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1 Non-Linear Realizations of a Symmetry

In this lecture, I will mostly follow Jose Santiago’s notes, Pokorski [1], the review by
Feruglio [2] as well as the original papers by CWZ [3] and CCWZ [4].

Due to several interesting features that we will review in Section 2, we will consider
theories where the Higgs boson is identified with the pseudo Nambu-Goldstone bosons
(pNGB) associated to the spontaneous breaking of some global symmetry G. One of the
key ingredients in order to compute the corresponding low energy effective theory is the
use of non-linear o-models, that you have already encountered throughout this course. In
the following we will review and introduce some useful concepts, most of which were first
introduced in [3, 4].

Let us consider a real analytic manifold M, together with a Lie Group G acting on M

v : GxM — M

(g, ®(x)) — T(g) - () (1.1)

which we will assume hereinafter to be compact, connected and semi-simple. We will
also assume that ¢ is analytical on its two arguments. The physical situation that we
have in mind is that of a manifold of scalar fields ®(x), with the origin describing the
vacuum configuration ¥, whereas the Lie group G acting on these fields correspond to the
symmetry group of the theory!. Let us call H to the continuous subgroup of G formed by
all the elements of G leaving the origin invariant, i.e.,

H={heG : T(h)-So=%o}=¢(-,%0) " ({Zo}). (1.2)

If we assume that H # &, we will be just dealing with the spontaneous symmetry break-
ing G — H. Our goal is somehow to classify all possible non-linear realizations of this
symmetry breaking. This is a very ambitious task that fortunately can be reduced to the
study of some particular class of them, where H acts linearly on the manifold M. Those

"We will assume for the moment that this group is global, although we will change this later on.



for which this happens are said to be in the standard form. The first important step in this
direction is provided by the so called Haag’s theorem [5], which assures the existence of
some particular type of coordinate transformation leading to equivalent physical theories.

Theorem 1 (Haag’s Theorem) If a theory is defined by a Lagrangian density

L= L(},0.0) (1.3)

depending on a set of scalar fields ¢, and the following local transformation of fields is

performed

¢ =F(¢), (1.4)
then the transformed Lagrangian density:

L', 00" (1.5)

defines a new theory with same S—matriz elements provided the transformation (1.4) has

a Jacobian determinant equal to one at the origin.

The transformations fulfilling the conditions of the previous theorem will be called allowed
ones. It turns out that it is always possible to choose coordinates on M (i.e., scalar field
representations) such that the action of H on M is linear.

Theorem 2 If H is the subgroup of G leaving the origin invariant, then it is always possible
to choose coordinates on M so that

T(h)-®(z) = D(h)®(x), Vh € H, (1.6)
where D(h) is a linear representation of H.

As we already mentioned, this set of coordinates is said to be in standard form. Finally,
it can be shown that any non-linear representation of the group G acting on M can be
always brought to the standard form by means of an allowed coordinate transformation,
so we just need to care about the study of the latter.

Theorem 3 Any non-linear realization of G can be put into the standard form by an
allowed coordinate transformation.

Let be ®¢(z) some field which transforms according to a linear representation of G,
ie.,

T(g)- ®o(z) = D(g9)Po(z), Vge€q. (L.7)
In some neighborhood of the identity g = e, we can write an element of GG as,

D(g) = exp (—ZE&X&> exp (—iuiYi) (1.8)



where X% and Y are the broken and unbroken generators, respectively, which we assume
to be orthonormal with regard to the Cartan-Killing inner product, i.e., Tr(7%T b) = dup
with 7%, T € {X@ Y'}. The scalar fields £%(x) can be seen as the coordinates of the
manifold of left cosets G/H (remember that G/H = {[l],l € G}, where [[| ={lh, h € H})
at each point of space-time. The decomposition (1.8) means that every element of the
group g € G can be uniquely decomposed as a product g = [(§)h where h € H and [(§) is
the representative member of the coset to which g belongs, i.e., g € [I] with some /(&) € G.
Let us define

®o(z) = exp (—z‘g&X@) B(z) = Ud (), (1.9)
Let us now perform an arbitrary G transformation on the field @
O (z) = exp (—ia,T") ®o(z) = exp (—ia,T*) exp (—ide&> d(x)
= exp (i, T%) ®(x) = exp (—i€"*(§,0)X* ) exp (i’ (¢, 0)Y") @(), (1.10)
where in the last steps we have just used that
gl(€) = 9'(9.€) = U, (1.11)

where h = h(g, &) and & = ¢/(g,£). We can then parametrize ®q with the fields £%(x) and
®(x), transforming as follows

£'(x) = £%x) = £%(g.&(2)), (1.12)
®(z) — exp (—iu'(2)Y") ®(x) = D(h(g,&())) (). (1.13)

