First Exercise Sheet due to 27. February

Exercise 1 (Shallow pocket model) Consider a system S = SV E with

a Hamiltonian
H=A®B,

where A =Y. a;|¢;){(¢5| is an operator with a discrete, non-degenerate (a; #

aj fori # j) spectrum. Let [{h;) = exp(—iHt)(|1hs) @ [¢E)) be a solution of
the Schriodinger equation with an initial condition |1s) ® |Yg) € Hs @ HE.

1. Compute p, := TTE(|T;t><1Zt|>

2. Let p;j(t) := (¢i|pt|@;) be elements of the density matriz in the eigenba-
sis of A. Show that py(t) is constant and find conditions' under which
pij(t) = 0 ast — oo for off diagonal terms (i # j). Such process is
called dephasing and we will encounter it repeatedly.

In particular, show that if Hp = L*(—o00,00) is a Hilbert space of a
particle on a real line, B = X 1s a position operator and

_ a1
weke) = /2

then p;;(t) decays exponentially.

3. Convince yourself that the method used to compute p; and the conclu-
sions about the decay of the off diagonal components are the same also
for a more general Hamiltonian

H=Hs®ld+A® B+Id® Hg

provided [Hg, Al =0 and [Hg, B] = 0.

If you are mathematically minded you will want to express these conditions in terms of
the spectral measure of the operator B, if physically minded then for example in scattering
terms.



About the Zero Excercise

During the zero exercise on 20.February we shall discuss properties of the
tensor product, the partial trace and positive operators (states). Below are
some sample questions. If those are all clear there is no need in coming.

e Compute the partial trace of a Bell state |«)(a| where

) = —(10) @ [0) + 1) ® |1));
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e Tr(A® B) = Tr(A)Tr(B);

Dim(Hs ® Hg) = Dim(Hs)Dim(Hg);

A positive operator is always Hermitian (A >0 = A = A*);

—

A two by two matrix is positive if and only if it has a form ngld 47 - &
for some real number ng and a real vector 7 such that ng > |7i|. Above,
o stands for a vector of Pauli matrices.

Pauli matrices satisfy a relation



