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1. Throwing up a stone

Answer:

We consider the problem in the inertial system with the earth’s centre as ori-
gin.The trajectory of the thrown body will lie on the plan span(v;, 7;) (¢ =initial),
as usual for a 2-bodies system.

Since the gravitational force has form fr%é} the Lenz vector

A:=px L—kmé, (1)
is conserved. Remember that this vector points in the direction of the perihel
of the trajectory.

A = m-(G+7Tgr) x (Fx (m- (T +7g)) — GMm?e, =
= m: (1)()6_;« + UR€¢) X (Té} X (m . (”U()e_;« + UR€¢))) — GMmQé'T =
= mQTvRvo(fé};s) + mQT’u}Q%é} — GMmZe, (2)
where ¥g is the component of the initial velocity of the body due to the earth’s
rotation.
The angle between the 2 points in wich the ellipse of the body intersects the
earth’s surface will be called ©. The angle between start point and Lenz vector
is 6.(Note:© = 2(m — 0), since the top the the trajectory of the thrown body
corresponds to the aphelion of the ellipse).
A-é v} — GM/R
Al V/(vrwo)? + (v} — GM/R)?
(R = earth’s radius) or with vg = Rwcos(¢)

Ruw?cos(¢)? — g ~ 14 1 weos(
g— Rw%os )2

cost =

(3)

cos(0) =

Vw2cos(¢)2vZ + (Rw2cos(4)? — g)2 2

1
z—1+§(7r—9)2%—1 (vowcos

2U0Rw005 2vo Rweos(§)

= Az, = RO =~ (6)



(g = C}'g\f).We assumed w << 1, and we worked in 1.order. While the body has

accomplished his trajectory, our position changed (in 1. order in vow we have
Atw ~ 22w,
g

Azops = Reos(d)wAt (7)

We calculate At(w,vp) in 0.order in w and 1.order in v3 (or equiv. l.order in

(r—R)),ie

Fypao(h o= (r = R)) ~ —g + 221 )
W= —g+22Lp 9
9+25 (9)
— o = ,gg + ot (10)

_( Y2 9, 9.4 Yo.;3
= h1 = ( 5t +vot)+R( Tl 3t) (11)

From

hi(At) =0 (12)

It follows (At = 2vg/g + €) by considering just terms linear in €

403
~ 13
‘ 39°R (13)
4 3
= Az = Axgps — Axg ~ LO;(@ (14)
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Aquivalent solution We have the potential field U = —mgr where g is the
acceleration. The rotation of the earth is uniform so that 2 = 0. Neglecting
the centrifugal force we have the equation

v=2vxQ+g (15)

We solve the equation through successive approximation. Take v = vy + vg
where v, = g and consequently vi = gt + vg. We insert in the right hand side
of equation 15 only vy so the equation simplifies to

v=2vi xQ+g (16)
:>V'2:2thQ+2VOXQ (17)
And we have the equation for vs. After integration of v = v; + Vg using the
equation 17 and v; = g we get
3 2

t t
rzggxﬂ+t2v0xﬂ+§g+tvo+rg (18)



We choose the coordinate system with z-axis pointing upwards and the x-axis
pointing from the meridian zero to the north pole. Then we have g, = g, = 0
and g, = —g as well as 2, = Qcos\,Q, =0 and Q, = Qsin A, where X is the
latitude. As initial conditions we have rg = 0 and vo = v,e,, inserting them in
18 we get

1 .

Ty = 7§t3gﬂ cos A + thQQ Ccos A (19)
1

r, = 7§gt2 —+ 'Uzt (20)

For the flying time of the stone you get t = 2% by equating r, = 0 and inserting
this in 19 we get the horizontal diplacement in e, direction of the stone

8 3 3 4 3
y=— U;QCOS)\+4U—;QCOS)\:L§QCOS)\ (21)
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2. Euler-Lagrange

Answer:

1. The moment of inertia is defined as
I= / r2p()dV, (22)
%

where r is the distance to the rotation axis and p is the density. For a
homogeneous cylinder of radius r and length [ we have in cylinder coordi-

nates
l 2 r
I:// /7“/2p7“/d7“/d¢dl/
0o Jo 0
r2

= plmr? —
plmr 5
2
r
=m— 23
m 2 ’ ( )
where we used the formula
m = plrr? (24)
for the mass.
2. The Lagrangian is given by
L=T-YV. (25)

There are 3 contributions to the kinetic energy 7. The angular momentum
of m; and mo and the linear momentum of msy. Using

Z = Q171 + Para, (26)



we find I I
T2y 1202, M2

The gravitation potential is given by

(@171 + par2)”. (27)

V = —mag (171 + @2r2) - (28)
Thus

2 2
miry (p2 mary
4 1 4

L= ©3+ 72 (171 + Por2)® + mag (171 + par2) . (29)

. Inserting the Lagrangian in the Euler-Lagrange equations

d (8L) oL 50)

dt \0p; )  0p;

we find
(% + m2) r1$91 + mare@e — mag =0 (31)
;mzrzcﬁz + mar11 — mag = 0. (32)

Finally
b1 = G (33)
b = (34)

. The time evolution of ¢; is given by

pilt) = 12, (35)
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where a; is the constant acceleration given in the equations of motion.
Substituting for ¢; in the expression of z we find

z(t) = (rip1 + raga)
mi -+ mo t2

—gatme 36
g3m1+2m2 ( )



