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1. Manifolds and tensor fields

1.1. Differentiable manifolds

A differentiable manifold M is “locally homeomorphic to R™”, meaning it is defined
by the following elements:

M: topological space

" __covering of M
by open sets (‘patches’)

continuous. -
" maps

chart K C R" v chart K ¢ R"

Within the shaded overlap region of two charts the change of coordinates & <+ x (transition
functions ¢, ¢~ ') are differentiable any number of times. Definition: dim M = n.

Notions
e Differentiable functions f : M — R (algebra F = C*°(M))

e F,: algebra of C*°-functions defined in any neighborhood of p (f = ¢ means f(q) =
g(q) in some neighborhood of p)

e Differentiable curve v: R — M
e Differentiable map: M — M’
The notions are to be understood by means of a chart: e.g. f: M — R is differentiable

if z — f(p(x)) = f(z) is. This is independent of the chart representing a neighborhood
of p.

Tangent space T}, of the point p € M

A vector X € T}, is a linear map F, — R with the derivation property
X(fg9) = (X[)g(p) + f(p)(Xg) . (1.1)
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T, is a linear space. In any chart (representing p) we have
Xf=X"fix) : X'=X(2"),

where ; = 9/0z" and 2" € F,, denotes the coordinate function p — 2. Note the summa-
tion convention: each index appearing once as upper and once as lower indexx is to be
summed over from 1 to n.

Proof. For f = 1 we have f?2 = f, whence Xf = 2Xf = 0. Thus Xf = 0, if f is
constant. Let p have coordinates x = 0. The identity

f(2) = (0) + / dtf(tx)
0 (2)
gi\T

implies by (CI) X f = X(a%) - ,(0) = X' /,(0). 0
Directional derivative

Let v(t) € M be a curve through v(0) = p. Then v defines a vector X € T, through

d
xr=260) (12)
t=0
denoted by X = +(0). In components:
dt |,_,

(7% = coordinates of 7). One can thus regard a tangent vector X as an equivalence class
of curves through p sharing the same tangent vector there.

Basis of T},
T, has dimension n. In any basis (e, ...e,) we have
X = Xl .
Change of basis:
& = oi"er X' =¢h X" (1.3)

T T

inverse-transposed

In particular e; = 9/0x" is called coordinate basis (w.r.t. a chart). Upon change of

chart,
p Ot

¢’L' @7 (bk

o7

=5 (1.4)

The cotangent space T}

Dual space of T},: a covector w € T} is a linear form

w: X wX)=(w X)eR,
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where (-, -) is called duality bracket. In particular, for any f € F,
df - X v X f

is an element of 7). The elements df = fadz form a linear space of dimension n, hence
all of T7.

Basis (e',...¢e") of T
w = we" .
In particular the dual basis (of a basis (ey,...e,) of T},) is given by
(e, X) = X', or (e, ep) =0 .

Thus w; = (w, e;). Upon changing the basis the w; transform like the e; and the e’ like
the X* (cf. (L3)). In particular we have for the coordinate basis

e; = % , el =dx'.
The change of basis then is
0 ozk 0 N
= dz' = ——da" .
or  ow ok’ T T or ™

Remark. Sometimes vectors X and covectors w are called contravariant and covariant
vectors, respectively. This alludes to the transformation law of their components X* and
w;, which is opposite (contra), respectively alike (co) that of the change of basis (e;).

Tensors on T,

Tensors are multilinear forms on 77 and T), e.g. a tensor T" of type (;) (for short:

T € ®3T,): T(w,X,Y)is a trilinear form on Ty x T, x T,,. In particular @7, = T}, @47, =
(T;)" = Tp, as well as ®pT, = R. General tensors are of type (’;) with ;s € N and
sometimes called r times contravariant and s times covariant. They take as arguments r
and s vectors of the opposite kinds.

The tensor product is defined between tensors of any type, e.g.
T(w,X,Y)=Rw,X)-SY) : T=R®S.
Components (w.r.t. a pair of dual bases)
T(w, X,Y) =T(e ej er)  wiXYF
——— S —
=Tiy  eilw)ed (X)ek(Y)

hence

T=T"re; ®e’ ® ek .
Any tensor of this type can therefore be obtained as a linear combination of tensor prod-
ucts X ® w @ w' with X € T, w, ' € T, denoted as @1, =T, ® Ty T

Change of basis .
Tk =T,0' 0 0™ . (1.5)



Trace

Any bilinear form b € T ®T), determines a linear form [ € (T,&7})* T,x Tt R
p

such that l
i®

(X ®w)=bX,w). 1,01
Proof. The map [ — b is one-to-one and on grounds of dimension also onto.
In particular tr7 is a linear form on tensors 7" of type G) defined by
tr( X ®@w) = (w, X) .

In components w.r.t. a dual pair of bases we have

tr T =T .
Similarly, ' ‘

T k= Se=T"

1

2) to tensors of type (0).

defines for instance a map from tensors of type ( 1

The tangent map

Let ¢ be a differentiable map M — M; let p € M and p = ¢(p). Then ¢ induces a linear

map

oo Ty(M) = Ty(M),
called the tangent map of ¢ (or push forward), which we describe in two ways:

(a) For any f € Fp(M) set B B
(e X)f = X(foyp).
(b) Let v be a representative of X (cf. (L2))). Then let

Y=por
be a representative of ¢, X. This agrees with (a), because
d -, d, -
SFEWN],g = (TR, -
W.r.t. bases (eq,...e,) of Ty, (€1,...,85) of Ty reads X = 0, X
X = (W*)ik;Xk

with (¢.)", = (€', p.ex) or, in case of coordinate bases,

()" = Ok
The adjoint map ¢* (or pull back) of ¢, is
T =T, W P'w
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with
("W, X) = (0, p. X) .

The same result is obtained from the definition

p*idf = d(fop),  (f€F(M)). (1.6)
In components, w = ¢*w reads
=Ti(pa)'s
Comparison with wy, = (p*),'@; gives ( Vi
transposed.

= (¢4)"): the matrices for ¢* and ¢, are

Given a further map v : M — M one has

(Yop)=tupn,  (Pop) =¢"P", (1.7)
where the composition of linear maps is written without o.

From now on we limit ourselves to (local) diffeomorphisms. These are maps ¢ such that

o~ ! exists in an neighborhood of p, i.e.

— oz’
dim M = dim M | det( );Ao
Then ¢, and ¢* are invertible and may be extended to tensors of arbitrary type. They

are naturally called pushforward, resp. pullback of .

Example. Type G) :

(2.T) (@, X) = T(¢'w,¢,'X),
(P T)(w, X) = T(¢" 'w,p.X).

Here, @., ¢* are each other’s inverse and we have

tr(so*T) = ¥u (tr T) '
(tr = any trace) and similarly for ¢*. In components T = ¢, T reads
—i oz OxP
Tp,=T" — 1.9
F P oz ok (1.9)

(coordinate bases). This is formally the same as the transformation (LE) when changing
basis.

1.2. Tensor fields

A vector field on M is a linear map X : F — F with the derivation property

X(fg)=(Xfg+ f(Xg) . (1.10)



This implies that (X f)(p) depends only on the equivalence class f € F,. Proof: From
f = 0 in a neighborhood U of p we conclude by means of a function g with suppg C
U, g(p) = 1, that (X f)(p) = 0. 0

Hence, for any p € M
Xp o [ (X)(p)
is a vector in T},. In a chart we thus have
0
oxt
with smooth components X?(x): vector fields are linear differential operators of first order.

The vector fields on M form a linear space on which the following operations are defined
as well

(X)) = X'(@) falx) ,  ie. X =X'(z)

X = fX (multiplication by f € F),
XY —» [X)Y]=XY-YX (commutator) .

Indeed, [X, Y], unlike XY, satisfies ((LI0):
(X Y](fg) = X((Y g+ [f(Yg)-Y((X[f)g+ [(Xg))

= ([X,Y]f)g+ f([X,Y]g) .

In components (coordinate basis):
(fX)' = fX", (X, Y] =XY"; - Y/X";.
Moreover the Jacobi identity holds true
(X, [V, Z]|+ [V, [Z, X)) +[Z,[X,Y]] =0. (1.11)
1-forms (or covector fields) are “F-linear” maps
w: X—wX)eF
from the space of vector fields to F, i.e.,
wX+Y)=wX)+wl),
w(fX) = fw(X),  (feF).

This is stronger than mere linearity (f ~ A € R). It implies that w(X)(p) depends only
on X,. Proof: chart: pe U - R", p— 2 =0. Let suppf C U, f(p) =1. If X, =0,
then w(X)(p) = w(f2X)(p) = (fX)(0)w(f0/dz") = 0, since X*(0) = 0. O

Thus, for any p € M a covector w, € T} is defined through
w(X)(p) = (wp, Xp) -
In any chart we then have
w(X) = wi(2) X" (), ie. w = w;(z)dx’

(dz' : X — X locally) with smooth components w;(z). A word of caution: While every
covector w € T is of the form w = df (i.e. pointwise), this is not true for a 1-form w
(in fact, not even locally). Indeed w; = f,; implies w; ; = w,;, which is false as a rule for
arbitrary components w;(x).



Tensor fields

Example: A tensor field R of type (}) is a function R(w,X,Y) of: w (I-form), X,Y
(vector fields), taking values in F, which is F-linear in each variable. A tensor field can
also be viewed as a function

R:pe M= R, :tensor on T, ,

which is smooth in terms of its components: In any chart we have
R(w, X,Y) = Ry (z)wi(2) X7 (z)Y* ()

with smooth components R’ j; (). They transform according to (L5, [L4) under coordinate
changes.

Tangent map
(¢ : M — M differentiable)

1-forms: @ — ¢*w. The 1-form ¢*w on M is defined by (L6) and F-linearity. Equiva-
lently,

(P @)p = "Wy -
Let henceforth ¢ be a diffeomorphism.

Vector fields: X — ¢, X, a vector field on M:

(@ X)f=[X(fop)op™,
hence (¢, X); = @ Xyp-1(5. One readily verifies
e(fX)=(fop e X,  @lXY]=[p.X, 0.Y].
Tensor fields: R — ¢*R, (p. = ¢*71), e.g. R of type (}):

(¢*R)(w, X) = R(¢"'w, p.X) 0 0,

resp. B B
(@*R)p = SO*R@(p) ) (1.12)

i.e. ©* acts pointwise on the tensors of the field.

Flows and generating vector fields
A flow is a 1-parameter group of diffeomorphisms ¢, : M — M, (t € R) with
Pt O Ps = Ptts -

In particular ¢y = id. Moreover the orbits (or integral curves) of any point p € M

t = oi(p) =(t)



shall be differentiable. A flow determines a vector field X by means of

d
Xf=glfoe)| . (1.13)
d
e X, =g =900,

where 4(0) is the tangent vector to 7 at the point p = v(0). At the point y(¢) we then
have

. d d
vwza%@zwa%w&ﬂzmM.
i.e. v(t) solves the ordinary differential equation (ODE)
() =X,  (0)=p. (1.14)

The generating vector field thus determines the flow uniquely. (In general a vector field
may fail to generate a flow, because ([LI4) may not admit global solutions (i.e. for all
t € R). For most purposes “local flows” suffice, though.)

Remark. A vector field Y is pushed forward under ¢, according to

d
E%*Y = —pu|X,Y]. (1.15)

Indeed, by (7)) we have

d d

-, *Y = S*Y
dt@t ds%Jr

)

d
== | 5 s*Y
5=0 Pt <dsg0

and we see that the case t = 0 suffices:
d d

E(%*Y)f‘tzo = %Y (f o SDt) O @Yt

d
=V (gf o,

)+ SR ew)

=YX[-XYS

t=

On the meaning of [X,Y]| =0
Let ¢; be the flow generated by X. If [X,Y] = 0, then

oY =Y, ie. Youp) = 0¥y (1.16)
by (LI3). Let now 1, be the flow generated by Y. By (LIG) we have

d
%%WMWZ%JWm:nMwW

i.e. ¢i(1s(p)) satisfies the ODE and the initial value for 14(¢:(p)). Hence they are the
same. The result is:
(X, Y]=0 <= @0, =900 (1.17)

(if X, Y generate global flows). Actually, the above proves “=" the other direction being
simpler.



1.3. The Lie derivative

The derivative of a vector field V' rests on the comparison of V,, and V}, at nearby points
p,p’. Since V, € T,,, Vy € T,y belong to different spaces their difference can be taken only
after V, has been transported to 7},. This can be achieved by means of the tangent map
@, (Lie transport).

The Lie derivative Lx R of a tensor field R in direction of a vector field X is defined by

d
LyR=—¢'R (1.18)
t=

dr™t

or, somewhat more explicitely, cf. (LI2),

d

t=0

Here, ¢, is the (local) flow generated by X, whence ¢} R,,(,) is a tensor on 7, depending
on it. In order to express Lx in components we write ¢; in a chart

or x> T(t, )
and linearize in small ¢:
=o'+ tX(2)+..., 2= —tX(T)+...,
hence

927 92y .
_ I 1.1
oxkot 0Tkt ok (1.19)

at t = 0. As an example, let R be of type (}) By ([9) we then have

oxt 0P
o0z Oxd

(i R)'j(x) = R*3(2)
Taking a derivative w.r.t. ¢ at ¢t = 0 yields:

(LxR)'; = R'j X" — R*; X" o + R'sX" ;. (1.20)

Properties of Ly

) Lx is a linear map from tensor field to tensor fields of the same type
b) Lx(trT) = tr(LxT), (tr any trace)
c) Lx(T®S)=(LxT)®S+T® (LxS)
d) Lyf = Xf,(f € F)

) LxY = [X,Y], (Y: vector field)

) (Lxw)(Y) = Xw(Y) —w([X,Y]), (w 1-form)

Proof. (a) follows from (LIS), (b,c) from (L8), (d) from (LI3) and (e) from (LI5) with
©; = @_p. Finally, (f) follows from (a—e) by

(a
(
(
(
(e
(f

(Lxw)(Y)=tr(Lxw®Y)=trlx(w®Y) —trw® LxY = Xw(Y) —w([X,Y]) .



Alternate definition of Lyx: For a given vector field X the properties (a—e) (which do
not refer to flows) determine Lx R uniquely for any tensor field R. In particular, this
definition agrees with (LIS).

Proof. As noted, (f) follows from (a—e). By (c¢) LxR is defined for tensors of all types.
U

Further properties of L
Ly is linear in X
Lxiy =Lx+ Ly, Lyx = ALy , (A e R)
(but not F-linear, Lyx # fLx, as a rule!) and
Lixy) = LxLy — LyLx .

Proof. The r.h.s. of the last equation satisfies (a—c) and agrees with the L.h.s. on f € F,
as well as on vector fields Z, the latter because of (LII]). d

1.4. Differential forms

A p-form Q is a totally antisymmetric tensor field of type (2):
QXrq), s Xag) = (sgnm)QX1, .. X))

for any permutation m of {1,...,p} : 7 € S,, with sgn= being its parity. In particular,
Q=0 for p > dim M. Any tensor field of type (2) can be antisymmetrized by means of
the operation A:

(AT)(X1,...,X,) = % D (sen )T (Xnys -+ X)) - (1.21)

TESY

We have A? = A. The exterior product of a p;-form Q' with a p,-form Q2 is the

(p1 + po)-form

(p1 + p2)! 1 2
o Ae e, (1.22)

Q'AQ% =
Properties:
ALAQ? = (=172 QP A Q!

|
QA (2 A0 = (A 02 AP = PP BB 460 oo o oy
p1'pa!ps!

Components: In a (local) basis of 1-forms (€', ...e")

Q

— e AL AEP (1.23)

ETALNeP (when restricting the sum to 4; < ... < ip).
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Examples: For 1-forms A, B we have
(AAB)iy, = A;By — AxB; .
For a 2-form A and 1-form B,
(AN B)iw = AiBi + A B; + Ai; B (1.24)

because )
AANB= AikBliei AefAel = (ApB 4 zykl) ¢! NeF A

(AN B)in

| =

since the bracket is totally antisymmetric.

The exterior derivative of a differential form

The derivative df of a O-form f € F is the 1-form df (X) = X f: the argument X acts as
a derivation. The derivative df) of a 1-form (2 is

dQ(X17X2> - XlQ(XQ) - XQQ<X1> - Q([Xl,XQD .
The last term ensures that dS2 is a 2-form, being F-linear in X;, Xs:

dQ(fX1, Xo) = fXiQ(X2) — XoQ(fX1) — Q([f X1, Xo])
= [XiQXs) — ((X2f)QX0) + fXoX1)) — QUf[X1, Xo] + (Xof) X))
FAO(X1, X) (1.25)

On QA f = fQ the product rule d(Q A f) = dQ A f — QA df applies, since

dQA ) (X1, X)) = Xi(fQ)(X2) = Xo(fQ)(X1) — (fQ)([ X1, X))
= fdQ(X1, X2) — Q(X1) f(X2) + Q(X2) f(X1) - (1.26)

Moreover we have d?f = 0, because

df(X1, Xa) = Xadf (Xy) — Xodf (X1) — df ([ X1, Xa))
= X Xof — XoXif — [X1, Xalf = 0. (1.27)

The generalization of the definition to p-forms 2 is

p+1 ' R

dUX1, . Xp) =) (D)7 XX, X X )
i=1
D)X XL X X X X ) (1.28)
i<j

where ~ denotes omission. Analogously to (L25HL27]) one shows the
Properties of d
(a) d is a linear map from p-forms to (p + 1)-forms

(b) d(QF A Q?) = dO A Q%+ (—1)P1 QL A dQ?

11



(c) d*> =0, ie. d(dQ2) =0
(d) df(X) = X[, (f € F)

Alternate definition of d: By means of (a-d), hence without reference to commutators.

Proof. We need to show that d is defined on all p-forms 2. By (L23) we have w.r.t. a

coordinate basis )

Q= =Q ., dz" A Ada™ (1.29)
p!
hence 1
dQ) = Einlml’p A dl’il VANPIAN dl’ip .
0
Components: (; = 9/dz")
p'dQ = Qilig...imiod'xio VANPIIAN dl'ip
— —Qioi?_.ip’ildl’io VAN deiP
= (_1>ino...ik...zp,ikdxi0 A AdT' (k=0,...p),
P
1 . )
o k N % ip
Q= ;(—1) Qi i i oI 1)!d9: OA LA (1.30)
(dD)ig...,
Examples:
p=1: (dQ)zk :Qk,i - Qi,k ) (1-31)
p=2: (d)irr =gy + Qi + Qi - (1.32)
Further properties: For any map o : M — N,
prod=doyp". (1.33)
Proof. Because of (.29 [[.8) and property (b) it suffices to verify (L33]) on:
O-forms f: (L33) is identical to (LH);
1-forms, which are differentials df: because of (c¢) we have
(¢ od)(df) =0,  (dog")(df) =d(p" odf)=(dov")(f)=0.
0

Setting ¢ = ¢; (the flow generated by X) and forming d/ dt} .o+ One obtains the infinites-
imal version of (L.33):
Lyod=dolLx . (1.34)

Definition. A p-Form w with

e w = dn is exact;
e dw = 0 is closed.

12



The implication “w exact = w closed” holds true, but the converse generally not. A local
converse is the Poincaré lemma:

Lemma. Let G C M be an open domain in a “star-shaped” chart. Any point in the
chart is connected to the origin by a straight line lying in the chart. Let w be a p-form
with dw = 0 in G. Then there exists a (p — 1)-form 7 such that

w=dn.

Proof. See p.[IH

Remark. Obviously, n is not unique, since “gauge transformations” n — n + dp, with p
any (p — 2)-form, leave dn unchanged.

The integral of an n-form

Let an orientation be given on M: an atlas of “positively oriented” charts, i.e.

oz’
det (&w‘) >0 (1.35)

for any change of coordinates. (Not every manifold is orientable; example: the M&bius
strip). An n-form w, (n = dim M),

1 . .
w= wil---inmdl’“ A ANde = wy , det AL A dT"

w(z)

is determined by the single component w(z); under a change of coordinates it transforms
as ) ,
Jx"  Ox'

oz’

The integral of an n-form is defined as follows. If suppw is contained in a (positive)

chart, we set
/ w= /dxl...dx”w(xl...:c") :
M

For suppw in the intersection of two charts, [ w is independent of the one used by (L35

[L36]) and A
(32)

W('f) =Wi.n

/dxl...da:"w(;n) = /dazl...d:v"w(x)

For arbitrary w of compact support we define

/szg/hkw. (1.37)

Here {h;} is a partition of unity on M:

hw€F, =0, > h=1
k

13



such that each supp hy is contained in some chart (such partitions do exist). The inde-
pendence of (L31) on the choice of the partition is seen by considering the refinement
{hrg:} of two partitions {hy}, {g:}

Remark. Upon reversing the orientation, [ 1 w changes sign.

The Stokes Theorem

A(n-dimensional) manifold with boundary is locally homeomorphic to R"™ = {(z!...
") e R" | 2! < 0}:

The boundary dM consists of those p € M,
whose image x in some (and hence any) chart
satisfies z! = 0.

Orientation of the boundary: an orienta-
tion on M induces one on OM: If (z!... z")

2?,...2" isapositive chart for U C M, then (2*...2")
is one on M NU. (Show the consistency of
this definition.)

