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Exercise 8.1 Independent Dimers in a Magnetic Field. Quantum vs Ising

We consider a system of N independent dimers of two spins, s = 1/2, described by the
Hamiltonian

Hquantum
0 = J

∑
i

(
~Si,1 · ~Si,2

)
, (1)

where i is the dimer index and m = 1, 2 denotes the spin state along z direction (| ↑〉 or
| ↓〉). For simplicity, we use ~ = 1. To this quantum system corresponds a classical Ising
dimer, described by:

HIsing
0 =

1

2
J
∑
i

(
σi,1 · σi,2 −

1

2

)
, (2)

where σi,m = ±1. The spins are align along the z axis. We will use eigenstates and
eigenenergies to denote also the classical states and energies.

a) What are the eigenstates and the eigenenergies of a single dimer for the two cases?

b) For both cases consider the macroscopic system and determine the Helmholtz free
energy, the entropy, the internal energy and the specific heat as a function of tem-
perature and N . Discuss the limit T → 0 and T →∞ for both signs of J (antifer-
romagnetic and ferromagnetic case).

c) We now apply a magnetic field along z direction leading to an additional term in
the Hamiltonian,

Hquantum
mag = −gµBH

∑
i,m

Sz
i,m (3a)

HIsing
mag = −gµBH

∑
i,m

σi,m
2
. (3b)

How do the eigenenergies change? Sketch the energies with respect to the applied
field H, the partition functions and determine the ground state for both cases. For
the antiferromagnetic case you should notice a critical field. What differences do
you notice between the classical and quantum system when the the critical field is
reached? For the quantum case discuss in this context the entropy per dimer in the
limit T → 0.

d) Calculate the magnetization m for the two cases. In which limit are they the same?
Moreover compute the magnetic susceptibility χ for the quantum case and discuss
its dependence on H for different temperatures.
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