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1. Symmetries of the classical string (intermediate)

In this exercise we examine the classical symmetries of the Polyakov string

SP = −T
2

∫
d2ξ
√
−g gαβ ∂αXµ ∂βX

ν ηµν .

We start with the global symmetries � Lorentz and translational symmetry � and proceed
to gauge symmetries � reparametrisation and Weyl symmetry.

a) Consider the transformation

Xµ → ΛµνX
µ + aµ

which is a combination of a Lorentz transformation and a translation, a.k.a. a Poincaré
transformation. Using the Noether procedure show that in conformal gauge gαβ = ηαβ
the Noether currents corresponding to these symmetries are given by

Pαµ = T∂αXµ, J α
µν = PαµXν − PανXµ.

b) Find and identify the conserved charges associated with Lorentz boosts and time
translations. Hint : For the Lorentz boost assume X0 = t.

c) Show that the Polyakov string action is invariant under a reparametrisation ξα →
ξ̃α(ξ).

d) Show that the Polyakov string is also invariant under Weyl transformations: local
length-changing but angle preserving transformations of the metric gαβ → e2ω(ξ)gαβ.

e) Consider an in�nitesimal Weyl transformation

δgαβ = 2ωgαβ and δXµ = 0

and show that Weyl symmetry implies the vanishing of the trace of the worldsheet
energy-momentum tensor

Tαα = 0.

Hint: The variation of the determinant is given by

δ det g = − det g gαβ δg
αβ.
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2. Classical spinning strings (easy � intermediate)

The classical solution for the wave equation is given by

Xµ(σ, τ) = Xµ
L(τ + σ) +Xµ

R(τ − σ),

the constraints by
Ẋ ·X ′ = 0 and Ẋ2 +X ′2 = 0.

It will be bene�cial to work in static gauge X0(σ, τ) = Rτ (τ being the worldsheet time).

a) Show that

X0 = Rτ

X1 = R cos(σ) cos(τ)

X2 = R cos(σ) sin(τ)

can be written in the form of the general solution of the wave equation and that it
ful�ls the constraints. Calculate the energy P 0 = E and the angular momentum Jij
of the solution.

b) Show that

X0 = Rτ

X1 = R cos(σ) cos(τ)

X2 = R cos(2σ) sin(2τ)

can be written in the form of the general solution of the wave equation but does not
ful�l the constraint equations.

c) (optional) Closed strings can develop cusps. These points σ0 on the string are
indicated by a singularity in the parametrisation

∂ ~X

∂t
(σ0, t) = 0.

Show that the string reaches the speed of light at a cusp. Moreover, show that cusps
move perpendicular to the direction of the string.

d) (advanced) Explain why cusps form generically in 3 + 1 dimensions but not so in
higher dimensions.
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