Stokes Theorem: Let M, (dim M = n), be an oriented manifold with boundary. Then,

for any (n — 1)-form w:
/ dw:/ w . (1.38)
M oM

Proof. Let {h;} be a partition of unity on M. We decompose w = >, hyw. We then
need to prove (L38) in two special cases:

(a) suppw lies in a chart without boundary. Then (cf. (I30))

/ dw = /dwl cda™ Y ()R g =0
M k=1

(b) suppw lies in a chart with boundary. Then

n

/ dw = /d:cl cooda” Z(—l)k’lwlmkmn,k = /dxl oo dawy
M

k=1
= /da:Q...dx"w(O,xQ,...x") —/ W,
oM
since (x?...x") is a positively oriented chart of OM. O

The inner product of a p-form
Let X be a vector field on M. For any p-form 2 let
(ix)( Xy, .., Xp1) = QUX, X, .0, X)) (1.39)

14



(=0if p=0).
Properties

(a) ix is a linear map from p-forms to (p — 1)-forms
(b) ix(Q' AQ?) = (ixQY) A Q2+ (1) Q! AixQ?
(c) ix =0

(d) ixdf = X[, (f € F)

(e) LX :’iXOd—i‘dOiX

Proof. (a—d) are straightforward. It suffices to verify (e) on:

O-forms f: both sides equal X f.
1-form, which are differentials df: both sides equal d(X f) because of (L34]). O

Applications:

1) The Gauss Theorem:

The manifold M is oriented iff there is an n-form n with 7, # 0 for all p € M (“volume
form”). Let X be a vector field. Then d(ixn) is a n-form and a function div, X € F is
defined through

(div,, X)n = d(ixn) (1.40)
(also = Lxmn, because of (e)). The Stokes Theorem immediately implies the Gauss
Theorem:
/(dian)n:/ ixn -
M oM
In a chart:

(iXT})ig...in = Xanaig‘..in

dixnin = Y (D (X 40) o = (Xm0 n
; 1.k )k ( 1 )k
(_1)k_1Xk771...n

hence, setting again n(x) = m_,.(x),
: Lo
div, X = —(nX")x . (1.41)
Ui

For the integral [ op ixn (only boundary charts contribute, see figure on p. [[4]) we obtain:

/ Z'Xn:/dxz...dx"(ixn)gmn 0,2%,...,2") :/de...dx"(nXl)(O,:cQ,...,x")
oM

because (22, ..., 2") is a positively oriented chart of M.

2) Proof of the Poincaré lemma: By using a chart we may assume U C R"™ and thus
identify T,, =2 R". We shall construct a map 7T from p- to (p — 1)-forms on U with

(Tod+doT)w=w
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(w: arbitrary p-form). For dw = 0 this implies dn = w for n = Tw, as claimed. Construc-

tion of T*: .
(Tw), = / P igw)dt . (zEU)
0

where X is the vector field with components X*(x) = z’. Then (e) implies
1
(Td+dTNw], = / PN Lxw), dt .
0

Here Lxw = (zV)w 4 pw because by (L20) we have

7-th position
Moreover we have [(zV)w]y, = t2(Vw)s, = t4w,, hence
P (Lxw)ie = P —wiz + ptPw = — (tPwyy)

dt dt
and (L42) equals w,.

16
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2. Affine connections

2.1. Parallel transport and covariant derivative

Definition: Any curve v in M is equipped with a parallel transport of vectors:
T(t, 8) : T,y(s) — T’y(t)

is a linear map with

T(t,t) =1, T(t,s)7(s,7) = 7(t, 7). (2.1)

In any chart we shall have

=~ (7(s))3'(s) - (2.2)

t=s

0 .
Ele‘(t 5)

Remarks. 1) The Lie transport ¢, along an orbit of Y is not of the form (Z2]): Infinites-
imally it is
d

E(SOt*)ik - Yi,k )

by (LI9), which is not expressible solely by its tangent vector 5/(0) = Y!(x).

2) A parallel transported vector X (t) = 7(t,5)X(s) € Ty solves, in a chart, the differ-
ential equation

X'(s) = ~T'u(7(s)7'(5)X"(s) . (2.3)
The X' are not the components of a vector, hence the Christoffel symbols I (z) not
those of a tensor (s. below).

3) Equation (Z3) states, that the X? are linear in 4/, X*. Because of this property (which
is independent of the chart) 7(¢,s) does not depend on the parameterization of ~ (but
also not just on the endpoints y(s), (¢)).

4) Because of ([2.]) we also have

55 Tt s)|  =Tu(y(1)3(1) . (2.4)
S s=t
5) Upon changing chart,
, oxt|  Oxt
Flt,s) = 7t ) o—| ——| .
Tk’( 75) T q( ’S)awp y(t)@fk ,y(s)

Applying %‘S:t and (24) implies

= . oz" Ozt ozt 9t
Ty =17, " i p T G

r a3 T 0% easaga )
© 2 9z 97F T9ar DT T |
oz" =l
oz

hence: 9% Ot O 0%t 2P
=i ,__ _ TP Tt Ox x" x' x
[p(z) =T T‘l(x)axp oxk Ot + OxP 0TFOT!

(2.5)
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Conversely, a field T (x) with this transformation law determines a parallel transport
along any curve y(t) by means of the differential equation (22]).

The parallel transport is extended to tensors by means of the requirements

T(t,s)(T®S) = (7(t,s)T) @ (7(t,s)S) ,
7(t,s)(trT) = tr(7(t,s)T) , (tr = any trace)

so e.g. for a covector w

(T(t,s)w, 7(t, 5) X )y = (W, X)ys)

and for a tensor 1" of type G)

((t,s)T)(7(t, s)w, T(t,5)X) =T (w, X) . (2.6)

In components: ‘ ‘
(1(t,s)T)", = Ts7" (1, s) 1.2 (t, s)

with (7;%) the inverse-transposed of (77},) .
The covariant derivative Vx (X: vector field, T tensor field) associated to 7 is

d
(VXT)p = ET(O,t)T,Y(t) o (2.7)

where () is any curve through p = v(0) with 4(0) = X,,.
Properties

(a) Vx is a linear map from tensor fields to tensor fields of the same type
(b) Vf = Xf

(c) Vx(trT) = tr(VxT), (tr = any trace)

(d) Vx(T®S)=VxT®S+T®VxS

They follow from the corresponding properties of 7(¢,s). For a 1-form w we have

(Vxw)(Y) = tr(VxwY)=trVx(w®Y) —tr(w® VxY)
= Vxtrw®Y) —w(VxY)=Xw) - w(VxY). (2.8)

We write the general differentiation rule for a tensor field of type G)

(VxT)(w,Y) = XT(w,Y)-T(Vxw,Y) - T(w,VxY) . (2.9)

It is obvious from (2.8 29) and (a—d) that the operation Vy is completely determined
by its action on vector fields Y. The latter is called an affine connection:

(i) VxY is a vector field depending linearly on X, Y
(i) VxY is F-linear in X:

VixY = fVxY, (feF). (2.10)
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(iii) Vx(fY) = fVxY + (Xf)Y

Proof. (iii) is a special case of (d); (ii) is verified by means of its representation in a chart

. d . . .
(VxY) = %Hk(o, HY (@t X+ 0(t%),..) = (Y, + T YR X! (2.11)
t—
where we used ([24) and 7'(t) = 2! +t X' + O(¢?). Incidentally, this shows that any curve
7 conforming with (27 yields the same result. O

Conversely any affine connection entails a parallel transport (bijectively): In any chart
with coordinate basis (e, ...e,) we have

VXY = Vx(ylez) = (XY’)eZ + Yk(VXek)
Vi Xl + YFX'V ey,
which, after defining , '
Iie(x) = (€', Veex) (2.12)

agrees with (ZII). One can show that (2I2]) transforms according to (1), and hence
defines a parallel transport.

The covariant derivative V

Example: By 29) (VxT)(w,Y) is F-linear in all 3 variables w, Y, X, and this defines
a tensor field of type (;) through

(V) (w,Y, X) = (VxT)(w,Y) .

The notation . '
T = (VT)'y,

for its components is customary, but a bit dangerous: for fixed ¢, k, 7%, is not determined
by the sole component T%(x)! Examples:

‘ . -
Y = Y +T"aY",
i
Wik = Wix —wl,
i i i I i
Ty = Ty, + 10017 =TT .
2.2. Torsion and curvature

Let an affine connection be given on M, let X,Y, Z be vector fields. Definitions:

T(X,Y) = Vx¥V —VyX —[X,Y],
R(X,Y) = VxVy—VyVx —Vixy .

To begin with, the torsion 7'(X,Y’) is a vector field and the curvature R(X,Y’) a linear
map from tensor fields to tensor fields of the same type. They are both antisymmetric in
X, Y. Moreover, they have however tensorial character:

e T(X,Y) is F-linear in X,Y and thus defines a tensor of type (;) through
(W, X,Y) = (w, T(X,Y)),

called torsion tensor.
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e The vector field R(X,Y)Z is F-linear in X, Y, Z. Therefore R determines a tensor
of type (;) (curvature or Riemann tensor):

(W, Z,X,Y) = (w, R(X,Y)Z) = R w2 XY

Proof. We have
X Y] = fIX,Y] = (Y )X

Thus
T(fX,)Y) = fVxY = fVy X = (YHX - fIXY]+ (V)X = fT(X,Y),
R(fX)Y) = fVxVy -VyfVx —fVixy+ Y f)Vx = fR(X,Y)
. , J/VX
—fVyVx — (Yf)Vx

with cancellation of the underlined terms. The F-linearity in Z of R(X,Y")Z follows from
(d) of the next proposition. O

Proposition:

(a) R(X,Y)f =0

(b) RIX,Y)(S®T)=(R(X,Y)S)®T+S® (R(X,Y)T)

(c) tr R(X Y)T = R(X,Y)trT, (tr without contraction involving X or Y)
()

(w, R(X,Y)Z) = —(R(X,Y)w, Z) . (2.13)
(

Proof. (a) R(X,Y)f = X(Yf) - Y(X[f)—[X,Y]f = 0; (b) follows from the product
rule for Vx (property (d)); (c) from (c) for Vx; (d) From (a—c) we have

0 = RX,)Y)w,Z)=R(X,Y)tr(Z@w) =tr R(X,Y)(Z ®@w)
— (R, Y)Z ®w) + tr(Z @ RIX,Y)w) = (w, RX,Y)Z) + (R(X,Y )w, Z) .

O
Components (w.r.t. a coordinate basis e; = 9/9z", ¢ = dz"). From [e;, e;] = 0 we have
Tkij = <€k, Veiej — v6j67;> = Fkij — iji . (214)
In particular we have
szkl = <?Z7 (Vekvel - vezve'k>ej> = <€Z? vek (Fslj68> - vez (Fskjes>>

= Dyp =Tl + 070 s — 910 (2.15)

Bianchi identities for the special case of vanishing torsion, T' = 0:
1) R(X,Y)Z +cycl. = 0, (2.16)

2) (VxR)(Y,Z) +cycl. = 0.
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Proof. 1) Let us write X; = X, Xo =Y, X3 = Z and suppress the sum over i = 1,2, 3
from the notation:

R(X;, Xit1)Xip2 = Vi Vi Xive = Vi Vi Xigo = Vi x,0] X
Vx,Xit1 Vx

~~

T=0: VX¢+2 [X“ Xi+1]

-—
cyclic permutation \ S o Vi, X
A

hence, R(Xj, Xi11)Xiyo = [Xito, [Xi, Xip1]] = 0 because of (LTI

2)
(Vx,R)(Xit1, Xit2) = Vi, R(Xiv1, Xiy2) — R(Xi1, Xiy2)Vx, I
—R(Vx, Xiy1, Xive) — R(Xiy1, Vx, Xiga) I7

where, through cyclic permutation,

I = inin+1in+2 - inin+2in+1 - VXiv[Xi+17Xi+2]

_VX¢+1 in+2in + in+2VX¢+1 in + V[X¢+17Xi+2}vxi

= R([Xi+1> Xi+2]> Xl) + v[[Xi+1,Xi+2],XJ )
——— —
=0
Xiy2, X;) + R(Vx, Xiy2, Xit1)
Xito, Xi) + R(Vx,,, Xit1, Xi) = —R([Xi41, Xivo], Xi)

II = —R(Vx
= —R(Vx

i+1

it+1 i+2

In component notation:

1) Rijkl —|—CYC1. (]kl) = O,
2) R jptam + cycl. (klm) = 0.

On the meaning of curvature

Let X, Y be vector fields with correspond-
ing flows ¢y, ¥, satisfying [X,Y] = 0. Then
R<X7 Y) =VxVy—VyVx and @tows = 1/1509075»
see (LID). Let 7x(t) : T, = T}, () be the paral-
lel transport along the orbit ¢, (p), (0 <t <),
of X, and similarly for 7y (s). By (Z7) we have
(d/dt)Tx(t)Z|i=o = —V x Z for a vector field Z.
We transport Z along a small loop consisting of
orbits and obtain

Z(t,s) =1y (=s)Tx(—=t)7v(8)Tx (1) Z .
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Since Z(t,s) = Z for t = 0 or s = 0, the lowest order term of the Taylor expansion
Z(t,s) — Z is proportional to ts. With

2Z(t,S) = Ty(—S)vXTy<S)Z — VXZ s
ot t=0
62
5.5 29| = (VwVx=VxVy)Z=-R(X.Y)Z.

we find
Z(t,s) =Z —tsR(X,Y)Z + O(|(t, s)]*) :

The curvature measures the deviation of a vector, before and after the transport around
the loop.

On the meaning of torsion

The parallel transport 7 allows to relate a path ~(¢) in the manifold M, going through
v(0) = p, with a path I'(¢) in the tangent space T}, going through I'(0) = 0; in fact by
means of

I(t) = 7(0,4)%(t) (2.17)

by noticing: Since T} is a linear space (unlike M), the derivative I'(t) is well-defined in
T,. On the r.h.s. §(t) € T,(t) is transported by 7(0,¢) back to 7}, along the curve already
traced, i.e. y(t'), (0 <t <t).

For a closed path v its counterpart [ does not need to be closed. We discuss this based
on the figure used in the previous item. Let X, Y be as there, whence T(X,Y) = VxY —
Vy X. The (closed) path v is determined by ¢, s and let I'(t, s) € T}, be the endpoint of I".
Eq. (ZI7) is to be integrated along the four sides of the path. We group the contributions
from the two sides in direction of X, resp. Y:

[(t,s) =Tx(t,s) +Ty(t,s),
Ix(t,s) = /t Dx(t,s;t)dt’
1._‘X (tv 55 t,) =TX (07 t,)X+<t/) - TX<O= t)TY(O’ 3>TX(t7 t,)X— (t/)

with X (#) = X, ) and X_(') = X, op.op(p) being the vector field X along the near
resp. far side w.r.t. p or, equivalently, along the sides oriented positively resp. negatively
w.r.t. X. (The term I'y is likewise defined.) Like Z(t, s)—Z in the discussion of curvature,
the Taylor expansion of T'(t, s) begins with ts. We have

0 )

&FX(ta 8)’1‘,—0 - FX(O,S, 0) == Xp — TY(()’S)XTZ)s(p) ,
L) = (0,9, =~V X
0s0t XAt s t=5=0 a 8STY » S Ys(p) — Y )

and likewise (02 /9t0s)Ty (t, 8)|i=s=0 = VxY with the opposite sign because the near side
is negatively oriented here. Thus,

[(t,s) =tsT(X,Y) +O(|(t,s)]*) :

The torsion measures the failure of the tangent vectors of a loop to add up to zero.
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2.3. The Cartan structure equations

Let (e1,...¢e,), (e!,...e") be any pair of dual bases of (local) vector fields, resp. 1-forms,
i.e. not necessarily coordinate bases. For a given connection V we define the connection
forms w’;, by

w%(X) = <€Z, VX€k> R (218)

resp. Vxep = w'y(X)e;. The w'y, are 1-forms because of (ZI0). Conversely, any set of
1-forms w?;, defines a connection through

VY = Vx(Y¥e) = [XY' + Y 'y (X)]e; . (2.19)
(VxY)

From V(e e;) = Vx4’ = 0 we have
(Vxe' ep) = —w'i(X) .

These equations allow to express the components w.r.t that basis of the covariant deriva-
tive of any tensor field, e.g. of a 1-form 2

Remarks. 1) As the pair of bases changes, €; = ofey, @ = ¢'.e*, so do the connection
forms

W= ¢hon' W + ¢hdey
2) In a coordinate basis we have (cf. (Z12))

wik(el) = Filk s (220)
hence ' ' ' ‘
w’k(X) = lele s i.e. wlk = lekdl’l .
Definition
TH(X,Y) = (", T(X,Y)), (Torsion forms) ,
QL(X,Y) = (e", R(X,Y )ey) , (Curvature forms) .

These 2-forms are determined by the connection forms:
Cartan structure equation

T =de' +w'y Net |

. ) . 2.21
'y =dw'y + W' A wlk . ( )

Proof. From ([28) we have
de'(X,Y) = Xe'(Y) = Ye'(X) — e ([X,Y]),

whereas (Z19), i.e., ' , A
e (VxY) = Xe (V) + (w'h, @ ") (X,Y),
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implies ' ‘ ' . .
THX,Y) = (W AeM)(X,Y) + Xe'(Y) — Yel(X) — e ([X,Y])
de'(X,Y)
since wy A wy = wyp ® wy — wg @ wy for 1-forms, cf. (L22)). The 2nd structure equations
follows similarly from (ZIS), i.e.,

Vyer =w'(YVer
and from (ZI9), giving
e (VxVyer) = X' (V) + w'y (X)W (Y)
and hence

Qik(X, Y) = 6i<<VXVy — Vva — V[va])ek)
= (WIADH)XY) + Xw'h(Y) = YW (X) —wi([X,Y]) .

dwik(X, Y)
U
Components ' . ' .
szk = Tl(ej, ek) 3 szkl = sz(ek, 61) y (222)
resp.
T e R i Lo e
T:§Tjke Ner; szﬁRjkle Ne' .

Remark: In a coordinate basis (i.e., ¢! = dz’, de' = 0, eqs. (222 22| 2.20)) allow to
recover (2.14] 2.19)).

Finally we write once more the Bianchi identities, again for the case of vanishing torsion
T = 0, but this time in the Cartan formalism
1) Qune =0,
2) dQlk = Qil AN wlk — wil AN Qlk .
Proof. 1) The exterior derivative of the first eq. (2.21]) yields, because of T% = 0,
0=d(w' Ae) = du'y NeF —wip A def
~— ~
m: sz - wil AN wlk _wkl A el
hence
QN =W AW AeF —wi AWF AEe =0 .
2) The exterior derivative of the second eq. [221]) yields
szk = dwil /\(JJlk — wil A dwlk = Qil VAN wlk — wil VAN Qlk .
Qll—wlj/\aﬂl Qlk—wlj/\aﬂk
O

One checks, e.g. by using a coordinate basis, that the above form of the Bianchi identities
agrees with the one seen previously.
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3. Pseudo-Riemannian manifolds

3.1. Metric

Let M be equipped with a pseudo-Riemannian metric: a symmetric, non-degenerate

tensor field
9(X,Y)=(X)Y)

of type (g) Non-degenerate means that for any p € M and (X,Y € T),) one has
96p(X,)Y)=0, VWeTl, = X=0. (3.1)
In particular, a vector X € T), is determined by the values ¢,(X,Y), (Y € T},).

In components: '
(X,Y) = g XY

with g;x = gr; and det(g;x) # 0.

In passing we remark that the metric is called Riemannian, if (3] is replaced by the
stronger condition, known as positivity (X € T}):

9,(X, X) >0 and gGp(X, X)=0= X=0.
It will not be assumed here.

The metric allows to identify vector fields with 1-forms:
X—=gX, w—glw (3.2)

by means of
<gXa Y> = (X’ Y) ) (g_lway) = <W’Y> :

The maps ([B.2]) are called lowering, resp. raising indices, because for X = gX, w =
g 'w we have

Xi = gika ) @ = gikwk )
where (¢”*) denotes the inverse of the matrix (g;.). We henceforth suppress the ~ and
speak of X* and X; as of the contravariant, resp. covariant components of the same vector
X. By the same token we can identify different types of tensor fields having the same
number of indices. In components (e.g.):

T = Tig" =T" gy, .

(Note the consistency of ¢** as obtained from g; by inversion resp. by raising both
indices.) Finally, given a basis (e1,...e,) of T), the covectors of the dual basis (e',...e")
become themselves vectors in 7,; actually, we have

€i = gijej )
as seen by comparing (e;, X) = ¢;;X? with (e/, X) = (¢/, X) = X7. It is not possible to

pick a self-dual basis, e; = €', not even at a point. In fact that would imply g¢;; = d;; and
hence positivity of the metric. See however Sect.
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3.2. The Levi-Civita connection

The metric distinguishes an affine connection, called Levi-Civita (or Riemann) connec-
tion.

Theorem: There is a unique connection with vanishing torsion, 7" = 0, and
Vg=0. (3.3)
It is given by

2AVLY,Z) = X(Y,2)+Y(Z, X) = Z(X,Y)— (Y, Z], X)+(1Z, X), Y)+([X, Y], Z) . (3.4)

Proof: uniqueness: because of (B3] we have

0= Vg(Xi7Xi+1a Xi+2) = (VXi+2g)(Xia Xi+l)
- i+2.g(Xi7 Xi-i-l) - g(vXH.inv Xi+1) - g(XZv in+2Xi+1) (35)

v~

g<vX¢+2Xi+17 Xl)

By taking the combination B.5);iy; + B.5)ir2 — ([B.3);, we obtain

0= Xig(Xit1, Xiva) + Xip19(Xi2 Xi) — Xipag(Xi, Xiy1)
— Q<YXi+1Xi+2 — VXI-+2X¢+11, X))+ g(Yxi+2Xi - inXz‘-l—%u Xi1)
[Xi+1TX¢+2] [Xz‘:;Xi]
- Q(YXiXHl + Vx,, X, Xiya2), (3.6)

2V x,; Xit1—[X:,Xiy1]

(underbracing uses torsion = 0), which for i =1, X; = X, Xy =Y, X3 = Z agrees with
(B4). That determines VxY since g is non-degenerate.

