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Exercise 1. Differential forms

Check that the exterior derivative of a 2-form €2, defined by

(X1, X, Xs) =X1(Q(Xa, X3)) — Xa(QX1, X3)) + Xs(2(X1, X))
— Q([X1, Xo], X3) + Q([ X1, X3], X2) — Q([ X2, X3], X1) (1)

defines indeed a 3-form, i.e., that

dQ(f X1, Xo, X3) = dQ(Xy, f X2, X3) = dQ(X1, Xo, fX3) = fdQ(Xy, Xo, X3) . (2)

Exercise 2. Lie derivative

In components, the action of the Lie derivative Lx on a vector field R is given as

ORH oXH
L e XY — R”
(Lx(R) = ST xR Q
while the action on a 1-form w is
Owy oX"
(Lx(w))u = o N TWrgn (4)
i) Show that
Lx(Y)=[X,Y]. (5)
ii) Check that
Lixy)=LxLy — LyLx (6)

when applying both sides to vector fields and 1-forms.

Exercise 3. Integration of forms

Let us consider an n-dimensional orientable manifold M, i.e., a manifold for which all transition

functions satisfy that

det(gi) >0. (7)

i) Suppose w is an n-form, whose support is contained in a single chart. Using the arguments
from Exercise 3 ii) of Sheet 3, we can write the n-form as
1 i i ~ 1 i %
w = —wi i (@) A2t A Ada = G(x) €y i, dat A Adatt
n! n!
= O(z)dat Adz? A Ada™ ) (8)

where ¢, ...;, is the Levi-Civita symbol and @(z) is a scalar density.

n

Show that the integral

/M w = /M O(z)dat - dz? - - da” (9)

is well-defined, i.e., independent of the specific coordinates that are being used (we only
consider charts for which the support of w is contained within).



ii) Now suppose that the n-dimensional manifold M has a boundary M, and that w is an
(n — 1)-form that has support in one chart (which may now also intersect the boundary).

Prove Stokes’ Theorem
/ dw = / w . (10)
M oM

[Hint: See Fig. 1 and consider separately the two depicted cases: a) (left) the chart in
which w has support contains the boundary and the boundary satisfies 2! = 0, b) (right)
the chart in which w has support does not contain the boundary.]

Figure 1: An n-dimensional manifold M with (n — 1)-dimensional boundary M is locally home-
omorph to R" = {(ml,...,x”) € R”‘xl < 0} and we can always define local coordinates
(:nl, e ,a:”) for M, in which OM satisfies z! = 0.

Exercise 4. Inner product

Let X be a vector field and 2 a p-form. We define the (p — 1)-form (ix2) by
(ixQ)(Y1,...,. Y1) = QX Y1,..., Y1)

Prove the following properties:

i) Let ©; be a p;-form for ¢ = 1,2. Then
ix(Ql VAN QQ) = ix(ﬂl) A Qg+ (*1)])1@1 AN ix(Qg) .

ii) We have the identity i3 = 0.

iii) If f is a function then

ix(df) = (df)(X) = X(f) .
iv) The Lie derivative Ly, acting on 0 and 1-forms, can be written as
Lx =ixod+doix,

where d is the exterior derivative.



Exercise 5. FElectrodynamics in form language

In this problem we consider the familiar theory of electromagnetism on a 4-dimensional manifold
with signature (—,+,+,+). Maxwell’s theory involves a one-form electromagnetic potential
A = A, dz* from which one constructs the field-strength (a two-form) via the exterior derivative,

i)

i)

1 14
F=dA= _Fyda" nda" . (11)

Show that the components of F' are given by F),, = d,A, — 0, A,. Using that the exterior
derivative is nilpotent, d?> = 0, deduce that dF = 0. Write dF = 0 in components — how
many independent equations are there? — and relate them to the homogeneous Maxwell
equations.

[Hint: Deduce from the definition of the 4-potentials that the field strength tensor is given
(in flat space) as
0 -E, -E, —FE,
E, 0 B. -By
me E, -B, 0 B, ]
E. B, -B, 0

Define the Hodge dual xF of the field strength 2-form F' via

1 FMV puv P o
*F_E o1 € po Az’ A da? | (12)
where €,,,0 = V/|9l€uvpo (Levi-Civita tensor) and €,,,0 is the Levi-Civita symbol.

[The Hodge dual can be defined more generally for p-forms in D dimensions, and it is in
general a D — p form; for the case of a 2-form in D = 4 dimensions, the Hodge dual is
therefore again a 2-form.] Show that

F AKF = ay/|g|F F* dz® A dzt A da? A da® (13)
and
FAF =%F AxF = 8v/|gl€jwpe F* FP7 dz® A dzt A da? A da® (14)

and find the explicit value of the numeric constants « and 8. Both of these quantities
are 4-forms and may be integrated over the spacetime manifold. The combination (13)
is proportional to the Lagrangian density that yields Maxwell’s equations in the absence
of sources as equations of motion. Use Stokes’ theorem to show that the integral of (14)
reduces to a boundary term (on a manifold with boundary).

[Hint: you may want to use that the Levi-Civita symbol in D dimensions satisfies the
identity

P 2y = (D = PO (15)

Vi...Upr

where 80T = rlém[ul 52y e 5”TVT]
(notice that the r! factor in front cancels, for example 8,12 = oL oL2 — o042, etc). This
can for example be used to write:

is the antisymmetrised product of r Kronecker deltas

deI A.. ./\d.’,UUn = 75“1 KD—n V1 Vng

(D =)t i e e A2 AL A ] (16)



iii) The adjoint exterior derivative is defined via the identity
A F = xd(«F) ,

where the Hodge dual of a 3-form w in 4 dimensions equals

1
(*w)ul = 3%n vavs€ 2 (17)
and e is again the Levi-Civita tensor.

vivav3pn

Assemble the electric charge density p and the electric vector current density J into a
one-form current J = 7, J"dz* = —pdt + J - dZ. Show that the inhomogeneous Maxwell
equations (in flat space)

O = Jv (18)

can be written succinctly in form language as

diF=17. (19)

[Note that the operator df is in fact the adjoint of d with respect to the inner product
defined on p-forms by the integral

(w,n)z/ wA*1
M

and x is the Hodge dual that maps a p-form to a D — p form. In particular we have
(dx,n) = (x,d™n) if  and x are a p-form and (p — 1)-form, respectively.]



