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Chapter 1
Homotopy Theory
Author: Paul Steinmann
Supervisor: Tobias Rindlisbacher

Homotopy theory is the point where the abstract mathematical theory of topology
meets geometry. We first start with a basic crash course in basic point set topology.
This includes the most important definitions around topology. Afterwards we dive
deep into homotopy theory and we will learn how to study some geometrical structure
of a space using the introduced theory.

Basic Topology[2]

1.1
1.1.1

Introduction

To understand topology it is a good thing to look at the historical motivation of topology. From
analysis the notion of open sets on Rn is well known. We have useful notions as continuity of maps,
compactness, connectedness and several other properties. We would like to look at arbitrary sets
and define some similar notions there. For this purpose, topology was introduced. We can think of
it as a generalization of the structure of Rn onto arbitrary sets such that we can define properties as
continuity of maps. And as we will see, one can find a rather abstract setting such that on Rn the
new defined structure coincides with the one already known.
Today topology is not only the generalization of such a structure but also a theory that looks at
”continuous deformations” of spaces. On Wikipedia, topology is described as follows:
Topology is the mathematical study of shapes and spaces. It is an area of mathematics
concerned with the properties of space that are preserved under continuous deformations
including stretching and bending, but not tearing or gluing.
With this idea of topology in mind one quickly sees that if a space is continuously deformed by
just a bit, the main structure of the space stays the same. One can then prove using topology that
we can find a general classification of surfaces in R3 . This is a central element of today’s topology.
From this description of topology one does not suspect that topology has a lot in common with
differential geometry. The truth is that differential geometry uses a lot of topology, but is a more
restrictive theory and has in its heart a similar aim. Where in topology we look at continuous
deformations of spaces, in differential geometry we look at differentiable deformations. Where in
1

topology we also look at spaces without metrics, in differentiable geometry metric spaces are of vital
importance. In topology Rn is an example, where in differential geometry it is essential. Of course, in
differential geometry, the restrictions made lead to more geometry, where topology is not necessarily
geometrical. Our goal in this text is to treat homotopy theory, which is a part of topology, where
one can interpret statements geometrically.

1.1.2

Definitions

The first definition in topology is clearly the one of a topology:
Definition 1.1.1. A topology on a set X is a collection τ of subsets of X having the following
properties:
1. ∅, X ∈ τ
2. ∀ (Aα )α∈I ⊂ τ ⇒

S

3. ∀ A1 , . . . , An ∈ τ ⇒

α∈I

Aα ∈ τ

Tn

i=1

Ai ∈ τ

Then (X, τ ) is called a topological space.
With this definition we directly find some examples:
Example 1.1.1.
• X arbitrary, then τ := {X, ∅} is a topology, called the trivial topology.
• X arbitrary, then τ := P(X) = {A ⊂ X} is a topology, called discrete topology.
To construct topologies, in particular a useful topology on R, without stating every element
explicitly, we need another definition:
Definition 1.1.2. Let X be a set. A family B of subsets of X is called a basis of a topology on
X if:
1. ∀x ∈ X ∃B ∈ B : x ∈ B
2. B1 , B2 ∈ B, x ∈ B1 ∩ B2 ⇒ ∃B ∈ B : x ∈ B ⊂ B1 ∩ B2
Then define τB := {U ⊂ X|∀x ∈ U ∃B ∈ B : x ∈ B ⊂ U }.
One can easily proof that τB is a topology on X. Now we can define the standard topology on Rn :
Example 1.1.2.
• Let X = Rn and define B := {Br (x)|r > 0, x ∈ X} where Br (x) is the open ball of radius r
around x. B is a basis of a topology on X and τB is called the standard topology on Rn .
One realizes, that for the above example of Rn , the standard topology is exactly the family of
open sets of Rn . This follows directly from the definition of an open set in analysis. This leads then
to the general definition of an open set:
Definition 1.1.3. Let (X, τ ) be a topological space. An element A ∈ τ is called open and every set
of the form Ac = X \ A for A ∈ τ is said to be closed.
With this definition we see that we can think of a topology just as the family of open sets. We often
denote the topology on a set X as Open(X) so we don’t need to mention the topology explicitly.
Another definition that is useful is the one of an open neighbourhood:

Definition 1.1.4. Let x ∈ X. An open neighbourhood of x in X is a U ∈ Open(X) such that
x ∈ U.
And we can generalize the notions of interior and closure:
Definition 1.1.5. Let A ⊂ X. The interior of A is defined as A◦ :=
T
of A is defined as A := B⊃A, B closed B

S

B⊂A, B open

B. The closure

Indeed, the interior is open and the closure is closed.
An important property of a space is compactness. We already know what a compact set in Rn is
from analysis and as a matter of fact we can generalize this notion to arbitrary spaces. The following
definitions show that compactness (as every topological property) depends a lot on the topology that
we endow our space with.
Definition 1.1.6. Let X be a topological
space. An open cover of X is a collection of open subsets
S
(Uα )α∈I ⊂ Open(X) such that α∈I Uα = X.

Definition 1.1.7. A topological space X is called compact if for S
every open cover (Uα )α∈I of X
n
there is a finite subcover Ui1 , . . . , Uin ⊂ (Uα )α∈I that still covers X:
k=1 Uik = X.