Existence: First, a vector field VxY is defined by (84) after checking that its r.h.s. is
F-linear in Z. Second, one verifies that VxY enjoys the properties of a connection, e.g.
the F-linearity in X:
——— S——
Y(X.2)+(YH)(X.2)  fZ(XY)HZ)XY)
—— N——
fz.X]+(Z )X fXY]=(Y X

ie. VixY = fVxY. The vanishing of the torsion is manifest from

2AVyY — Vy X, Z) = 2[X,Y],Z) .

Finally ([3.4), or its equivalent form (B.6), implies [B.8);11 + B.0)i 2 = 2x B3);, which is
in turn equivalent to (B3)). O
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In a chart the Lev-Civita connection reads

1

[y = Egij(glj,k + Gkji — k) 5 (3.7)

since for X = 0/02', Y = 0/0x*, Z = 0/027 = g;;dx* [B.) reads, cf. 212

2gijFi1k = Gkjl + Gji.k — Gik,j -

Geodesics:

A parameterized curve z(A), (A; < A < \y) is a geodesic if it
solves the variational principle

(2)
5/ d\ (&, ) = 0
(

1)

with fixed endpoints (A;, z(N\;)), (¢ = 1,2). Here & = dx/d\
denotes the tangent vector. In any chart the geodesics satisfy x
the Euler-Lagrange equations corresponding to the Lagrangian

1
L(z, i) = Eglk(:c)ﬁclaz:’“ : (3.8)
namely:
_doL OL d . 1 o
= o a7 gy \ut) = S0 E
(1/2)(gij % + grjy) 2"
ie.
o1 ok
9% + 59k + Gris = g )" =0,
7 + lekjjlftk -0 (39)

(geodesic equation). It states that the vector & is parallel transported along the

geodesic, cf. ([Z3).

Moreover, ([B.9) is invariant under reparameterization A — X only if d?\'/d\* = 0. The
parameterization is thus fixed by ([B.9) up to A — aX + b (with a,b constants): A is then
called an affine parameter.

Properties of the Levi Civita connection

(a) The inner product of any two vectors remains constant upon parallel transporting
them along any curve ~:
(X (), Y (£)y) = (X, Y)y0) (3.10)
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with X (t) = 7(¢,0)X, Y(t) = 7(t,0)Y and X, Y € T,(g. Indeed, because of Vg = 0 we
have g,y = 7(t,0)gy(0), so that (BI0) is equivalent to

(7(t,0)gy)(7(£,0) X, 7(2,0)Y) = g,0)(X,Y) ,
which holds true by (2.6]).
(b) The covariant derivative commutes with raising and lowering indices, e.g.
Tkt = (gm0 = grmT™y
because gpmy = 0. The same without reference to coordinates:
Vxog=goVyx, (3.11)
where ¢ denotes the map ([B.2). Proof: By (2.8 B.5]) we have
(VxgY, Z) = X(gY, Z) — (gY,VxZ) = (gVxY, Z)
for arbitrary vector fields Y, Z.

(c) Riemann tensor

The following symmetries apply:

(W,R(X,Y)Z) = —(Z,R(X,Y)W), (3.12)
(W,R(X,Y)Z) = (X,R(W,Z)Y). (3.13)

Proof: From .11 we have R(X,Y)g = gR(X,Y) and, together with (Z13)), also (B.12).
Because of the 1st Bianchi identity (2.16) the Lh.s. of (8.13) equals

—(W,R(Y, 2)X) = (W, R(Z, X)Y')
as well as, in view of (312,
(Z,RY,W)X)+ (Z, RW,X)Y) .
The sum of the two expressions is symmetric in (X,Y) <> (W, Z). O

We summarize all symmetries of the Riemann tensor:

Rijkl = —Rijlk always

S B =0 1. Bianchi id, . ,

z(klm) P 5 Bianchi id. vanishing torsion

gijkl i IERJW } Levi-Civita connection
ikl = Rpiij

Here Z( jk1) Ieans the sum over the cyclic permutations of 7, k, [.
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(d) Ricci and Einstein tensors

Definition:
Ry = Ry, (Ricci tensor)
R = R (scalar curvature)
Gir = Ri, — %Rgik (Einstein tensor)
We have:

Rip = Ry , Gik = G
=1p.
(2) i } (contracted 2nd Bianchi identity)

Proof: R, = glelijk = gljRjkli = Ry;.

2nd Bianchi identity: ‘ A A
szkl;m + szlm;k: + lemk;l =0.

(ik)-trace:
le;m + lelm;i _ij;l =0 ’
Y
7gszjk:l7n;i
R]l;m - gZ Rjklm;i - ij;l =0 )
(ym)-trace:

le;j + gikRkl;i —R;l =0.
—_————

2RIy

3.3. Supplementary material

Normal coordinates

The signature of the metric g, is the same for all p € M (if M is connected). Let

N (i # 7)

be its normal form.

(3.17)

Theorem: In some neighborhood of any point p € M there is a chart such that z* = 0

at p and

9i5(0) = mi5
gi;,(0) =0, te. I";(0)=0.

(3.18)

Proof: We first pick local coordinates 2 near p such that 2* = 0 at p and ¢;;(0) = 0y,
where the latter condition can be achieved by means of a linear transformation. Then we

construct the exponential map from 7,(M) to M:
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Let e € T),. The curve t — x(t) is the solution of the geodesic
equation ([B9) with #(0) = e. The map exp : y = te > x(t) is
uniquely defined, i.e. independent of the factorization y = te.
Thereby a neighborhood of the origin in 7,(M) is mapped
differentiably to M. By the geodesic equation we then have

() = 1i(0) + %t%im) +O@#)

=y - §Fllk(0)ylyk +O(y?)

and in particular 9z'/0y’ = ¢'; at y = 0. Hence exp is a local diffeomorphism and we
can take the y' as new local coordinates. Since the geodesics through y = 0 then become
straight lines, we have in the new coordinates

Ii(te)ele =0
for all e € T,. Because of the symmetry I, = "'y, we have
I":(0)=0.

This is equivalent to g¢;;;(0) = 0, since then 0 = g¢;;; = ¢;;;, while the converse is evident

from (B7).

The volume element

The metric, first defined on vector fields and 1-forms, generalizes to tensor fields of type
(O) by means of
! p

1
(W ... 0 Wy, w1 @ ... R W)y = HH(wi’wi)
Ti=1
and bilinearity. It remains non-degenerate. In particular, it is defined on n-forms (with
signature o = £1). On an orientable manifold there is an n-form 7, unique up to the
sign, with
(mmn=0. (3.19)

7 is called the volume form of the metric g. W.r.t. a basis of 1-forms we have

n=x|g|"? ' A.. Ne",

where
g = det(gi;) . 9i; = glei, €5) -
Indeed,
() = gl (' A ne et Anet) =gl Y senm [ ] (¢, e™)
TI'GSn 1=1

= |g|det(¢g”) =sgng=o0.
——

gfl
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In components
_ 1/2
Mir.in = 191" €0y

1...n
€iy..iy — SN ; ; .
1.--1p

The structure equations of the Levi-Civita connection

where

Theorem: In any basis (not necessarily a coordinate basis) the connection coefficients
W', cf. (ZIX), are uniquely determined by

Wi + Wi = dgig, , (Vg=0) (3.20)
de' +w'py NeF =0, (torsion zero) (3.21)
where we set
Wik = gilwlk .

Proof: For all X, e;, e; one has

0 = (V iex) = X gleex) —g( Vxe; ,er) —gle,, V
(Vxg)(es, ex) gleier) —g( Ve er) — glei, Vxey)
Jik whi(X)e whp(X)e

= dgik<X) - wlz‘<X)glk — wlk(X)gz‘l .

Thus (B20) is equivalent to Vg = 0. According to (2210), eq. (B2I) means 7' = 0.
Conversely, these two equations determine, by the theorem on p. 26l the connection (and
hence the connection forms) uniquely. O
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4. Time, space and gravitation

4.1. The classical relativity principle

Clocks and global, rigid frames are at the basis of the classical idea of time and space:
Simultaneity is absolute and space is Euclidean. Newtonian Mechanics distinguishes a
special class of trajectories: those of free particles, which may be identified with particles
far away from any others. The 1st Law postulates the existence of special rigid frames,
so-called inertial frames (IF), in which all such trajectories take the simple form

F=0.

(Note that in this setup geometry is prior to physics.) The classical relativity principle
(or equivalence principle) postulates that the equations of motion of any isolated system
read the same in all IF. The 2nd Law specifies the deviation from a free trajectory

—
— —

mzfz - E(‘rlw'wx]\/))

where the inertial mass m; is a property of the i-th particle, and Z*?’, are given by force
laws, such as
F=eFE, (e : electric charge)

for a particle in an electric field E , OT
F=mg, (m : gravitational mass)

for a particle in a gravitational field g. Remarkable and without explanation in the present
context is the fact that

m=m,

whence )
=g (4.1)

for all freely falling particles. It ought to be noted that forces proportional to the inertial
mass m do occur as fictitious forces upon using a non-inertial frame. Then

AT) —ma, (4.2)

&l

mE=F —2m(@AT) —m(@AT) —ma A (

where F is a real force as above and W, @ are the angular velocity and the acceleration of
the frame relative to an inertial one. Among the fictitious forces, —2m(J A ¥) and —ma
are known as Coriolis, resp. inertial force.

4.2. The Einstein equivalence principle

Einstein interprets (A1) in the sense that the “standard of motion” is not set by trajec-
tories of free, but rather of freely falling particles. In this sense gravity is not a real force,
but appears as an inertial force, whose proportionality to m is intrinsic. In formulae:
Eq. @) results from @2) by F = 0, & = 0, @ = —§, while disregarding that @ is a
constant, unlike the field g(Z).
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A strengthening of this point of view is the equivalence principle (EP, 1911).

“All freely falling, non-rotating local inertial frames (for short: LIF) are equiv-
alent w.r.t. all local experiments therein.”

Remarks: 1) A (local) reference frame is non-rotating, if freely falling particles do not
experience any velocity-dependent (Coriolis-) acceleration, locally.

2) The above formulation of the EP is heuristic, because the notion of local experiment
is vague. We stress that the relative deviation of nearby freely falling particles does not
constitute a local experiment.

3) The word “all” in the EP extends its scope beyond gravity itself, cf. ([@1]), to other
interactions, like electromagnetism. Without that strengthening one may pretend that a
freely falling charge and one in absence of gravity remain distinguishable by the emission
of radiation in the first case only. By the EP things are more subtle: No radiation will
be observed in that case by a freely falling observer. She will instead observe it from a
supported charge, since that will appear accelerated. The conclusion does however not
extend to a likewise supported observer; the perhaps surprising way out is that emission
itself is dependent on the observer.

A simpler application involving electromagnetism is the following.
Application: The gravitational redshift

We take the classical idea of space and time for granted and consider two reference frames:
O, where we have a homogeneous gravitational field g, and O’ which is in free fall. At
time ¢t = 0 the two coincide and are instantaneously at rest to one another.

hA t=0 h{ t>0

OI

Att=0and at £ = Z = 0 light of frequency v is emitted upwards. It reaches height h
w.r.t. O after time ¢t = h/c. According to the EP the frequency measured in O’ is still v.
But since O’ has then acquired the velocity v = —gt relatively to O, the latter finds the

Doppler shifted frequency
V—V<1+C>—V(1 02) . (4.3)



Upon raising in the gravitational field the frequency decreases (or: it is shifted towards
the red).

4.3. The postulates of general relativity (GR)
The postulates (Einstein 1915) clarify and extend the EP:

1. Time and space form a 4-dimensional pseudo-Riemannian manifold M: Its points p
represent events and the metric g of signature (1, —1, —1, —1) describes measurements by
means of (ideal) clocks and rods.

2. Physical laws are relations among tensors.

3. With the exception of the metric g physical laws only contain quantities already present
in special relativity (SR).

4. A local inertial frame about any event p € M is described by normal coordinates (see
p.29). In those, the laws of SR hold true.

Remarks:

About 1: e Time and space are merged into spacetime and are now devoid of separate,
absolute existence. The signature reflects their dimensions. A particle, formerly thought
of as a succession of events in “time”, is represented by a timelike curve, called its world
line: an arbitrarily parameterized curve z(\) € M, (A € R) with g(&,2) > 0, (- = d/d).

e Notation: Coordinates are generally denoted by z = (2*) with (Greek) indices p =
0,...3. If they are such that (goo(2)) has signature (+), i.e. goo(z) > 0, and (g (2))3
has (—, —, —) (such coordinates exist locally), then the coordinate z° is temporal and the
(x%) with (Latin) indices i = 1,2, 3 spatial, in the sense: The curve z° — (2° 2! 22, 23)
with fixed (z°) is timelike.

e An ideal clock of world line x = x(\) measures (infinitesimally) the time A7
A(AT)? = g(@,3)(AN)? .

An ideal (infinitesimal) rod is represented by the world line 2(\) of one of its endpoints
and by a vector Axz(\) with g(&, Az) = 0. Its length Al is

(Al)? = —g(Ar, Ax).
In particular, if in some coordinates the world line of the clock is z = (¢t,0,0,0), then
(AT)? = goo(z)(AL)? . (4.4)

One should thus distinguish between measurements by means of clocks and rods on one
hand and coordinates of a chart on the other. However, local measurements done near
an event p by means of clocks and rods at rest to each other define coordinates z* w.r.t.
which the metric is Minkowski at p, i.e.

Guw(@ =0) =1 (4.5)
N = diag(+1, =1, —1,—1) . (4.6)

34



Equivalently, such clocks and rods at p correspond to vectors eq, resp. e; forming a basis
(ey) of T), with g(e,, e,) = 1.

In principle it is to be decided on the basis of the physical laws whether a given clock or
rod is ideal. Any clock depending on gravity, like a pendulum, is not.

About 2: (Relativity principle) The physical laws read the same in all coordinates (pro-
vided the physical quantities are transformed suitably): general covariance.

About 4: Gravity can be transformed away locally.

Thanks to the above postulates the physical laws in presence of an external (i.e., given)
gravitational field are essentially determined. The climax of GR are however the field
equations of gravitation, which will be introduced in the next chapter.

4.4. Transition SR — GR

a) Law of inertia

SR GR
=0, (Vad ) = &+ TH,,3"i% =0, (4.7)
Lo 2 — S 2
(i) = 2, (i) = 2, (4.8)
“free particle” “free falling particle”

("= d/dr, T: proper time). The equations on the right agree with those on the left in
a local inertial frame, but are generally covariant. The geodesic equation (A1) describes
the effect of the “gravitational field” on an otherwise free particle: the r.h.s. in

P = —TH,, 0" ¢ (4.9)

can be viewed as gravitational force, hence actually the I'*,, (not the g,,) as components
of the gravitational field. That one can be transformed away by [BI8) at any point of
spacetime. The “equivalence of gravitational and inertial mass” is now automatic: the
mass just does not appear.

Remark: In (A7) the I'*,, are the Christoffel symbols of the Levi-Civita connection.
Postulate 4 can be slightly weakened in the sense that the identification of a LIF with
normal coordinates (¢,,(0) = 7., I'*,,(0) = 0) can be relaxed. Accepting eq. ([{.1) for
some connection V, which is a priori independent of the metric, the postulate implies at
first just I'*,,(0) + I'*,,(0) = 0 in a LIF, since the laws of SR are still presumed valid
there; but then, in absence of torsion (cf. Postulate 3), also I'*,,(0) = 0, cf. (ZI4).
Moreover (.8]) implies that g, (0) = 7,, in a LIF; and the compatibility of eqs. (.1, E.8)
that Vg = 0. Summarizing: A LIF is nonetheless realized by normal coordinates and V
is the Levi-Civita connection after all.

b) For light rays we analogously have:

SR GR
=0, ar+TH 2"z =0,
(dd)=0, (d,d) =0, (4.10)

(null geodesics)
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Here (LI0) describes the light deflection in a gravitational field. Actually the full
Maxwell theory can be formulated covariantly: It suffices to replace partial derivatives (of
Ist order) by covariant ones in any (fundamental) equation of SR. The recipe is known
as the "comma goes to semicolon rule” (, ~ ;).

The electromagnetic field tensor F' as an antisymmetric tensor field of type (g) The
homogeneous Maxwell equations then read

Fuyoteyc. =0  —  Fu,+cyel. =0; (4.11)

because the second form reduces to the first one in a LIF, c¢f. Postulate 4. The inhomo-

geneous equations read

1

= (4.12)

by the same reason. Eq. (£I2)) again implies charge conservation
3, =0, (4.13)
because by F* = —F"" we have

F* = F™ o+ RF L, F™ 4 RV, FPT = —FM,,

—FV”;u,u Rry —R‘r,u

N J/

(RTV_RUT)FTVZO

The energy-momentum tensor is
174 oV 1 g v
T = FF, F°" — ZFPUF Pt (4.14)

and for a “freely falling” field (7 = 0) we have

the derivation again parallels that of 7", = 0 from the Maxwell equations in SR.

The representation of the electromagnetic field in terms of the potentials is

F

1%

= Ay — Apy = Ay — A

v -

Remarks. 1) The above rule may not apply to higher derivatives, though it did in
hindsight in ([EI3).

2) By
FW = F" 4 TH g F7 TV g 17
1 1
— Fm,,,u + 5(1‘*##0 + Fuau + TMMJ)FUV + §TVMUF/LU

it is seen that the generalization (AI2)) makes use of the vanishing of the Christoffel
symbols in a LIF, and thus of the torsion in general; rather than merely of their symmetric
part, as in (A7) (cf. remark on p.B3l). Likewise for A,., — A, = Ay — Auy + 17,0 A,
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¢) The equations of motion of a charged particle (charge e, mass m) in an electro-
magnetic field and in presence of gravity now read

B4 DY a" = —FM,, | (4.15)
mc

because they are generally covariant (the Lh.s. is V;&, hence a vector) and reduce to
the equations of SR in a LIF. Moreover, one verifies that ({I3]) are the Euler-Lagrange
equations corresponding to the manifestly covariant Hamilton principle

(2

2, € /. _
6/d7’<c + mc(:}c,A)) =0
(1)

with fixed endpoints (1), (2) in M.

4.5. Transition geodesic equation — Newton’s equation of motion

Newton’s equation of motion appears as an approximation under certain assumptions.
We use coordinates which in the immediate (infinitesimal) neighborhood of the observer
(not a LIF, as a rule) have the meaning of lengths and times, cf. ([L3):

Guv = N for x = (Ct, 0,0, O) .

We follow trajectories within a region where the gravitational field is weak in the sense
that
Guv = NMuw + huy ) |huy| <1. (416)

In particular we have h,,, = 0 at the origin & = 0. Moreover, the particle shall be slow
in that frame, v < ¢. Then

d d
i = (¢, 0) (‘= —=— upto O(w?) + O(h))
dr dt
with o = dZ'/dt, as seen by inserting (LI6) in (z,2) = 2.
At first, let the particle be nearly at rest during some (short) time, meaning that we even
neglect any term O(v) such as & ~ oit. Then @ = (¢,0) and (47 reads

it = =T ,
where in linear approximation in h
; 1 . 1 1
Moo = b (hok,0 + hoko — hook) = §h00,i — hiop = ihoo,z' ) (4.17)
cf. ([@G); in the last step we evaluated at & = 0. Thus
> = 1 2
r=-Vyp, 9025(3}100-
Put differently: In a weak gravitational field we have
2
goo =1+ c_f (4.18)
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where ¢ is the Newtonian potential normalized at the observer, ¢(t,Z = 0) = 0.

At a second look, we shall retain terms oc ¢ (i.e., we neglect only terms O(v?)); then

## = (c,v) and (7)) becomes
i = —c Ty — 2y ! (4.19)
with | 1 |
Tloj = 50" (hoks + hiko = hojk) = 5 (hoji = hois) -

Correspondingly we keep terms O(Z) in (£I7), since & ~ #t. For comparison, the Newto-
nian equation of motion of a freely falling particle in an accelerated reference frame (not

an IF) is, cf. (A2)

IT=-Vo—20NT—BANGBANT)—DGNT, (4.20)
where the inertial acceleration is included in V. Now (I3, E20) agree locally for
2 1, .
goo =1+ —(p— S (@A 7)?),
c 2
1
i == —(WAT); .
9o C(W z)
This follows by means of chy; = —&;jpw;jxk, c(hoji — hoij) = 2€jwr, ;a7 = (&G A 7);,

GA(GAT)=—(1/2)V(@ A Z)? and Rhigg = —(& A L);.

Redshift
We consider a metric which is independent of time in suitable
coordinates (ct, T):

Guv,0 = 0.

If (t,Z(t)), (t1 < t < ty), is a (null-) geodesic, then so is
(t,Z(t—to)), (t1+ty <t < ta+tp). In particular, the difference
At between consecutive minima of a light wave is constant
along the ray. The proper time 7 of an observer resting at
is related to coordinate time according to (4]

(AT>2 = goo(lf)(At)Z .

