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Question 1 [Symmetries of tensors ]:
The Riemann tensor Rµνρλ has the properties

Rµνρλ = −Rνµρλ , R[µνρ]λ = 0 , Rµνρλ = −Rµνλρ .

(i) Show that it satisfies
Rµνρλ = Rρλµν .

(ii) The Ricci tensor is defined by

Rµν = Rµρνλ gρλ .

Show that the Ricci tensor is symmetric,

Rµν = Rνµ .

(iii) For n > 2 we define the Weyl tensor Cµνρλ by the equation

Rµνρλ = Cµνρλ +
2

n − 2

(

gµ[ρRλ]ν − gν[ρRλ]µ

)

−

2

(n − 1)(n − 2)
Rgµ[ρgλ]ν ,

where R is the scalar curvature defined by

R = Rµνg
µν .

Show that the Weyl tensor has the same symmetry properties as the Riemann tensor, i.e.

Cµνρλ = −Cνµρλ , C[µνρ]λ = 0 , Cµνρλ = −Cµνλρ .

Furthermore, show that the Weyl tensor is traceless with respect to the contraction of
any pair of indices.

Question 2 [Lie derivative ]:
In components, the action of the Lie derivative LX on a vector field R is given as

(LXR)µ =
∂Rµ

∂xν
Xν

− Rν ∂Xµ

∂xν
,

while the action on a 1-form ω is

(LXω)µ =
∂ωµ

∂xν
Xν + ων

∂Xν

∂xµ
.

(i) Show that
LX(Y ) = [X, Y ] .



(ii) Check that acting on vector fields and 1-forms we have

L[X,Y ] = LXLY − LY LX .

Question 3 [Differential forms ]:
Check that the exterior derivative of a 2-form Ω, defined by

dΩ(X1, X2, X3) =X1(Ω(X2, X3)) − X2(Ω(X1, X3)) + X3(Ω(X1, X2))

−Ω([X1, X2], X3) + Ω([X1, X3], X2) − Ω([X2, X3], X1)

defines indeed a 3-form, i.e. that

dΩ(fX1, X2, X3) = dΩ(X1, fX2, X3) = dΩ(X1, X2, fX3) = fdΩ(X1, X2, X3) .