This means that we can represent ®q(z) by the couple of fields {£(x), ®(x)}, where &(x)
transforms non-linearly under the global group G and ® transforms locally under the
unbroken subgroup H. What happens if the transformation is under the unbroken group
H? In this case

Py (x) = exp (—iaiYi) exp (—i{dX&> 1 &(z) =exp (—z'oziYi) exp (—ide&> exp (iaiyi)
- exp (—i;Y") ®(z) = exp (—ing&I;XB> exp (—iq;Y") ®(x)
= exp <—i§’i’Xi’> exp (—iogY") ®(z), (1.14)

where R_; is the matrix representation of the linear transformation of the broken generators
under the unbroken group,

exp (—iogY") Xexp (oY) = R&BX?’. (1.15)
We can thus see that under global transformations h € H, both £%(z) and ®(z) transform
linearly and globally

¢(z) — RLE (@), (1.16)

O(z) — D(h)d(z). (1.17)



We would like to use this non-linear realization of the group to construct G-invariant
Lagrangians. However, despite the fact that the symmetry is global, the non-linear realiza-
tion involves the Goldstone fields €% which transform locally. Thus derivatives have to be
transformed into covariant derivatives. To this end, we will consider the following object?

wy = U0U = e X0,e™™ X =idi X" +iE\Y' = id, + iE,. (1.18)
If we compute
9,80 = 9, [e_lf'Xq)} _ 6_i§-X6i§-Xau [e‘iE'XCI)]
= 76X [idf;X'icb + (0, + z‘E;Yi)@} , (1.19)

and note that 0,®¢ transforms under a global transformation g in the same was as ®
does, one can readily conclude that

AL XD + (0, + iELY")®| = D(h(g,€(2)) [, X @ + (9, +iBLY)D| . (1.20)

As different representations of the unbroken group H are not mixed by D(h(g,&(x))) it is
clear that both terms inside the square brackets transform independently. Therefore,

diX"® — D(h(g,&(2)))di X 0 = d X P’
= D(h(g,&(x))) D(h(g,&(2))) " i X“ D(h(g,&(2))) . (1.21)
This means in particular that,
di, = D(h(g,&(x)))duD(h(g, &(x))) ™" = db,e™ (@)Y x; eiulo.s(e)) Y
= & R;. (g, () X" (1.22)
Analogously,
(0, +iEY") ® — D(h(g,&(x))) (O +iE,) ® = (0, +iE),) &'

= D(h(g,&(2))) [0 +iD(h(g,&(x)) ™" E,D(h(g,(2)))
+ D(h(g,&())) ™' 0D (h(g,£(2)))] @, (1.23)

and thus

E;, = D(h(g,£(x)))EuD(h(g,€(x))) ™" + i [0.D(h(g,€(x)))] D(h(g,£(x))) ™

= D(h(g,£(2))) E,D(h(g,&(x)) ™" — iD(h(g,£(x))) [0,D(h(g, (=) ] . (1.24)
Summarizing, under a global transformation g € G,

® — D(h(g,£(x)))®, ) (1.25)

di = D(h(g,&(@))duD(h(g,6@)) Y, df = (Ryy(9,6()) " db, (1.26)

Ey — D(h(g,€(2)))ED(h(g,€(2)))™" = iD(h(g,€(2)))uD(h(g, &(2))) . (1.27)

2Technically, this is the so called Maurer-Cartan one form.




Moreover, the quantity £, = 0, + 1L, acts as an H-covariant derivative,
£, = D(h(g,£(x))E,. (1.28)

With these building blocks we can construct in a very simple way G-invariant Lagrangians
out of multiplets of the unbroken group. In particular, the Lagrangian describing the
dynamics of the NGBs associated to G/H, at the level of two derivatives, is given by

L= fTT (dpd*) = Jfﬁ —ivtouT?| T [—iutoruT?|
2

= T0uE"(@))(2" (@) + ... (1.29)

where f, is a dimensionfull quantity that we need to have the correct mass dimensions 2.

What happens if some subgroup Hy C G is gauged? Essentially, the same formalism
can be used, with the replacement of the usual derivative with the gauge covariant one,

Oy — Op +iALT* = 9, +iA,, where T®c Alg(Ho). (1.30)
Defining
e N[0y +iALTY e X = idl X0 +iELY" = idy, + iE),, (1.31)
where now d,, = d, (¢, A) and E, = E, (€, A).
(0, +iA,) D = (0, +iA,) e X ="K (au + e X, eT X et XA e 'X) i
= X {({“)H + e X[, +iA,] eﬂf’X} d
= e “ X lid, + (0, +iE,)} ®. (1.32)

But since under a local G transformation, (0, +iA4,)®g transforms in the same way as ®g
does, that means that [id, + (0, +iE,)]® transforms as ® does. Therefore, under local G
transformations we have,

® — D(h(g(x),£(2)))®, (1.33)
d, — D(h(g(x), &(x)))duD(h(g(x),€(x))) ", (1.34)
E,=(0,+iE,)® — D(h(g(x),&()))E,P. (1.35)
Now, the leading order Lagrangian for the gauge fields and the scalars £% reads
2 o 1 . .
L= Z”Tr (dud) — ZF/‘L}F“’“’ (1.36)

where ng is the usual field-strength tensor. If we expand (1.36) in powers of £%(z) and
make the redefinition (see e.g. footnote 3) £%(x) — v/2£%(x)/ fr we get

L= %(Dﬂﬁd(x))T(Dufd(m)) +..., (1.37)

with canonically normalized kinetic terms.

