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Exercise 1. 1-loop correction to the Effective Potential

We have seen in the lecture that we can reorganize the perturbative expansion of the generating
functional to obtain an expansion including only tree diagrams, which yet includes all the infor-
mation about the theory. The action of this new expansion is the Quantum Effective Action.
Therefore it is important to know how to compute this action and the corresponding potential.
Recall that the generating functional is:

Z[J ] =

∫
Dϕ exp

{
i

∫
d4x (L+ Jϕ(x))

}
(1)

The main contribution to this integral is from ϕcl(x) and therefore we can make an expansion
around this classical value:

ϕ(x) = ϕcl(x) + η(x) (2)

where η(x) is the fluctuation. In Equation (1) we now have:∫
d4x (L+ Jϕ) =

∫
d4x (L[ϕcl] + Jϕcl) +

∫
d4x η(x)

(
δL
δϕ

|ϕ=ϕcl
+ J

)
+

1

2

∫
d4x d4y η(x)η(y)

δ2L
δϕ(x)δϕ(y)

|ϕ=ϕcl

+
1

3!

∫
d4x d4y d4z η(x)η(y)η(z)

δ3L
δϕ(x)δϕ(y)δϕ(z)

|ϕ=ϕcl
+ · · · (3)

Note that the terms linear in η vanishes due to equation of motion. Therefore up to quadratic
order in η we have:∫

d4x (L+ Jϕ) =

∫
d4x (L[ϕcl] + Jϕcl) +

1

2

∫
d4x d4y η(x) η(y)

δ2L
δϕ(x)δϕ(y)

|ϕ=ϕcl
(4)

In the path integral we now have an integral over η(x) since Dϕ = Dη. Let us look at the form
of this explicitly:∫

Dη exp
{
i

∫
d4x (L[ϕcl] + Jϕcl) +

1

2

∫
d4x d4y η(x)

δ2L
δϕ(x)δϕ(y)

η(y)|ϕ=ϕcl

}
(5)

The quadratic term in η is indeed the inverse of the propagator for it:

D̃(p) = −i

∫
d4x d4y

(
δ2L
δϕ2

)−1

ϕ=ϕcl

(6)

The path integral over η is Gaussian and when computed explicitly it gives the functional
determinant. Therefore Equation (5) becomes:

exp
{
i

∫
d4x (L[ϕcl] + Jϕcl)

} (
det

(
− δ2L
δϕδϕ

))−1/2

ϕ=ϕcl

(7)

The determinant is indeed:(
det

(
−δ2L
δϕ2

))−1/2

ϕ=ϕcl

= exp
{
− 1

2
Tr ln

(
−δ2L
δϕ2

)}
ϕ=ϕcl

(8)
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Combining everything the exponent in the path integral becomes:

− iW [J ] = i

∫
d4x (L[ϕcl] + Jϕcl)−

1

2
Tr ln

(
− δ2L
δϕδϕ

)
ϕ=ϕcl

(9)

The quantum effective action is defined as the Legendre transform:

Γ[ϕcl] =W [J ]−
∫

d4xJ(x)ϕcl (10)

=

∫
d4xL[ϕcl] +

i

2
Tr ln

(
− δ2L
δϕδϕ

)
ϕ=ϕcl

(11)

Now consider the action of a scalar field:

S[ϕ] =

∫
d4x

(
1

2

(
∂µϕi

)2
+ V (ϕ)

)
, V (ϕi) = −1

2
m2(ϕi)2 − λ

4!
((ϕi)2)2 (12)

The effective action up to one loop is then

Γ[ϕcl] =

∫
d4x

(
1

2

(
∂µϕi

cl

)2
+ V (ϕcl)

)
+

1

2
Tr ln

(
∂2 + V ′′(ϕcl)

)
(13)

The Effective potential up to one loop is

Veff (ϕcl) = − 1

V T
Γ[ϕcl] (14)

Veff (ϕcl) = V (ϕcl)−
1

V T

1

2
Tr ln

(
∂2 + V ′′(ϕcl)

)
(15)

(a) Calculate the second term corresponding to the one loop correction. For this go to mo-
mentum space. You should find:

V (1) = i

∞∑
n=1

1

2n

∫
ddk

(2π)d

(
λϕ2

2

)n
1

(k2 −m2)n
(16)

(b) Integrate the loop momentum k and introduce the Pochhammer symbol

(α, β) = Γ(α+ β)/Γ(α) (17)

to recast the above expression into the form:

V (1) = −1

2

(
m2

4π

)d/2

Γ(−d/2)

( ∞∑
n=1

(−d/2, n)

n!
wn

)
(18)

where w has to be determined. Then use the relation
∑∞

n=0
(−d/2,n)

n! wn = (1−w)d/2 (Note
that the sum strats from n = 0 in this case.). Substitute d = 4− 2ϵ and expand in ϵ.
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Exercise 2. The effective action Slavnov-Taylor identity

The BRST symmetry plays an important role in determining the dynamics of gauge fixed field
theories. In this exercise we will show that this symmetry implies non-trivial relations between
connected Green’s functions – the effective action Slavnov-Taylor identity.

