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1. Linear dilaton (intermediate)

The general worldsheet action for massless background �elds is given by

S =
1

4πκ2

∫
d2ξ
√
− det g

(
(gαβGµν + εαβBµν)∂αX

µ∂βX
ν + κ2RΦ

)
.

To consider a concrete example of a background for string theory we want to have a look
at the linear dilaton background where

Gµν = ηµν , Bµν = 0 and Φ = VµX
µ

with Vµ a constant vector and R the worldsheet Ricci scalar.

a) Show that the β functions de�ned on the last problem sheet vanish for VµV
µ =

(26−D)/6κ2.

b) Derive the worldsheet energy-momentum tensor

T (z) = − 1

κ2
:∂Xµ∂Xµ: + Vµ∂

2Xµ

of this theory and show that the central charge is given by

c = D + 6κ2VµV
µ.

2. (D)BI action (intermediate � hard)

In an attempt to solve the problem of the in�nite classical self-energy of a charged point
particle Born and Infeld proposed a non-linear generalisation of Maxwell's theory

SBI ≈
∫
d4x
√
− det(ηαβ + kFαβ)

with k a constant. A further generalisation of this action appears in open string theory as
part of the world-volume action of a Dp-brane in the form of the Dirac-Born-Infeld action

SDBI = −TDp
∫
dp+1ξ

√
− det(ηµν∂αXµ∂βXν + kFαβ).

In both cases, Fαβ is the Maxwell �eld strength. For simplicity we'll have a look at the
BI-action.

a) Show that the Born-Infeld Lagrangian can be rewritten

LBI =
√

det(ηαβ − kFαβ) = exp
(1
4
tr log(ηαβ − k2(F 2)αβ)

)
where (F 2)αβ = FαγF

γ
β .

b) Determine the equations of motion of the gauge �eld from the BI action and expand
them in k to derive the leading order correction to the vacuumMaxwell �eld equations.

c) (advanced) Expand the DBI action to fourth order in k and show that the quadratic
term gives Maxwell's action. Repeat b) for the DBI action.
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