On Rn this notion of compactness is (as required) equivalent to the one already known (closed and
bounded). As said before, compactness depends on the topology. This gets clear as we endow an
arbitrary space X with the trivial topology Open(X) = {∅, X}. Then the space is compact.
We can find several other examples:
Example 1.1.3.
• Every finite space X with an arbitrary topology is compact, because the topology has only finitely
many elements.
• A space X with the discrete topology is compact iff X is finite, as points are open in the discrete
topology.
S
• R is not compact: define Un = (−n, n). Then n∈N Un = R, but one obviously can’t find finitely
many Un that still cover R.
One of the most important definitions in topology is the one of a continuous map:
Definition 1.1.8. Let X, Y be two topological spaces. A map f : X → Y is called continuous if
the preimage of every open set is an open set, so if ∀ U ∈ Open(Y ) : f −1 (U ) ∈ Open(X)
Example 1.1.4.
• For a map between two copies of R with the standard topology, this is equivalent to the other
definitions of continuity (see analysis, e.g. [1]).
• Let τ1 , τ2 be two topologies on a space X. id : (X, τ1 ) → (X, τ2 ), x 7→ x is continuous if and
only if τ2 ⊂ τ1 , because for any U ∈ τ2 is id−1 (U ) = U , so id is continuous ⇔ ∀U ∈ τ2 : U ∈
τ1 ⇔ τ2 ⊂ τ1 .

• If X is compact, f : X → Y continuous, then f (X) is compact, too. This statement is very
important and powerful for proving compactness of a lot of spaces. It for instance also means
that we can’t find a continuous surjective map from [0, 1] ⊂ R to (0, 1) ⊂ R.
As in algebra with isomorphisms, we look for a notion of ”equality” in topology, so for bijective
maps that respect the structure. We find it in homeomorphisms:

Definition 1.1.9. A map f : X → Y between two topological spaces X and Y is called a homeomorphism if it is bijective and if both, f and f −1 are continuous.
A topological property is a property of topological spaces that is preserved under homeomorphisms.
Every property we have seen so far is such a topological property. We can use that fact to prove
several interesting facts such as the following:
Example 1.1.5.
• There is no homeomorphism between S 2 = {x ∈ R3 |kxk = 1} and R2 , as S 2 is compact, where
R2 is not. But there is one between S 2 \ {(0, 0, −1)} and R2 (even a diffeomorphism): the
stereographic projection.

Finally let us introduce paths in topological spaces:
Definition 1.1.10. Let X be a topological space. A path between x, y ∈ X is a continuous function
γ : [0, 1] → X such that γ(0) = x, γ(1) = y. x is called start point and y is called end point.
Definition 1.1.11. A topological space X is called path connected if for every pair of points
x, y ∈ X there is a path in X connecting x and y.
It is useful to work in a path connected space, but not every space is path connected. For this
purpose we can look at path connected components, so maximally path connected subsets of the
space. For instance if we have two disjoint open balls in Rn , this space is not path connected, but
we can look at the path connected components - the single balls - separately.
With these basic definitions in topology we can now move on to homotopy theory.

1.2
1.2.1

Homotopy Theory[2],[3]
Definition

Definition 1.2.1. Let X, Y be two topological spaces and let f, g : X → Y be continuous maps. f
and g are called homotopic if there is a continuous map H : [0, 1] × X → Y such that:
• ∀ x ∈ X : H(0, x) = f (x) and H(1, x) = g(x)
Then H is called a homotopy between f and g.
One can think of a homotopy as a continuous deformation of the map f to the map g. This idea
gets clearer with the following special notion for paths:
Definition 1.2.2. Two paths γ0 , γ1 : [0, 1] → X with x := γ0 (0) = γ1 (0), y := γ0 (1) = γ1 (1) are
called path homotopic if there is a continuous map H : [0, 1] × [0, 1] → X such that:
1. ∀ t ∈ [0, 1] : H(0, t) = γ0 (t), H(1, t) = γ1 (t)
2. ∀ s ∈ [0, 1] : H(s, 0) = x, H(s, 1) = y
Then H is called a path homotopy between γ0 and γ1 .

γ0

γs
γ1

The first condition just means that H is a regular homotopy between γ0 and γ1 as maps. The second
condition however, is special for paths and means that the starting and ending points are fixed during
the homotopy. With the following picture this should get clear:
One can really think of the path homotopy as a continuous family of paths γs (t) = H(s, t). With
this picture in mind we also can understand the more general notion above of homotopy for arbitrary
continuous maps.
For two paths where the ending point of the first is the starting point of the second we can define
their product:
Definition 1.2.3. Let x0 , x1 , x2 ∈ X. If γ1 is a path from x0 to x1 and γ2 a path from x1 to x2 then
we define the product of γ1 and γ2 as:

γ1 (2t),
for t ∈ [0, 21 ]
(γ1 ∗ γ2 )(t) =
γ2 (2t − 1), for t ∈ [ 12 , 1]
A special kind of paths are loops:
Definition 1.2.4. A loop based at x ∈ X is a path that both starts and ends at x.

1.2.2

The Fundamental Group

The aforementioned path homotopy is an equivalence relation. We denote the equivalence classes as
[γ] for a path γ : [0, 1] → X.
Now, as loops are paths too, we can look at equivalence classes of loops. Let γ1 , γ2 , γ3 be loops
of X at x0 ∈ X.
• Define the product on equivalence classes as: [γ1 ] ∗ [γ2 ] = [γ1 ∗ γ2 ]. This map is well defined, so
it is independent of the representatives of the equivalence classes.
• We have associativity: ([γ1 ] ∗ [γ2 ]) ∗ [γ3 ] = [γ1 ] ∗ ([γ2 ] ∗ [γ3 ])
• We have an identity: Let ex0 : [0, 1] → X, t 7→ x0 be the constant loop. Then we have that
[γ1 ] ∗ [ex0 ] = [γ1 ] = [ex0 ] ∗ [γ1 ].
• We have inverses: define γ1−1 (t) := γ1 (1 − t). This is just the loop going backwards. Then we
have that [γ1 ] ∗ [γ1−1 ] = [ex0 ] = [γ1−1 ] ∗ [γ1 ].
Looking at these properties, we see that they are the properties of a group. This justifies the
following definition:
Definition 1.2.5. Let X be a topological space. Let x0 ∈ X. The group containing all equivalence
classes of loops based at x0 together with the product ∗ is called the fundamental group of X at
x0 and is denoted π1 (X, x0 ).
Proposition 1.2.1.
• If X is path connected, x0 , x1 ∈ X then π1 (X, x0 ) ∼
= π1 (X, x1 ).
• Let X, Y be two homeomorphic spaces with homeomorphism ϕ : X → Y, x ∈ X, y ∈ Y with
ϕ(x) = y. Then π1 (X, x) ∼
= π1 (Y, y).