Given a non-abelian gauge theory with gauge fields Aa
µ and scalar matter fields φi (with repre-

sentation index i), the BRST transformation δB of the various fields can be defined as follows:

δBA
a
µ = −θ

g
(Dµη)

a

δBφ
i = −igθηa(T a)ijφ

j

δBw
a = 0

δBη
a =

θ

2
fabcηbηc

δBη
a =

θ

g
wa

where wa, ηa and ηa are auxilliary, ghost, and anti-ghost fields respectively.

(a) The BRST variation of a generic operator O is defined by:

δBO := [iQB,O]±

where the bracket is: [·, ·]− := [·, ·] if O contains an even number of anti-commuting
variables, or: [·, ·]+ := {·, ·} if O contains an odd number of anti-commuting variables, and
QB is the BRST charge discussed in Exercise 3 of Sheet 7. Given the subsidiary condition:
QB|phys⟩ = 0 and the fact that QB is Hermitian, show that:

⟨0|δBO|0⟩ = 0

(b) Let O = T
{
eiS[JI ,KI ]

}
, where T denotes time ordering and:

S[JI ,KI ] :=

∫
d4x

[
JµaAa

µ + J i
φφ

i + Ja
η η

a + Ja
η η

a + Ja
ww

a

−Kµa θ

g
(Dµη)

a − igKi
φθη

a(T a)ijφ
j + 1

2K
a
ηθf

abcηbηc
]

where Jµ, Jw, J
i
φ,Kµ,K

i
φ are complex number sources which are invariant under BRST

transformations and Jη, Jη,Kη are anti-commuting complex number sources which are
invariant under BRST transformations. Use the result of part (a) and the fact that:
δB
(
eiS
)
= (iδBS) eiS to show that:

i

∫
d4x ⟨0|T

{[
−Jµa θ

g (Dµη)
a − igJ i

φθη
a(T a)ijφ

j + 1
2J

a
η θf

abcηbηc + Ja
η
θ
gw

a
]
eiS[J,K]

}
|0⟩ = 0

Hint. Use the condition δBδBF = 0 for any field F .

(c) In the operator formalism we can write the time-ordered vacuum expectation value of an
operator F as:

⟨T{F}⟩ =
∫
DϕF [ϕ] eiS[ϕ]∫

Dϕ eiS[ϕ]
(19)
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where here S[ϕ] is the action of the theory considered. Consider now the generating
functional:

Z[JI ,KI ] = eiW [JI ,KI ] = N

∫
DϕI

(
ei

∫
d4x(KIBI+JIϕI)

)
eiS[ϕI ] (20)

where N is the usual normalisation factor:

N =

(∫
DϕI e

iS[ϕI ]

)−1

If we compare this expression to (19) and if we define |0⟩ to be the vacuum of the full
theory, interactions included, we can actually rewrite it as:

eiW [JI ,KI ] = ⟨0|T
{
eiS[JI ,KI ]

}
|0⟩ (21)

Then, the effective action Γ is given by:

Γ[ΨI ,KI ] := W [JI ,KI ]−
∑
I

JIΨI

ΨI :=
δW [JI ,KI ]

δJI

whereKI and ΨI are treated as independent variables (with I labelling the various different
fields), but J = J [KI ,ΨI ]. By functionally differentiating (on the left) the expression for
Γ above, show that:

δΓ

δΨI
=

{
−JI , for bosonic fields
+JI , for fermionic fields

Use this relation, the definitions above, and the expression derived in part (c) to derive
the effective action Slavnov-Taylor identity:

i

∫
d4x

[
δΓ

δKµa

δΓ

δAa
µ

+
δΓ

δKi
φ

δΓ

δφi
+

δΓ

δKa
η

δΓ

δηa
+ θ

gw
a δΓ

δηa

]
= 0

Hint. Use the functional chain rule and the definitions to show that: δΓ
δK = δW

δK , and then use this

relation explicitly.
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