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Exercise 1. Weyl spinors

We write a Lorentz transformation in terms of the six parameters ~θ and ~η as Λµν = gµν + ωµν
with

ωµν =


0 η1 η2 η3
η1 0 −θ3 θ2
η2 θ3 0 −θ1
η3 −θ2 θ1 0

 (1)

(a) Write the transformation property of a (contravariant) 4-vector under infinitesimal rota-
tions as well as under infinitesimal boosts in terms of the (infinitesimal) parameters ~θ and
~η.

(b) Using the transformation property of a left-handed Weyl spinor ψL, show that ψ†Lσ̄
µψL

transforms as a (contravariant) 4-vector.

(c) Deduce from your working in (b) that ψ†Rσ
µψR, where ψR is a right-handed Weyl spinor,

also transforms as a (contravariant) 4-vector.

Exercise 2. Poincare Algebra

In the lecture it was shown that the the generators Jµν transform as

D(Λ, a)JµνD−1(Λ, a) = Λ µ
σ Λ ν

κ (Jσκ + aκP σ − aσP κ) (2)

under a general Poincare transformation xµ → Λµνxν + aµ.

(a) Considering a pure translation Λµν = gµν with infinitesimal aµ derive the commutation
relations between Jµν and P ρ.

(a) Considering a homogeneous Lorentz transformation aµ = 0 and Λµν = gµν + ωµν with
infinitesimal ωµν derive the commutation relations between Jµν and Jρσ.

Exercise 3. Dirac equation

The most general linear (in ∂t and ~∇) wave equation can be written as (i ∂µγµ−m)ψ = 0. Show
that the requirement that this equation is consistent with the Klein-Gordon equation entails
that the “coefficients” γµ satisfy the relations {γµ, γν} = 2gµν .

Hence show that the coefficients γµ have to be at least 4× 4 matrices.
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