The first statement means that the fundamental group is a property of the path connected components of a space. The second one shows us that the fundamental group is another topological
property and thus invariant under homeomorphisms.
Definition 1.2.6. A topological space X is said to be simply connected if it is path connected and
if for any x ∈ X, the fundamental group is trivial π1 (X, x) ∼
= {0}.
Remark 1.2.1.
• The path connectedness in the definition is important. We don’t speak of a simply connected
space if it is not path connected, irrespectively of the fundamental group.
• A trivial fundamental group is equivalent to the statement that every two paths with the same
endpoints are homotopic.
• Note that because we require path connectedness, the fundamental group needs to be trivial only
at one point in the space to be trivial everywhere.
To get a feeling of simply connectedness consider the following examples:
Example 1.2.1.
• R2 and S 2 are simply connected. For S 2 imagine that if we have a loop going once around the
sphere, we can pull it to the side and contract it to a point.
• R2 \ {0} and S 1 are not simply connected. For R2 \ {0} a loop around zero can’t be continuously
deformed into a loop that does not go around zero without passing at some time the point zero.
For the circle it is intuitively clear that a loop going once around the circle can’t be deformed
continuously into the constant loop.
As an example how to actually use simple connectivity in a proof let us prove the following claim:
Claim. R2 is not homeomorphic to R3 .
Proof. If it were, then R2 \ {0} would be homeomorphic to R3 \ {0}. But then, the fundamental
groups would coincide, which is not true, as R3 \ {0} is simply connected where R2 \ {0} isn’t.
An important theorem that shows us how to calculate the fundamental group of a space out of the
fundamental groups of other spaces says the following:
Theorem 1.2.1. Let X, Y be two topological spaces and x0 ∈ X, y0 ∈ Y .
Then π1 (X × Y, (x0 , y0 )) ∼
= π1 (X, x0 ) × π1 (Y, y0 ).
Here we put the product topology on X × Y .
A very important example that uses this fact is the torus:
Example 1.2.2. The standard torus is defined as T 2 = S 1 × S 1 , so we know from the above theorem
that π1 (T 2 , (x0 , y0 )) ∼
= π1 (S 1 , x0 ) × π1 (S 1 , y0 ). How to calculate the fundamental group of the circle
is shown in the part with covering maps further below.
The following definition gives rise to a useful concept when dealing with fundamental groups:
Definition 1.2.7. Two topological spaces X, Y are called homotopy equivalent, if there are continuous maps f : X → Y and g : Y → X such that g ◦ f is homotopic to idx : X → X and f ◦ g is
homotopic to idY : Y → Y . Then, f and g are called homotopy equivalences.

Homotopy equivalence is an equivalence relation. We say that two spaces that are homotopy equivalent are of the same homotopy type. The notion of homotopy equivalence is a more general one than
homeomorphism. Here, spaces don’t really look the same but we can deform them such that they
look similar. Being more general, it still is enough to show the following:
Theorem 1.2.2. Let X, Y be two topological spaces of the same homotopy type (i.e. homotopy
equivalent) with a homotopy equivalence f : X → Y . Then π1 (X, x0 ) ∼
= π1 (Y, f (x0 )) for all x0 ∈ X.
That means that we don’t need homeomorphisms of spaces to have the same fundamental group.
It’s enough to have a homotopy equivalence.

1.2.3

Deformation Retract

A special kind of homotopy equivalences are deformation retracts:
Definition 1.2.8. Let X be a topological space. A subspace A ⊂ X is called a deformation retract
of X if there is a continuous map H : [0, 1] × X → X such that:
1. ∀ x ∈ X : H(0, x) = x
2. ∀ x ∈ X : H(1, x) ∈ A
3. ∀ s ∈ [0, 1], ∀ a ∈ A : H(s, a) = a
And as a special case of a homotopy equivalence it still holds:
Theorem 1.2.3. Let X be path connected and let A ⊂ X be a deformation retract of X and let
x0 ∈ A. Then π1 (A, x0 ) ∼
= π1 (X, x0 ).
To get a clearer understanding of this rather abstract definition we look at some examples.
Example 1.2.3.
• Let X := R3 \ {(0, 0, z)|z ∈ R} and let A := (R2 \ {0}) × {0}. Then A is a deformation retract
of X with the map H(s, x, y, z) = (x, y, (1 − s)z). This is just a sort of collapse of the whole
space to the x-y-plane.
• Let X := R2 \ {0} be the punctured plane and A := S 1 ⊂ X be the circle. Then A is a
deformation retract of X. We can illustrate the retraction map in the following picture:

• The two statements above, together with theorem 1.2.3, show that
π1 (R3 \ {(0, 0, z)|z ∈ R}, x0 ) ∼
= π1 (R2 \ {0}, x0 ) ∼
= π1 (S 1 , x0 ) for any x0 ∈ S 1 .
We now can show that a space is simply connected by writing the explicit homotopy, that two
spaces have the same fundamental group and we can construct the fundamental groups for products
of spaces with known fundamental groups. But until now, we can’t calculate a simple non-trivial
fundamental group directly. One way to do that uses covering maps.

