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Exercise 1. Classical Field Symmetries
Consider a Lagrangian decomposed in kinetic, mass and interaction parts as follows
E = E,Imn + Lmass + Eim‘n

Fach of these terms have generally different symmetries. The only mandatory term is Ly;, and
hence it defines the largest symmetry group of the full Lagrangian £. The mass term L;,45s and
interaction term L;,; have generally less symmetries and break this group to one of its subgroup.
It will be often the case that such terms can be treated as perturbations.

We first look at n real scalar fields ¢;, i = 1,...,n, with kinetic term

Liin = 50,070%6,  where §=(61,...,6n)".

(a) What is the largest (global) symmetry of Ly;,? What is the dimension of the group and
what are its generators?

(b) Compute the associated Noether current, assuming L,,qss = Lint = 0.

(c) Let us introduce a real symmetric positive semi-definite mass matriz M and add a general
mass term as

1 1
Emass = _§¢TM¢ = _§¢1Mz]¢j

Such a term will in general break the symmetry group of Lg;, to one of its subgroups.
What is the symmetry group of L,4ss and how does it relate to the eigenvalues of M?

(d) We can introduce a n x n matrix A and write a more general kinetic term as
Chin = 20,67 A0 = 20,6,4,;0"
kin = 5 L@ ¢—§ L DiAijOM ;.
What are the physical requirements on the eigenvalues of A7 What is then the largest

symmetry?

We now look at n fermion fields with kinetic term

(e) One obvious symmetry of this term is ) — Ut where U is a n X n unitary matrix. What
are the dimension and generators of this group? Compute the corresponding Noether
currents, assuming Lyass = Lint = 0.

(f) A less obvious symmetry of this kinetic term is the chiral symmetry. It is given by

Y - U, vYr — UrYr

where Uy, and Ug are n X n unitary matrices and the left and right components of ) are

V=P, Yr=P_¢,  where Pi=(1%75)/2

Show that this is indeed a symmetry of Lg;,. Compute its Noether current, assuming
»Cmass = Eint =0.

(g) Is the typical Dirac fermion mass term —ma%) invariant under chiral symmetry?



Exercise 2. Charge Algebra

Consider the Lagrangian
L=Ly+ L1

where Lg is invariant under some symmetry group G while £; is not. We can still define the

current associated to G by
oL

5(9uo)

0w
JI=—1

T%.

(a) Compute 9,J4 and show that the charges Q®(¢) are not conserved, i.e. 9;Q%(t) # 0.

(b) Nevertheless, the charges still generate the transformation. Show that their equal time
commutation relation is

[Q*(1), Q" (1) = if ™",
where f2%¢ are the structure constants of G, i.e. [T, T?] = ifebeTe.
Hint. Recall that the cannonical momentum is defined as
oL
3(00®)’

m(z,t) = with  [7(z, 1), ¢(y,t)] = —id(z — y).



