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Definitions: von Neumann entropy. In this series we will derive some useful properties of
the von Neumann entropy: the quantum version of Shannon entropy.

The von Neumann entropy of a density operator p € S(J#,) is defined as
H(A), =—tr(plogp) = Z)\ log \;, (1)

where {);}, are the eigenvalues of p.

Given a composite system ) ® H#p ® H¢ we write H(AB), to denote the entropy of the
reduced state of a subsystem, pap = trc(papc). When the state p is obvious from the context
we drop the indices.

The conditional von Neumann entropy is defined as
H(A|B), = H(AB), — H(B),. (2)

In the Alice-and-Bob picture this quantifies the uncertainty that Bob (who holds the B part of
the quantum state pap) still has about Alice’s state.

The strong sub-additivity property of the von Neumann entropy is very useful. It applies to a
tripartite composite system ) ® #p Q A,

H(A|BC), < H(A[B),. (3)

Exercise 1. Properties of the von Neumann Entropy.

(a) Prove the following general properties of the von Neumann entropy:

(i) H(A), > 0 for any pa.
(ii) If pap is pure, then H(A), = H(B),.
Hint. Use the Schmidt decomposition of bipartite pure states: for any |Y)ap, there exist
coefficients px, and two orthonormal sets of vectors {|xk)a}r and {|dr) B}k, such that |Y) ap =
2ok VP XK) A ® |Ok) B
(iii) If two systems are independent, pap = pa ® pp, then H(AB), = H(A),, + H(B),,

Solution.

(i) We have H(A), = — >, prlogpk, where py are the eigenvalues of pa. But —logpyx is positive since
probabilities are less than one, hence H(A), > 0.

(i1) This becomes clear when you apply the Schmidt decomposition to the pure state pap: the reduced
states of the two subsystems A and B have the same eigenvalues and therefore the same von Neumann
entropy.

(iii) We denote by {Ai}; and {v;}, the eigenvalues of pa and pp respectively. Hence {Xi7;}, ; are the
eigenvalues of pap and we can write:

H(AB), == X\iv;log(\i)
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(b) Consider a bipartite state that is classical on subsystem Z: pza = >, p.|2)(z|z ® p3 for
some basis {|z)z}, of 7. Show that:

(i) The conditional entropy of the quantum part, A, given the classical information Z is
HAZ), = Y p- HAZ =2), (1)

where H(A|Z = z) = H(A),z .

A

Solution. First, note that the eigenvalues of ) _p:|2)(z| ® p} are given by {p:Ai}, ., where {A\7},
are the eigenvalues of p% = p4z—.. We may now write:

H(AZ), sz)\k log(p- A7)
= - sz (Z)\i) logp. — ZPZ(Z)\Z log)\i)
z k z k
) + sz (A1Z = 2),
and
H(A|Z), = H(AZ), p*ZPz (AlZ =2) .

(ii) The entropy of A is concave,

p> sz (A|Z = 2). (5)

Solution. First note that from strong sub-additivity follows sub-additivity, H(AC) < H(A) +
H(C), if 73 is empty. Applying this to a system classical in %, we get

H(AZ)< HA)+H(Z) . (S.1)
However, we also have as seen before
H(AZ )+ b HAIZ =2). (8:2)

from which the inequality follows immediately.

(iii) The entropy of a classical probability distribution {p.}, cannot be negative, even if
one has access to extra quantum information, A,

H(Z]A), > 0. (6)

Solution. Let us introduce a copy of the classical subsystem Z, Y, as follows:

PAZY—ZPZ (2lz @ |2)(zly ® pia-

Note that, for this state, H(AZ) = H(AY) = H(AZY).



We may now appply the strong sub-additivity,

H(Y|AZ) < H(Y|A)
& H(AZY) + H(A) < H(AZ) + H(AY)
=H(AZY)
& 0< H(AZ) — H(A)
& 0< H(Z|A)

Remark: Eq (6) holds in general only for classical Z. Bell states are immediate
counterexamples in the fully quantum case.

Exercise 2. Von Neumann Entropy and Entanglement.

(a) Compute the entropies H(A), H(AB) and the conditional entropy H(A|B) of the Bell
state

1
V2

(b) Calculate the conditional entropies H(A|BC), H(AB|C) and H(A|B) of the GHZ state

") ap = —= (100045 + [11)a) ; (7)

GHZ) ape = jﬁ (1000} apc + |111) apc) - (8)

Solution.

(a) The reduced state on A is the fully mixed state, 1. Then H(A) =1, and H(AB) = 0 because the global
state is pure. Then

H(A|B) = H(AB) — H(A) = —1. (S.3)

(b) The reduced state on A is fully mixed, %]l7 and the reduced state on AB is classically correlated, pap =
1100)(00] + |11)(11|. Then

H(A)=1 ; H(AB)=1 ; H(A|B)=0. (S.4)
Then since the global state is pure, H(ABC) = 0 and
H(ABC)=-1 ; H(AB|C)=-1. (S.5)

Consider a separable state pap, i.e. a state that can be written as a convex combination of
product states:

pas = pery ®py (9)
k

where {py}x is a probability distribution.

(c) Prove that the von Neumann entropy is always positive for such a state,

H(A|B),>0. (10)



Remark: This means that, whenever the conditional entropy is negative, you are necessarily in
possession of an entangled state.

Hint. First use the results of point (b) of the previous exercise to prove that the conditional von Neumann

entropy is concave, i.e. if pap = 1. Dk pff])i,, then

A|B ZpkH A|B)p<k) : (11)

Solution. Let’s first prove the claim, given in the hint, that the conditional von Neumann entropy is concave.
Let pap =Y, Pk pffl)g. As a convenience, let’s introduce an extra classical system Z and define the state

PABZ = Zpk |k)(klz @ pff,; , (S.6)
k

i.e. Z is an additional, fictive, register that contains the information about which of the product states pffg the
system is actually in. Note that tracing out Z, we obtain the initial given state pap.

Consider the conditional entropy H (A|B)p. By strong subadditivity, and writing out the entropies, we have
H(A|B)p > H(A|BZ)p = H(ABZ)—- H(BZ)=H (AB|Z)— H (B|Z) . (S.7)
We then use point (b) (i) of the previous exercise to write
Zpk (H(AB|1Z=2),-H(BIZ=2),) = Zm (H (AB) 0 — H (B) 00 )
= P H(AB),w - (S.8)
k

Now, return to the main problem of the exercise, and let pap be a separable state of the form (9). By concavity
of the conditional von Neumann entropy shown above, and using its additivity for independent systems,

H(A|B), ZPkH (AlB) ) g 00 = Zpk [ B) (g, = H(B)pgw]

:Zpk[H( o +H (B) ) — H (k)] ZpkH ), =0
k