1.2.4

Covering Maps

Definition 1.2.9. Let E, B be two spaces. A map p : E → B is called a covering map if p is
surjective, continuous and there is a discrete space S (e.g. Z) such that for every b ∈ B there is:
1. an open neighbourhood U of b
2. a homeomorphism ϕ : p−1 (U ) → U × S
such that the following diagram commutes:
ϕ
p−1 (U )
U ×S
p

first proj.

U
To illustrate this definition consider the following example:

Example 1.2.4.
• Covering of S 1 with R:

We define p : R → S 1 as p(x) = (cos(2πx), sin(2πx)). Then p is a
covering map: take b0 ∈ S 1 with p(a) = b0 . Then U = S 1 ∩B1 (b0 )
is an open neighbourhood and for some c > 0: p−1 (U ) = {(a −
c + 2πn, a + c + 2πn)|n ∈ Z} which is homeomorphic to U × Z.

a

U
b0

To actually calculate the fundamental group of the circle we need some more definitions:
Definition 1.2.10. Let p : E → B be a covering map and let f : [0, 1] → B be a loop in B. A lift of
f w.r.t. p is a path f˜: [0, 1] → E such that p ◦ f˜ = f .
In general the lift is not a loop itself. It can be only a path. It is very important to have the following
proposition:
Proposition 1.2.2. For a loop f : [0, 1] → B with f (0) = b0 = p(e0 ) ∈ B there is a unique lift with
f˜(0) = e0 .
The proposition justifies the following definition:
Definition 1.2.11. Let p : E → B be a covering map and let p(e0 ) = b0 ∈ B. The map
φe0 : π1 (B, b0 ) → p−1 (b0 )
[f ] 7→ f˜(1)
where the lifts start at e0 is called the lifting correspondence.
This map is well defined, as lifts are uniquely determined by their starting point and the lifting of
homotopies is also possible and unique in the above sense.
The main statement of covering maps is then the following theorem.

Theorem 1.2.4. Let E be simply connected, p : E → B be a covering map and let p(e0 ) = b0 ∈ B.
Then the lifting correspondence φe0 : π1 (B, b0 ) → p−1 (b0 ) is bijective.
Note that we only have bijectivity here, because p−1 (b0 ) might not have a special structure on it.
But as the following example shows us, there are a lot of situations where we can go further than
bijectivity.
Example 1.2.5.
• Back to the covering of S 1 with R:

Let b0 = (1, 0) ∈ S 1 , e0 = 0. We know already that p−1 (b0 ) =
{b0 } × Z ∼
= Z.

~

g'

• Claim: φe0 : π1 (S 1 , b0 ) → p−1 (b0 ) is a homomorphism
Proof: Let [f ], [g] ∈ π1 (S 1 , b0 ) with φe0 ([f ]) = n, φe0 ([g]) = m.
Now define g̃ 0 := n + g̃. Then f˜ ∗ g̃ 0 is a lift of f ∗ g and it ends
at n + m. Thus φe0 ([f ∗ g]) = n + m = φe0 ([f ]) + φe0 ([g]).


~

f

e0 = 0

f, g

This now means that π1 (S 1 , b0 ) ∼
=Z

b0

Here are some more examples for spaces and their fundamental groups:
Example 1.2.6.
• SU(2) is a covering space of SO(3) with the discrete space S = {1, −1}. As above with the
circle, one can show that the lifting correspondence is a homomorphism and thus π1 (SO(3), 1) ∼
=
{1, −1}.
• π1 (RP 1 , x0 ) = Z and for n ≥ 2 : π1 (RP n , x0 ) = Z/2Z
• fundamental group of the n-torus: π1 (T n , x0 ) ∼
= Zn
• fundamental group of the n-fold torus:
π1 (T 2 # . . . #T 2 , x0 ) ∼
=< A1 , . . . , An , B1 , . . . , Bn | (A1 , B1 ) · ... · (An , Bn ) = 1 >1

Figure 1.1: The 1-fold and the 3-fold torus

1.2.5

Higher Homotopy Groups[3]

Beside the fundamental group one can define higher homotopy groups that show more of the structure
of a space. To define higher homotopy groups we need some more definitions:
Let X be a top. space and x0 ∈ X a point. Define I := [0, 1].
1

The free group with 2n generators modulo the relation on the right hand side.

Definition 1.2.12. Let Mn (X, x0 ) denote the collection of maps f : I n → X that collapse the
boundary of I n to x0 i.e. f (∂I n ) = x0 .
Definition 1.2.13. Two maps f, g in Mn (X, x0 ) are called homotopic in Mn (X, x0 ) if there is a
homotopy H : [0, 1] × I n → X of f and g such that H(s, ·) : I n → X is a map in Mn (X, x0 ) for every
s ∈ [0, 1] i.e. it also collapses the boundary of I n to x0 .
Note that if we have n = 1, a map collapsing the boundary is just a loop and the homotopy in
Mn (X, x0 ) is path homotopy. So the above definition is just a generalization of the concept that lead
us to the fundamental group.
As before we define a product:
Definition 1.2.14. We define the product of two maps f, g in Mn (X, x0 ) as follows: for (t1 , ..., tn ) ∈
I n let