Hence we have for the frequency v at the positions (1), (2) of a light ray.

Va _ (AT)l . gOO(fl) ‘ (4'21)

n (AT)Q B 900(2_52)

Remarks: 1) In the situation of (LI8) (and hence with 2¢p < ¢*) we have

Voo 198 g AP
v c? c?
with Ap = ¢|?. This agrees with [@3) (Ap = gh).

2) The EP is incompatible with SR, at least if its metric 7, is supposed to describe time
measurements, see ({L4): With any light ray, a time translate thereof is one too (even, if
it weren’t a null geodesic). With g, = 7,, we would always get v»/v; =1 (no redshift).
Gravitation can thus not be accommodated within SR.
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4.6. Geodesic deviation

Family of geodesics z(7) with 4-velocity field u

(cf. (£1)):

dx )
%—U(SU(T)), Vou =0, g(u,u) =c*.

Let ¢, be the flow generated by u. We investi-
gate the relative displacement of the trajectories
©-(p), ¢-(q) of two (eventually infinitesimally
close) nearby points p, ¢ € v in the “surface”

{r=0}:

p,q € {7 =0} = 9.(p), ¢-(q) ,
yC{T =0} pro07.

Vector fields n = dy/ds (“infinitesimal initial displacements”) in the surface {7 = 0} are
mapped to d(y, 0)/ds as proper time 7 progresses. In other words, according to

Np = PraTlp =1 N (p)

(Lie transport) and thus extended to vector fields n = ¢,.n on M. In particular we have

= —F = 0
el = g,

by ([CI8) and property (e) thereafter. (By the way that step also follows from ([LI7),
since the flows of u and n commute by construction of the latter field.) This implies
V.n = V,u (torsion = 0) for the relative 4-velocity and

Vin = V,Vau= (R(u,n)+V,V,)u,
i.e. we have the equation of geodesic deviation
V2n = R(u,n)u . (4.22)
The curvature describes the relative acceleration of nearby freely falling particles.

Remarks: 1) The choice of the surface {7 = 0} is irrelevant, since an infinitesimal change
amounts to the replacement n ~» n + Au with uX = 0; then we have V,(Au) = 0 and

R(u, Au) = 0.
2) If the surface {r = 0} is perpendicular to u, then we have
g(u,n) =0

there, and hence everywhere, since by Vg = 0 its derivative along the above geodesics
vanishes:



3) Let e, be a basis of vector fields with [e,, u] = 0 and ey = 0. The relative acceleration in
direction i, (i = 1,2, 3) of particles, whose separation is in the same direction, is (e?, VZ¢;).
Summed over directions we obtain

Z(ei, Vie)) = (e',Vie,) = (", R(u,e,)u) = —Ric(u, u) . (4.23)

i=1

4) The geodesic deviation in Newtonian mechanics (or SR) is found by differentiating
i = —p,(z) wr.t. s, where n' = 9x'/Js|s—9. This yields

it = —pank . (4.24)

Incidentally: If its form in absence of gravity, i’ = 0, were to be generalized to GR by
the ”comma goes to semicolon rule” it would incorrectly yield VZn = 0; cf. Remark 1 on
p.Bblor 2 on p. B3

40



5. The Einstein field equations

5.1. The energy-momentum tensor
The energy-momentum tensor T of a field generally describes

T% . energy density T% ¢t energy current density

T : ¢ - momentum density T* : momentum current density .
In SR, Td3z and ¢~ 1T*d%z are the energy and the i-th component of the momentum in
the volume element d3x, respectively; moreover cZizl T%do;, and 22:1 T*doy, are the
power and the i-th component of the force, respectively, which is exerted on an oriented
area element do'= (doy, doy, dos). In GR the same holds true in local coordinates around

an event p, where g,,(x = 0) = n,,; or equivalently for the components T*" = T'(e*, ")
in a basis (e,) with g(e,, e,) = 1, cf. (@3).

It holds true that 7" = T%*. In SR the energy momentum conservation reads 7", = 0
while in GR we have by the usual rule

., =0. (5.1)

Y

Note however that this variant of the “conservation law” no longer allows for an integral
form, as the one applying to SR did. It in fact stated that the total 4-momentum is
conserved, (d/dt) [ ,_ ,T"d*z = 0.

Example: the electromagnetic field, see ([ZI4]). As further examples we introduce two
fields as models of matter: the dust and the perfect (or ideal) fluid. We treat them as
continua, even though they may be thought of as consisting of particles.

Dust: freely falling particles with common local velocity.

p(z):  mass density in the local rest frame (= energy density/c*> = rest mass
x particle density); a scalar by definition.

u(z):  4-velocity.

In the local rest frame we have in the 1 + 3 split z = (2%, )
2
w _ (P |0
= ()

™ = puru”

hence generally

by covariance. The equations of motion of the dust are
(pu"),, =0, Vuau=0. (5.2)

The first one is the conservation of matter (particle number); the second one describes
the free fall along geodesics. In view of

Tluu;u = uu(puu);u + pu”uu;l/ <53)
——
(Vuu)"
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we have T*,, = 0, i.e. (&), from (52). Conversely, 7", = 0 and u,u* = ¢* imply
(E2). To see this, note that the projection onto u, i.e.

o _ -2 0
P?, =c " uu, ,

leaves the first term on the r.h.s. of (53] unaffected, but annihilates the second one by
u,(Vyu)* = Vy(u,ut)/2 = 0. So, applying that projection we get (pu”), = 0; while
applying the complementary one yields

o
U= Uy,

0= (5"” — >T‘“’;,, = p(V,u)” .

c2

Perfect fluid: freely falling particles with local velocity distribution. The distribution is
isotropic in its local rest frame.

e(@) energy density in the local rest frame
p(z) pressure
ut(z) 4-velocity of the local rest frame (not of constituent particles)

(in local rest frame) (5.4)

(in general) .
We postulate
™., =0, (5.5)

as the equation of motion. The number of its components matches in fact that of inde-
pendent fields, provided an equation of state p = p(e) is taken into account. We note

v uu 14 6 +p 14 v
™., = g((g +p)u );V + 5 uut, —p.,g*
(Vuu)“

—2,,0,,V

and P7,¢" = ¢ *u’u”. Hence (0.5)) implies by projection
((e +p)u”);y —pyu’ =0,

Le.
(eu”),, +pu”, =0; (5.6)

resp. by complementary projection

E+p L, ufu
2 (vuu)u - <gﬂ - 2 >p;u =0 s
1.e.
(V) — ¢po + (), = 0 (5.7)
02 u 9 p;u C2 p N7 . .
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Equivalently, eqs. (5.6 1) are the equations of motion.

We next discuss the non-relativistic limit, u* = (¢, ) with |0] < ¢, and in fact we do so
in a LIF (I'*,, = 0) for simplicity. Hence V, = u?0, reduces to the material derivative
D/Dt =0/0t + v -V (time derivative along the velocity field ¥) and (5.6, BE71) to

9)
6—5 + div(ed) + pdivi =0,
t (5.8)
DU Gy LD i =0
—— ——(pv) =0.
2Dt P T 2Dt
This is to be compared with the Euler equations
0
a—p +div(pd) =0,
t D (5.9)
= -0
Por T VP

of Newtonian mechanics, to which (5.8)) reduce only in the additional limit of a small
distribution (Aw)? = ((Aw)?) < ¢? of the velocities of the constituent particles. In fact
p=p-O((Aw)?), e = pc*(1+ O((Aw/c)?), whence p < €. The discrepancy between (B.8))
and (0.9)) arises because the velocity distribution can be relativistic even for |v] < c.

Remark. In presence of several fields, possibly interacting, eq. (5.1]) may fail for the
individual energy-momentum tensors, but remains valid for their sum.
5.2. Field equations of gravitation

Einstein postulated in 1915 the field equations of the metric tensor g,
GM = rTH (5.10)
with x a gravitational constant and G* the tensor (3.16]).

Remarks. 1. The Lh.s. reflects geometry, the r.h.s. matter: “Matter bends spacetime”.

2. By symmetry, (B.I0) are 10 equations. They are non-linear partial differential equations
for the metric g = (g, (z)) involving its derivatives of order 0,1, 2.

3. Because of the 2nd Bianchi identity ([3I7), equation (5.I]) has become a consequence
of (B.I0) and hence a necessary condition for it having solutions (integrability condition).
For dust alone, this implies even the geodesic equation V,u = 0!

4. Equivalent writing: taking traces yields R — 2R = kT', hence
1
RM = g(TH — =Tg"" 5.11
i ( 5T9") (5.11)

and in particular
R =0 (5.12)

n vacuuin.
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5. The relative acceleration between nearby geodesics with 4-velocity u is by (23]

Kc?

1
—Rutv” = —k(Tutu” — 5T02) = —7(8 +3p) ,
where we used an perfect fluid (54) in the last step, and hence T = ¢ — 3p. Gravity is
attractive for

e+3p>0. (5.13)

To be precise: We applied ([{.23) to geodesics of test particles with velocity field @ co-
inciding with the fluid velocity u on some slice {7 = 0} (assuming this everywhere is
impossible, because V;u = would conflict with (571), unless p = 0). If @ is not linked to
u, then —R,,, a"u” < —kc?(e+ 3p)/2, which exhibits gravity as even more attractive. The
inequality arises by

2

U,U
KV ~v ~ [ ~V
———u > u'guu =c,

~
u
c2

which in turn relies on g, — c_2u#ul, < 0 in the sense of quadratic forms.

6. The constant « is (see below) essentially Newton’s gravitational constant G:

. 87TGO

K i (5.14)
The Newtonian limiting case
. 7 -1 1 2
F12 = —G0m1m2—3 = GomlmQV— . ’+
r r =
Fia
For a continuous mass distribution of density p (m; ~ p(Z)d>z, mo = m) we get
F=-mVe, o= —Go/d3y oy
|7 — ]
where the gravitational potential ¢ satisfies the Poisson equation
Ap =4rGop . (5.15)

In order to derive this limiting case from (B.I0) we consider again the setting (ZI0),
where I'",, = O(h) and in particular Tog = hgo;/2, hoo = 2¢/c*. Let also the metric be
time-independent. To first order in h we have

, . . 1
Roro =Mook — ko0 = ik (5.16)
~—~— C

=0

1
R()() == —2Ag0 .
C

(Alternatively, (5.16]) follows by comparing (£22] E24]).) Moreover, let the velocities
of matter be < ¢, both in mean (|7] < ¢) and in distribution (p < € = pc?). Then
T < T, cf. (54), and hence

TETQQZTOOZTOOZpCQ.
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The (00)-component of the field equations (.11 thus reads

1 o/ 1
Lao-mei-1)

which coincides with (5.15) and implies (5.14]).
The cosmological term

Einstein extended the field equations in 1917
GH — Agt" = kTH (5.17)

by a term featuring the cosmological constant A. This equation is still consistent with
(5) since g"”,, = 0. The Lh.s. (times a constant) is even the most general expression
Dlg]*, which does not contain any derivatives of g of orders higher than the second and
satisfies D[g]"”,, = 0 (proof omitted).

The cosmological term can be understood in the sense of (5.10) as the energy-momentum
tensor of the vacuum: T+ = (A/k)g"”. Tt corresponds to a perfect fluid (B4]) with
the unusual equation of state ¢ = —p = A/k; in particular € + 3p = —2A/k, making
gravity repulsive for A > 0, cf. (&I3]). If the constant is small enough it remains without
observable consequences at the scale of the solar system, but can eventually become
dominating in an expanding universe (see next chapter), since its energy and momentum
densities do not decrease, unlike those of matter.

5.3. The Hilbert action

The field equations (5.I0) can be obtained from a form covariant variation principle. The
action for the metric g is

Sola] = | P,

where D C M is a compact region in space-time, R is the scalar curvature, and 7 is the
volume element (3.19). In local coordinates,

Snlg] = /D Ry/=gd'z (5.18)

where, on the r.h.s., g(z) = det(g,,(x)). The Euler-Lagrange equations for (0.18)) are the
field equations in vacuum. More precisely:

dSplgl =0

for any variation dg of the metric, vanishing on 9D together with its first derivatives, is
equivalent to G, = 0.

Without yet fixing any field at 0D we claim

dSply] :/ G 09" /—gd'x + ; Wey/—gdo, , (5.19)
D D
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where do, is the (coordinate) normal of 9D and
W = g"ér*,, — g*"ol'”,,
is a vector field. Since it vanishes on 9D the variational principle follows.

Proof of (5.19):
5/ R\/—gd%:5/(ng“”\/—g)d41:
D D
:/ R#,,é(g“”\/—g)d‘lx%—/(5Rm,)g“”\/—gd4x. (5.20)
D D

To compute the first term we recall that for an n x n matrix A(\) we have

d L dA
adetA =det A tI‘(A a) s
d, . . 4 dA
A A=A

This implies

(5gwj)gl/0 == _gHV((SgVU_) 3
09 = 99" 0Gu,

1 1
o/ —g = 9V —99" g, = oV _ggaﬁégaﬁ ’ (5:21)
1
5(g"/—q) = /—gogh” — 9V —99" 9oy .

The first integrand (5.20) thus equals

v 1 (03 v
V _g<R,uu($g# - §Rga,869 B) Y —QGWC;Q”
and yields the first term in (B.19). As for the second, we claim the Palatini identity

R, = (01 )

)

— (0T 4a)

; (5.22)
In fact, we may at fist compute the variation of

R;w = Faﬁw,a - Faucw + Fpuvrapa - Fpuarapv
at any point p in normal coordinates centered there (p — z =0, I'*3,(0) = 0), whence

5R/w = (5Fa/w},a - ((5Faua),v )

which establishes (5:22) at p and in such coordinates. However 0I'“g, is a tensor (though
['“s, is not, see exercises), as is the Lh.s. Thus (5:22) holds in any coordinates. In turn
it implies by ¢.c = 0

QW<5RMV) = (gﬂyéra;w) a (glwéraua) v = Wa;a . (5.23)

3 3
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Finally we have for any vector field W

Weav=g=WV=9)a (5.24)

whence the second term in (5I9) follows by Gauss’ theorem on R*. Eq. (5:24) follows
from W¢., = W¢e , + 1'%, W*# with

1 V=3,

ey 1 o o
r ap — 59 ﬁ(goa,é’,u + 9uB,a — gau,,@) - 59 ﬂga/ﬁ,u - \/_—g s

cf. (521)). Alternatively, Gauss’ theorem may be applied without reference to coordinates,
cf. [LA0): [, (divy W)n = [, iwn, where divy W = W, cf. (L1 6.24). O
Remark. It follows from (5.2I]) that the action for G, — Ag,, =0 is

Splg] = /D (R + 20)/=gd*s .

The action (B.I8) depends, through R, on g up to its second derivatives. Usual actions
however depend on the fields only up to their first derivatives; moreover, variations of the
fields, but not of their derivatives, are required to vanish at the boundary. A variant of
(EI8), which is of that kind, is the Palatini action

Splg. I = / 9" Ragy/—gd'x
D
where R,3 is the Ricci tensor of a torsion free connection I' independent of g. Then

0Sp=0 & Gub=0,
orSp=0 < Vg=0;

thus the connection is Levi-Civita by virtue of the equations of motion.

Proof. The variations w.r.t. g and I' yield the two terms in (5.20); hence the first one
G, = 0 as before. As for the second, the identity (5.22)) still holds true because the
existence of normal coordinates (I'*g,(0) = 0) just depends on I'*s, = I'*, 5. However,
since g,u.» # 0 a priori, the r.h.s. of (L.23)) has to be completed by

_g,u,u;a(s]_ﬂalw + g'ua;a(SFVp,V - _(gul/;a - gyﬂ;ﬁaay)(;rauu )
which yields the Euler-Lagrange equation
2gﬂl’;a - (g#ﬁ;ﬁ(say + guﬁ;ﬁéau) =0

by varying 0I'*,,, = 0I'*,,. The (av)-trace is g"*,(2 — (4 4+ 1)) = 0, which inserted back
gives g, = 0, as claimed. O

The variational principle extends to matter described by any field ¢ = (14) transforming
as a tensor (or spinor) under diffeomorphisms ¢ (or, equivalently, change of coordinates).
Consider an action of the form

Splg, ] = /D L9, V)

47



where V, is the Levi-Civita connection of the metric g and the Lagrangian £ is invariant:

L(p*g, "1, Vg h) = L(g,9, Vi) 0 .. (5.25)
The Euler-Lagrange equations, 6,5 = 0 (¢ fixed on 0D), are
oL oL

0on OVl (5:26)

A symmetric energy-momentum tensor 7" is defined through
1 v
59/ L(g, %,V )y/—gd'x =: —5/ T (2)8g,, (2)\/—g(z)d 'z .
D D
Here, the L.h.s. may be read as (d/d\)Splg + Adg,¥]|a=0, which is linear w.r.t. an

arbitrary variation dg,,(r) = dg,,(z). It is therefore of the form indicated on the r.h.s..
The computation of T"” may require partial integrations.

Let X be a vector field vanishing on 0D and ¢; the corresponding flow. Then

/ ( )5(902‘9,w?w,Vso;gsOIw)\/—sOZ‘gd“x
p—t(D

is independent of ¢ by (5.25]). We compute its (vanishing) derivative at ¢ = 0 for ¢ being

a solution of (5.20):

d *
0g = %%g\mo = Lxg,
5g,uu - XAguV,A + g/\VXA,/L + gu/\X/\,V
= X+ Xo | (5.27)

since the expressions on both sides of the last equality are tensorial, agree in normal
coordinates, and hence in any. Thus, by 6,5 = 0 and ¢_,(D) = D, that derivative is

1
— / 5T (K + Xiy) V—gd'z =0.

(. J/

TW}EM;V = (TWXM);V - T“”;VX“

The first term under the brace yields a vanishing boundary term, see (5.24]) for W =
T X,,. We conclude

as a consequence of the equations of motion for ¢ alone, i.e. without appealing to the
field equations. The full action for those is, by the way,

SD:/(R—I—QA—Q/{ﬁ)\/—gd‘l:E;
D

note however that if the expression for £ contains V, the Palatini variational method may
not work.
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Example. The electromagnetic field. The basic field is the 4-potential A, and the
Lagrangian in absence of sources is
1

1 v
E - _ZFMVFMV == _ZFMVFO'PQMUg P

with F,, = Ay, — Ay = Avyy — Ay Thus

oL oL 1
94, ~ 0 A~ qlery g A= -1
v Vi

whence (0.20) are the Maxwell equations F**,, = 0 for the freely falling field, cf. ([@I2).
In order to compute the energy momentum tensor, note that

1
59/ Ly—gd'z = / (0L + §£ga659a6)\/ —gd'z
D D

with

1
0oL = =1 FuuFop(g"70g" + 9"769"7)
1
=3 E.,
1 nve o pf
= QFMVF pd 9 5901,3

Fapg;w(ggl/p

= %FMO‘F”’B(Sgaﬁ :
Thus,
T = —F,“F" — Lg*"
= Faupuﬁ _ ;l(FWFW)ga/B 7

cf. (EI4).
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6. Homogeneous isotropic universe

We shall discuss the field equations for a perfect fluid and construct a solution for dust
(Friedmann 1922). It is assumed that the distribution of matter and the geometry of
space are homogeneous and isotropic (cosmological principle).

6.1. The ansatz

We assume that time slices (in suitable coordinates) are 3-dimensional spaces of constant

curvature. We introduce these spaces as submanifolds M in an affine R* (which bears

no relation with spacetime!), given in terms of coordinates z', ..., z*:

k((z')? + (%) + (2°)?) + (2*)* = R}
with £ = 0,41 and Ry > 0. The metric gy on M, is the one induced by
(dz')? + (da?)? + (do®)? + k(da*)?

(with (dz*)? = da' ® dx*).

k ‘ M, ‘ curvature ‘ geometry ‘ symmetry group S
+1 | sphere (“closed”) >0 spherical | O(4) : orthogonal
0 | plane =0 plane E(3) : Euclidean

—1 | hyperboloid (“open”) <0 hyperbolic | L(4) : Lorentz

These manifolds are highly symmetric: There is a group S of transformations S with
S(Mo) = My , S%g0 = 9o (6.1)

(isometries of My). Here S acts according to (Sz)' = S%a’, (i = 1,...4) for S €
O(4), L(4) and according to (Sz)" = R';27 +a', (i = 1,...3) for S = (R,a) € F(3). Any
two points in M, and any two normalized vectors in T),(My) are equivalent in terms of
the symmetry: M, is homogeneous and isotropic. Any space of signature (+,+,+) and

of constant curvature is (without proof) one of the above “up to the topology” (example
for k = 0: torus (R/Z)? instead of R?).

Charts:

A: coordinates (x!, 22, 23) with map:

ot = /R — kr2 = w(r), r=/(21)? + (22)2 + (23)2 .

With 0z /02" = —ka'/w we have
3 3
i\ 2 i 7
go = E (dl’ ) + W E o'l dxtdr? . (62)

i=1

,5=1
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B: coordinates (7,0, ¢) with map:

' =rcosfcosy , 2% = rcosfsing , 23 =rsind , vt =w(r) .
With
1
dr)? + k(dz*)* = (1 + kw™)dr? = ——————dr”®
(dr)* + k(dz®)* = (1 + kw'")dr 1—k(r/R0)2T
we have
1
= ——————dr* +r*(df* + sin* 0dp?) . 6.3
9o 1—k(T/R0>2 r +T< + sin gp) ( )
A variant thereof is obtained by replacing r with y according to
sy, (xel,m k=1),
,
R_O =93X> (X € [07 OO), k= O) ) (64)
shy, (x €10,00), k =—1),
r/ Ry = sinn x for short. Then w(r)/Ry = cos x, resp. 1, ch x and
go = Rj(dx* + sinn® x(d6” + sin® 0dp?)) . (6.5)

For k =1 the two charts (but not M) have a singularity at r = R,.

