 1 v, 242
™ = 0" 0 ¢—§g“ (0,0) +§g“ m°o” . (2)

Show that the charges can be written using creation and annihilation operators af(k) and
a(k) as

My, = i / dkat (k) (wk%) a(k)
My = i / dkat (k) (kj% —kl%) a(k) , (3)

where dk = d3k —L1 —
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Exercise 2 [Poincare algebra |:
By using the representation of the Poincaré transformations as differential operators

Pr= b, MM = (2" — 20" (4)

deduce the commutation relations of the Poincaré algebra

[P* P"] = 0
(MM, P = i(g" PY — g" PY) (5)
[MHV7 Mﬂff] — i(g“p MY — gVﬂ MHe — gw MPP + gva Mup) .

Exercise 3 [Representation of Poincare algebra |:
Recall that the momentum operator of the free scalar theory can be written as

Pt = / di: k* af (k) a(k) . (6)

Using this expression and the commutation relations [a(k), af (k)] = (27)? 2wy 6 (k — k)
show that the generators (3) from Exercise 1 satisfy the commutation relations of the
Poincaré algebra (5).



Exercise 4 [Charges as generators |:

The fact that the conserved charges associated to a transformation are also their gene-
rators is a general fact in any quantum field theory. Let us show this statement for the
case of a scalar field theory. Recall from the lectures that if the Langrangian density £[¢]
is invariant under an infinitesimal transformation ¢ — ¢ + A¢, then the corresponding
conserved charge () is given by

Q)= [ @@, =g,
o

Since 9@ = 0, we can write Q(t) = Q. Prove, using the canonical quantisation relation,
that @ is indeed the generator of the transformation ¢ — ¢ + Ag, i.e. that we have

[Q, d(x)] = iA¢ .