3In particular, making the redefinition £%(x) — +/2¢%(x)/ f» we get canonically normalized kinetic terms.



2 Composite Higgs Models

In this section we will mostly follow Jose Santiago’s notes as well as Roberto Contino’s
lectures [6].

2.1 General Picture

The main idea behind Composite Higgs models (CHM) is that the Higgs boson could emerge
as a bound state of a strongly interacting sector, instead of being an elementary scalar.
In this way, the quadratic sensitivity of the Higgs boson mass to the ultra-violet (UV) is
saturated by new physics at some scale A before the new strong interaction featuring the
Higgs as a bound state starts to be resolved. This provides a natural solution to what have
been called the hierarchy problem. Moreover, if the Higgs is the pNGB associated to an
enlarged global symmetry of the strong dynamics, the Higgs can be much lighter than the
composite scale A. The main idea is sketched in Figure 1.

Figure 1. Sketch of the general picture in CHM. The spontaneous global symmetry breaking at
the scale fr, G — H, delivers some NGB ¢%(x). However, the gauging of some subgroup Hy C G
generates a potential at the loop level for some of them that will be identified with the Higgs degrees
of freedom.

We consider some global symmetry group G, which is spontaneously broken at the
scale fr to some subgroup H, delivering n = dim(G) — dim(H) Nambu-Goldstone bosons
(NGB) €%(z). From these n NGB, ng = dim(Hp) — dim(#) will be eaten to provide gauge
boson longitudinal degrees of freedom after the gauging of the subgroup Hy C G, where
H = H1N Hy is the unbroken gauge group. The remaining n — ng are thus pNGB which we
will identify with the Higgs degrees of freedom. The interaction with the elementary sector,
formed by gauge bosons and fermions transforming under Hg, will generate a potential for
these degrees of freedom at the loop level. In particular

A,
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This is also interesting as contrary to the SM case, where the Higgs potential is some
ad-hoc term in the Lagrangian, in these models we have a dynamical explanation of the
electroweak symmetry breaking (EWSB) and the Higgs mass.

2.2 Minimal Composite Higgs Models

We will consider now some explicit examples, focusing in particular in what is known by
the Minimal Composite Higgs Model (MCHM).

2.2.1 Minimal Composite Higgs model (the real one)

Let us consider the minimal composite Higgs model. We want Hy to include the electroweak
group, so minimality requires it to be the electroweak (EW) group Hy = SU(2)r x U(1)y.
We also need to have a least four Goldstone bosons to be identify with the Higgs doublet.
So, the minimal choice would be a group G with 8 = 4 + 4 generators. The very first
example which may come to our mind is G = SU(3). Indeed, SU(3) contains a SU(2)
and a additional U(1) that we can try to identify with the EW group. We use the usual
Gell-Mann matrices as the generators of SU(3),

)\(I
T'=%.  a=1..8 (2.2)
with
010 0—:0 100 ] 100
M= 100 de= i 0 0], A= |0-10], A=—z|010 . (2.3)
000 00O 00O 00-2
001 00— 000 00 0
M=]1000|, A=10001], X=1001], X=1]00-—2]. (2.4)
100 i00 010 07 0
They satisfy commutations relations, [T, T?] = i fup.T¢, with
V3
Ji2s =1, f458:f678:7, (2.5)
1
J1ar = fr65 = faa6 = fas7 = [f3a5 = [ar6 = 3 (2.6)

All the others (which are not related by total antisymmetry) are zero. In particular, we
have

[T, T9] = ie*Tk,  [T", 7% =0, i,j,ke{l,2,3}, (2.7)

so that T generate an SU(2) subgroup and T® generates a U(1) one, as anticipated. The
coset space is panned by T% with & = 4, 5,6, 7. Defining Tt = 7% —iT° and T° = 76 — 1”7
and grouping them in a two dimensional vector,

