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Question 1 [Symmetries of tensors |:
The Riemann tensor R, ) has the properties

Ruyp)\ = _Ruup)\ ) R[,uup])\ =0 > Ruyp)\ = _Ruu)\p .

(i) Show that it satisfies
Ruup)\ = Rp)\uu .

(ii) The Ricci tensor is defined by
Ryy = Rypn g™
Show that the Ricci tensor is symmetric,
R, =R, .
(ili) For n > 2 we define the Weyl tensor C,,,» by the equation

2 2
Ruvpr = Cuvpr + n_o (%[pR/\}v - QV[/)RM#> - (n—1)(n— Q)Rgu[pgA]V ,

where R is the scalar curvature defined by
R =R, ¢" .
Show that the Weyl tensor has the same symmetry properties as the Riemann tensor, i.e.
Cuvor = =Clppn C[HVPP\ =0, Cvor = =Clwxp -

Furthermore, show that the Weyl tensor is traceless with respect to the contraction of
any pair of indices.

Question 2 [Lie derivative |:
In components, the action of the Lie derivative Lx on a vector field R is given as

OR¥ oXH
LyR¥=—X"—R"
(LxF?) oxV r oxv '’
while the action on a 1-form w is
Owy, +, oxX"
(L) = G X" e

(i) Show that
LX(Y) = [X’Y] .



(ii) Check that acting on vector fields and 1-forms we have

L[X7y} = LxLy — LyLX .

Question 3 [Differential forms |:
Check that the exterior derivative of a 2-form €2, defined by

A0(X1, Xa, Xs) =X, (X, X3)) — Xa(QUX1, X3)) + Xs(QX1, X))
—Q([X1, Xo], X3) + Q[X1, X3], Xo) — Q([ Xy, X3], X1)

defines indeed a 3-form, i.e. that

dQ(fX17X27X3) = dQ<X17 fX27X3) = dQ(X17X27 fX3) = fdQ<X1,X27X3) .