We now combine these spatial geometries with a time interval ¢ € I C R and obtain a
spacetime M = [ x M, with metric (¢ = 1)

g=dt* —a*(t)go . (6.6)
Remark: Different values of Ry in (6.2) describe the same class of spacetimes (6.0]),
because a rescaling of Ry amounts to one of a(t). We thus set Ry = 1, (k/R2 ~ k). Even

then and for & = 0 a rescaling of the Euclidean metric remains possible, since it can be
absorbed by a rescaling of coordinates.

The only velocity field u compatible with isotropy has components
u"* =(1,0,0,0)

w.r.t. chart A. It generates geodesics, V,u = 0, since by symmetry (G.I]) the Lh.s. equals
Au, and (u, V,u) = 0 implies A = 0.

In the case of dust, particles of matter (galaxies or observers therein) shall have constant
spatial coordinates (x!, 22, 2%) (comoving coordinates) and thus velocity u; in the case of a
perfect fluid the same is locally true for the fluid as a whole, rather than of its constitutent
particles. Similarly homogeneity demands € = £(t). The energy-momentum tensor of
a perfect fluid is T' = (¢ + p)u ® u — pg, cf. ([&4).

6.2. Expansion

t = 2 is the proper time of a particle at rest in charts A, B and the spatial distance d()
of any two of them is proportional to a(t). Hence the expansion rate

d(t) _a(t) _
0= et = H(t) (6.7)
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is the same for all pairs of particles. That is known as Hubble’s law: The velocity of
particles to one another is proportional to their distance, d(t) = H (t)d(t).

A further important witness to the expansion of the /4
universe is the redshift of spectral lines. We con- N light signals ]
sider a sender (e.g. an atom) (1) and a receiver (2) '\ (null-geodesics) !

on (time-like) world lines. Two light signals, emitted
by (1) with a proper time difference A7), are re-
ceived by (2) with proper time difference A7), For
monochromatic light, the ratio of the received to the
emitted frequency is

Vo AT(I)

0 T AT '

Atomic spectra just get rescaled and thus remain recognizable. Both 14 and v, can hence
be determined by observation.

In the homogeneous, isotropic universe we consider sender and receiver at rest w.r.t.
matter, i.e., w.r.t. their galaxies. Let the sender S have the (fixed) coordinates (71, 01, 1)
w.r.t. chart B, and the receiver ro = 0. A light ray from (1) to (2) runs spatially radially
along 6, p = const, since this is the only direction distinguished by those endpoints. By
@8 63) we thus have along the light ray

dr
w(r)

/Om % = Ry! /: % (6.8)

where t1, resp. t, are the times of emission, resp. arrival of a wave trough. For the time
differences At; between two successive troughs (periods) we so get

dt = Cl(t) Ro

and

to to+Ato
/dt B / dt
a(t) a(t)’
t1 t1+Aty
i.e.
Aty At

a(ty)  a(tz)
Since A7) = At; (sender/receiver at rest) we have
vy alt)

” = alhy) (6.9)

During a phase of expansion one has a(t2) > a(t;), hence v < vy: redshift. The largest
observed values (corresponding to very distant objects) yield 1 + z := vy /vy &~ 8. Here 2
is known as redshift parameter.
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6.3. The Friedmann equations

We show that the field equations (B.I7) can be satisfied by a suitable choice of functions
a(t), e(t). We will show this twice, using different charts and methods.

A: Because of the symmetry it suffices to fulfill the field equations at points (¢, 0,0,0).
Since they contain derivatives of g, only up to 2nd order, we shall retain of g, (¢, z1, z2, x3)
only terms up to 2nd order in ¥

1 ‘ 0 0 0
10
I = 0| —g2 (5ik + kx’xk) ’
0
hence:
Guvoe =0 ifpu=00rv=0,
gZZ? i :?;Z (5;]25191 + xk(sil) } in linear approximation in Z, for [,i,k =1,2,3 .

Accordingly, it will be enough to compute

1
I_Wa'u = §gup(g¢7p,u + Gupo — ga'u,p) .

to 1st order in 7. As for g"” the Oth order suffices, since the correction is of 2nd order.

Result: # 0 are only

% = aa,
I
FZ” = kx'.
Example:
j 1 1 2 ) k l k 7 l
Fjl-l = 5(—9@1{) (—CL k;)(x (5kl +x 62‘[ +x 51% +z (51'1 — X 5kl — X 51k)

= képogx® = kdya .
Ricci tensor:
Ry =R =T 0 =100 + 17,0 % = T70, 1% .
Result: # 0 are only

RQO = —3&/&,
R;; = ai+2a”+2k .

(Rij = R11 - 6;; follows already by isotropy.)
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Rjj =I"jja = (aa) + 3k (@=0,1,2,3)
— Iy =k (= j)
+ Faijacw = aaq - (3@/@) (0’ = 07 o= j)
—I70;1%0 = —2aa - (a/a) (60=0a=j

=ai+ (1+3—2)a*+2k .

Einstein tensor:

For the scalar curvature we find
1 6 .
R = Roo - ?(RH + R22 + Rgg) = —E(aa +a” + k}) .

The Einstein tensor G, = R, — % 9w I is diagonal with

3 .
G()() = ;(CL +k‘) s
ij == —(26Ld+d2 +k‘) .

B: We use the Cartan calculus. Basis of 1-forms:

V= dt 1
el = %dr B b e - —1
62 — ard& g - guue e, g,uzx — _1
e3 = arsinfdy 0
We have
de® =0

de! = 2alt/\dr:eo/\gdr,
w w
de?* = ardt A d + adr A df |
= e A (ardf) + e' A (wdf) ,
de® = arsinOdt A dp + asinOdr A dp + ar cos 0dO A dyp
= e’ A (arsindyp) + ' A (wsin 8dp) + e A (cos 0dy) .

Connection forms

Structure equations for w*,

Wy + Wy, = dgu, =0, det = e” AW,
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(with w,,, = g,w?,). The solution can be guessed by comparison with (611 and it is

unique by the theorem on p. BTk

w', =0, (without summation convention) ,
—w?3 = w3y = cosfdy |
—wly =w? = wsin Ody |

w5 = w3y = arsin Ody
—wly = w? =wdb

Wy = w?y = ardd

a
WO =wly = —dr .
w

Curvature forms
g
QF, =dw", +why ANw?, .

By wu +wy, = 0 we have €, + €2, = 0. Result:

Qoi = Qio = geo /\ei s
a
. N A R
_Q]i = sz == —+2a e’ N el .
a
Example:
QY = dwlo= gdt/\ dr = geo Neb .
w a
2 2 2 0 / a’r
O = dwi+woAw'y = wdr ANdi+ —df N dr
w
1 /
= _2<ww —a2)61 Ner.
a r
—k
The remaining Q'; follow by isotropy (or by computation).
Ricci tensor:
R;,LV = Raual/ = Qau(eaa ey)
is diagonal because of 2%, ~ e A e*. One finds
3a
Ry = ——,
a
a  2k+a*  aa+24d®+2k
Rjj = —+ ( 3 ) 5 :
a a a

Scalar curvature:
6
R = Rog — (Rll + R22 + R33) = —E(ad + c'z2 + k‘) .

Einstein tensor:

(6.12)



Energy momentum: It is given by (&4]), both in chart A at (¢,0,0,0) and w.r.t. the
basis of 1-forms in chart B.

Friedmann equations: (¢ = k = 1). After lowering indices the field equations read by

E10), resp. (6I12)), as well as by (5.4)

1 1

(uv) = (00) : a(a® + k) — gAa3 = gea?’ : (6.13)

(uv) = (jj) - 2ad + a> + k — Aa® = —pa® . (6.14)
Remarks 1) With a(t),e(t) also a(t — ty),e(t — ty) and a(—t),e(—t) are solutions.
2) The equations imply

d 1 3 e 2. . . .92 2 d 1 3

—(= = - = —Aa”) = —p—|(= 1

dt(Sga) a(a” + k) + 2aad — Aa*a = a(2ad + a° + k a’) pdt(?)a) , (6.15)

which is in analogy to the First Law of Thermodynamics in the form
AU = —pdV

valid for adiabatic processes. For a(t) # 0 that equation may replace (G.14]).

3) The First Law is equivalent to the integrability condition 0 = 7", = T" ,+I'",, T’ +
e, TP for = 0, since

o __ a .p 1 d, d 4
T ;V—5+355—|—3aa;—$(a(6a)+paa).

Alternatively, (5.6) multiplied by \/—g = a® states by (5:24)): (d/dt)(a®)+p(da®/dt) = 0.

4) The equation of state p = we stands for dust (w = 0), for isotropic electromagnetic
radiation (w = 1/3) and for the cosmological term (w = —1). Then (€I5]) implies by

d 3 d 3 _ 3w d 3 3w
dt(m ) tweat =a dt(m a)
that
e oc g 30Fw) (6.16)

In combination of different fluids, the universe is dominated in the course of its expansion
by fluids of successively smaller w: From radiation to dust to vacuum energy.

In the following we consider the case of dust in combination with A. Then e = p, p =0
and

1
gpa‘3 =(C =const >0 . (6.17)
Thus

1 C

a* — gAa2 = —k, (6.18)
c 2

2ai+ — — ZAa*=0. 6.19

ad + L~ 3ha (6.19)



A static universe a(t) = const requires (2/3)Aa® = C, hence A > 0 and k = +1. The
solution (Einstein 1917)
a=A1?, p=2A (6.20)

however is unstable, because any displacement from equilibrium would be enhanced by d

according to (6.19).

The solutions depend on parameters A, C' and on an initial condition a(ty). It is usual
to choose t; as the present time and to express these quantities by means of properties
of the present universe. To this end we reintroduce the scale Ry (k ~ k/R3). Division of
[6I8) by a(tg)? (# 0, which rules out the equilibrium solution) yields

)~ ) 3%y~ m O

ato)) 37 \alto)) 3
We now choose Ry so that a(ty) = 1, hence a(ty) = H(ty), and obtain

aZ

'l (Qna® + Qua™') =1 —Qp — Q= Qi (6.22)

with new parameters

. _ A ~ p(to)
H=Ht), Q= =ty

(6.23)

The constant €2, has been determined by evaluation of the L.h.s. at t = t;. Comparison
with the one from ([6.2]]) yields

k=—sgnQ,  Ro=|0 YV2H'. (6.24)

Eq. (€22) formally corresponds to the conservation of the energy € of a non-relativistic
particle of mass 2/H? moving in 1-dimension and in the potential U(a) = —(Qxa® +
Qma™'). Changing H affects the motion a(t) only through a linear reparametrization of
t. Different types of motion occur depending on 2, 2y. We distinguish cases by the sign
of Qy (or A).

Ufa) Ufa) Ula)

A=0 A<O A>0

Most motions begin or end at a = 0: a “Big Bang” or a “Big Crunch”. This is a true
singularity, since the scalar curvature diverges there: R+4A = —T = —p = —3C/a® — oo
for t — 0.

e A=0:
2, < 1: unbounded expansion a(t) with positive asymptotic velocity;
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Q= 1: unbounded expansion with vanishing asymptotic velocity;
., > 1: bounded expansion, then recollapse.

e A < 0: bounded expansion, then recollapse.

e A > 0: the potential U(a) has a maximum —3QY (4 /2)%% at a = (2 /204)"/3. If it
is located to the right of the present day value a =1, i.e.,

Qm > 20, (6.25)
then the expansion is slowing down. A motion which is bounded above or below requires
1— Q) — Q< =303 /2)° .

This can occur only for 2, + €, > 1 and, if this inequality is barely satisfied, only if
either 2 or Qy, is small. In the first case, i.e. for small (2, —1)/Q, > 0 we have

N Q. — 1\3
Q_m<4< 30 )+

Since there (628) applies, the motion is bounded above. In the second case, i.e. for small
(Qp — 1)/ > 0 we have

O Qp — 1\3/2
o <25
Qa 300

This corresponds to a motion bounded below: No Big Bang, but a contraction followed
by an expansion.

2 )
QA § // {D)QQO
Q) @
I4
£/
1.5 // §
/I é %&'\OQ
/ A
/ D oo
11.&7 2 ey
O I\
)
N
D
0,
\0 N
0.5
Y
expansion
0.5 £ - > recollapse
~ Qm
-0.5

In the models with (6.25]) one has d(t) < 0 in the past, whence a(t) is concave, s. figure
below on the left. The age ¢y of the universe is then bounded by ¢ty < H~!. In general we

have by (6.22)
1
1
/ :H—l/ do——t
" o V% —Ufla)
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which cannot be evaluated in closed form. In the figure on the right ¢ is represented by
level sets in units of the Hubble time H .

Special cases: The time dependence of a(t) can be determined explicitely for (i) C' = 0,
A > 0or (i) A = 0. We use the equations of motion in the form (GI8 G.I7). (The
replacement of (6.14]) produces spurious solutions with @ = 0, which are to be rejected.)
Solutions:

(i) Set a? = A/3.

chat (k=+41),
at) =a~" { e, (k=0),
shat , (k=-1).

In the exponentially expanding universe with k& = 0 (de Sitter 1917), space is invariant
under translations of time, because t — t — t; amounts to a rescaling of the coordinates
of My, cf. remark on p. GBIl

(ii) (a=0att=0)

C
a=—(1-cosn),
k=+1: (2; (0<n<2m), (6.26)
t =2 (n—sinn),
_q - _ (9ONYB 5
k=0 : a—(z) ; (0<t<o0),
a:g(Chn_l)a
k=—1 2 (0 <n < o). (6.27)
C
t =2 (shn—n),

The case k = 0 is known as Einstein—de Sitter universe. Proof: By explicit computation
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("=d/dn). For k = +1:

a'(n) sin 7
t'(n) 1—cosny
.9
9 sin”n 2
——+k= — 1=0
T + (1 —cosn)? 1—cosn
14
Fir £ = 0:
4 3
i = (3)1/302/%2/3 — Ca.
For k = —1: analogous to k = +1. O
a k=-1
k=0
k=+1
t

6.4. Which universe?

Astrophysical observations allow to determine the parameters in eq. (6.22), i.e. H and
more recently also Qy, €. The following account is simplified.

The Hubble constant H = a(to)/a(to) is determined by the redshift z of light of distant
galaxies, which is emitted at ¢, and received at t,. We expand (6.9]) in powers of the time
of flight ty — t,, which is assumed small in comparison to the age of the universe. With

: L.
alts) = alto) — a(to) (to — 1) + 5i(to) (to — )+ ...
1
=alto)(1 = H - (lo—ts) = 5Hq- (to = 1) +...) ,
where ¢ := —a(ty)ad(tg)a(ty) 2 is the dimensionless deceleration parameter, we obtain

t 1
1+z:22t0§:1+H'(to—ts)—|—H2(1+§q)(t0—ts)2+... :

The distance d between receiver and sender at time ¢, is by (6.8)

d:a(tO)RO/OT%:a(to)/tso%:(to—ts)-f-%H-(to—ts)Q—f—... :
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After eliminating ty — ts from the two equations we end up with the distance-redshift
relation:

1
2= Hd+5(1+q)(Hd)’ + ... .

The lowest order corresponds to a Doppler shift of z = d(to) = Hd(t,), see (60). A set of
data (z,d) would yield H and, if suffiently accurate, ¢q. This is of indirect usefulness, since
today’s distance d between source and observer is not directly accessible to observation,
but can be so determined. In a Minkowski spacetime the flux of light f (energy per
unit time and area; apparent magnitude) coming from a source of intensity L (absolute
luminosity) at a fixed distance d from the observer is

B L
 Ard?

f

In a Friedmann universe this remais true at leading order, where d = z/H. In higher
orders the correction are described by the magnitude-redshift relation (see exercises):

LH?
4722

f=

(1 —(1-q)z+ O(zQ)) , (z—0).

Data (f, L, z) are available, because of some stars of known absolute luminosity (standard
candles: Cepheids, Supernovae of type Ia). Fitting them to the relation yields H =
70.4+ 1.4 (km/s)/Megaparsec, (1 Megaparsec = 3.26 - 10° light years), or H ' = 13.7-10°
years, at lowest order, but also ¢ = —0.55 at higher ones. That in turn determines a
combination of Qy, Q,,: Differentiating (6.22), resp. (619), shows 2¢ = Q,, — 2Q4.

The cosmic microwave background (CMB) is electromagnetic radiation with the spec-
tral distribution of that emitted by a black body of temperature 2.73 K. It reaches us
with nearly isotropic intensity and originates from a time ¢, (time of last scattering),
when nuclei and electrons became cool enough (~ 3000 K) to bind to neutral H- and
He atoms. As a result matter became transparent, radiation decoupled and has since
then been redshifted by a factor 1+ z ~ 3000 K/2.7 K ~ 1100. From (622) we get
H(ts)? &~ H*Qu(1 + 2)? and 1 + 2 &~ z. Deviations from isotropy in the intensity distri-
bution (~ 107°) have a characteristic correlation length

As ~2H(t,)™", (6.28)

which corresponds to the radius of the horizon at time ¢, (see ([6.32) below) and spans
today an angle Ap ~ 1° on the sky (as seen e.g. with WMAP). Now z, As, Ay allow to
infer the geometry k of the universe: Two directions, which for us at ¥ = 0 are separated
by A, differ by the same angle also in the chart B. Hence As = a(ts)rAgp, cf. (€3],
with a(ts) = z71. We conclude

ro (SN2 ~1/2 ~1

by using the above for r and (6.24) for R,. Setting /Ry = sinny, cf. (€4]), we have
dx = dr/w(r) and by (6.8)

ot 1 da 1 da
X:R—lf i :R—1/ L0 |1/2/ M (6.30)
" Jioalt) T Sy a®alt) — T Jaia o a/u — Ula)
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The equations (629 [630) constrain a further combination of 4, Q0 Qp +Q, = 1.02 £
0.02. Recently the intensity of the anisotropy at As has been measured, from which also
), can be determined:

Om =027+002, Qu=0.7340.02,

resp. p(tg) =2.6-1072"kgm ™3, A = 1.3- 1072 m~2 from (6.23). From the figure on p.
the age of the universe can then be read off as ty = (13.740.1)-10° years. One should add
that baryonic matter only contributes 0.04 to €2,,, the rest being dark matter of unknown
kind.

6.5. The causality and flatness problems

In the metric ([6.6) we trade ¢ for conformal time 7 according to dt = Rpa(t)dn (cf. the

special cases (6.20], 6.27))). Then, by (G.5),
g = Rja*(t)(dn® — (dx* + sinn® y(d6” + sin® 6dp?)) . (6.31)

The range of 17 has a lower bound, which may be normalized at n = 0 by

t dt/
an‘l/ e
0 o a(t)

provided the integral is convergent at ¢ = 0. For the case of a fluid with equation of
state p = wp, this amounts to w > —1/3; in fact in the limit a — 0 eq. reduces to
a2 oc ¢~ 13 by ([EIG). It has solution a oc t*, (t — 0) with a = (2/3)(1 +w)~! and the
condition for convergence, a < 1, is as stated. Moreover,

2
1+ 3w

N~ (Roa) ™" (t—0).

Geodesics ending at y = 0 come in radially (df = dy = 0) and for them the metric is
conformally equivalent to the Minkowski metric dn? — dx?. In particular, null geodesics
run at £45° in the (1, x)-plane.

The particle horizon at P separates world lines that

can be seen at P from those that can not. By the U]
time 7, the comoving matter at y = 0 is causally :
connected to that at x only for x <7 (or, indirectly, P b
X < 27), which then is at distances at most N
\ // : \\
2 a(t) 2 N AN
d - R t = fng H t -1 X |
0a(t)n 1+3wa(t) 143w *) 0 big bang (n =0)

(6.32)
That distance with ¢ = ¢ (time of last scattering) is seen as a characteristic correlation

length in the CMB radiation, see (6.28) for w = 0. However that radiation is nearly
homogeneous on all of the sky and hence over regions which had no common past. This
causality problem of Friedmann cosmologies can be evaded by assuming that the earliest
phase of the evolution is dominated by w ~ —1 (inflation), by which the range of 7
becomes unbounded below, or at least provides a scale (0.32) extending over the whole
universe (accessible today) by the time inflation ends.
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A further difficulty is seen from the flatness parameter, see (G.24)),

k
0 =——
5T Ralto)?

as expressed in terms of present day properties. In the past the corresponding quantity
was Qi () = —k/R2a(t)?, whence
Q(t)  alte)*  H* 1
Qk N d(t)2 N a? N Qk+QAa2 +Qm(l_1

by ([€22]). Moving backward in time, a(t) — 0, we have Q(t)/Q — 0 because of 2, > 0:
the universe must even have been a lot flatter than it is today (£ = 0.02 £ 0.02).
This looks like an exceptional initial condition (flatness problem). Here too inflation
provides a remedy: By the same equation, that initial condition could in fact be the end
of a forward evolution with Q) > 0 (and hence growing a(t)) out of a an even earlier,
generic condition. That 4, coming from a conjectured fluid with w ~ —1 (inflaton field),
is different from the cosmological constant and much larger than the latter.