.
T, — (CQ()) , (2.8)



and using the commutations relations, we get

[T, Ty) = _%Tdn [T%,T4) = —?Tq& (2.9)
Therefore, using (1.15) we get
i TI i Tk . . . 0-.7 ia‘U—j
e T Tyt =Ty — iy [TV, Ty) + ... = (1—|—zozj§)T¢—|—...:e 17T, (2.10)
and
&H(a) < iy 2 >T @) | (@) g (§@)
— | 'Y 72 = — e J 2 . 2.11
(5%:) o) 7 \ew o)
Thus one can see that
£ ()
2.12
<5°<x> (212
have the correct quantum numbers to be identified with the SM Higgs. Let us define
U = exp <—zf§“( ) “> (2.13)
(€2 +HEN?+((ED7+(E)) cos(£ ) (€'—ie®)(€0+i€T) (cos(£) 1) (—ig?=€%)sin(£)
& &2 3
_ | @ree—ien (cos(£) 1) (€@ H((€)7HEN?) cos(£) (—igd—¢T)sin(£)
& & 3 ’
7154 ) sin £ (67—ig%) sin %
<f : (f ) COS(f%)

where £ = (E d(fa)Q) Y 2. For the sake of simplicity we can go to the unitary gauge, where
three of the NGBs are eaten by the gauge bosons. In such a gauge, it is always possible
to take the physical Higgs h to be aligned with £°, i.e. h = €5, without loss of generality,

obtaining
1 0 0
U=10 cos(h/fr) —isin(h/fz) |- (2.14)
0 —isin(h/fr) cos(h/fr)
Therefore,
2 2 ) )
fo=dx (d“d‘“‘) _ Iy [fiUTDMUT“] Tr [fiUTD“UT“} , (2.15)
2
and
5 i i i i
St iwy w | Jm o a o o a
L= 4WWW 4BWB + Tr[ iUt D, UT ] Tr[ UTD UT} (2.16)

where in (2.15) we have used that Tr (7% - T%) = §%°/2 and the covariant derivative read
Dy = 9, — igWiT? —ig B,Y

— O, — igWET* — z’%(T?’ — $2,Q)Z, — igsw AQ (2.17)



where we have defined

A, = sWWi’ + cw By, Z, = cWWj — swBu, (2.18)
/
g g
cw = ——, S = ——, (2.19)
/92 +gl2 /g2 +gl2
Wt Fiw? T 4 iT?
W;t = i, T = 7Z, (2.20)
V2 V2
and
_ 73 _ J1l.s
Q=T1"+4+Y, Y= §T ) (2.21)

This leads in particular to

a1 h 1 ~ [ h
d, = —=ig(W,, — W, )sin (fw> &), = —59(W, + W,F) sin <f7r> . (2.22)
1 g 2h
76 7
d“’ = f\ﬁauh, d/J, ﬁaz sin <fﬂ_> s (223)
and
Le= 1(a h) (aﬂh)+ff2sm2 h Wiw—r 4 f2sm AP (2.24)
3 2 H 477 f7r 32 2 fﬂ' o

Looking at the above expression one could notice already that we have encounter some
phenomenological problem. In order to see it more explicitly, let us assume that that the
Higgs boson gets a vev (h) = ¥, which will give masses to the EW bosons W* and Z,

2 ~
ity = & psin (1) = £y (1—3f2+0<~4/f4>) (2.25)
2 _ g 2 .2 v\ _ 92 %7 54 4

If we compute the p parameter

m2, 72 o
p57—1+—+0( /1), (2.27)
m3,cd, 12

we can see that in order to be in agreement with EW precision data, we need to increase
fr significantly in order to make #2/f2 small enough. Taking into account that v = vgy =
frsin(v/ fr) ~ v, this leads to fr ~ O(10 TeV), putting any possible experimental probe
of this idea beyond current experiments. Moreover, as we will see later, the tuning of these
models scales with fr /0, making this particular model not too compelling. One possibility
of curing this problem is to incorporate custodial symmetry and we will consider this case
in the following.



2.2.2 Minimal Composite Higgs model (the custodial one)

As mentioned, we can protect the p parameter from new physics corrections with the help
of the custodial symmetry. To do so, we just need to make sure that SU(2); x SU(2)r C G.
It can be seen that the minimal choice for G would be then SO(5). However, at the end of
the day, if one wants also to add the interaction with the elementary fermions of the SM (as
we do), in order to reproduce the correct hypercharges it is required to add an additional
U(1)x under which the Higgs is not charged. Thus, we will consider G = SO(5) x U(1)x
and H = SO(4) x U(1)x. Let us assume for concreteness the following basis for the
SO(5) generators, {T%, a=1,...,10} = {T%, T8 T&, a,b=1,2,3, a=1,...,4}, in the

fundamental representation

Thy = g |3 (000 - o) + Grod - 3ah)| . =123

a _ i1 abe 5b50 6b50 5a64 50,54 _
TR,ij__§ 5€ (ij_ ji)_(ij_ji) ) a=1,2,3, (2.28)
TS, = _\}5 [opo7 —apo?] . a=12.3.4,

that have been chosen fulfilling Tr (TO‘ T8 ) = §P. They satisfy the following commutation
relations