f (2t1 , t2 , ...., tn ),
for t1 ∈ [0, 21 ]
(f ∗ g)(t1 , ..., tn ) :=
g(2t1 − 1, t2 , ..., tn ), for t1 ∈ [ 12 , 1]
to obtain a new map in Mn (X, x0 ).
And again, the notion of homotopy in Mn (X, x0 ) is an equivalence relation and the product
extends to a product of equivalence relations: [f ] ∗ [g] := [f ∗ g].
Definition 1.2.15. The collection of homotopy classes of Mn (X, x0 ), i.e. the equivalence classes
w.r.t. being homotopic in Mn (X, x0 ) is denoted πn (X, x0 ) and is called the n-th homotopy group
of X at x0 .
One can easily check that πn (X, x0 ) is indeed a group. We notice some facts:
Remark 1.2.2.
• The first homotopy group is indeed the fundamental group.
• Contrary to n = 1 higher homotopy groups (i.e. n ≥ 2 ) are always abelian. This is not so
trivial to see, but the reason lies in the definition of the product, where we only look at the first
variable and the others are kept.
Calculating higher homotopy groups is a lot harder than calculating the fundamental group.
Some examples of spaces are provided below.
Example 1.2.7.
• For n < k: πn (S k , x0 ) = 0, πn (S n , x0 ) ∼
= Z, πn+2 (S n , x0 ) ∼
= Z/2Z
• π7 (S 4 , x0 ) ∼
= Z × Z/12Z
• πn (RP n , x0 ) ∼
=Z
As a matter of fact, there is until now no formula known to calculate πm (S n , x0 ) for arbitrary
m > n ∈ N.
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Chapter 2
An introduction to Lie algebras
Author: Oliver Baldacchino
Supervisor: Jonathan Skowera

An elementary introduction to Lie algebras is provided, through coverage of both
basic theory notions and several examples. The presentation of the material follows
a (hopefully) clear logical and deductive path, which mainly focuses on the conceptual
underlying ideas, rather than on mathematical rigour and formalism. That is the
reason why many proofs were wittingly omitted or presented in abbreviated form.
In the first section we establish the fundamental relationship between a Lie group and
the corresponding Lie algebra, by showing how an analysis of the latter enormously
simplifies that of the former, and therefore considering the possibility of characterizing both objects on a “local” level. This connection is made somewhat more
quantitative by the discourse on the exponential map, which we examine next.
The second section first introduces some necessary definitions about particular types
of Lie algebras, and then turns to the important case of simple and semisimple Lie
algebras, which, by virtue of the relevant properties they have, allow a further simplification of the original problem of studying general Lie groups and associated Lie
algebras.
In the third and final section we examine a particular example of semisimple Lie
algebra, namely sup2q, and determine all its finite dimensional irreducible representations, basing on the results outlined in the previous paragraphs.

2.1
2.1.1

Lie groups and Lie algebras: basic facts
The route from Lie groups to Lie algebras

Definition 2.1.1 (Lie group). A real (resp. complex) Lie group G is a C 8 -differentiable manifold
(resp. complex manifold), with the additional structure of a group, whose binary product ˚ : G ˆ G Ñ
G and inverse operation a ÞÑ a´1 (a P G) are differentiable (resp. holomorphic) maps.
Probably the most important and familiar example of a Lie group is given by:
Example 2.1.1 (General linear group). The general Linear group, defined as
GLn pKq :“ tA P M pn, Kq : det A ‰ 0u
1

endowed with the usual matrix product, is a Lie group.
Here K is some field (usually but not necessarily K “ R or C), and M pn, Kq denotes the set of n ˆ n
matrices with entries in this field.
If V is a finite n-dimensional K-vector space, the set of its automorphisms
AutpV q “ tf P EndpV q : f is invertibleu,
endowed with the composition operation, is also a Lie group. Since V – Kn , a choice of a basis for
V brings us back to GLn pKq itself (because of the connection between an abstract linear map and
the associated matrix in a given basis).
Other examples of Lie groups can be readily obtained by considering subsets of the general linear
group:
Example 2.1.2 (Other Lie groups).
• the special linear group
SLn pRq :“ tA P M pn, Rq : det A “ 1u;
• the orthogonal and special orthogonal matrices
Opnq :“ tA P M pn, Rq : AAT “ AT A “ Iu
SOpnq :“ tA P Opnq : detpAq “ 1u
as well as their complex counterparts, namely the unitary and special unitary groups:
U pnq :“ tA P M pn, Cq : AA: “ A: A “ Iu
SOpnq :“ tA P U pnq : detpAq “ 1u.
• the upper-triangular matrices;
• the Euclidean space pRn , `q with the usual vector addition;
• the Lorentz group of linear isometries of the Minkowski space;
• the n-dimensional sphere S n , for n “ 0, 1, 3, i.e. S 0 “ t˘1u, S 1 “ tz P C : |z| “ 1u and
S 3 – tz P H : |z| “ 1u (with the usual product of real numbers, complex numbers and
quaternions respectively).
A relevant branch of modern Lie theory is concerned with the study of how Lie groups act on and
transform geometrical objects like (in the simplest cases) differentiable manifolds or vector spaces.
From an historical point of view, this problematic is consistent, and perhaps even followed, the central
point of F. Klein’s Erlangen program (1872), according to which understanding geometry essentially
consisted in characterizing those transformations with respect to which an object of interest is left
invariant (i.e. when there is a “symmetry”).
This task can be greatly simplified in the particular case of Lie groups by examining their action at
a local level or, in other words, by looking at the infinitesimal generators of this very action. This
strikingly innovative approach was suggested and introduced by Sophus Lie (1842-1899), after which
the theory we are dealing with is named.
In fact, as we are going to show in the following pages, certain classes of Lie groups and homomorphisms between them can be fully described in a local way, i.e. with no loss of information (for
our purposes) occurring in the global–local passage.

