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Problem 1 [Commutation relations for oscillators. ]: The set of functions einσ, with
n ∈ Z, is complete on the interval σ ∈ [0, 2π] i.e.

δ(σ − σ′) =
1

2π

∑
n∈Z

ein(σ−σ′). (1)

(a) Compute explicitly the commutator [XI(τ, σ),PτJ(τ, σ′)] using the mode expansions
of X and P and the commutation relations

[αI
m, αJ

n] = mδm+n,0η
IJ ,

[ᾱI
m, ᾱJ

n] = mδm+n,0η
IJ ,

[αI
m, ᾱJ

n] = 0.

Use equation (1) to confirm that the expected answer

[XI(τ, σ),PτJ(τ, σ′)] = iδ(σ − σ′)ηIJ

emerges.

(b) Prove the zero mode commutations relations

[xI
0, α

J
0 ] = [xI

0, ᾱ
J
0 ] = i

√
α′

2
ηIJ ,

starting with a derivation of

[xI
0 +

√
2α′αI

0, Ẋ
J(τ, σ′)] = iα′ηIJ .

Problem 2 [Action of L⊥
0 − L̄⊥

0 . ]:

(a) Prove that equation

e−iPσ0XI(τ, σ)eiPσ0 = XI(τ, σ + σ0),

holds for finite σ0. You may find it useful to define f(σ0) = e−iPσ0XI(τ, σ)eiPσ0 and
to calculate multiple derivatives of f , evaluated at σ0 = 0.

(b) Explain why

e−iPσ0(ẊI ±XI′)(τ, σ)eiPσo = (ẊI ±XI′)(τ, σ + σ0). (2)

(c) Use equation (2) to calculate e−iPσ0αI
ne

iPσ0 and e−iPσ0ᾱI
ne

iPσ0 . In doing so, you are
finding the action of a σ translation on the oscillators.



(d) Consider the state

|U〉 = αI
−mᾱJ

−n|p+, ~pT 〉, m, n > 0.

Use the the results of (c) to calculate e−iPσ0|U〉. What is the condition that makes
the state |U〉 invariant under σ translations?

Problem 3 [Unoriented closed strings. ]: This is the closed string version of problem
3 exercise VI. The closed string Xµ(τ, σ) with σ ∈ [0, 2π] and fixed τ is a parametrised
closed curve in spacetime. The orientation of a string is the direction of increasing σ on
this curve.

(a) Consider now the closed string Xµ(τ, 2π−σ) with the same τ as above. How is this
second string related to the first above? How are their orientations related? Make a
rough sketch, showing the original strings as a continuous line and the second string
as a dashed line.

Assume there is an orientation reversing twist operator Ω such that

ΩXI(τ, σ)Ω−1 = XI(τ, 2π − σ). (3)

Moreover, assume that

Ωx−0 Ω−1 = x−0 , Ωp+Ω−1 = p+.

(b) Use the closed string oscillator expansion

Xµ(τ, σ) = xµ
0 +

√
2α′αµ

0τ + i

√
α′

2

∑
n6=0

e−inτ

n
(αµ

neinσ + ᾱµ
ne−inσ)

to calculate

ΩxI
0Ω

−1, ΩαI
0Ω

−1, ΩαI
nΩ−1 and ΩᾱI

nΩ−1.

(c) Show that ΩX−(τ, σ)Ω−1 = X−(τ, 2π − σ). Since ΩX+(τ, σ)Ω−1 = X+(τ, 2π − σ),
equation (3) actually holds for all string coordinates. We say that oriented reversal
is a symmetry of closed string theory because it leaves the closed string Hamiltonian
H invariant: ΩHΩ−1 = H. Explain why this is true.

(d) Assume that the ground states are twist invariant. List the closed string states for
N⊥ ≤ 2, and give their twist eigenvalues. If you were commissioned to build a
theory of unoriented closed strings, which of the states would you have to discard?
What are the massless fields of unoriented closed string theory?


