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Exercise 1 [Commutation relations of massless vector fields |: The equal time commu-

tation relations of the vector fields are

[Au(tv X)? AV(tv X,)] = [Alt(t’ X): AV(t’ X/)] =0
(A, (%), A,(t,X)] = —igu 6¥(x—x).
Expand the fields in terms of modes as
3
A, (t,x) = /dl% Z [a(’\)(k) ef;\)(k:) e kT g a()‘)T(k) EEL’\)(k) eik'ﬂ ,
A=0
where -,
dk = ——— ko = |k
(27)3 2k’ 0= [kl
and the eff)(k;) are polarisation vectors that satisfy
3 (M) (A
en (k) e (k) ) () _AX
Z (k) - €0 (k) =G, and  €V(k)- e (k) =g .
A=0
Show that the above equal time commutation relations (1) imply
[ (), a™ ()] = [am (), a1 (k)] =
@), aI(E)] = —gW 2O (2m)? 5O) <k K) |
Exercise 2 [Stickelberg theory |:
(i) Show that the Stiickelberg Langrangian
1 1 1
:——F2 _2A2__ 'A2
L=—1F"+5n 570 A)
leads to the equations of motion
O+p*)A—(1-n)00-A)=0.
(ii) Show that the mode expansion
Bk 3 '
Ap(x) = /QkO 27T 3 Z e*@k-m —|—CL()\)T(]€) Eg)\)(k) ik- g:”ko_\/m
=1

Pk Ok, :
+f - F (0) —ik-x O (k) gikx
/ 2 ka (271')3 /J [CL (k) € a ( i| ‘ko—~/k2+m2 )

(1)



solves the equation of motion (7), where m? = 12/ and the polarisation vectors € (k),
1 =1,2,3, are chosen so that

e€V(E)-eD(k)= -7,  Dk)-kE=0. (8)

(iii) Using the form of the canonical commutation relations

[a™M (), a® (K] = 6an (2m)3 20/ k2 + 126 (k= K) A\ N €{1,2,3} (9)

and

(@O (k), DT (k)] = —(27)° 2V K2 + m2 6P (k — K') | (10)

calculate the Feynman propagator, and show that it takes the form

<0|T<AP(I) Al,(y)>|0> _ —i/ (;ljr];4 o~ ik (@) (gpu —kpkfu/HZ 4 k’pku/MQ : > ‘ (11)

k2 —p?+ie  k2—m?+1ie

Hint: Derive the identities for the polarisation vectors from the electromagnetic case, eq.
(4), with
(0 _ ke
1
After you have calculated the time ordered expectation value from first principles, work
backwards from the given answer to show that the two expressions agree.

(iv) Show that in the limit of n — 0 with u # 0, (11) reproduces the propagator of the
Proca theory,

Bk ey G — Kok /i
01T (4,(2) A () )10} = ~i / e 0 Jor =~ Kohu 115 060 (—y) . (12)

27) k? — p? +ie  p?

(v) Show that in the limit ¢ — 0 with n # 0, (11) reproduces the propagator of the
massless photon field with Feynman parameter 7,

OIT (4y(2) Aufw)) 0) = =i [ g evtemn 2 G-

27)4 k? + ie




