
Problem Set 2: Scattering amplitudes in gauge theories

Discussion on Wednesday 11.03 12:45-14:30, HIT H 51
Prof. Dr. Jan Plefka & Matteo Rosso

Exercise 3 – Fierz rearrangement

Prove the Fierz rearrangement formula

[i|γµ|j〉 〈l|γµ|k] = 2 [ik] 〈lj〉 .

quoted in class.

Exercise 4 – Color ordered four-point vertex

Derive the color ordered four-point vertex
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Table 1.4 Color-ordered Feynman rules in a compact notation using dummy polarization vectors
ε
µ
i and dummy spinors λi respectively λ̃i to absorb the index structures. All momenta are outgoing,

outgoing quark lines are represented by |p] and [p| states, whereas outgoing anti-quark lines are
represented by |p⟩ and ⟨p| states, compare the discussion in Sect. 1.8

Propagators

− i
p2+i0 ηµν

i/p
p2+i0 ηµν

Color ordered vertices

−g i√
2
[(ε1 · ε2)(p12 · ε3) + (ε2 · ε3)(p23 · ε1) + (ε3 · ε1)(p31 · ε2)]

pij := pi − pj

g2 i
2 [2(ε1 · ε3)(ε2 · ε4) − (ε1 · ε2)(ε3 · ε4) − (ε1 · ε4)(ε2 · ε3)]

+g i√
2
[3|/ε2|1⟩

−g i√
2
[1|/ε2|3⟩

To compute a tree-partial amplitude or a loop-level color-ordered partial amplitude
(such as Agn;1) one needs to draw all color-ordered planar graphs reflecting the
cyclic ordering of the external legs with no leg-crossings allowed. The resulting
graph is then evaluated using the vertices reported in Table 1.4 which are the Feyn-
man rules of Table 1.2 with color dependences removed. The color-ordered ampli-
tudes enjoy general properties which reduce the number of independent amplitudes
considerably:

g2
i

2

[
2(ε1 · ε3) (ε2 · ε4)− (ε1 · ε2) (ε3 · ε4)− (ε1 · ε4) (ε2 · ε3)

]

with ‘dummy’ polarization vectors εµi from the Feynman rules for the 4-point vertex
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Table 1.2 Momentum space Feynman rules for gluons and massive Dirac fermions in the repre-
sentation R. We will specialize to the Feynman gauge ξ = 1

Propagators

"ab
µν(k) = δab

k2+i0 (ηµν + (ξ − 1)
kµkν

k2 )

Sij (k) = /k−m

k2−m2+i0 δij

Vertices

iV abc
µνρ = gf abc[ (q − r)µηνρ + (r − p)νηρµ + (p − q)ρηµν ]

iV abcd
µνρσ = −ig2[f abef cde(ηµρηνσ − ηµσ ηνρ)

+f acef dbe(ηµσ ηρν − ηµνηρσ )

+f adef bce(ηµνησρ − ηµρησν)]

iV
µa
ij = igγ µ(T a

R )ij

The ghost Lagrangian then follows from the Fadeev-Popov procedure and takes the
form

Lghosts = −∂µbaDµca. (1.59)

It will, however, play no role for us, as we shall be discussing the construction
of loop amplitudes through unitarity methods. Here the only input needed are tree-
level amplitudes with physical external states, which do not include ghosts. The
momentum space Feynman-rules following from Eqs. (1.44), (1.56) and (1.58) are
detailed in Tables 1.2 and 1.3.

stated in class.

Exercise 5 – Independent 4 and 5 gluon partial amplitudes

Use the relations discussed in class and in chapter 1.10 of the book amongst the color-
ordered amplitudes to determine the independent set of color-ordered amplitudes for 4
and 5 gluon scattering.
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