Proposition 2.1.1 (Local generation of Lie groups). If G is a connected Lie group and Ue Ă G is
a neighbourhood of the identity, then Ue generates G.
Definition 2.1.2 (Lie group homomorphism). A homomorphism ρ between two Lie groups G and
H is a map ρ : G Ñ H which is C 8 and satisfies ρpg hq “ ρpgq ρphq for every g, h P G.

Theorem 2.1.1 (Local characterizability of homomorphisms). A Lie group-homomorphism ρ : G Ñ
H with G connected, is uniquely determined by its differential dρe : Te G Ñ Te H at the identity e.
Remark 2.1.1.
1) Proposition 1.1.1 can be understood in the usual group–theoretical sense: every element g P G
can be written as a finite product a1 ˚ a2 ˚ ¨ ¨ ¨ ˚ an with ai P Ue .
Also notice the connectedness assumption.
2) For a homomorphism as in definition 1.1.2, the identity element in G is mapped onto the
identity element in H, as
ρpeG q “ ρpeG q ρpeG q ñ ρpeG q “ eH .
Hence (if the groups are connected) we can reconstruct H Ě Image(ρ) from ρpUeG q “ UeH .
3) The ambiguous expression “is uniquely determined” in theorem 1.1.1 will be clarified in section 1.1.2. For now it simply means that a knowledge of the differential dρe permits to fully
reconstruct the homomorphism ρ.
A new problematic naturally arises now that we have acknowledged the local characterizability
of both (connected) Lie groups and their homomorphisms: if we just consider the tangent spaces at
the identity of the involved Lie groups, which linear maps L : Te G Ñ Te H actually originate from a
homomorphism ρ : G Ñ H between the corresponding Lie groups?
The answer to this question, which is provided below, will let the structure of a Lie algebra emerge
gradually, and that will eventually lead us to the its very definition.
(i) Let Ψg : G Ñ G with Ψg phq “ g h g ´1 be the family of conjugation automorphisms.
For an homomorphism ρ as above the following clearly holds:
ρ ˝ Ψg “ Ψρpgq ˝ ρ

(2.1)

(this follows from ρpghg ´1 q “ ρpgqρphqρpgq´1 ).
(ii) We now differentiate (1.1) at the identity:
dρe ˝ dΨg |e “ dΨρpgq |e ˝ dρe
(iii) Define the adjoint representation as
Ad : G Ñ AutpTe Gq s.t. Adpgq “ dΨg |e
and rewrite condition (1.2) accordingly:
dρe ˝ Adpgq “ Adpρpgqq ˝ dρe .
(iv) Define the differential at the identity of Ad as:
ad :“ dpAdq|e : Te G Ñ Te pAutpTe Gqq – EndpTe Gq.
This can be seen as a bilinear map Te G ˆ Te G Ñ Te G, for which we employ the notation:
adpX, Y q “: rX, Y s

@X, Y P Te G

(2.2)

(v) Differentiate (1.1) a second time (or (1.2) just once) to obtain:
`
˘
dρe ˝ adpXq “ ad dρe pXq ˝ dρe

from which, evaluating in Y P Te G and using the previous definition, we get
dρe prX, Y sq “ rdρe pXq, dρe pY qs.

(2.3)

Equation (1.3) is finally the relation we were looking for, and which in turns answer our earlier
question about a linear map L deriving from a homomorphism ρ.
Remark 2.1.2.
1. Condition (1.3) is usually referred to as “preservation of the brackets” property of some function
(in our case dρe ). Furthermore it is equivalent to the commutativity of the following diagram:
Te G

dρe

ad(dρe )

ad
Te G

Te H

dρe

Te H

2. The role of L in the previous derivation is played, of course, by the differential dρe . Notice
that we have reduced ourselves to a condition involving this latter only, since this, according
to theorem 1.1.1, has to provide complete information about the underlying homomorphism.
3. The conclusion we were led to, is merely a necessary condition. It turns out, but we will not
prove it here, that it is also a sufficient one, or equivalently that
L satisfies (1.3)
ðñ
D hom. ρ : G Ñ H s.t. L “ dρe
Our previous discussion motivates the introduction of the object of our main interest:
Definition 2.1.3 (Lie algebra). A Lie algebra V is a finite dimensional vector space endowed with
a bilinear map r¨, ¨s : V ˆ V Ñ V (the so-called “brackets”) such that for every X, Y, Z P V
• rX, Y s “ ´rY, Xs (skew-symmetry)
• rX, rY, Zss ` rZ, rX, Y ss ` rY, rZ, Xss “ 0
(Jacobi identity).
Remark 2.1.3. As we have seen, the tangent space at the identity of a Lie group G naturally possesses the structure of a Lie algebra g, whose brackets are given by the previously defined adp¨, ¨q, and
which satisfy (even though that might not be obvious at first sight) both of the above requirements 1 .
Hence we reasonably speak of a Lie algebra associated to a Lie group.
The standard notation for Lie algebras employs the Fraktur typeface, e.g. g, h, m, . . . for Lie algebras
associated to Lie groups G, H, M, . . .
1

actually, as we will see in section 1.2, the Jacobi identity is introduced as a sort of ad hoc hypothesis motivated
by reasons of self-consistency.

2.1.2

The exponential map

Given some Lie group G with corresponding Lie algebra g, we have seen how to pass from the
former to the latter, namely by simply determining the tangent space at the identity of G and
employing the adjoint map as bracket operation. The inverse transition is also possible and is
expressed quantitatively through the exponential map.
Definition 2.1.4 (Exponential map). Let G be a Lie group and g its Lie algebra. The exponential
map is given by:
exp : g Ñ G
X ÞÑ exppXq :“ ϕX p1q

where ϕX : I Ă R Ñ G is the unique geodesic through I “ ϕX p0q s.t. ϕ1X p0q “ X.