{Tg,Tg] = jecbere, [Tg,Tg} = jebere, [Tg,Tg} =0, (2.29)
[Te,TE] = S (T +Th),  [T8,T8] = S(TE - Tf), (2.30)
T o T8] = S Te £ 67T, [T1 5, TE] = F5TE. (2.31)

From the previous commutation relations it can be seen that SU(2)r x SU(2) = SO(4) C
SO(5) and that the generators in the coset space (and the corresponding Goldstone bosons)
transform as a (2,2) of SU(2)r, x SU(2)r (or equivalently, a 4 of SO(4)). Indeed, if we

define
T2 +iTH
T, =0T (2.32)
we obtain
a 1 a 1
[T7, Ty] = —59Ty, [T5,Ty) = 57T, (2.33)
and thus
&+ it i e €2+ i€
(64 e e 3 et ] (2.34)

under a global SU(2);, rotation, having therefore the correct quantum numbers to be
identified with the Higgs doublet. Looking at the generators (2.29) it is clear that one can
take the following vacuum

»&'=1(0,0,0,0,1), (2.35)

~10 -



which satisfies
17 -39 =0, Th-%0 =0, a=1,2,3,
and
Lo i b T ma b L ab
S Tr(T8-T2) = 5§ - T&-T¢- %o = 36
Therefore, if we define
S=U-Ty=exp (i\/ﬁngd(x)/fﬂ> S
we can write
D, = iUd} TS,
and thus
/2 t R u [ oTrarrt] [iprb
T (D) (Dry) = did [—zzo TCU} : [ZUTCZO}
- jjgaﬁw (=8 -78-78-%0) = fc?f;cid“.
In particular,

. 1/2
ot = WE) (1 ¢ @ 8 ceot@/ ). €= (Z (5&)2> .

§

Without loss of generality, we can assume that, in the unitary gauge,

a

»T = (0,0,0,sin(h/ fr), cos(h/ fr)),

where h(z) = £*(x).

(2.36)

(2.37)

(2.38)

(2.39)

(2.40)

(2.41)

(2.42)

Gauge Bosons As shown in (2.40), we can write the low energy effective Lagrangian as

follows
L= fj (D) (DFs) — %W;VWZ'W — EBWBW,
with
D, = 8, —igWiT{ —ig'B,Y
=0y — igVV:Lth’j:jE — zé(Tg — S%VQ)ZM —igswALQ
and®
Y =713 + Qx, Q=T+ T3+ Qx, T = é(Tiiz‘Tf),

(2.43)

(2.44)

(2.45)

4For convenience, we are rescaling the pNGB with an additional minus sign, compared to previous

sections, i.e., &€ — —v/2¢%/ fr.
SRemember that the Goldstones are not charged under U(1)x and thus Qx = 0.

- 11 -



leading to

c=Yam@n+ L (DY wiwr s L (1) 7,20
_5(” ) ( )+Zfﬂ'81n 7 o +80%,Vf”81n 7)o
1 1 Uy 1 v
— W W — BB, (2.46)

Assuming that, as we will see, the Higgs takes a vev (h) = © # 0 and expanding around
this value h — 0 + h we get

() = e (1) w2 (7)o () (2)
fZsin ( I — f= |sin 3 + 2sin 7 cos 7 T
+(12sin2<ﬁ>) (h>2+...

fx fr

= v? +20\/1 =02/ f2h + (1 — 20*/f2) h* + ..., (2.47)

where we have used that, analogously to the SU(3) case, in order to get the physical W

mass,

v = frsin <”) . (2.48)
f

In particular, that means that the SM couplings to the gauge bosons V' = W, Z are modified

as follows

gvvh = GV 1 — v/ f2, GV hn = GV Rn (1 — 207/ f2). (2.49)

On the other hand, if we compute again the p parameter, contrary to the SU(3) case, we
get
miy
p= m =1, (2.50)
with no new physics corrections modifying this value, which is a direct consequence of the
custodial setup of the model.

