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Exercise 4.1 Charged particle in an external electromagnetic field

a) By direct computation,
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Notice that since we promote the p; to operators they do not commute in general with A(x;).
We have finally
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H(zi,pi) = ; S <pZ + lA () ) +qu(pz x;).

c¢) For an electron the degrees of freedom are the spatial coordinates (x,y, z) and the charge is
e. Therefore we have
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so that the Schrodinger equation ih%\II = HVU corresponds exactly to what we want.

d) After a gauge transformation, the left-hand side of the Schréodinger equation becomes
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Let’s expand the right-hand side:
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The different pieces transform as

h? K2 )
—— VX — —_—V?|exp —ZGX v
2m 2m c

2

2mc2

‘ h? ihe ihe
= exp (-i;& [ 5 ViU —vxvq} + 5 (V) U+

" . |
ke (g ayw _”exp<_lix) (V-A+72)

2me 2me h
ihe ihe ie ie
——A - VU B - A v - — v
Teavr — Pop (- @a+vo[ve- £ @y >]
ie ihe ihe €2
= exp —h—x ——A VU - —VxVVU — —A (Vx)¥ — — (Vx)
c me me me
2 2 .
¢ 2 € e 2 _ 2
52 — 5 5 eXD ( hcx> [A +2A - (Vx) + (Vx) } VY

eplU — exp (—;:Cx) [e —E% }\If

so that the right-hand side of the Schrodinger equation becomes
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Canceling the exponential factor and removing the term —f—x on both side, one recover

the initial Schrédinger equation.

Exercise 4.2 Landau problem
a) Obviously, ¢ = 0 and A time-independent ensure that E = 0, and
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We have therefore
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One can check that V- A =0, A-V = %B (xa% — ya%) and A? = %BQ (3:2 + y2) Moreover

since the electron moves in the plane (z,y) the Laplacian reads V? = -2 + 8 . Therefore
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or in terms of momenta p, ~ —ih-2- 5, and py ~ zha%
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b) We have

¢ = axr+bp, p o= ey+fp
Q = cy+dp P = gz+thp,’
and the usual commutation relations [x,p,] = [y,py] = ih and [z,y] = [pz,py] = [z,py] =

[yypz] = 0.
The commutators [¢, P] and [@, p] are automatically zero. For the others, we have

lq, Q] = ad [z, pg] + be [py, y] = ih (ad — be) ad —bc =0
[p, P] = ehly,p)] + 9f [pe; 2] = ih(eh —gf) eh —gf =0
lq,p] = af [z, pz] + be [py,y] = ik (af — be) af —be=1
[Q, P] = chly,py] + dg [ps, z] = ih (ch — dg) ch—dg=1

In order to compute the Hamiltonian, one has to invert the transformation above. We find

r = -t bg(hq—bP) Py = ﬁ(e@—cp)
y = gz (fQ—dp) Py = pgran(9a—aP)’

and the Hamiltonian is then

1 [(eQ —cp)® +2B(eQ — cp)(fQ — dp) + B*(fQ — dp)?

H = 2m (cf —de)?
L (ga— aP)? +26(gq — aP)(hq — bP) + 3%*(hq — bP)?
(ah — bg)?

where we habe used the notation 5 = eB/2¢c. For the cross-terms in ¢P and Qp to vanish,
one needs

ce+ B(cf+de) +3%df = 0
ag — B (ah +bg) + 3*bh = 0

Following the hint, we set a = ¢ = 1/v/2, and thus
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We are free to choose the sign of b, so let’s take —
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so that we have finally
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And the Hamiltonian becomes then

H = (P2 —|—/B2Q2)

which corresponds to the Hamiltonian of an harmonic oscillator
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with mg = m/2 and wg = 26/m = eB/mec.

¢) Since the Hamiltonian of the system is the one of an harmonic oscillator, the energy levels
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Exercise 4.3 Particle in a one-dimensional square potential

a) For a constant potential V(z) = V;, the time-independent Schrodinger equation becomes
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The solution will depend on the sign of the right-hand side:
Aexp (k%”’ + Bexp —%I), ki=+2m((V; —E) if E<V
Aexp (i52) + Bexp (=i%2), ki=2m(E-V)) if B>V,

where A and B are arbitrary constants.

We have then to treat the following cases:

1) i<E<O

Let’s denote by 11, ¥ and 13 the wavefunction in the regions (0,a), (a,b) and (b, 00)
respectively. We have

Ys(x) = Aeks®/h 4 Be~hsz/h ks =/—2mFE
Yo(x) = Cek2#/h 4 De=hax/h ky =+/2m (Vo — E)
¢1($) — Ee’iklx/h + Fefiklx/h kl — /2m (E _ Vl)

The infinite potential for < 0 implies 11(0) = 0 and thus F = —F and
1 (z) = 2iEsin <k1;>
By continuity we must have ¢ (a) = 12(a) and ¥ (a) = ¢4 (a) and thus
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The wavefunction must vanish at infinity, hence A = 0. By continuity in b, we have
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2) 0<E <V,

3) E>V;
b)
c)
Exercise 4.4 Symplectic transformations
We have:
-B A AT T
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Therefore:
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Z(Ciijkz_Diijk) = 0
k

Z(Aiijk_Biijk) = 0
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Then, using the relations above, the commutators become:
Qi Q5] = Y [Aik gk + Bix pr, Aji @1 + Bji pl
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= ihz (AirBjr — BipAji)

k

= 0
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And hence we see that the commutation relations are preserved.



