STRING THEORY — HS 08 — PROF. M. GABERDIEL

Exercise Sheet VII

Hand in by 26.11.2008

Problem 1 [Commutation relations for oscillators. ]:  The set of functions €™, with
n € Z, is complete on the interval o € [0, 27] i.e.
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(a) Compute explicitly the commutator [X(7, ), P™/ (7, 0’)] using the mode expansions

of X and P and the commutation relations

[Oéfm O‘i] = m5m+n,077U>
[dim 5‘7{] = m5m+n,077ua

[l &l =o.
Use equation (1) to confirm that the expected answer
(X!(r,0),P™(1,0")] = i6(c — ")’
emerges.

(b) Prove the zero mode commutations relations

I g1 I =J] - ﬁ/ IJ
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starting with a derivation of

[z + V2a'ad, X (1,0")] = ia'n!.

Problem 2 [Action of L — Lg. |:
(a) Prove that equation
e" P xI(r 0)et = X! (1,0 + 0y),

holds for finite 5. You may find it useful to define f(og) = e~77° X!(1,0)e'"’? and
to calculate multiple derivatives of f, evaluated at og = 0.

(b) Explain why

e (X! £ X" (1 o) = (X! £ X7)(r,0 + 00). @

(c) Use equation (2) to calculate e=*770alei? and e~"?0al e, In doing so, you are
finding the action of a ¢ translation on the oscillators.



(d)

Consider the state
\U) =al, a’ |p",pr), m,n>0.

Use the the results of (c) to calculate e=*77°|U). What is the condition that makes
the state |U) invariant under o translations?

Problem 3 [Unoriented closed strings. |:  This is the closed string version of problem
3 exercise VI. The closed string X*(7,0) with o € [0,27] and fixed 7 is a parametrised
closed curve in spacetime. The orientation of a string is the direction of increasing o on
this curve.

(a)

Consider now the closed string X*(7, 2m — o) with the same 7 as above. How is this
second string related to the first above? How are their orientations related? Make a
rough sketch, showing the original strings as a continuous line and the second string
as a dashed line.

Assume there is an orientation reversing twist operator €) such that

QX (r,0)0 ! = X(7,21 — o). (3)

Moreover, assume that

(b)

Qg Q' =2y, Wt !=pt

Use the closed string oscillator expansion
o' e*’inT ) )
XH(1,0) =z + V2'afT +1i 5 Z - (ahe™ +ahe ™)
n#0

to calculate
Qi Qa7 QalQ and QalO!

Show that QX (7,0)Q™! = X~ (7,27 — o). Since QX (7,0)Q7! = X (7,27 — 0),
equation (3) actually holds for all string coordinates. We say that oriented reversal
is a symmetry of closed string theory because it leaves the closed string Hamiltonian
H invariant: QHQ~! = H. Explain why this is true.

Assume that the ground states are twist invariant. List the closed string states for
N+ < 2, and give their twist eigenvalues. If you were commissioned to build a
theory of unoriented closed strings, which of the states would you have to discard?
What are the massless fields of unoriented closed string theory?