We want now to obtain some information about the gauge boson contribution to
the Coleman-Weinberg (CW) potential. In order to do so, we write the most general
SO(5) x U(1)x invariant Lagrangian build out of the Goldstone bosons and the external
(elementary) gauge fields, adding some spurions gauge fields, so that the external gauge
fields form a complete adjoint representation of SO(5) x U(1)x. At the quadratic level and
in momentum space, the relevant Lagrangian reads

L= (Pr)" [T (0) X, X" + Mo (p*) Tr (A Ay) + Th(p*)X7 - Ay A, 23], (251)
where X, is the gauge boson associated to U(1)x and we have defined

Ay = AMT = Wi, TF + Wi, T+ ALTE (2.52)

- 12 —



and

Pubv

is the transverse projector so that terms with two gauge fields are the (quadratic) transverse
part of F},,, which transforms as Fj,, — QFWQ_I. Also we have X — QY. Since we want
to derive only the Higgs potential and not its derivative interactions, the field 3 has been
treated as a classical background, with vanishing momentum. The form factors Hé( NIGKT
encode the dynamics of the strong sector, including the effect of the fluctuations around
the background Y. If we switch off the unphysical gauge fields for a moment, keeping only
those of SU(2)r, x U(1)y, we obtain

sinz(h/fw)

L= %(PT)“V |:(H0(p2) + 1 Hl(p2)> WﬁWf — QSXMHM])?)WSBV
in?
<C§(H5( (%) + s% <Ho(p2) + SZL/f”)Hl(pQ)» BuB“] : (2.54)

where W, = Wp,, and the hypercharge gauge boson B, is embedded as follows

By = sxWp, +cx X, (2.55)
with
/ 12
) S N B (2.56)
/92 + g§( g /92 + 9?{ g
and thus W}% ‘ =sx By, Xyl . = cxBy. If we call
H phys phys
.2
sin“(h/ fx
My = (%) + S0y ) (2.57)
. 2
sin“(h
Mo = G115 () + 5 (M) + 20 ), (2.58)
.2
sin®(h
HW3B = = —SXMHI(]?Q), (259)

4

we can write
1
L= (Pr)” (2w W W, + MywWiW2 + BB, + 20w WiB,] . (2.60)

Moreover, after EWSB, the form factor IIyyp is related to the S-parameter [7]:

Oy
Oy (0) ~ o O ) ) (2.61)

AS = ——2
g9 g

where AS = S — Squ and 7 stands for a derivative with respect to p?. This is the more
important constraint coming from EW precision data and typically implies that v?/f2 =
sin?(¢/f;) < 1. If we expand the above two-point functions in powers of p? and take
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Figure 2. One-loop contribution of the SM gauge fields to the Higgs potential. A grey blob
represents the strong dynamics encoded by the form factor II;. Figure taken from [6].

the leading terms, obtained by evaluating them at zero-momentum, we should recover the
results of (2.46). This leads in particular to

Io(0) =0 =115 (0),  II,(0) = g*f7, (2.62)

where we have used that

sin?(h/ fr)

P
o (0) = T frsin® (b fr), (2.63)

Myyw (0) = Ho(0) +

and

0 , 0 _ [ ew sw IIpp(0) Iyp(0) cw —sw | _
0 4‘272ng sin®(h/ fr) —sw ew ) \Lwp(0) Tww(0) ) \sw cw
iy BB(0) + siy ww (0) + 2ewswilws(0)  cwsw Mww (0) — Ipg(0)] + (¢ — si)wr(0)
ewsw Hww(0) — g (0)] + (C%/V — S%,V)HWB(O) S%VHBB(O) + C%A/HWW(O) — 2ewswllwp(0)
Let now study the gauge contribution to the one-loop Coleman-Weinberg potential.
For the sake of simplicity, we will neglect hereinafter the contribution coming from the
hypercharge gauge boson B,,. After adding the following gauge-fixing term
€
2¢

we obtain the following expressions for the gauge boson propagator and its effective inter-

(0"w?)?, (2.64)

Lor = A

action with the Higgs [6]

Io(p?)

i
WVAVAVAVaVAVaVaVo¥ G = (Pr)uw — CP(PL)W,

A/
\Y

i 2
f\/\/@/\/vw iTy = Hlip )sinZ(h/fﬂ)(PT)W,

where (Pp),., = p"p”/p? is the longitudinal projector. The one-loop Coleman-Weinberg

potential can be computed resumming the infinite series of diagrams shown in Figure 2.

One gets, integrating in Euclidean space,

9 [ d'pg o 110, (—pF) sin?
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where the factor 9 arises from summing over the three polarizations and the three SU(2)
gauge fields. We can obtain some more information going to the so called large-N limit,
see [8-10]. One assumes a SU(N) gauge theory and that it is a confining theory for large
N. Then it is possible to write the n-point Green functions of quark bilinears, in the large
N-limit, as an infinite sum over stable intermediate meson resonances created out of the
vacuum. In particular, that means that

v v v 174 . fn
I2) = OITULIEN0) = (P ) = (P =) ¢ 3 5y (266
Pn

(JiJ3) = OIT{JL T3 }0) = (Pr)™ a(p?)

