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1. Blasting of an industrial chimney
Since the chimney is rotating around 0 we get the equation of motion

I · ϕ̈ = Mg
L

2
sinϕ

where

I =
ML2

3

is the moment of inertia of the the chimney. We therefore have an angular
acceleration of

ϕ̈ =
3
2
g sinϕ
L

In the frame of the falling chimney an element dm = M
L dx experiences a

perpendicular force given by

dF = −M
L
xϕ̈dx+

M

L
g sinϕdx

An element at distance x0 from 0 experiences a torque due to the rest of
the chimney above it. This torque is given by

D(x0) =
M

L
ϕ̈

∫ L

x0

x(x− x0)dx− M

L
g sinϕ

∫ L

x0

(x− x0)dx

=
M

L

[
ϕ̈

(
x3

0

6
− L2

2
x0

)
+ g sinϕ

(
Lx0 −

x2
0

2

)]
+ const

The extremal torque is found by

dD(x0)
dx0

= 0

with the solutions x0 = L/3 (maximal torque) and x0 = L (minimal
torque). The maximum torque is therefore found at distance x0 = L/3
from 0. This is where the chimney might possibly break.
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2. Moments of Inertia
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Figure 1: Thin square plate

(a) Take the origin at the centre O of the square. For a coordinate frame
attached to the square, take the plane of the square as the xy-plane
with the x- and y-axis parallel to the sides. The z-axis, which is along
the normal, makes an angle θ with the z′-axis of the laboratory frame
about which the square rotates, as shown in figure 1. We also assume
that the x-, z- and z′-axes are coplanar.
Then by symmetry the x-, y- and z-axes are the principal axes of
inertia about O, with corresponding moments of inertia

Ixx = Iyy =
ma2

12
, Izz =

ma2

6
,

where m is the mass of the square.

(b) The angular momentum J resolved along the rotating frame coordi-
nate axes is Jx

Jy

Jz

 =

 ma2

12 0 0
0 ma2

12 0
0 0 ma2
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 ω sin θ

0
ω cos θ

 =

 ma2

12 ω sin θ
0

ma2

6 ω sin θ

 .

We can choose the laboratory frame so that its y′-axis coincides witht
the y-axis at t = 0. Then the unit vectors of the two frames are
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related by

ex = cos θ cosωtex′ + cos θ sinωtey′ + sin θez′ ,

ey = − sinωtex′ + cosωtey′ ,

ez = − sin θ cosωtex′ − sin θ sinωtey′ + cos θez′
.

Hence the angular momentum resolved along the laboratory frame
coordinate axes is Jx′

Jy′

Jz′

 =

 cos θ cosωt − sinωt − sin θ cosωt
cos θ sinωt cosωt − sin θ sinωt

sin θ 0 cos θ

 ma2

12 ω sin θ
0

ma2

6 ω cos θ



=

 −ma2

12 ω sin θ cos θ cosωt
−ma2

12 ω sin θ cos θ sinωt
ma2

12 ω(1 + cos2 θ)

 .

(c) The torque on the axis in the laboratory frame is given by

M =
dJ
dt

=

 ma2

12 ω2 sin θ cos θ sinωt
−ma2

12 ω2 sin θ cos θ cosωt
0

 .
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