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Question 1 [Christoffel Symbols and Geodesic Equation in Euclidean Space ]:
The metric of Euclidean R3 in spherical coordinates is

ds2 = dr2 + r2(dθ2 + sin2 θdφ2) .

i) Calculate the Christoffel components Γσµν in this coordinate system.

ii) Write down the components of the geodesic equation in this coordinate system, and
verify that the solutions correspond to straight lines in Cartesian coordinates.

Question 2 [Riemann and Weyl Tensor ]:

i) Show that in two dimensions, the Riemann tensor takes the form

Rabcd = Rga[cgd]b .

(Hint: First deduce that the Riemann tensor has only one independent component
in two dimensions. Then show that ga[cgd]b spans the vector space of tensors having
the symmetries of the Riemann tensor.)

ii) By similar arguments show that in three dimensions the Weyl tensor

Cabcd = Rabcd −
2

n− 2
(ga[cRd]b − gb[cRd]a) +

2

(n− 1)(n− 2)
Rga[cgd]b

vanishes identically. (Hint: In three dimensions the Riemann tensor has 6 indepen-
dent components. Write down the different components of the Riemann tensor and
express them in terms of the Ricci tensor Rab and the scalar curcature R.)

Question 3 [Metric and Riemann Tensor of a Sphere ]:

i) Determine the metric on the surface of a sphere of radius r in the usual spherical
coordinates (θ, φ). Determine also the inverse metric gαβ.

ii) Calculate the Riemann curvature tensor of the sphere. (Hint: Because of Question
2 i) there is only one independent component which you can take to be Rθφθφ.
Determine all other components in terms of it.)