2 2 . C% 1f2
_ TN TN n 2.67
(P77 pp)g n§1p2_ an+ 2o ( )

where p,, and a,, n € N, are the tower of vector resonances associated to the broken 7%
and unbroken T generators, respectively, and the last term in (2.67) correspond to the
corresponding massless NGBs. If we expand the Lagrangian (2.51) around the SO(4)-
preserving vacuum Y, and use that

N 5 1 . ~ 1 .5
sT.Td .18 % = 5 Tr(TE T2) = 55“”, T8 -Yo =T Yo =0, (2.68)
we obtain
1
Ma(p?) =To(p?),  Ma(p?) =Tl + TN (p). (2.69)

That means in particular that

)= Z (2.70)

p - mpn
o0 o0 f
(") = *fz +20%0% | ) 5"~ > 2.11
) k ;p v Zp v (271)

Note that the above form factors will generically lead to modifications of the gauge cou-
plings ¢ and ¢’ introduced in (2.44) after canonically normalize the gauge kinetic terms.
In particular, after adding also the bare kinetic terms of (2.43) one gets

-1
1 5 0) 1 e
= — 092 + ng = 91:2>hys = (1 + Z , Gpn = Mp, [ fo,-  (2.72)

nlpn

2
gphys

At energies much above the scale of symmetry breaking, the SO(5) invariance is restored,
and the difference of two-point functions along broken and unbroken directions is expected
to vanish, i.e.,

lim g T (=p) = f7 +2 M f2-2> f2 =0 (2.73)
n=1 n=1

pE—>OO
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Figure 3. Schematic description of the mechanism giving rise to the fermion masses in the frame-
work of partial compositeness.

The above condition, which relates the spectra of ”vector” and ”axial” currents, is known as
the first Weinberg sum rule [11]. In particular, this is also telling us that for large Euclidean
momenta Hl(—p2E) goes at least like pEQ. This means that the gauge contribution to the
Higgs potential,

9 o0 111, (—p?
Vi) = s [ i log (1+4H;E_fg§sm2<h/fﬂ>>, (2.71)

is at most logarithmically divergent, as II{(0) # 0 = Ilp(—p%) x p3% for large Euclidean
momenta. In some specific UV completions of these scenarios, like holographic composite
Higgs models [12, 13] or their discretized n-site versions [14, 15], the above contribution to
the Higgs potential is actually finite. In this case, one would have

lim g 2pEIli(—py) =2 foms —2)  fams =0, (2.75)
n=1 n=1

pL—ro0
condition which is known as the second Weinberg sum rule.

Fermions Fermions are added in the framework of composite Higgs models through
linear mixings to composite operators, i.e.,

Luix = A qrO0% + NgtrOk + hec. (0(0%|Qn) = A, (0|OR|T,) =Ty,  (2.76)
which induces the low energy effective Lagrangian
Lonix = A2 A1q1Q1r + ANgT1trTir +hoe. + ... . (2.77)

The SM states will be a mixture of elementary and composite states, with masses after
EWSB given by

v )\%Al )\%Pl Y
\/§ mqg, mn fﬂ"

This mechanism is thus known by the name of partial compositeness.

my

(2.78)

Similarly to the gauge boson case, the linear interactions of the elementary fermions
to the composite sector explicitly break the Goldstone symmetry and generate thus a
contribution to the Coleman-Weinberg potential. The breaking of the Goldstone symmetry
and thus the size of the contribution to the loop potential will depend on the size of the
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Figure 4. Schematic representation of the top contribution to the one-loop Coleman-Weinberg
potential.

linear mixings in equation (2.77). As the fermion masses are also controlled by the same
linear mixings, as depicted in Figure 3, one expects the top quark — the heaviest elementary
particle in the spectrum — to give the most important contribution. Then, neglecting
contribution of leptons and light quarks as a first approximation, one would have sum up
an infinite number of loop diagrams as the ones shown in Figure 4. However, one could
still get very useful information performing an spurion analysis, analogously to what we
did in the gauge boson case.

We will assume for concreteness that the composite operators coupled to the elemen-
tary fermions transform in fundamental representations of SO(5). For simplicity, let us
introduce just one fermion excitation of such operators, 1, transforming also as a 5 of
SO(5). Similarly to what we did for the case of scalars in Section 1, one can decompose
this fermionic multiplet of SO(5) in its SO(4) components with the help of the U matrix

defined in (2.38),
v=U (g) , (2.79)

where Q) ~ (2,2) and T ~ (1,1) under SO(4) = SU(2) x SU(2) . Then, the most general
mass-mixing Lagrangian read [16]

AL =-mgQrLQr — mrTiTr — yi fr (qLAL)1 (aLUnQ + 0LUsTrR)

! 4 (2.80)
— yrfr CrAR) (aRULQL + bRUsTL) + hec.,
where
1 001 —-20
AL =— AL = —i 1). 2.81
L \/5(12'000)’ R Z<0000> (2.81)