6.6. Redshift and symmetries

Out of symmetries one can sometimes determine v, /1y without having to determine null
geodesics. Geodesics are determined by the variational principle

(2) 1
5/ Ld\=0, L= —g( )
(1) 2

with fixed endpoints (29, \(9)),_; 5. If only the AV are fixed we have

(2) (2)
5/ Ld\ = (p,dz)| (6.33)
(

1)

(1)
with
oL »

pM:%:guV‘T" :j:“'
This follows from the Euler-Lagrange equation d(p,dx)/d\ = 0 L.
For null geodesics (L = 0) we then find with 6z = u§7@ (cf. figure on p. 52) and u =

4-velocity of sender/receiver.
Vo oY) _ (u(2),p)
v or@  (u®,p)

(6.34)

Let now s be a 1-parameter group of isometries of M, cf. (61]). The generating vector
field K of ¢, is called a Killing field:

We then have along any geodesic

(K, p) = konstant. (6.35)
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Proof: (This is Noether’s theorem from Mechanics.) By assumption, L is invariant under

variations x; = @;(x). For those, dz = K and (6.33)) reads 0 = (p, K)‘g; . O

We shall henceforth consider the situation, where at (1) and (2) the Killing vectors lies
in the plane spanned by u and p:

K =au+ fp. (6.36)
From fp = —au + K, as well as from (u,u) =1, (p,p) =0 we get
0= (Bp, Bp) = a® = 2a(K,u) + (K, K)

1.e.

a=(Ku) + (K,u)?— (K K). (6.37)
Together with (K, p) = a(u, p) and (634, 635]) we obtain

vy (K,p o _ o

141 (K7P)1 (&%) B &%) '

Special cases:

i) K || u: In this case =0 and (K, K) = o? (or ([6.37)) implies

v _ (K K)”
o (K K)y?

ii) K L w: In this case a = £[—(K, K)]"/? and

vy [—(K,K)]Y?
" E R 6.5)

Applications:

1) Cosmological redshift in the homogeneous isotropic universe (G.6). Given a null
geodesic (t(A\), z(N)) € I x My = M we claim that z()\) is a geodesic, though not one
with an affine parameterization. To see this we vary z(\) with fixed endpoints in M
and promote that family to one of spacetime curves with L = 0 by setting dt/d\ =
a(t)[go(i, #)]"/2. For that one, one can only require §t'Y) = 0. The same follows for the
other endpoint, §t® = 0, because of ([G3) and of (p,dx)|;) = p°t|(;). This then extends
to on = 0 for any function 7(t). Defining it by dn = dt/a(t), we get

(2) (2) dn (2
= 5/ —d\ = 5/ (g0 (&, 2)]/2d\ .
(1) 1 dA (1)

0=9dn

Let @5 : My — My be a 1-parameter group of isometries (¢go = go) with generating field
K. They become isometries M — M with corresponding Killing field on M by means of

os(t,q) = (t,ps(q)) , Kq) = (0,K,) ,
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(g € My). Let q1,q2 € My be the positions of the sender, resp. of M,
the receiver at rest. Because of the symmetry of M, the geodesic
x(A) is the orbit of a Killing field K, with K, || ¢ and hence
([6.36]). Moreover we are in case ii), so that ([6.38]) applies. Now,

9(K,K) = —a(t)*9(K,K) ,  go(K, K)y = go(K,K)1 ,

the latter holding true because of

d

ggO(K, K)o omg = Kgo(K, K) = Licgo(K, K) + 290([K, K], K) =0 .
=0 =0
Hence
va a(ty)
1241 (l(tg) ’

as in ([6.9]).

2) Gravitational redshift in a stationary metric. In suitable coordinates we have
9o =0, (0/02° timelike) .

Then, the vector field K = 9/0z° = (1,0,0,0) is Killing:

(LKg>,ul/ = K)\gw/,)\ T K)\,,u +g,u)\ K)\,I/ =0. (639)
Iuv,0=0 =0 =0

For observers at rest we have i):

Va _ goo(fl)l/2
1% 900(_)2)1/2 7

as in ([L27]).

3) Longitudinal Doppler effect in SR: receiver at rest, sender with velocity 5 , whence

u® = ~(1, 3), which is directed (a) towards or (b) away from the receiver. For the metric
G = N any constant vector field is Killing. For K = (1,0,0,0) we have (6.36) and
az =1, (Ka u(l)) =7

9]

depending on the cases (a,b).
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7. The Schwarzschild-Kruskal metric

7.1. Stationary and static metrics

Let ¢4 be a 1-parameter group of isometries of M. Its generating vector field K is then
called a Killing field. By (ILI8) this is tantamount to

Lgg=0.
A metric is called (locally) stationary, if relatively to a suitable chart
Guvo =0, (0/02° timelike) . (7.1)
Then K = 9/92° is a Killing field by (639).
Converse: g is stationary, if there exists a timelike Killing field K:
Lkg=0; (K,K)>0.
Proof: By construction of a chart, where (Z.1]) applies.

Let ¢, be the flow generated by K; z', 22, 23 arbitrary
Dt coordinates of pg € N; and

(¢, zt, 22, x3)

the coordinates of p; = ¢ (po). Thus K* = (1,0,0,0) in

, this chart, whence Lig = 0 equivalent to g,,0 = 0 (cf.
‘spacelike surface N ©39)). 0

A metric is called (locally) static, if in a chart (7 = (2!, 22, 2%))
Gudatdz” = goo(T)(dz’)? + Z gir(7)da' da*

with goo > 0. Then K* = (1,0,0,0) is a Killing field. Let K = gK be the corresponding
I-form K, = (goo,0,0,0). Then K = goodz?, implying dK = dgoo A da° and

KANdK =0 (7.2)

Converse: A metric is static, if there exists a timelike Killing field K with KAdEK =0
(proof, see below).

The significance of (.2)) arises from the following: a preliminary remark, a question, and
a theorem. Let a vector field X with X, # 0, (p € M) be given on M; then V, = {\X, |
A € R} C T,M is a linear subspace of dimension 1. Manifestly, there is a family of curves
7 such that 7, € V,; indeed, the integral curves of X. Let now instead a 1-form w with
w, # 0, (p € M) be given on M. Then V, = {X, € T,M | w,(X,) =0} C T,M is a linear
subspace of codimension 1. Is there a foliation of M in submanifolds N C M so that

T,N =V, ? (7.3)
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If so, N is called an integral surface of V,.

Theorem (Frobenius). Let w be a 1-form. The following properties are equivalent:

i) wAdw=0.

ii) for any vector fields X, Y one has the implication: w(X) =w(Y) =0 = w([X,Y]) =0.

iii) w is locally of the form
w = \df
with A\, f € F.
Remarks. 1) Let w, # 0. Then (iii) implies that the level sets N = {p € M | f(p) =
const } satisfy Eq. ((L3). Conversely, if there is a foliation in integral surfaces IV, then

w(X) =w(Y) = 0 means that X,Y are vector fields in N. Hence [X, Y] are too, and (ii)
holds true.

2) The theorem can be generalized to integral surfaces of lower dimension.
3) The theorem does not rely on a metric. The factorization in (iii) is not unique.

Remark. Let a metric g with Killing field K be given, and w = K. Then A in (iii) can
be chosen as A = (K, K):

~

K = (K,K)df , (7.4)
where K f = 1.

The converse of ([L2) now follows by choosing N as a level set of f, e.g. f = 0 in the
construction on p. 66l The flow ¢; then maps N to the level set f = ¢, whence f; =0
(i=1,2,3). Thus

B
goi = (K, 55) = Ki= (K, K)f; = 0.

Proofs. One may assume that w, # 0. We show (i) < (ii) in that both are equivalent to

dw=wAN0 (7.5)

2

for some 1-form 0. Let e’ = w,e?,...¢e" be a local basis of 1-forms and dw = w;je’ A e

(sum over i < j).

i) Clearly (Z.0)) implies (i). Conversely, if the expression
w/\dw:wijel/\ei/\ej

vanishes, then w;; = 0 for 1 < i < j. Thus dw = w;je' Aed = w A6 for § = w;jel.
i) By (29
(X, Y) = Xa(Y) = Yo (X) = w([X,Y]) . (7.6)

Given w(X) = w(Y) = 0 the conditions dw(X,Y) = 0 and w([X,Y]) = 0 become equiv-
alent. Since in dw(X,Y) = w;;(X'Y7 — X7Y") the components X' = €'(X),Y" can be
chosen at will up to X' =Y"! =0, we again conclude w;; =0 for 1 < i < j.
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The implication (iii) = (i) is immediate from dw = dA A df. As (i) = (iii) is concerned,
we prove only the special case of the remark and maintain that

~

AR (X, K) = X(K, K) = d\(X) | (7.7)
where A = (K, K). Indeed, we have

0= (Lrg)(X,K)=K(X,K)—(K,X],K) - (X,[K,K]),
g

and then by (Z6]) with w = K

dK(X,K) = XK(K) - KK(X) — K([X, K])
= X(K,K) - K(K,X) - (K,[X,K])

[ J

g

=0

proving (7). By (i)

(K ANdK) (K, X,Y)

K(K)AK(X,Y) + K(X)dK(Y,K) + K(Y)dK (K, X)
MK (X, Y) 4+ K(X)dAY) — K(Y)dA(X)

0

ie. \ddK + K Ad\ = 0, and hence
dAT'K) = A2 (MK —dAAK) =0

By the Poincaré lemma (see p. [[3) we have A"'K = df. That implies [C4) and then

~

(K,K)=K(K)=(K,K)Kf, whence K f = 1. d

7.2. The Schwarzschild metric

Ansatz: Static metric of the form
ds* = e**dt? — [e%er + 7% (df® + sin® 0dp?)] (7.8)

on R x R, x S? with coordinates t € R, r € R, (6,¢) polar coordinates on S?. Here
a = a(r), b = b(r) are unknown functions, which are to be determined by the field
equations (5.12) in vacuum.

Remarks: 1) The metric (Z8) is invariant under rotations of S%. Without proof: Tt
is the most general static metric which is spherically symmetric: By this we mean that
R € SO(3) : M > p— R(p) € M acts on spacetime M as an isometry, i.e R*g = g,
and that for each p € M the orbit {R(p) | R € SO(3)} C M is a spacelike 2-dimensional
surface. The coordinate r in ([Z.§]) is then chosen in such a way that the surface area is

4772,

2) The coordinate transformation ¢ + £ = e~°¢ (r, 6, ¢ fixed) corresponds to the replace-
ment
a—a=a+c (7.9)
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in (Z8): a and a@ describe the same spacetime.

The Ricci tensor R, can be computed by means of (a) the Cartan calculus or (b) the
above chart.

a) Basis of 1-forms:

e = eddt 1 0

el = ebdr , -1

2 — rdb g = g;weu e, GJuv = 1 . (710)
e3 = rsinfdyp 0 -1

3 are equivalent in view of the spherical symmetry). We have

de' =0
de® = a'e*dr N dt = e' A (d'e*dt)
de® =dr Ndf = e' A (e7°db)
de® = sinOdr A dip + 7 cos 0dO A dip
= ¢! A (e Psinfdyp) 4 e* A (cos Ody)

(e e

The structure equations (.20, B.2I]) for the connection 1-forms w*, are:
Wy +wu,u = dg;u/ =0,
det =e”" N, .
Solution: The only non-vanishing w*, # 0 are

3

—w?y = W, = cosBdy ,

—wly =w? =elsin Ody |
—wly =w? =e%db ,
wlo = W% = d'e*dt.
Curvature 2-forms: Q*, = dw*, + w*, Aw?, .
Result: (i =2,3),# 0 are

Qol — Qlo — (a’b' —ad - a/2)672b 60 A e1 7
/
, a .
QOi:QzO:__e 2b€0/\€Z,
r

) b )
_Qli — Qll _ __ebe el A el ’
r
1
—0% =% = _ﬁ(l —eMe? Aed .
Computation:
Qo =dw'o = (d'(d — V) +a")e" dr Adt
0% =W Awly = de2do A dt
0% = dw? = —bedr ndb ,
D3y = dw’s + W3 Awly = —sinf(1 — e 2*)dO A dep.
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Ricci tensor:
o (e}
R, = R 00 = Q% (€, €0)

is diagonal because of Q%, ~ e* A e”. One finds

2d’
ROO _ _(a/b/ —ad' - a/2)e—2b + _e—Qb ’
r
20
Ry = (a/b/ —ad - a/2)6—2b + _e—2b ’
T

/ /
a b o

1
R22 = R33 = ——e_% + —e + —2(1 — e_2b).
T T T

b) The non-vanishing Christoffel symbols are (" = d/dr)

Fttr - Ft'rt =d )
[y =de™ I, =0, [Mop=—re >, I, = —r(sin®@)e
Fiprlp - F@cpr - T_l 5 Fipggp = ].m'g(pg = cotf .
The Ricci tensor is diagonal and

/
Rtt _ _(a/b/ . CL// . a/2)e2(a—b) + 2_ae2(a—b) 7

r

20
Ry = (a'V —a" —a®) + —, (7.11)

Rog =71t —a)e™® 41—
R@@ = (Sin2 H)Rgg .

Field equations (5.12) in vacuum:
R, =0.

From (a) Ryy + Ri; = 0 or (b) Rye 27 4 R, = 0 it follows that a’ + & = 0, and by
using the freedom (79):
a+b=0.

From (a) Ry = Rs3 =0 or (b) Rgg = R, = 0 it then follows that

/

l=e?—2rbe ™ = (re ) (7.12)
re? =r —2m, (m : integration constant)
2m

e —e =12
r
Thereby also the last remaining equation (a) Rypy = 0, resp. (b) R, = 0 is satisfied: it
reads
(202 —b")yr —20)e =0

and follows by differentiation of (T.12]).
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Schwarzschild metric:

2 2m
ds? = (1 - —m) dt* — (1 = —m) dr® =1 (d6® +sin20dg?) . (7.13)
r r
For r — oo (TI3)) is asymptotic to the flat metric of SR. It describes the gravitational
field outside of a spherically symmetric mass distribution. Meaning of m: By (dIS) the
Newtonian potential for r — oo is

c? mc? GoM

- —1) = — - _
¥ 2(900 ) . ,

for a central body of mass M. The constant m turns out to be

GoM

= 22 (>0).
At the Schwarzschild radius r = 2m the metric (Z.13)
is singular in the coordinates employed: as r — 2m
the opening angle of the light cones tends to zero. The
region of spacetime described by (ZI3) is shown in 2m r
the figure. We shall see that at » = 2m only the chart
fails, without the metric becoming singular: there is
a chart in which spacetime has an extension.

t

7.3. Geodesics in the Schwarzschild metric

Geodesics are orbits determined by the Lagrangian £ = (&, ), cf. (B.5),
2mN . 2m —1 .
L= <1 - —m)t2 - <1 - _m) 72— r2(0* + (sin® 0)?)
r r

- =d/dr, T: affine parameter; ¢ = 1). The equation for 6
( p q
—(r?0) + (r¢)?sinf cos = 0

is identically satisfied by § = 7/2, a value which we will now assume (orbit in the equatorial

plane). Then
L= (1 - 27m>i2 - (1 - 27m>17'«2 — (rg)?.

The variables t, ¢ are cyclic. The corresponding conservation laws are

r?o=1, (angular momentum)

(1—277")75:5. (7.14)

Moreover L itself is conserved. That implies the radial equation

L— (1—2—m>1(52—r2)—£;

r r2

1.e.
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P2+ V(r)=E%,
Vir) = (1 - 277") (c + i—i) . (7.15)

2

It is convenient to use the variable v = 1/r. From % = —u*" and ¢ = lu® we have for

u = du/dp

@
which after deriving in ¢ (and dividing by 2u) becomes

o <u)2: E£-v &

N B

—(1— 2mu)<l£2 +u2> :

u" +u— £% = 3mu’ . (7.16)

i) Perihelion advance
We consider timelike geodesics (L7, .8)) (free falling bodies) and normalize

L=1, i.e. T = proper time .

Then ([7.10) reads

u' 4+ u— l@? = 3mu® . (7.17)

Comparison with the non-relativistic equation for the radial motion (see Classical Me-

chanics)

2 [
P —op,
rooor
resp.
m
u”+u—l—2:0, (7.18)
shows that (given the identification £ — 1 = 2F) the term ~ r~2 in (ZIH), resp. ~ u? in
((CI7), describes the correction due to GR. Any (non-relativistic) solution of (.Ig]),

1 I
UO:C—Z(l‘i‘gCOSQD), d:E

with 0 < € < 1 represents an ellipse: The azimuth has been chosen so that the perihelion
is at o = 0,27,.... We write the solution of (ZI7) as u = up + v and obtain (to 1st order
in m) that the perturbation v solves the linear inhomogeneous equation

v v = —m(1+2€cosg0+52(:os2g0) :

Given the initial conditions v = v = 0 at ¢ = 0, the three equations

Ay
V' 4+ v=1< Aycosp (7.19)
Az cos? o
have the solutions
Aq(1 — cosp)
v = %Ang sin

545(2 — cos p — cos? p)
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Only the 2nd term is not periodic, because the frequency of the forcing cos ¢ matches that
of the homogeneous equation (resonance). It is also the only one that yields a contribution
to u/(2m) = v/(27); indeed

6mme
u'(2m) = Ao = R
Due to u”(2r) = —¢/d (0th order) the perihelion ad- upy slope u"
vance (i.e. the shift of the zero of u/(y)) is ) So !
Aw — u'(2r)  6mm 6rm . <
PTTwEn T d a2 or D T

where a is the major semi-axis of the ellipse. For Mercury one obtains Ay =~ 43" per
century (” = arc seconds), which is observationally confirmed to about 1%. (Other per-
turbations are about 10 times larger!)

ii) Light deflection at the Sun
We consider lightlike geodesics ([II0): £ = 0. Then ([Z.I0]) reads

u” +u = 3mu® . (7.20)

By contrast the equation u” + u = 0 describes a straight light ray uy = b~ !sin, i.e.
rsing = b (choice of azimuth: perihelion at ¢ = 7/2):

with v = v = 0 at ¢ = 7/2 correspond to the third case (ZI9) under the replacement
cos p ~» sin ¢ (including initial conditions). It has the solution

1 3m1

. . .9
u = Esmgp—i—ﬁg(Q—smgp—sm ©)
m
=%+b—2(2—90)+0(<p2), (=0,

i.e. the zero ¢ = 0 of ug is shifted to ¢, = —2m/b in 1st order in m. The total deflection

d = 2|ps| amounts to
_dm 1T

b~ b/Rs

(Re: Sun radius) and can be observed during a total solar eclipse:
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(O: observer; S, S’: true and appar-
ent position of a star; b =~ R). The
angle Z(S7,5%) is greater by 20 than
in absence of the Sun. The agree-
ment with observation is about 1%.
RRCEA (Other effects: refraction in the solar
corona.)

7.4. The Kruskal extension of the Schwarzschild metric: Black Hole

We discuss the (apparent) singularity of the metric at » = 2m > 0 in the chart (ZI3]).
The scalar quantity (hence independent of the chart)

48m?

§
Raﬁ'ﬁRam - r2

(7.21)

does not exhibit any singularity at » = 2m. A particle which falls radially (I = 0) has by

13)

F=—(E2-VEN V() =1-==.

(" = d/dr). The particle thus falls with increasing rate || towards the Schwarzschild
radius » = 2m, where it arrives after finite proper time. The coordinate time however
diverges. We have

t=E/V(r),

and thus )
dt t E 1

_—_ = —— = = 3 — 0
m

o ey o) W

r

l

for r — 2m. Setting r =: 2m + p, we find
dp __p

at — 2m
to 1st order in p. The orbit

r = 2m + const e */?™

thus reaches r = 2m only at ¢t = +o00. This and ([Z.2]]) are hints that the singularity at
r = 2m of the Schwarzschild metric only reflects a failure of the coordinate system — as
it is confirmed by a change of coordinates:

Kruskal transformation

1/2 t
u= (L — 1> e/ imeh — |
2m 4dm
1/2 t
V= (L — 1> e /4mgh
2m 4dm

This transformation (t,7) <> (u,v) is to be supplemented by unchanged 6, . We then
have

2 2 r r/2m __. r
o (D)oo (L) 2
Y v <2m ¢ g 2m (7 )
t
=th —.
v/u 4m
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v 13 :
t= %’OO |
r=2m,/ - ; !
|
0

S A T :‘ """

STt =t |
7

/_/ / |
./'/ 1/ I
‘ .

| U 2m ro! r
\\ |
\ |
N |
=T > 2m [
|
t = —oo\_° !
r=12m |
|

The chart domain —oco < t < 400, r > 2m is mapped onto the sector v > |v| in the
(u, v)-plane:

In the new coordinates the metric reads

2 om\ 2m3
dﬁ::(l——m>dﬁ—-0-—lﬁ) dr? = B2 rim (g g2y (7.23)

T r r

(+ angular part: —r?(df? + sin® fdp?)). On the r.h.s. 7 = r(u,v) is to be understood as
the solution of (T.22).

