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The Lie Algebra of SO(3)

(a) Consider the rotation of a vector around the axis n̂ by an angle δφ:
~r → ~r + δ~r + O(δφ2 )

(1)

~ × ~r
δ~r = δ φ

(2)

~ = n̂δφ
δφ

(3)

where δ~r can be expressed as:
with
Starting from Equation (2) with using Equation (3) find the generators of SO(3), the group
of rotations.
(b) Compute the commutators of the generators and find the Lie algebra. Determine the
structure constants and confirm that these also obey the Lie algebra.
(c) The generators can be written as the derivatives of the representation matrices with respect
to the small transformation parameters:
(Ji )jk =

1 ∂(Ri )jk (φ)
|φ=0
i
∂φ

(4)

where Ri is the rotation matrix for a rotation about a generic i axis. Exponentiate the
generators to find the representation matrices:
Rx (φ) =

!
1
0
0
0 cos δφ − sin δφ ,
0 sin δφ cos δφ

Rz (φ) =

Exercise 2.

Ry (φ) =

cos δφ 0 sin δφ !
0
1
0
− sin δφ 0 cos δφ

cos δφ − sin δφ 0 !
sin δφ cos δφ 0
0
0
1

(5)

(6)

Point moving on a paraboloid

A point particle of mass m, subject to gravity, moves on a smooth paraboloid surface with
equation z = c2 (x2 + y 2 ).
a) Write down the lagrangian for this system using cylindrical coordinates (r, φ, z) and expressing the constraint through Lagrange multipliers.
b) Use the rotational symmetry around the z-axis to work out the associated conserved
quantity using Noether’s theorem.
c) Write down the Euler-Lagrange equations and compare with point b). Deduce also that,
for any fixed value of the conserved quantity, there is a value r0 of the radial coordinate r
that satisfies the remaining equation of motion with ṙ(t) = 0.
d) Expanding the equations around r0 by means of r(t) ≡ r0 + ∆r(t) with small ∆r, find the
motion of nearly circular orbits.
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Figure 1: Exercise 2: point moving on a paraboloid.
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Figure 2: More sophisticated Atwood machine.

2

Exercise 3.

Atwood Machine II

Consider a more sophisticated Atwood machine as shown in Figure 2. Given the masses m, M
and m + M and the displacement coordinates x and y of the left and right masses as depicted,
use Noether’s theorem to derive the conserved momentum in this problem. Assuming that the
system starts at rest, show that


m2 − 2M 2 ẋ = M 2 + m2 ẏ.
(7)

3

