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Exercise 1 [Commutation relations of massless vector fields ]: The equal time commu-
tation relations of the vector fields are

[Aµ(t,x), Aν(t,x
′)] = [Ȧµ(t,x), Ȧν(t,x

′)] = 0

[Aµ(t,x), Ȧν(t,x
′)] = −igµν δ(3)(x− x′) . (1)

Expand the fields in terms of modes as

Aµ(t,x) =

∫
dk̃

3∑
λ=0

[
a(λ)(k) ε(λ)

µ (k) e−ik·x + a(λ)†(k) ε(λ)
µ (k) eik·x

]
, (2)

where

dk̃ =
d3k

(2π)3 2k0

, k0 = |k| , (3)

and the ε
(λ)
µ (k) are polarisation vectors that satisfy

3∑
λ=0

ε
(λ)
µ (k) ε

(λ)
ν (k)

ε(λ)(k) · ε(λ)(k)
= gµν , and ε(λ)(k) · ε(λ′)(k) = gλλ

′
. (4)

Show that the above equal time commutation relations (1) imply

[a(λ)(k), a(λ′)(k′)] = [a(λ)†(k), a(λ′)†(k′)] = 0

[a(λ)(k), a(λ′)†(k′)] = −gλλ′
2k0 (2π)3 δ(3)(k− k′) . (5)

Exercise 2 [Stückelberg theory ]:

(i) Show that the Stückelberg Langrangian

L = −1

4
F 2 +

1

2
µ2A2 − 1

2
η (∂ · A)2 (6)

leads to the equations of motion(
� + µ2

)
Aρ − (1− η) ∂ρ (∂ · A) = 0 . (7)

(ii) Show that the mode expansion

Aρ(x) =

∫
d3k

2 k0 (2π)3

3∑
λ=1

[
a(λ)(k) ε(λ)

ρ (k) e−ik·x + a(λ)†(k) ε(λ)
ρ (k) eik·x

]∣∣
k0=
√

k2+µ2

+

∫
d3k

2 k0 (2π)3

kρ
µ

[
a(0)(k) e−ik·x + a(0)†(k) eik·x

]∣∣
k0=
√

k2+m2 ,



solves the equation of motion (7), where m2 = µ2/η and the polarisation vectors ε(i)(k),
i = 1, 2, 3, are chosen so that

ε(i)(k) · ε(j)(k) = −δij , ε(i)(k) · k = 0 . (8)

(iii) Using the form of the canonical commutation relations

[a(λ)(k), a(λ′)†(k′)] = δλλ′ (2π)3 2
√

k2 + µ2 δ(3)(k− k′) λ, λ′ ∈ {1, 2, 3} (9)

and
[a(0)(k), a(0)†(k′)] = −(2π)3 2

√
k2 +m2 δ(3)(k− k′) , (10)

calculate the Feynman propagator, and show that it takes the form

〈0|T
(
Aρ(x)Aν(y)

)
|0〉 = −i

∫
d4k

(2π)4
e−ik·(x−y)

(
gρν − kρkν/µ2

k2 − µ2 + iε
+

kρkν/µ
2

k2 −m2 + iε

)
. (11)

Hint: Derive the identities for the polarisation vectors from the electromagnetic case, eq.
(4), with

ε(0)
ν =

kν
µ
.

After you have calculated the time ordered expectation value from first principles, work
backwards from the given answer to show that the two expressions agree.

(iv) Show that in the limit of η → 0 with µ 6= 0, (11) reproduces the propagator of the
Proca theory,

〈0|T
(
Aρ(x)Aν(y)

)
|0〉 = −i

∫
d4k

(2π)4
e−ik·(x−y)

gρν − kρkν/µ2

k2 − µ2 + iε
− i

µ2
δρ0 δν0 δ

(4)(x−y) . (12)

(v) Show that in the limit µ → 0 with η 6= 0, (11) reproduces the propagator of the
massless photon field with Feynman parameter η,

〈0|T
(
Aρ(x)Aν(y)

)
|0〉 = −i

∫
d4k

(2π)4
e−ik·(x−y)

gρν − (1− η−1)kρkν

k2

k2 + iε
. (13)