Proof: We set 4m = 1. By

d
(2r — D)Y2e" = 2r(2r — 1)7Y/2e"

dr
we have
du = 2r(2r — 1)"Y2e"chtdr + (2r — 1)"/%e"sht dt
dv = 2r(2r —1)"Y%e"sht dr + (2r — 1)"2e"ch t dt
dv? — du® = (2r — 1) dt* — 4r*(2r — 1) ' dr?
1 1.1
=2re” [(1— —=)dt* — (1 — —) "dr?] .
rerf(1- Dyar - (- Ly
We now revert to r — r/4m, t — t/4m. O
19(2)
The extension: The function ¢g(z), (0 < x < co) increases
monotonically from —1 to +oo, since 0.5
z\ _ ..
((z —1)e") =ze” > 0. oS "
Thus, r(u,v) is uniquely determined by (Z22)) in the region 0.5
v —ut < 1. (7.24) y
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In the so extended (u, v)-chart we define the metric by ((L.23). The field equations (5.12])
remain satisfied, since ((T.23)) is real analytic for u, v as in (Z.24]). We partition the extended
chart in 4 regions, [-IV:

[ is the region of the original Schwarzschild metric. The regions III, IV result by reflection
(u,v) = (—u, —v) from I, II. We thus discuss region II only. There too we can introduce
“Schwarzschild coordinates” t and r < 2m by

7o\ /2 t
— (1= _) r/4m h — 7
Y ( 2m ¢ i 4dm
r o\ /2 t
— (1= _> r/4m h—
v < 2m ¢ ¢ 4dm
Because of ;
2 2 r r/2m _
o (- D)o upmm
vt —u ( 5 e u/v y

region IT (0 < v? —u® < 1, v > 0) is mapped onto the strip 0 < r < 2m, —oco < t <
+00, and the metric takes there the form ([.23)). But: Because of 1 — (2m/r) < 0, t
has now become a spatial coordinate and r a temporal one! In the (u,v)-chart, where
ds? ~ du? — dv?, the light cones are given by lines at 45°; in the (¢,r)-chart, they are
given by curves dr/dt = £(1 — (2m/r)),

9m | 7

are positioned vertically for r > 2m (resp. horizontally for r < 2m), and degenerate at
r = 2m. The causal structure of this spacetime is manifest in the (u,v)-chart. Future
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oriented time- or lightlike curves through an event P located beyond the horizon never
reach this side: For an exterior observer the opposite portion II of spacetime remains
hidden (black hole). Trajectories there actually end after finite proper time in the
singularity v? —u? = 1, i.e. at r = 0. In contrast to r = 2m, this singularity is truly one
of the manifold. For instance ([Z.2I)) is singular at » = 0. For reversed reasons, region IV
is called a white hole.

We conclude the section with a result showing that the ansatz (.8]) can be relaxed.

Theorem (Birkhoff). Any spherically symmetric solution g of the field equations in
vacuum (g does not need to be assumed static) is locally isometric to a part of the
Schwarzschild-Kruskal spacetime.

Remark. This is in analogy with Newtonian gravitation: The potential in the exterior
of a spherically symmetric, possibly time-dependent mass distribution is given by ¢ =
—GoM /r and is hence static, since the total mass M is conserved.

Sketch of proof. The metric is of the form (7.8)), though with a = a(t,r), b = b(t,r).
The transformations which preserve the ansatz (cf. Remark 2 on p.[68]), get generalized to
tst= ft e“()ds, which is tantamount to replacing (Z9) by ¢ = ¢(t). A computation,
which parallels that of the static case, yields the non-vanishing components of the Ricci
tensor

Ry = R;?) -, Ry, = Rg?ﬂ) + e2(b_a)f 5
Rgg = Ré%) + 82(b_a)f s pr = (sin2 9)R99 s
20
Rtr - th =
r
where (0) stands for the static quantities (ZII) and f = b* — ab 4+ b. This time the
field equations yield b = b(r), whence f = 0, and still ' + b = 0. Together with the
aforementioned replacement (Z.9)) this again yields a + b = 0. Hence the Schwarzschild
metric (ZI3) results again. O

Application: Spherically symmetric collapse of a star. Exterior spacetime.

The radius of very massive stars can become < 2m.
Region II of the Kruskal metric then becomes relevant.
A horizon appears at 7 = 2m outside of the star and its
collapse into the singularity is now unavoidable, since
the worldlines of particles on its surface are timelike.

A
-~ interior of star U

Remark. Complementary to the above proposition is the following Theorem (Israel):
Any static black hole (g does not need to be assumed spherically symmetric) is given by
the Schwarzschild metric.
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7.5. The Kerr metric and rotating black holes

The exterior of a rotating black hole or (steady) star is described by a stationary metric,
rather than by a static one.

Coordinates (Boyer-Lindquist): ¢ € R, r > 0, 0, ¢ spherical coordinates

Parameters: m, a

Notations:
A=r*—2mr+ad®
p* =1+ a®cos’ 0
Y2 = (r* +a%)? — a*Asin®0
Identity:
p*A — 4m?r?a®sin? 0 = X2 (p* — 2mr) (7.25)
Metric (Kerr 1963)
2 x? :
ds* = (1 — ZQLT)dt2 + 477;?0 sin? Odpdt — 7 sin? 0dy* — %drz — pdb? (7.26)

Alternate expression: completing the square in dy gives

2 _ P e X _ o s o
ds* = ZzAdt e sin” 0(dyp — Qdt) Adr p-do (7.27)

with

Indeed, that expression yields the same g, g+ as in (L26]) and, by (Z23),

p D 1 _ 2mr
G = ﬁA — anﬂ@ Q% = o (p*A — 4m?r?a?sin®0) = 1 — 7 )

Remarks. 1) The special case a = 0 is the Schwarzschild metric (TI3), because p* = r?
¥2 =yt

2) The Kerr metric solves the vacuum equation R, = 0. It is the most general stationary
solution which is axisymmetric: A space-time on which SO(2) acts as isometries under
which each orbit is a closed space-like curve.

3) Any just axisymmetric solution is given by Kerr or some extension thereof (cf. Birkhoff’s
thm.). Any stationary black hole is given by Kerr (cf. Israel’s thm.). This is known as
the ”no hair” theorem: Black holes have no property other than m, a (or charge, if an
electromagnetic field, rather than vacuum, is allowed outside).

4) The metric ([Z.26) tends to Minkowski in polar coordinates at r — oo.

5) Meaning of parameters: m mass (from Newtonian limit r — o0); J = am angular
momentum (without proof).
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The metric has a singularity at A =0, i.e., at
r=ry=m=+vVm?—a’.

It exists (and with it the black hole) only for |a| < m (and hence |J| < m?). We restrict
tor >nry.

The metric has the Killing fields ® = 0/0p, K = 0/0t:
e & is space-like:
g((D,CD) = Jop < 0.
e K is time-like,
1
9(K,K) = gy = = (r* + a*cos’ 0 — 2mr) > 0,
p

for
r>ro(f) =m+ vm? — a?cos? 0 (>ry).

sideview top view

Figure 1: See page [0 for trajectories

The shaded region r; < r < 7y(f) is the ergosphere. Its physical meaning will emerge
from considering various observers. As such, their 4-velocity u* = (¢,7,0, ) is time-like,
(u,u) = +1.

i) A static observer has fixed coordinates r, 6, ¢: u* = (£,0,0,0) oc K. It can exist for
r > ro(6). For r < ryg(f) any observer is dragged w.r.t. infinity.

ii) A stationary observer has fixed r, , and w = dp/dt = ¢/t. It has u* = (£,0,0, wt)
x (1,0,0,w) and, see (T21),

2 2
P b ) 2,
<u7u)0(§A—?Sln 9((&)_9> )
ut is time-like if 2 A2
p
-0 —_— .
jw | < 32 sinf
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The bound on the r.h.s. is < Q iff r < ro(0), since that is when w = 0 is not contained in
the interval, see (i).

iii) Observer freely falling from infinity. Note: V Killing field, z(7) geodesic. Then (V&)
is constant in 7 by Noether’s theorem. Indeed, £ = %:i:aﬁc" has constant V, - 8‘% =Ve,.

Take V = & and u = 4. At infinity, (®,u) = 0; at a finite position along the geodesic
2

0= (@,u) = — = sin® B — ) -
p

the freely falling observer rotates with angular velocity

de ¢ 0 2mr
_— = = = qQ°+- — s
dt t 32
being dragged by the rotating mass inside.
w, free fall
w | |
! ! - stationary observers
Qpfr-—--""""-"-- I
I! I
I I
I
I
|
"
0 +—
[
10”1
| % |
I ’U I
(=
1 D 1
(=

" static observers

The angular velocity at r = r,

2mr a

QH:Q|T+:(I'

2 |, 2mr,’
(use X|,, =% + a®> = 2mry), is the angular velocity of the black hole.

Energy extraction (Penrose 1969). A freely falling particle of 4-momentum p = mi has
conserved “energy” E = (K,p) (take V = K above). Wherever K is time-like, £ > 0.
In particular, for an observer resting near infinity, where the metric is ~ 7, and t is its
time, £ = p' is indeed the energy. Let the particle decay,

p=p1+Dp2,

inside the ergosphere (s. fig. on p. [[9), after which free fall carries particle 1 across the
horizon r = r inside the black hole and particle 2 back to infinity. While Fy = (K, ps) > 0
as explained, one may have E; = (K, p;) < 0, because K is space-like along the fall of 1.
Hence

E=FE +FE,<FE,:

energy has been extracted from the black hole! However, particle 1 reduces the angular
momentum of the black hole, whereby the ergosphere decreases and the process can not
be repeated indefinitely.
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7.6. Hawking radiation

Energy emission is possible even from a static black hole, provided quantum effects are
taken into account. Suppose a pair of particles is created from nothing,

0O=p1+p2.

Then
0= (K,p1) + (K,p2) = E1 + Ey

with K = 0/0t and Ey, F, conserved from then on. They cannot be created outside of
the horizon, since then Fy, F5 > 0 as explained at the end of the previous section. If they
are created inside, Fy, Fs may have opposite signs, but the particles never get outside.
A vacuum fluctuation, however, may create a pair with particle 1 inside and 2 outside of
the horizon. As particle 2 reaches a distant observer with energy F, > 0 it is part, with
many others, of the Hawking radiation. A detailed discussion requires Quantum Field
Theory on a curved spacetime.

a) Classical Klein-Gordon field. The action for a scalar field of mass p is
1
S = /d4:v 91+ 5(0upd"0 = 1%¢°) ,

g

L

where 0%¢p = g"0,p. It is invariant under coordinate transformations x — z, with ¢
transforming as a scalar, p(z) = @(Z). The equation of motion,

5, 2W/191) _ O/1lL) _

d(Dyp) Iy ’ (7.28)
is
3,(V/ 919" 0up) + 1°\/ gl = 0, (7.29)
1.e.
(O +p*)p =0, (7.30)

where O, = |g|7%/20,(|g|*/?¢g"*0,,) is the Laplacian for the metric g. Canonical quantiza-
tion rests on equal time commutators. This requires a foliation of spacetime in space-like
3-surfaces 3, which without loss may be taken as surfaces of constant 2. The conjugate
momentum is

m(x) = /]g]g"°0up(x)

and the Hamiltonian is

H:/ (o — /|g|L) z/ d*x+/|g(9"° 00000 — L) .
z0=0

20=0

The initial data ¢(z) = @(x)|0—g, m(x) = 7()|0—¢ make up the phase space

['={(¢(2), 7(2))sers }

with Poisson brackets



They determine the solution through the canonical equations of motion

Yot = {Hplt)), O(ta) = (H,x(t2)

which, as usual, are equivalent to (Z.28)) or (Z.30).
Let f, h be any complex solutions of (Z.30)) and let

i* =ig" (fo,h — (O, f)h) .
Then, see (5.24)),

3 Vgl = (V1913*) =0

by the equation of motion ([Z.29]). As a result,

)= [ i
_ / gl do, = / NI

20=t

where 7; is the inner product (L39) and do, the coordinate normal to ¥, is independent
of the slice ¥, resp. of ¢t. This follows by Gauss’ theorem if j# decays fast enough in
space-like directions. We denote the space of solutions equipped with the inner product
(f,h) by K. It satisfies

(f,h) = =(f,h) = (h, f);
in particular
(f.f)=0
and (f, f) is real. Note that it is not positive definite, since (f, f) = —(f, f); however it
is nondegenerate ((f,h) =0, (h € K) = f =0), as seen from

=i [ aa(F/lale o) - (Vald 0. ).

where h(z) and the corresponding momentum +/|g|g® (9,h)(xz) may be chosen at will.

Taking for h the field itself, we define functions on I'" by
a(f) = (f,¢) = i/o I’z (f(2)m(z) — (V]glg™ 0 f)(@)e(x)) - (7.31)
V=0

Since f(x) and the corresponding momentum may be chosen arbitrarily, the complex data
a(f) determine the real data ¢(z), 7(z). However, they are not independent:

a(f) = —a(f) . (7.32)
Their Poisson bracket is L
{a(f),a(h)} =i(f.h) (7.33)
which by ([32]) also implies
{a(f),a(h)} = =i{f,h) (7.34
{a(f),a(h)} = —i(f, h) 7.35)



b) Quantization. Canonical quantization of a Hamiltonian system is, at least in a first
step, a map
F(I)—A (7.36)

from classical to quantum observables, i.e. from (complex) functions a = a(q,p) on I’
into an algebra with involution * (technically a C*-algebra), such that

a—~A = a— A"
Moreover for a distinguished set of canonical coordinates a,b,... we have (h = 1)
{a,b} —i[A, B] .

States w are linear maps w : A — C, A — w(A), where w(A) has the meaning of the
expectation value of the observable A in the state w. They should satisfy

w(l)=1, w(A*A) > 0. (7.37)
In particular, we have the Cauchy-Schwarz inequality

lw(A*B)|* < w(A*A)w(B*B) . (7.38)

In a second step, a Hilbert space may be constructed and expectation values computed
in the way known from bra-ket Quantum Mechanics. This is accomplished abstractly by
the GNS construction:

Theorem (Gelfand, Naimark, Segal). Let w be a state on A. Then there are

e a Hilbert space H,
e a vector () € H,

e a representation 7 of A on H,

such that

w(A) = (2, 7(A4)Q)
and {7(A)QA € A} is dense in H. For given w, these objects are unique up to isomor-
phisms.

Of course, any normalized vector ¢ € H defines a state by wy(A) = (¢, 7(A)y), and so
does any density matrix on H. However the states so obtained from a given w do not
exhaust all states on A. In this sense the algebra A is more fundamental than a Hilbert
space H on which it is represented.

In the context of the Klein-Gordon equation we denote the same way both kinds of

observables in (L36]) (a(f) — a(f)) and obtain from (32 - [[35)

[a(f), a*(h)] =(f,h) , (7.39)
la(f),a(h)] = —(f,h),
[a*(f),a*(R)] = —(f,h) ,



(one could have stated these equations in terms of p(z), m(x) instead.) The algebra A is
generated by a(f), (f € K).

A particular class of states on A (quasi-free states) is specified by (i)

w(a(fla(h)) = (h, pf) , (7.40)
where p is a positive semidefinite operator on K, cf. (37),

(f.pf)z0, (feK),

and (ii) the use of Wick’s lemma (sum over contractions) to compute expectations of any
products of a*(f)’s and a(h)’s. Eq. (39) implies

p+p=-—1, (7.41)
where p = CpC and C' : f + f is the complex conjugation.

Examples of this kind may be constructed as follows. Let H C K be a subspace such that

K=HoH
with H = CH, and
(HLH=0, (feH), (7.42)
(f;h)=0, (feM,heH). (7.43)

Solutions f € H (resp. H) may be seen abstractly as single particle (resp. antiparticle)
states. Then

p=N&(-1—-N) (7.44)

with (f, Nf) > 0, (f € H) defines an operator with (Z37). Indeed, by the block form
of (L44)) it suffices to verify that property for f € H (which is the hypothesis) and for
f € H: Since (Z4I]) holds by construction,

=([,(L+p)f)y=(f.(L+N)f) >0,

~

because f € H.

In the case N = 0 the GNS Hilbert space can be realized as the bosonic Fock space F
over H: F is the span of

a’(fi)---a’(fa),  (fieH) (7.45)
with
a(f)2=0, (feH). (7.46)

c) Quantization of the Klein-Gordon field in Minkowski space. Solutions f € K
of (O + u?)f = 0 are superpositions of positive and negative frequency states
ei(E-fq:wt)
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with w = w(k) = 4/ k2 + 2. Let ‘H be the subspace of positive frequency solutions.
Writing f = f, @ f_ with f,. € H, f- € H one finds by the Parseval identity

() = [ G CEBhe) = - ().

-

where fi(k) define the wave packets:

fole) = 2my o [

In particular, (C42] [[43]) hold true.

This choice of H is Lorentz invariant. Indeed k - 7 F wt = —ky ot with k# = (tw(k), k)
on the upper, resp. lower mass shell: those are invariant under orthochronous Lorentz
transformations (time-reversal flips H and H). Equivalently, along the worldline z#(7) =
u'T 4+ 0", ((u,u) = 1) of an inertial observer the phase

ei(Ef—wt) — oilkub!) g—ilkuut)T

remains of positive frequency because k,u* = wu® — k- > wu® — |k||@] > 0. Quantization
in QFT usually proceeds by defining the vacuum state through (44]) with N =0 on H
(Minkowski vacuum, again a manifestly Lorentz invariant choice); this produces the Fock
space ([[450] [746]). However one may also consider positive temperature states, specified
in momentum space by N = (eﬁw(’;) -1 e,

ola' (et = [ o FRIB, (fheW . 04

In particular, the expected number of particles in a single particle state f (occupation
number) is obtained by setting A = f. In the limit where the normalized wave packet f
concentrates around a wave vector kg we obtain the thermal spectrum

1
efw(ko) — 1

w(a™(f)a(f)) — (7.48)

-

Note that ((C.47) is not Lorentz invariant, since w(k) is not.

Remark. In a curved spacetime with a time-like Killing field the solutions of ([Z.30) have
a definite frequency or are superpositions of such. Thus one might pick H as the positive
frequency subspace and define the vacuum by N = 0 on H (Boulware vacuum). It may
though not be the physically correct choice, see (e) below.

d) Regge-Wheeler coordinates. New coordinates (t,r,,0,p) are introduced on the
Schwarzschild spacetime (ZI13) with r > 2m by the transition function

Ty =1+ 2mlog(% — 1)

with t, 0, ¢ fixed. It maps r € (2m,00) — r, € (—00,00) (tortoise coordinate). Since

dr,
dr

r _ 2m, —
=1+(%—1) 1:(1—7) 5
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the metric reads

2
4s* = (1= Z0) (e = dr?) + 12(d8? + sin® 0 (7.49)

with r = r(r,).

Consider a radially infalling particle crossing the horizon r, — —o0,t — 400 at proper
time 7 = 0. There r = 2m, whence, see (.14}, [T.15)),

r—2m.

2~ o2 ~
=& t=¢€

" ’ 2m
Thus r — 2m = —E7 and £ = —7, ie.,

t = —2mlog(—7) + const . (7.50)
In particular,

ET
r. =2m 1og(—%) +2m . (7.51)

Finally, we write the Klein-Gordon equation in Regge-Wheeler coordinates. After sepa-
rating the angular part,

F(t.r6,0) sz”"”* Yin(6.9)

=0 m=-—I

it reads (without proof)
(atz - 87?* + W>flm =0 5

where the effective potential

Vi) = (1= 2y B D)

r )3 2 + “2)

has limits
0, (r«— —o00, ie.r7r—2m),

Vi(r) — {

w?, (r. — +o0, ie. r — +00) .
Thus, as r, — —o00, solutions are of the form
flm<t>r*) - fin(t_r*) +f0ut(t+r*) (752)

with fi,, foutr describing the part of the wave incoming from the white hole, resp. outgoing
to the black hole.

e) The expected number of outgoing particles. Consider a wave packet f solving
the Klein-Gordon equation in the Schwarzschild metric (749), which

e consists of positive frequencies &~ w and

e is outgoing at r, — oo at late times.
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Since for r, — 400 the metric is Minkowski, f represents a particle state at late times.
The goal is to compute its occupation number

n = w(a*(f)a(f)) -

What is w? The equivalence principle (see postulate 4 on p. B]) suggests: On states
incoming from either r, = —oo, (r = 2m) or r, = 400, (r = 400) and to an observer in
free fall there, w is the Minkowski vacuum (Unruh vacuum).

The wave f is not of this form (it is outgoing) but can be split into such,
f=T+R.

where T, R are the parts incoming at r, = Foo. They are determined ”by scattering f
backwards in time”, see figure.

An observer with r, = rg, (rg — 00) is in free fall; and R, being of positive frequency, is
a particle state. Thus

and, by (Z38),

Hence

By (Z.352)),
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(or narrow superpositions thereof). For a freely falling observer approaching the horizon
Ty = —00
t —r, ~ —4mlog(—7) + const .

by (750} [C.51]); hence

4imw log(—7) <0
T(r)oc ¢ » (7<0), (7.53)
0, (1>0),

which is not of positive frequency. Let
T=T,+T_ (7.54)

be its decomposition into positive/negative frequencies w.r.t. 7. Then, based on the
Unruh vacuum,
w(a* (T})a(T})) = 0,
we obtain
n = w(@ (T )a(T.)) = (T, pT_) = —(T_, T},

see ([C40, [CA) with N = 0. It remains to compute the decomposition (Z54) and to
this end we may temporarily replace proportionality in (Z53) by equality. The positive
frequency part

T () = / P, (w)e= " duw
0

is analytic in the lower complex half-plane, and 7" (7) in the upper one. By analytically

continuing
TO (7_) — e41mw log(—7) _ e41mw log \T\ef4mw arg(—7)

from 7 < 0 to 7 > 0 through the lower half-plane we get Ty(—7)e "™ whence we
tentatively set

To(T) , (1 <0),

T+<T) = Ct {TO<_7_)e—4mw7r ’ (7- > O) .

