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Hiotindes®® Dual field stength tensors

a) By definition, the field strength tensor is antisymmetric
Fu = 8,A, — 8,A,
We have therefore
P Foy = PPy Ay — M8, A, = P8, A, + €47PG, A, = 2VPTYA,,

and similarly ¢#“#7 F,,, — 260778, A,
Hence 1
Fiu P = S0 By By = 2677 (8,4,) (8,45)

On the other side, we have
KF =28 A,8,A;, = 8,K* = 2" (3, 4,) (8,A;) + 26" A, (8,8,4,)

In the last equality the partial derivatives commute (Buds = 8,0,), thus the last term is
symmetric in g and p and its contraction with the ¢ tensor vanishes.

We obtain finally A
Eupdt" = gl (Budy) (8pAs) = DK

h) Like in the abelian case, the ficld strength tensor is antisymmetric
Gﬂp o B{,Av = HPA" o ig [A#, Ap]

But in this case the A's are matrices and do not commute.

One can apply the same trick as in part a) and show that

E#NWGW = (Gp Ay — ao'-"ip - igAp Ay + igAs A,)
e (B Ay — igA A, ) + 7P (D, A, — igA,A,)
27 (B, Ay — igApA,)



Eﬁﬂd E“upcrcpy = DgHtipr {a#jlp - igAu.»“-'lv}, B0 thﬂt

TEC L™ = ;EW’ Tr G Goo = 264777 Tr (9, A, — igA,Ay) (8,4, — igA,A,)
= 27T [(8,4y) (8pAs) —ig (DuAL) ApAs — ig (BpAs) Aydy — g* Ay AV Ay AL
= 2 Tr|(8,4,) (8,A4,) — 2ig (0, A,) A, Azl

From the first to the second line we have used the cyclicity of the trace to move 4,4, to
the right in the third term, and then permuting the indices one can sce that the second and
third terms are the same. The term with 4 A’s vanishes since

SO A A A = S (Tr A A A A+ Tr A ApA A,)

= i (€7 Tr A, A, Ap A, — 770 Tx A A, AgA,) =0

Notice that while the completely antisymmetric tensor with § indices e9% is cyelic, the 4-
indices tensor ef 07 4o not!

K* can be written as
KE = 2T | (B,4y) 4, - Siaua,c]
s0 that
OuK" = 2 Tr [(8u8uAp) Ap + (8,4,) (8uA5)
—giﬂ' (GuAy) Apds ~ g‘iﬂ (Budp) Az A, — ;iﬂ (Guds) A"‘qﬂ]

(we have used the cyclicity of the trace again)

The first term in the trace vanishes as above because the partial derivatives commute. Per-
muting the indices, the second term becomes (8,40 )(8,Az), and the three last terms are
equal to each other, so that finally

r']“ K = 27" Tr [{3#‘41-") {EPA,] = Zf.'.'? {a#-flu} Ap-r‘ia] = ﬁc{;uépu



Exercise 883 Path integral in gauge theories

All we need to show is that the Jacobian determinant det G%{t) is equal to 1. In order to show
o

this, we need to know A:‘l‘, i.e. the gauge transformation of the uncontracted field. This can be
derived from the transformation law for A, retaining only the lowest order in g:

e mh i el
x (1 ig0°T®)ASTE(1 + igfT*) - :;;{1 — ig8°T)(igd,0°T*)
= ACT® + igAS (6°T°T — 68 T°TY) + 8,651 + ig0°8,6°T°T®
= ASTC +igASO°(if*PT?) + 8,0"T" + igh®a,6°1°T°
= (A% +gAzetroe + 8,6° + ig6d,6°T") 1°
where we've busily renamed and reshuffied indices. Thus, the transformation for A} reads:
At = A3 gfobegeab 1 9,00 + ig0°8,0°T"
Calculating the Jacobian is a piece of cake now:

e ﬁuir i gfabcgc

PR
b
aAL

And thus, using that the structure constants f** arc antisymmetric in every pair of indices (and
therefore the matrix (f€), has zeroes on the diagonal):

det(J) = det(1 + gf6°) = exp Trlog(1 + gf°6°) = exp Tr(gf°6°) = exp(0) = 1

We have proven that the Jacobian determinant is unity up to @(g?), and thus the path integral
measiure is invariant under gauge transformations.
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