The heuristic idea which lies behind this definition is that to every straight line in g – which is
a vector space (and hence flat)–, i.e. a vector X, we can associate a straight line in G (seen as a
manifold), i.e. a geodesic. This association is possible in general only locally; however the additional
group structure of G, allows us to extend it to a global level, so as to be able to enlarge the domain
of definition to the whole Lie algebra g (rather than to a neighbourhood of the origin 0 P g).

Figure 2.1: Visual explanation of definition 1.1.4. ϕX is the unique geodesic in G (i.e. locally the
shortest path between two points), satisfying ϕX p0q “ I P G and ϕ1X p0q “ X P g. The choice of t “ 1
in the definition is just a matter of convention.
Next we examine the most relevant properties of the exponential map. Among them, the following
one formalizes the association argument we have just mentioned.
Theorem 2.1.2 (Fundamental property of exp). The exponential map is the unique map from g to
G taking 0 to I, whose differential at 0, namely pexp˚ q0 : T0 g “ g Ñ TI G “ g, is the identity map,
and whose restriction to lines through the origin 0 P g are geodesics trough I P G.
A major consequence of this theorem is that, by virtue of a standard result in differential geometry,
there is a neighbourhood U of 0 P g and a neighbourhood V of expp0q “ I such that
ˇ
exp ˇU : U Ď g Ñ V Ď G

is a diffeomorphism (i.e. a bijective and differentiable map with differentiable inverse).
This in turn implies the (local) commutativity of the following diagram.
g

ψ˚

exp
G

h
exp

ψ

H

Other properties of the exponential map are listed hereunder.
Proposition 2.1.2 (Properties of exp).
`
˘
• exp ps ` tqX “ exppsXq expptXq
`
˘´1
• expp´Xq “ exppXq

• If G is a compact Lie group, then exp is surjective onto its identity component.

Proposition 2.1.3 (exp for a matrix Lie group). If G Ď GLn pKq is a Lie group 2 , then, for all
XPG
8
ÿ
X2 X3
Xk
X
“I`X `
`
` ...
e :“ exppXq “
k!
2!
3!
k“0
detpeX q “ etrX .

Remark 2.1.4. The last equality in proposition 1.1.3 is of great importance, especially in deriving
concrete examples of Lie algebras, as we are going to do in the next section. It can be proved by
the following argument: if A P M pn, Kq is diagonalizable, and M is the change of basis matrix
from some arbitrary basis to the diagonalizing one, then exppAq “ M ´1 diagpeλ1 , eλ2 , . . . , eλn q M (λi :
eigenvalues of A). Therefore detpeA q “ etrA . The set tA P M pn, Kq : A is diagonalizableu is dense in
M pn, Kq and the function detpep¨q q ´ etrp¨q is continuous. Finally, the identity principle for continuous
functions completes the proof.

2.1.3

Examples of Lie algebras

Among the examples covered in this section we are going to deal only with Lie algebras associated to
subgroups of GLn pKq (see examples 1.1.1 and 1.1.2), both because their exemplification is particularly
accessible, and because they are probably the most relevant for applications.
Example 2.1.3 (Real general linear group). The Lie algebra associated to G :“ GLn pRq is given
by gln pRq “ EndpRn q, with the bracket operation rX, Y s “ XY ´ Y X for all X, Y P gln pRq.
Proof.

`
˘
• By construction gln pRq “ TI G. Moreover, dim G “ dim Te G “ n2 “ dimpEnd Rn q , and
Te G Ă EndpRn q. Therefore, since both Te G and EndpRn q are vector spaces, they must coincide
(inclusion and equal dimensions).
• Following the general steps outlined in the previous section (points (i)–(v)), we first compute
the adjoint representation (Ad) of G, and the adjoint map (ad) it induces on TI G.
In what follows we employ the definition of differential of a map ϕ between two (differentiable)
manifolds M and N : the differential of ϕ at x P M , is given by
dϕx : Tx M Ñ Tϕpxq N
γ 1 p0q ÞÑ pϕ ˝ γq1 p0q

where γ : I Ă R Ñ M is a differentiable path such that γp0q “ x. A simple calculation shows
that if Ψg pM q “ gM g ´1 for g, M P G, then AdpgqpM q “ dpΨg q|I pM q “ gM g ´1 .
Differentiating a second time at I we get:
ˇ
˘ˇ
d`
AdpγptqqpY q ˇˇ
rX, Y s :“ adpXqpY q “
dt
t“0

“ γ 1 p0q Y γp0q ` γp0q Y p´γp0q´1 γ 1 p0q γp0q´1 q
“ XY ´ Y X

2

where γ is a path as above with M “ G, x “ I and additionally γ 1 p0q “ X P TI G.
in which case it is called a matrix Lie group.

As regards the determination of Lie algebras relative to subgroups of GLn pKq, we make use of
the procedure described hereunder.
1) Let M “ tA P M pn, Kq : P pAq “ 0u be a Lie group whose elements are defined through the
property P pAq “ 0.
2) Choose a differentiable path
γ:IĎRÑM

!

such that γp0 P Iq “ I.
3) Differentiate the defining relation P pAq “ 0:
ˇ
ˇ
˘ˇ
dP ˇˇ
d `
1
ˇ
0 “ P γptq ˇ “ γ p0q
dt
dA ˇγp0q“I
t“0
`
˘
def.
ðñ p γ 1 p0q “ 0

obtaining a new defining relation p which is a function of γ 1 p0q only (for that we also use
γp0q “ I). Define a new set accordingly:
m “ tA P M pn, Kq : ppAq “ 0u

4) The Lie algebra LiepM q of M consists of the tangent vectors at the identity in M . Hence the
previous steps imply A P LiepM q ñ A P m, i.e. LiepM q Ď m.
5) We now prove the opposite inclusion. Let A P m and define another path:
γA : IA Ď R Ñ M
t ÞÑ etA
Now first check that indeed γA ptq P M , i.e. that P pγA ptqq “ 0 using the defining relation of m,
i.e. ppAq “ 0. Finally notice that A can be written as a tangent vector to the identity in M , as
ˇ
ˇ
ˇ
˘ˇ
d`
tA ˇ
ˇ
γA ptq ˇ “ Ae ˇ “ A.
dt
t“0
t“0
Thus it follows: m Ď LiepM q.