Similarly, continuing through the upper half-plane,

B To(T) , (T < 0) )
T (1) =c- {TO(_T)GMLW , (1>0).

Comparison with (Z53) yields
ey +c_=1, cie

for 7 < 0 and 7 > 0 respectively, i.e.

1
ET 1 eFsmme
Finally, )
T (1) = c_(T(1) + ™™ T (1)) (7.55)
with T'() = T(—7). Since
(T, TY=0, (T,T)=—(T,T)



(T, T are non-overlapping, time-reversal changes sign of (-, -)), we obtain

(1, T)

1 — e8mmw )

(T T-) = [e-[*(1 — "™)(T,T) =

and hence
(T,T)

n:e&rmw_l'

Apart from the ”grey-body” factor (T, T), which depends on f and hence on w, this is,
cf. (C48), black-body radiation of temperature

r he?
8tm  SwGoM

p =
(Hawking temperature). The radiation will cause a loss of mass. Since the intensity of
black-body radiation is oc 37, black holes of very small mass M evaporate fast.

Note that (C58) indicates that 7, which determines the particle content of 7', does so
through 7', which is supported beyond the horizon. This is in agreement with the informal
interpretation given at the beginning.
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8. The linearized theory of gravity

8.1. The linearized field equations

We discuss spacetimes that are nearly flat. In suitable coordinates their metric reads

Juv = Mpw + h;w (8.1)

N = —1 ) huy = hl/u 5 |hu1/| <1.
0 —1

In linear approximation in h we then have

1
0 (g + By — Pag) = = (A% + B0 — hy®) | (8.2)

', = 5

DN | —

where indices are raised and lowered by means of 7, . Moreover,

Raﬂﬁv = Pavuﬁ - Fab’#,l/ )

1
RNV = Raua,/ - 5(_|:|h;u/ - h,;uz + ha,u,oa/ + hal/,au) )

where h = h®,. It is convenient to introduce the perturbation with reversed trace (use
", =4)

1
Y = hlw - §nMVh ’ Y=7"%="h
By
1
h,ul/ - ’YMV - 577/“/}/
we get
1 1 N a
R = 5(_D’Vu'/ T 577WD7 T o T ”’a”) ’
1 a
R= §(D'7 + 2y ﬁ,Ozﬁ) )
1 1 o a @
v = B = 50 B = 5 (=0 =107 05+ 7w 7% v0) - (83)

In this approximation the field equations (5.11]) are
= D = M7 s + 7 o + 7 v = 26T - (8.4)
Remarks. 1) Eq. (83]) implies the linearized, contracted 2nd Bianchi identity (B.17)
G",=0 (8.5)

and thus
™ ,=0. (8.6)
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2) The field equations (84]) are Lorentz covariant, provided v, (resp. h,, ) transform as
tensor fields, whereby 7, retains the form diag(1, —1, —1, —1). This latter transformation
law follows from that of g,, by linearization.

3) Eq. (84) does not provide a gravitational theory which is compatible with Special
Relativity as well as with the Equivalence Principle (EP). Rationale: Let the metric
relations be given either by (a) 1,, or by (b) ¢. = M + hyu . (a) For free falling dust
TH = putu” eq. (B6) and the continuity equation (pu”), =0, cf. (5.2), imply

uu” , =0, (8.7)

i.e. the trajectories of dust particles are geodesics of the flat metric 7, : matter does not
experience any gravity. In case (b) the EP requires

™., =0

)

(covariant derivative w.r.t. g,,), which however is incompatible with (8.6]); indeed, both
equations together imply that the Christoffel symbols vanish, in contradiction with (82).
In more detail: For dust, 7", — T* , = 0 implies 0 = v u*l",, + u*u’I'*,, =
uuP (T ,0 05" + 17 5,0,"). Here u is timelike; yet four linearly independent vectors can be
inserted, whence the bracket vanishes once it is symmetrized in «, S:

IY,005" + 17,500 + 21 go 0, =0 .

The fu-trace yields (4 + 1+ 2)I'V,, = 0 and thus I['*5, = 0.

8.2. Gauge transformations and gauges

The linearized field equations (8.4)) are gauge covariant, reflecting the general covariance
of the field equations. Infinitesimal gauge transformations are g — g + L¢g, where &*
is an arbitraty vector field. In connection with (81l they read h — h + L¢n (gauge
transformations), where L¢h is neglected as a 2nd order term:

h,uzz — h/ﬂ/ + gu,u + gu,,u )
’Y;w - 7uu + gu,u + fu,u - anSQ,a (8'8)

and in particular
vy =280, (8.9)

Moreover T* — TH" since the change is of higher order. The claimed covariance of (8.4])
follows from

I = T + &% s R 50 = R g0 + €% s — &% g (8.10)
—_———
=0

The latter once more, but without use of coordinates: Let R[g] be the Riemann tensor of
g. The linearized Riemann tensor R [g] is characterized by

Rlg + f1= Rlg]+ RV[gl(f) + O(f*)  (f—=0),
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where R [g](f) is linear in f. Let ¢, be the flow generated by £. From ¢*R[g] = R[p’g]
we have

LxRlg] = RV[g)(Lxg)
= RW[g](h + Lxg) — RV [g](n) .
For g = n we have R[n] = 0 and (8I0) is seen to be gauge invariant,
RW)(h+ Lxn) = RV [n)(h) .

We shall reduce the gauge freedom (B8] step by step by means of ever more special
gauges.

i) Hilbert gauge (cf. Lorenz gauge in Electrodynamics)
=0, (8.11)
Starting from 4*”, it can be achieved by solving
VA, e L, =0

=0

i.e.
Dé’ﬂ - _Tuu,y .

This inhomogeneous wave equation can be solved, cf. retarded or advanced Green’s func-
tions in Electrodynamics. We are left with redidual gauge transformations satisfying

O =0 . (8.12)

No longer can the whole field £#(x) be chosen freely, but only the initial conditions &,
&+ o at time 2° = 0, which uniquely determine the solution of (812).

The field equations (84]) take in this gauge (81I1]) the simpler form
— Oy = 2T, . (8.13)

Remarks: 1) The integrability condition 7", = 0 now follows from (8IT]).
2) It is manifest from (8I3]) that gravitational waves propagate at the velocity of light.

ii) In vacuum (7" = 0) or more generally if 7%, = 0 we have [y = 0. In addition to
(BII)) one can enforce the traceless gauge

7=0. (8.14)
Starting from 7" in the gauge (811]), one can achieve it by solving (cf. (89))
1_
fa’a = 5"}/ (815)

together with (BI2). This is doable: Any solution of the latter equation has [J{* , = 0
and (05 = 0 holds true anyhow. Hence (BI5) follows as soon as the initial conditions at
2% = 0 of the following two equations agree:

fa,a = 50,0 + gi,i =

805(1,04 = Ago + fi’o,i —

¥, (8.16)

Yo - (8.17)

N — Do —
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These equations can be solved for & and ", , though not uniquely. There thus still
remain residual gauge transformations with (812)) and

=0 (8.18)
(volume preserving coordinate transformations). In the gauge (814]) we also have

Py = Yo

iii) Radiation gauge or TT (Transverse Traceless) gauge (cf. Coulomb gauge for j# = 0
in Electrodynamics). One requires in addition

ho" =0 . (8.19)

In this gauge (resp. coordinates) the metric deformation (8I]) occures only in spatial
directions, but not in the time direction. Moreover

, . . 1. 1
Rooj = I"j00 — Moo = §hzj,00 = —ahij,oo . (8.20)
=0

Starting from A" with (811 BI4) one can achieve [8I9) by solving (812 RIR) as well

as

h0 = 7% 4 2g00 — ¢ (8.21)

Wi =R 4 00— (8.22)

This too is doable: Solutions of (812)), or rather their initial conditions £, &* at time
2% = 0, need to satisfy besides of (82T}, R22)) also

o +20e =0, (8.23)

B o+ &%+ A =0, (8.24)

as well as (8I0, BI7) with 7 = 0. Eqgs. (821 B23) determine the initial conditions £*°
and &% then £ follows from (B.22), which is seen to satisfy (8I7):

AL =R = = AR+ A =0

There remain the eqs. (824, BIG) for £&. They are of the form A& = a’, divE = b, which
is solvable, provided the compatibility condition diva = Ab holds true. In the present
case

- —0i 1 1-—
alz—ho 0__h00i7 b:——hoo,
2 2

—0i 1-— 1—
leC_i = —ho 00 — §h007u‘ y Ab = hOO i

that condition is satisfied because of (8IT]).
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8.3. Gravitational waves
In the radiation gauge we have

=0, A, =0,
hY ;=0 (8.25)

and the field equations in vacuum read
Ohi; =0.
Plane waves are solutions of the form
hij = hij(s) , el =1
with functions h;;(s) of the variable s = €- & — t. The gauge (8.20) states

dhy;
—e/ =0 8.26

and even h;;(s)el = 0 if the wave is of finite duration.

Motion of test particles: Let u* = (1,6) be the 4-velocity of a particle which at
proper time 7 = 0 is at rest in the TT coordinate system. In free fall one always has
u'(1) = (1,0), since this solves the geodesic equation du”/dr + I*,,u’u’ = 0, because
of g9 = 0, cf. (82 BI9). The worldline is z*(7) = (7, Zy); nearby particles have fixed

coordinate differences n* = (0, 1), yet variable distance since by (&1]) we have
(n,n) = —i? + h;j(s)n'n’.

Alternatively the same follows by the eq. ([{L.22) of geodesic deviation

d2
—(n,n) = Vi(n,n) = 2(Vin,n) +2(Vyn, Vyn)
dt ~————
O(h?)
- 1dPhy .
= 2(R(u,n)u,n) = —=2R'go;n'n' = 5?2”71%9 :

by [B20). Or still put differently: In the coordinates
- 1
oH = oM + §h“,,x”

(note 7% = 2°) the metric reads g, = 1, + O(h?) + O(Z/X), where X is a characteristic
length scale of the wave. This follows from

o+ 10hH; . 1
- Lol — SH Iy N 2
e 5 B " o, + 2h o+ O(Z/N),

1 1
N AT AT = 1, (6", + 5h/a,) (6", + 5h”p) dz°dz’ = (N, + hop)da®dz? + O(R?) .

1
= 5Mo' _I_ §hf,ua' +
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In a small neighborhood of the geodesic z#(7) = (7,0) the coordinates Z* do have the
meaning of distances in space and time, cf. p. B4l The deviation between nearby particles

is now time-dependent:

. 1 .
Afl%t) = —§hij(S>T~L] .

This vanishes for 7/ = ¢/ by ([826): There are no oscillations in the direction of propa-
gation, meaning that gravitational waves are transversal. For monochromatic waves we
have

hij(S) = €Z‘jeiws , (w > 0),

where the physical field is actually the real part of it. The complex amplitude g;; is
arbitrary in the 2-dimensional complex vector space

{52']' € C2 | Eij = €ji,€ii = O7€ij€j = O} .

By choosing e = e3 in the 3-direction, only the components

€:<€11 f12 ):Ree—l—ilme

€12 €-11

are non-zero. Ree and Ime are symmetric matrices. The polarization of the wave is
represented by the displacement 7 + Ari(t), (* omitted) of test particles with 77 on the
unit circle in the plane L € (see figure):

1
Afi(t) = —3 [(Ree)nicoswt + (Ime)nisinwt] .

Special cases:

1) linear polarization:
Ree || Ime

(i.e. Ree,Ime equal up to a factor). Relatively to the eigenbasis e; Ley of € we have

EZA((l) _01) ,  (A4€Q),
A (t) = % ( o ) (Re A) cos wt + (Im A) sin wt)

2) right /left circular polarization:

Ime = £R(Ree)RT = £ Re < Terofu )

€11 €12

where R is a rotation by 7/4. In the eigenbasis e; L ey of Ree we have
1 +i
g_A(ii _1), (AeR),

N . 1 —N1 Mo .
Afi(t) = 2A {( o )coswt$ ( 0 )smwt] :
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linear right circular

cosp —sing

Under a rotation R, = ( sinp cos o

) the polarization e transforms to

T 2i
R,eR, = ™%
One says the wave has helicity £2 (cf. electromagnetic waves: £1).

Remark. Particles that are not in free fall experience further forces besides of tidal ones.
Application: Gravitational wave detectors (LIGO, VIRGO, GEO). Mirrors oscillate with
the forcing frequency of the gravitational wave.

8.4. Emission of radiation

The energy-momentum tensor of gravitation. The linearized Einstein tensor
GWO[n)(R), cf. (B3, is the term linear in & in the expansion

Gln+h] =GPM(h) +O(h*),  (h—0).
The full field equations (5.I0) may be written as
GWl(h) = &T — (G[n+ h] = GV [n](h))
=r(T+1), (8.27)
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where

t= —/fl(G['r; + h] — G(l)[n](h)) )

From the viewpoint of the full theory, the splitting G = G + (G — GW) is arbitrary,
which is e.g. reflected in that i = diag(1, —1,—1, —1) (and hence GM[n](h) and t) are not
tensors under general coordinate transformations. From the point of view of the linearized
theory, where GW[n](h) is the relevant curvature, the full equations (827) state that the
gravitational field is a source of its own curvature, besides of matter. One can therefore
regard t* as energy-momentum tensor of the gravitational field. This is further justified
by (T™ +t*), = 0, cf. (83 B27): Energy and momentum of matter and gravitation
are jointly conserved. Note that this is exact, in contrast to (8.6 valid in the linearized
theory. To lowest order, t*¥ is quadratic in h,

st = 5G], h)

resp. after a longer computation

1

4/{twj — 704,3,;17065,1/ - 57,#7,1/ \_’yaﬁ”@’}/au,y - ’Vaﬂ,g%cwi ) (828)

v~

=0

where the underbrace applies to the Hilbert gauge (8I1]). Thus: Even though ¢ is ne-
glected in the linearized field equations, it can be computed from their solution 7, .

Emission of gravitational waves. A spatially localized source 7" with (8.0) generates
the retarded solution of the field equations (813):

(@) = =2k / d'yDer(x — y)T" (1) .
where Dyei(z) = (2" — r)/4nr, (r = |Z]) is the Green’s function of the wave equation

(s. Electrodynamics), and thus

26 [ 5 T"(§,t— |7 —9])
o y — —)|
Ar |Z — ]

2
=
N
—~
\.Hl
~
SN—
Il

The Hilbert gauge (811 is satisfied, but v # 0 as a rule. The retardation entails that
Y o decays as r~1, and t*” as r=2: The energy flow in a fixed solid angle attains a limit
as 7 — oo (emission). We compute the terms ~ r~! of 4 under the assumption

r>A>d,

where d the extension of the source and \ is a characteristic length (&~ wavelength), e.g.
A =27/w, (c=1). We then have to leading order in !
K
W(Et) = —— [ &PyTH (y,t — |T—7f 8.29
@) = o [ Py T (Gt~ [T~ ) (8.29)
and likewise for its derivatives. Using |# — | = r + O(d) this is further expanded in d/\
as

v K U 1
PE D) =~ [ @y T ) o) | (8.30)
sﬂ”zt’fr)
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The components £"”(s) are functions of the variables s = ¢ — r and can be expressed by
790

. d .
0 = [ @y, 0 =5 [ ETaoy (8.31)
w1 = 2L [ty 1.0 (8:32)

2 dt? ’ ' '

Relatively to €%, we thus have £ = O(d/\) since y* ~ d and d/dt ~ w ~ A71; likewise
e = O((d/N\)?) As for eq. (832): For arbitrary @, v € R3 (with scalar product denoted

(u,v)) we have
1 1. ...
E(uivj + uv;) = aiaj§(ua (Y, 7)

. . 1 .

€Uui’l}j = /d3yT”uivj = §/d3yTz]7ji(ﬁ, y_’)(’U, g)
12
241

where we used B8): TV ;; = =T = =T ;o = T™ 9. The components (B3T]), which
are established similarly, are actually constant (- = d/dt),

et) =0, (8.33)

dgy Tooyiyjuz‘vj )

since
6.”0 == /d3y Tu()’() == —/dgy THiJ‘ =0.

Remark (informal). Let us view T% as a (non-relativistic) mass distribution. The
components ([831]) stand for its total mass and for the center of mass (or total) momentum;
their conservation is expressed by (8.33). This is to be contrasted with Electrodynamics,
where the total charge e = [d%p(y,t) of a distribution is conserved, but p is not,
p' = [ dPyp(y,t)y" being its dipole moment. Recall that an electric monopole does not
radiate (¢ = 0), but a dipole does according to p. We anticipate by analogy that the
lowest order contribution to gravitational radiation comes from the quadrupole, and in
fact according to Q.

Differentiating (830) yields to leading order in d/A

. K ..

Vo= —5—eY, (8.34)
this being O((d/)\)?) on the scale of (rA)~! and not vanishing as a rule. Proceeding
likewise with 4#° ; produces a vanishing leading term by ([833)), formally of order O(1) or
O(d/\) on that same scale. This means that a subleading term takes over which, though
down by O(d/A) or more, remains comparable in size to [834). To compute v, we
better return to (8.29): We have

VW,i = _’VW,Oei ) (€=T/r) (8.35)
since the leading contribution arises through the retardation by 9;|% — ¢] = ¢’ + O(r™').
From the gauge condition (8I1]) we have 7“0’0 = —”y‘“"i and in particular

'YMO 0= 'Ym oei ) ’YOO,O = Wij,oeiej .

) )
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The energy current density tYe’ = —t;e’ in direction ¢ is by (828 B.35)
] 3

ARt = (Fagi™ = 379 3 _(€)*

=1

————
=1

Denoting by v = (v;;) the space-space components of 7,,, we have

()2 + (1)

=try’ — 2(3€,9€) + (€,4€)°,
i =5 = -y 4% =~y + (849)

-

Mi
1 =

Yy =t 2

and after a short computation

. .a 1. 2 F 1.
Yap¥*? — 572 = try® — 2(4€,4@) + 5(6775)2 :

where 4 is the traceless part of 7. Using (8.34]) it is expressed by € similarly defined:

where, cf. (832),
Qu(t) = [y TG0y - 57)
is the quadrupole tensor of the mass distribution. The power radiated in the solid

angle de, .
dl = r*t"e'de ,

18

dl K v e 1, 0,

A (Y - .

w0 20 U+ 5@ )
Using that

4
[aee@ = Fuer,  [a@on - Fue
the total emitted power is computed as (Einstein 1917)
/{/ ...2
= st (8.36)

(where ¢ is again # 1).

Application to binary stars: Shortening of the orbital period as a result of radiation
losses (units: G = /87 = ¢ = 1). The orbit of the two stars around their common center
of mass can be described within Newton’s theory. Summary:

e dynamical parameters: mq,my masses of the two bodies; M = m; + my total mass;
m = mymsy/M reduced mass; E < 0 energy; T period.
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e geometric parameters: a semi-major axis of ellipse; & excentricity; p = a(l — &%) “pa-
rameter”.

e Newton’s law:

— M — — — —
r=—3r,  (T=n-T)
e Kepler’s law of the orbit (r, p):
. 1 T+ecosyp
i) u=- =
r p
) 7= (P
2ma®/?
iii) = [
Moreover,
M
_E= ”;a . (8.37)
Relatively to the center of mass one has 7 = (mo/M)7, 7y = —(my/M)7. The moment
of inertia of the system is thus
1
0 = /d%p(f)f@ T= W(mlmg +memI)F R =mir @7 .
—_————
mymo M

We shall compute o o
0 =m(rQr+3rQr+3rar+rer).

Let €, €, be unit vectors in radial, resp. tangential directions. By means of

r=re,, 7= 7€ + e, ,
r=——é, r=M T — = =M 26— — €
r r r r r
we obtain
2 @
r®r:M<T—27"er®er e¢®er>,

. oo
_mM<27er ® €, —1—4;(@ R€y,+ €, R er)> ,

!
I

as well as
tr 0 - QmMU s tr 92 — 4(mM>2(u2 + 8u2gb2) )
For the quadrupole tensor
Q =30 — (tr6)id

one then finds

tr Q2 =3(3tr 0% — (tr 0)?)
= 12(mM)?(20* + 24u’p?)
M2
= 24(%) (e%sin® p 4 12(1 + e cos p)?) &° .
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The energy loss is given by the radiative power (830]):

dE 1 -
e QP
T

Averaged over a period it amounts to

T 27
G [ CRer [ CE

1 é(mMy(pM)l/2

T 15 P p?

2m
/ (e%sin? o + 12(1 + £ cos )?)(1 + e cos ) ?dy ,
0

J/

v~

241 (1—&-%&2—1—%54)

where the last equality uses the Kepler laws (i, ii) to express ¢. The law (iii) and (837)
imply
—ET = mm(Ma)*/?

as well as the shortening of the period

T 3a 3E
T 2a 2F
96 m M> 73, 37
_ " 1_2—7/2<1 9 2 _4>‘
5 (e Tt a6t

This prediction has been experimentally confirmed (Hulse and Taylor 1975, Nobel prize
1993) on the basis of the binary star consisting of the pulsar PSR 1913 + 16 and of an
invisible partner (both neutron stars):

Theory:
T = (—2.40247 £ 0.00002) x 1072

Observation: ‘
T = (—2.4086 £ 0.0052) x 1072 .

The agreement is within 0.5%.
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