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1. Stereographic projection

The coordinates (x, y) of a point p = (x1, x2, x3) ∈ U+ are

R
2 ∋ (x, y) =

(

x1

1 − x3
,

x2

1 − x3

)

and similarly for (x̄, ȳ) of p ∈ U−,

R
2 ∋ (x̄, ȳ) =

(

x1

1 + x3
,

x2

1 + x3

)

.

The transition function (x, y) 7→ (x̄, ȳ) is defined on the image of the overlap U+ ∩ U− of
the two coordinate patches, i.e. on R

2 \ {(0, 0)}. Since

1 − x3

1 + x3

=
1

x2 + y2
,

it is given by

(x̄, ȳ) =

(

x

x2 + y2
,

y

x2 + y2

)

.

2. Tensors

a) Let {e1 . . . en} be a basis for V . A general tensor T ∈ V ⊗V is of the form T = T ijei⊗ej

with any n×n matrix (T ij). If T = v1⊗v2, with vk = vi
(k)ei, then T ij = vi

(1)v
j

(2) is a rank 1
matrix since each column vector is a multiple of v2. Thus it cannot be general.

b) Tensors T ∈ V ⊗ W ∗ and linear maps T̃ : W 7→ V are brought in one-to-one corre-
spondence through

〈ν, T̃w〉 = T (ν, w) , (ν ∈ V ∗ , w ∈ W ) .

3. On the Lie derivative

It follows from the transformation law

R
α

β = Ri
j

∂x̄α

∂xi

∂xj

∂x̄β

that

R
α

β,γ = Ri
j,k

∂x̄α

∂xi

∂xj

∂x̄β

∂xk

∂x̄γ
+ Ri

j

( ∂2x̄α

∂xi∂xk

∂xk

∂x̄γ

∂xj

∂x̄β
+

∂x̄α

∂xi

∂2xj

∂x̄β∂x̄γ

)

;

Similarly, from

X
γ

= X l ∂x̄γ

∂xl
,

that

X
γ
,δ = X l

,m

∂x̄γ

∂xl

∂xm

∂x̄δ
+ X l ∂2x̄γ

∂xl∂xm

∂xm

∂x̄δ
.



Plugging this into

(LXR)α
β = R

α
β,γX

γ
− R

γ
βX

α
,γ + R

α
γX

γ
,β ,

one obtains, for the terms without second derivatives,

Ri
j,k

∂x̄α

∂xi

∂xj

∂x̄β

∂xk

∂x̄γ
X l

,m

∂x̄γ

∂xl

∂xm

∂x̄δ
− Rk

j

∂x̄γ

∂xk

∂xj

∂x̄β
X i

,m

∂x̄α

∂xi

∂xm

∂x̄γ
+ Ri

k

∂x̄α

∂xi

∂xk

∂x̄γ
X l

,j

∂x̄γ

∂xl

∂xj

∂x̄β

= (Ri
j,kX

k − Rk
jX

i
,k + Ri

kX
k
,j)

∂x̄α

∂xi

∂xj

∂x̄β
= (LXR)i

j

∂x̄α

∂xi

∂xj

∂x̄β
,

where we used
∂xj

∂x̄γ

∂x̄γ

∂xl
= δj

l . (3)

The terms containing second derivatives

Ri
j

( ∂2x̄α

∂xi∂xk

∂xk

∂x̄γ

∂xj

∂x̄β
+

∂x̄α

∂xi

∂2xj

∂x̄β∂x̄γ

)

X l ∂x̄γ

∂xl
− Ri

j

∂x̄γ

∂xi

∂xj

∂x̄β
X l ∂2x̄α

∂xl∂xm

∂xm

∂x̄γ

+Ri
j

∂x̄α

∂xi

∂xj

∂x̄γ
X l ∂2x̄γ

∂xl∂xm

∂xm

∂x̄β

vanish. Indeed, the first and third term cancel each other. The two others do as well
because

∂2xj

∂x̄β∂x̄γ

∂x̄γ

∂xl
+

∂2x̄γ

∂xl∂xm

∂xm

∂x̄β

∂xj

∂x̄γ
= 0 ,

which is seen by taking the derivative of (3) w.r.t. xβ. Thus, the components of LXR

(defined in a chart) transform like a tensor.


