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Exercise 1 [Lorentz algebra |:
Show that the matrices

(T")a” = i(0hg"" = Gug"?)

define a representation of the Lorentz algebra, i.e. the Lie algebra of the Lorentz group;
this means that they respect the relations

[(T™, T =i (¢ T — g"* T — ¢"° T" + g"* J"*) . (1)
(The corresponding representation is the usual irreducible 4-dimensional representation

of the Lorentz group on 4-dimensional vectors in Minkowski space.)

Exercise 2 [Construction of vy-matrices |:
Suppose ¢;, ¢ = 1,2 are two fermionic annihilation operators, with ¢} the corresponding
creation operators

{CHCJ‘}:{C;vC;}:{Cl»C;}:{627CT}207 {a.dt={c, 5} =1. (2)

These operators act on a fermionic Fock space F that is generated by the action of the
creation operators from the vacuum Q with ¢;QQ =0, i =1, 2.

(i) Show that the fermionic Fock space has dimension dim F = 4.
(ii) Define y-operators via

70 = (c1 + )
7? = (c1 — ¢f)

v =i(ca+c3)
v =(ca—¢cj).
Using the anticommutation relations (2) show that these y-operators satisfy the Dirac
algebra

{77} =24"1. (3)
(iii) Since dim F = 4, these y-operators define 4 x 4 matrices. Determine them explicitly
and verify that the matrices satisfy indeed the Dirac algebra.



Exercise 3 [y-matriz representation of Lorentz algebra |:
Suppose the «* matrices satisfy the relations of the Dirac algebra (3). Show that the
operators ‘
174 ?/ 174
St =" (4)

satisfy the relations of the Lorentz algebra (1), i.e.

[SH, §P7) = i (¢"° SHT — gMP ST — g¥7 SHP 4 ghT SR

Exercise 4 [Chirality operator |:
In 4 dimensions we can define the chirality operator

N N P I
Using the relations of the Dirac algebra (3), show that the chirality operator satisfies

{4 =0 (u=0,...,3), " =1.

Conclude that 7° commutes with the action of the operators (4) that were defined in

Exercise 3,
h°, 5] =0 .

In particular, the Lorentz generators S* therefore leave the eigenspaces of 7° = =1
invariant. For the case of the usual 4-dimensional y-matrices, show that the eigenspaces
of 4° = %1 are both 2- dimensional. Hence deduce that the corresponding 4-dimensional
representation of the Lorentz algebra defined by S as in (4) decomposes as a direct sum
of two 2-dimensional representations of the Lorentz algebra.



