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Exercise 1 – Manipulating Spinor Indices

The ε symbols are used to raise and lower Weyl indices according to ξ̄α̇ = εα̇β̇ ξ̄
β̇ and

χα = εαβ χβ. We have

ε12 = ε1̇2̇ = ε21 = ε2̇1̇ = 1 , ε21 = ε2̇1̇ = ε12 = ε1̇2̇ = −1 .

The sigma matrix is defined by (σ̄µ)α̇α = (1,−~σ). Moreover we have σµαα̇ := εαβ εα̇β̇ σ̄
µ β̇β.

Prove the relations

σµαα̇ = (1,~σ) , σµαα̇ = (1,− ~σ) ,

σµαα̇ σµββ̇ = 2 εαβ εα̇β̇ , εαβ εα̇β̇ σµαα̇ σ
ν
ββ̇

= 2 ηµν .

Exercise 2 – Massless Dirac equation and Weyl Spinors

Consider the (standard) representation of the Dirac matrices

γ0 =

(
12×2 0

0 −12×2

)
, γi =

(
0 σi

−σi 0

)
, γ5 = iγ0γ1γ2γ3 =

(
0 12×2

12×2 0

)
.

a) Show that the solutions of the massless Dirac equation γµ kµψ = 0 may be chosen as

u+(k) = v−(k) =
1√
2


√
k+√

k− eiφ(k)√
k+√

k− eiφ(k)

 , u−(k) = v+(k) =
1√
2


√
k− e−iφ(k)

−
√
k+

−
√
k− e−iφ(k)√
k+


where

e±iφ(k) :=
k1 ± ik2√
k+ k−

k± := k0 ± k3 ,

and show that the spinors u±(k) and v±(k) obey the helicity relations

P± :=
1

2
(1± γ5) , P±u± = u± , P±u∓ = 0 , P±v± = 0 , P±v∓ = v∓ .

b) What helicity relations hold for the conjugate expressions ū±(k) and v̄±(k), where of
course ψ̄ := ψ†γ0?
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c) Now consider the unitary transformation

ψ → U ψ , γµ → U γµ U † ,

using U = 1√
2

(1− iγ1 γ2 γ3) to the chiral representation of the Dirac matrices:

γ0ch =

(
0 12×2

12×2 0

)
, γich =

(
0 σi

−σi 0

)
, i = 1,2,3 .

Determine γ5 and the spinors u±(k) and v±(k) in this chiral basis!
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