Before EWSB, the above Lagrangian is completely invariant under SU(2)r, x U(1)y. In
the limit of y® = y%, = 0, it is also invariant under the bigger symmetry SO(5) x U(1)x.
However, we can restore the SO(5) invariance even in the limit of non-vanishing linear
mixings by promoting the coupling matrices AtL? r to spurions AtL p» transforming under
the global SO(5) of the strong sector in the same way the corresponding resonances do.
Indeed, if the AE r transform in addition appropriately under the elementary symmetry
group SU(2)r, x U(1)g of the elementary fermions, also the linear mixings are invariant

17 -



under the full global symmetry of the rest of the Lagrangian. As a consequence, also
the Higgs potential needs to formally respect the SO(5) symmetry (and the elementary
symmetry), which should then be broken by the vevs of the spurions <AE R = AI}J’ R in
order to generate a non-trivial potential. Thus the form of the Higgs potential can be
constructed by forming all possible invariants under the full global symmetry, containing
at least one spurion Ath r> set to its vev, and the Goldstone-Higgs matrix U. As the
spurions are always accompanied by the linear mixing parameters ytL r» taking the role of
an expansion parameter, a series in powers of the spurions can be established. In order for
the elementary SU(2)y x U(1)g symmetry to be respected, the spurions can only enter in
the combinations AtLTAtL and AETA’}%.
For the case under consideration, the form of the potential at O(A?) is thus fixed to

Nemy, | 42 5 Y 5
Va(h) = < g%cgvy(hwécm;)(h) , (2.82)

where the prefactors follow from naive dimensional analysis and the fact that quarks enter
in N, = 3 colors. my is the general mass scale for the first fermionic resonances whereas
gy = my/ fr. The concrete values for the coefficients cr r, which are generically of O(1),
need to be determined from an explicit calculation and cannot be fixed by symmetries
alone. Nevertheless, the SO(5) symmetry already tells us that the Higgs field can only
enter in two structures at this order [17]

L.
vr(h) = (UTALTALD) = S sin®(h/ 7).

vr(h) = (UTNRWRU) = cos?(h/fz) = 1 = sin’(h/ ).

(2.83)

where we have employed (2.81) and the explicit form of the Goldstone matrix. We inspect
that, since the constant term in the second line can be neglected in the Higgs potential,
only one functional dependence on the Higgs field is present. The combinations of spurions
exhibit a block-diagonal structure and do not mix the fifth component of U5 = ¥ with the
other four components. In consequence (dropping a constant), we get

N.m? t2

~ C Yy .

Va(h) = ﬁ [CtLS —ch ?J%:z} sin’(h/ fr). (2.84)
P

This leading contribution to the potential does however not yet lead to a viable phe-

us
NCEREE

have a realistic symmetry breaking with 0 < v < f;. To fix this problem we need to take

nomenology. Its minimum is realized for h/fr = 0 , which means that we can not

into account formally subleading contributions. While no new independent SO(5) invari-
ant structures appear at O(A?), one can have products of the structures (2.83) which lead
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to a different trigonometric dependence on h,

N.m? t4 t4 t2,t2
Vi(h) = —— [‘”‘;L o op(W)]2 + 2B el for () + 2LV ol o (k) vR<h>]
P

1672 9y 9y
Ncm4 t4
~ P ) )
= m [(CtLL i CRRZ/R) sin®(h/ fr) (2.85)
t4

t Y ¢owa 1 YPYE 2 2
~ (b it = el ) v 1) cos 0/ 17|
In particular, defining generally

V(h) = Va(h) + Vi(h) = asin®(h/fr) — Bsin®(h/ fr) cos*(h/ fx), (2.86)

we naturally obtain

a~yPRlod, B~ ylRYR/ G (2.87)

In order to allow for a viable EWSB; the leading contribution to «, originating from Va(h),
needs to feature a tuning within its contributions that brings it from its natural size of

O(yt? “r/ gw) down to O(y r/ gw) Explicitly, the (non-trivial) minimum of the potential
(2.86) occurs at

s (/1) = 5 (2.8)
which requires o — 3 to be as small as
a—fB=—-28sin’(v/fr) (2.89)

in order to allow for the sought solution. Comparing this required size to its natural size
of a — f ~ y; /gw , we obtain the famous “double tuning” [16]

474 3.2
AL Ye /gwyi;;lggiv/fﬂ) .z;s]n v/ fx), (2.90)

i.e., the coefficients entering V'(h) need not only to cancel to ~ sin?(v/fr)y?/ gi < Y2/ gi
(the standard tuning due to v < f), but another tuning in the contributions to V5 is
required to make it also one order smaller in y?/g> G- Moreover we observe that

m%{ g COS (U/fﬂ) Sinz(v/fw)ﬂ

f2
N t (2.91)
76 .
= o (G- L 20+ ) cos? o £y sin 0/ £).
and thus
3 9
MmHE~ A\ 2V (2.92)
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