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1. The magnitude-redshift relation

i) The energy traversing the surface at distance d from χ = 0 in the time interval δt is

δE =
hν2

∆τ (2)
δt

(∆τ (i) is the proper time interval between successive photons), the area of this surface is
a = 4π(R0sinnχ)2, and with ν2 = ν1(1 + z)−1, ∆τ (2) = ∆τ (1)(1 + z), d = χR0 we have

f =
L

4πd2(1 + z)2

( χ

sinnχ

)2
=

L

4πd2(1 + z)2

(

1 −

Ωk

3
(Hd)2 + . . .

)

(the second equation follows from sinnχ = χ − (1/6)kχ3 + O(χ5) and (6.23)).

ii) Inverting the redshift-distance relation

z = Hd +
1

2
(1 + q)(Hd)2 + . . .

we get

d = H−1(z −

1

2
(1 + q)z2 + . . .) ,

and therefore
d2(1 + z)2 = H−2z2(1 + (1 − q)z + . . .) ,

so that

f =
LH2

4πz2

(

1 − (1 − q)z + O(z2)
)

.

2. Killing vectors

i) The Killing equation LKg = 0 is, in Minkowski coordinates,

Kµ,ν + Kν,µ = 0 . (2)

This implies ∂µKµ = 0 (without summation) and, by differentiation of (2),

∂µ∂µKν = −∂ν∂µKµ = 0 .

Every Killing vector is therefore of the form Kµ = aµ + b ν
µ xν , with (2) implying that bµν

is antisymmetric. We have then 10 independent Killing fields:

Kµ

(1) = (1, 0, 0, 0) Kµ

(2) = (0, 1, 0, 0) Kµ

(3) = (0, 0, 1, 0) Kµ

(4) = (0, 0, 0, 1) ,

(generators of translations), and

Kµ

(5) = (x, t, 0, 0) Kµ

(6) = (y, 0, t, 0) Kµ

(7) = (z, 0, 0, t) (generators of boosts)

Kµ

(8) = (0, y,−x, 0) Kµ

(9) = (0, 0, z,−y) Kµ

(10) = (0,−z, 0, x) (generators of rotations)



where we have raised the indices.

ii) The Killing equation Kµ;ν + Kν;µ = 0 is

Kµ,ν + Kν,µ = 2Γλ
µνKλ , (3)

and the only nonvanishing Christoffel symbols are

Γv
xx = a(u)a′(u) Γv

yy = b(u)b′(u) Γx
ux =

a′(u)

a(u)
Γy

uy =
b′(u)

b(u)
.

The metric components gij do not depend on (v, y, z), we therefore have the three Killing
fields

Kµ

(1) = (0, 1, 0, 0) Kµ

(2) = (0, 0, 1, 0) Kµ

(3) = (0, 0, 0, 1) .

To find the remaining two Killing fields we put the ansatz proposed on the exercise sheet
Kµ = (0, f(u, x), g(u, x), h(u, x)), i.e.

Kµ = (f(u, x), 0,−a2(u)g(u, x),−b2(u)h(u, x)) ,

into the Killing equations (3) to get


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
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0
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0 0
0









,

which implies f = f(x), g = g(u), h = 0 and

a2(u)∂ug(u) = ∂xf(x) ,

with solution proportional to f = x, g =
∫

a−2du. We have then Kµ

(4) = (0, x,
∫

a−2du, 0);

Kµ

(5) = (0, y, 0,
∫

b−2du) is found in a similar way by means of the ansatz Kµ = (0, f(u, y),

g(u, y), h(u, y)).


