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Exercise 1. Charge and momentum operators

The quantized fields for a complex scalar and a fermion can be written as

φ(x) =

∫
d3~p

(2π)3
1

2ωp

(
a~p e

−i px + b†~p e
i px
)

ψ(x) =

∫
d3~p

(2π)3
1

2ωp

∑
s=1,2

(
b~p,s u(p, s)e−i px + d†~p,s v(p, s)ei px

)

(a) Compute the (normal ordered) charge operator Q =
∫
d3~x i :φ†

←→
∂0φ : for a complex scalar

field and interpret the result.

(b) Compute the (normal ordered) charge operator Q =
∫
d3~x :ψ†ψ : for a fermion field. Show

that the states b†~q|0〉 and d†~q|0〉 are eigenstates of Q and find the eigenvalues. How does
this generalize to arbitrary states of the Fock space?

(c) Compute the momentum operator Pµ for a free fermion field.

(d) Show that Pµ commutes with Q and hence that b†~q|0〉 and d†~q|0〉 are also eigenstates of Pµ.

Exercise 2. Fermion propagator

(a) Compute the Feynman propagator for fermions i SF (x− y) ≡ 〈0|T ψα(x) ψ̄β(y)|0〉. What
is the interpretation of the two terms from the time ordering?

(b) Show that SF (x− y) is a Green function for the Dirac equation.

Exercise 3. Gauge invariance of QED Lagrangian

The Lagrangian of QED is given by

L = −1

4
FµνFµν + ψ̄(i 6∂ −m)ψ − eψ̄ 6Aψ

(a) Show that this Lagrangian is invariant under gauge transformations ψ(x)→ e−ieχ(x)ψ(x),
Aµ(x)→ Aµ(x) + ∂µχ(x).

(b) How do the electric ~E and magnetic field ~B transform under gauge transformations?

(c) Show that the gauge freedom can be used to fix the potential such that it satisfies the
conditions A0 = 0 and ~∇ · ~A = 0.
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