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Exercise 1:
Show that for two 2-components spinors ψ and χ, we have

a) ψχ = χψ

b) ψ̄χ̄ = χ̄ψ̄

c) (ψχ)† = ψ̄χ̄

d) ψ̄σ̄µχ = −χσµψ̄ = (χ̄σ̄µψ)? = −(ψσµχ̄)?

e) ψσµσ̄νχ = χσν σ̄µψ = (χ̄σ̄νσµψ̄)? = (ψ̄σ̄µσνχ̄)?

Exercise 2:
Prove the Fierz rearrangement identity:

χα(ξη) = −ξα(ηχ)− ηα(χξ).

Exercise 3:
Prove the following reduction identities:

a) σµαα̇σ̄
β̇β
µ = 2δβαδ

β̇
α̇

b) σµαα̇σµ,ββ̇ = 2εαβεα̇β̇

c) σ̄µα̇ασ̄β̇βµ = 2εαβεα̇β̇

d) [σµσ̄ν + σν σ̄µ] β
α = 2ηµνδβα

e) [σ̄µσν + σ̄νσµ]β̇α̇ = 2ηµνδβ̇α̇

f) σ̄µσν σ̄ρ = ηµν σ̄ρ + ηνρσ̄µ − ηµρσ̄ν + iεµνρλσ̄λ

g) σµσ̄νσρ = ηµνσρ + ηνρσµ − ηµρσν − iεµνρλσλ,

where εµνρλ is the totally antisymmetric tensor with ε0123 = +1.
Exercise 4:
In this exercise we will learn how 2-components spinors are connected to the Dirac spinors
we used in QFT 1.
A Dirac spinor transforms in the reducibel representation (1/2, 0)⊕ (0, 1/2). It can be built
from the dotted and undotted spinors as

ΨD =
(
ψα
χ̄α̇

)
.

The Dirac gamma matrices are given by

γµ =
(

0 σµ

σ̄µ 0

)
, γ5 ≡ iγ0γ1γ2γ3 =

(
12x2 0

0 −12x2

)
.
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The Dirac spinor is formed by a left- and a right-handed Weyl spinor:

PLΨD =
1 + γ5

2
ΨD =

(
ψα
0

)
PRΨD =

1− γ5

2
ΨD =

(
0
χ̄α̇

)
From the 2-components spinors we can also form a Majorana spinor

ΨM =
(
ψα
ψ̄α̇

)
by setting χ ≡ ψ.

a) Show that the Lagrangian for a Dirac fermion

LD = iΨ̄Dγ
µ∂µΨD −MΨ̄DΨD

written in 2-components notation up to a total divergence is

LD = iψ̄σ̄µ∂µψ + iχ̄σ̄µ∂µχ−M(ψχ+ ψ̄χ̄).

Note that Ψ̄D = (χα ψ̄α̇).

b) Prove the following identities:
ΨiPLΨj = χiψj

c) ΨiPRΨj = ψ̄iχ̄j

d) Ψiγ
µPLΨj = ψ̄iσ̄

µψj

e) Ψiγ
µPRΨj = χiσ

µχ̄j

f) Show that the Lagrangian for Majorana fermions

LM =
i

2
Ψ̄Mγ

µ∂µΨM −
1
2
MΨ̄MΨM

written in 2-components notation up to a total divergence is

LM = iψ̄σ̄µ∂µψ −
1
2
M(ψψ + ψ̄ψ̄).
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