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1. Spinning Strings

Introduction: Bosonic strings on AdSs x S5 can be expressed using the fields X (o, 7) € RS
and Y (0, 7) € R?** with X? = Y2 = 1. The equations of motion read

XM-X=X(EX.-X'-X.X), V' -Y=YF . V-VY) (1)
and the Virasoro constraints are given by
XX =V, (R4 (X)2 = (V)24 (V)2 2)
The spins for rotation in the a,b-plane of R® and R?* are given by

Jop = VA (XX — XpX,) do,  Sup = VA (Y.Y, — Y,Y,) do. (3)

o7 2

Problem: Derive the energy and spin of a spinning string using the following ansatz on

R x S?

cos (o) cos(wiT) COSET
cos (o) sin(w;7) sinet
> | siny(o) cos(waT) > B 0
X(o7) = sin (o) sin(wzr) ’ Y{o,7) = 0 (4)
0 0
0 0

a) Substitute the ansatz into the equations of motion and Virasoro constraints to obtain
differential equations for the profile ¢)(c). Show that the resulting equations are
compatible, i.e. that the Virasoro constraints equal the integrated equations of motion.

b) Solve the equations of motion in the special case w; = wy. Restrict to periodic
solutions with ¥ (27) = ¢(0) + 27wm.

c) Find the spins Jio, J34 and energy E = Sp5 of the solution. Express the energy as a
function of the spins.

d) Advanced: Repeat @ and [c)| for the more general case w; # ws and also for folded
strings with ¢ (27) = ¥(0).



2. Spectral Curve

Introduction: The spectral curve p/(x) for the R x S® sector of string theory has the
following properties: The A-cycle of a cut encircles it. The B-cycle of a cut starts and
ends at x = oo and passes through the cut. The A-period is zero and the B-period defines

the mode number of the cut
7{ dp(z) =0 and ]{ dp(x) = 2mny,.
Ay By

The winding number m is defined through the integral

/0 "~ dp(z) = —27m.

The spins Jio and J34 can be read off from the expansion at x =0 and z = oo

_ 21 (J12 + J34) Jiz — J34) 1

p(z) = 2mm Tx +O(2*) and p(z) = 2n( 5y . + O(27?)

and the energy E from the expansion at x = +1

7k 1

p:\/Xx:Fl

+0((zF1)").

Problem: Use the single-cut ansatz

cxd +dz?+ex+ f

P = e a0

to solve for the energy of a solution with Ji5 = J34 = %J and winding number m.

(5)

a) Use the above relations to constrain all the coefficients a, b, ¢, d, e, f before integrating

P ().

b) Use the relation of the winding number m to obtain the energy as a function of J,

m, A. Compare the answer to the solution to problem [I]

c) What is the mode number n associated to the cut?
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3. Heisenberg Chain

Introduction: Consider the periodic Heisenberg spin chain with K up spins and L — K
down spins, i.e. L sites in total. The Heisenberg Hamiltonian is given by

L

H = Z(Ia,a—f—l - 7Da,a-l—l)- (10)

a=1
Here Z, 441, Paa+1 are the identity and permutation operators acting on two adjacent sites
a and a + 1 (periodically identified: L + 1 =1).

Problem: Compute the spectrum of H in the cases specified below: First, enumerate all
states. Second, act with 7 on these states and thus represent it as a matrix in this basis.
Finally, find the eigenvalues of this matrix.

a) Compute the spectrum for the states L = 3 and arbitrary number of spin flips K.
How do these fit into multiplets of SU(2)?

From now on restrict to cyclic states, i.e. identify all states which are equivalent under
cyclic permutations.

b) Compute the spectrum for the states L =4, K =2 and L =6, K = 2, 3.

c) Compute the spectrum for the states with K = 2 and arbitrary length L.



4. Bethe Equations

Introduction: The Bethe equations for the Heisenberg chain are

iN L K .
Uk + 5 — U
(k 3) :||@Llﬁil, fork=1,..., K. (11)
Ug — 5 jzluk—uj—z

J#k

For each solution of these equations (with distinct wuy) there exist an eigenstate of the
Heisenberg Hamiltonian with energy and (exponentiated) momentum

SN i S+
— P 2
E_Z(UHZ._ ) and o =12 (12)

Problem: Use the Bethe equations to derive the energies of states.

a) Compute the spectrum for the states L = 3 and arbitrary number of spin flips K < 3.
Compare to the results of problem How can the multiplets of SU(2) be realised?
How do you interpret additional solutions?

From now on restrict to cyclic states, i.e. identify all states which are equivalent under
cyclic permutations. Hint: Cyclic states have zero momentum.

b) Compute the spectrum for the states L =4, K =2 and L = 6, K = 2,3. Compare
to the results of problem @ Hint: the state L = 6, K = 3 is singular, can you find
it?

c) Compute the spectrum for the states with K = 2 and arbitrary length L. Compare
to the results of problem @
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