6) Final result:
LiepM q “ m “ tA P M pn, Kq : ppAq “ 0u
We now apply the outlined procedure to the cases of the “normal” and special (both real and
complex) orthogonal groups, i.e. to Opnq, U pnq, SOpnq, SU pnq.
Example 2.1.4 (Special orthogonal groups). The Lie algebras associated to SOpnq and to SU pnq
are given by
sopnq “ tA P M pn, Rq : A ` AT “ 0u

supnq “ tA P M pn, Cq : A ` A: “ 0, trpAq “ 0u
respectively.

Proof. Let # “ T, : denote the operation of either transposition or of conjugate transposition of a
matrix (with real or complex entries respectively). Then the special orthogonal groups mentioned in
the example 1.1.2, have a defining property
ˆ #
˙ ˆ ˙
AA ´ I “ A# A ´ I
0
P pAq “
“
.
detpAq ´ 1
0
Let’s now consider each row separately. For the first one we have, with γ : I Ă R Ñ G (where
G “ SOpnq _ SU pnq) and γp0q “ I,
γptqγptq# “ I ñ
ˇ
˘ˇ
d`
# ˇ
γptqγptq ˇ “ γ 1 p0q ` γ 1 p0q# “ 0.
dt
t“0

For the second one we get:

`
˘
det γptq “ 1 ñ
ˆ
˙ˇ
ˆ ÿ
˙ˇ
n
ź
ˇ
`
˘ ˇ
d
d
det γptq ˇˇ “
sgnpσq
γi,σpiq ptq ˇˇ
dt
dt σPS
t“0
t“0
i“1
n

“

Hence we obtain:

ÿ

σPSn

sgnpσq

n
ÿ

j“1

1
γj,σpjq
p0q

n
ź
i“1
i‰j

γi,σpiq p0q “
looomooon
“δi,σpiq

`
˘
“ tr γ 1 p0q “ 0.

ppAq “

ˆ

A ` A#
trpAq

˙

n
ÿ

j“1

1
γj,j
p0q

ˆ ˙
0
“
0

and accordingly g# :“ tA P M pn, Kq : ppAq “ 0u.
Now let A P g# and define γ̃ : I˜ Q t ÞÑ etA P G.
Indeed etA P G, as
` ˘#
#
etA etA “ etA etA “ etA e´tA “ I
and detpetA q “ et trpAq “ e0 “ 1

Moreover

ˇ
ˇ
ˇ
˘ˇ
d`
tA
γ̃ptq ˇˇ “ Ae ˇˇ “ A
dt
t“0
t“0

We conclude g# “ Lie algebra of G.
Notice that in the case of SOpnq the condition on the trace is redundant, as it is already implied by
the antisimmetry, which requires all the (real) diagonal terms of every A P sopnq to vanish.
Example 2.1.5 (Orthogonal groups). The Lie algebras associated to Opnq and to U pnq are given
by
opnq “ sopnq “ tA P M pn, Rq : A ` AT “ 0u
upnq “ tA P M pn, Cq : A ` A: “ 0u

respectively.
Proof. The same as the previous one, neglecting the condition on the determinant/trace.

Remark 2.1.5.
1. All of the above mentioned Lie algebras have the commutator of matrices as bracket operation
(see example 1.1.3).
2. The found Lie algebras are real vector spaces with dimensions given by:
`
˘
`
˘ npn ´ 1q
dimR sopnq “ dimR opnq “
`
˘
`
˘ 2
dimR upnq “ n2 , dimR supnq “ n2 ´ 1.

Example 2.1.6 (Symplectic group). The symplectic group (which is a real Lie group) is defined as
Spp2n, Rq “ tA P M p2n, Rq : AT JA “ Ju
ˆ
˙
0 In
where J “
´In 0
and the corresponding Lie algebra is given by:
spp2nq “ tA P M p2n, Rq : AT J ` JA “ 0u.
Proof. Apply the described general procedure taking the following into account:
J ´1 “ ´J “ J T

and JeM J ´1 “ exppJM J ´1 q.

2.2
2.2.1

Representation theory of Lie algebras
Definitions and first results

Definition 2.2.1 (Representation of a group). A representation pρ, V q of a group G on the vector
space V is a map
ρ : G Ñ AutpV q

such that ρpghq “ ρpgqρphq for every g, h P G.

Definition 2.2.2 (Representation of a Lie algebra). A representation pπ, V q of a Lie algebra pg, r¨, ¨sq
on the vector space V is a linear map
π : g Ñ glpV q “ EndpV q
which preserves the brackets, i.e. such that,
πrX, Y s “ rπpXq, πpY qs
for every X, Y P g.
A connection between the two kinds of representation can be established by making use of the
results about the exponential map (section 1.1.2), and assuming a couple of extra conditions are
satisfied.
Proposition 2.2.1 (Correspondence of representations). Let V be a finite dimensional K-vector
space with charpKq “ 0, and G a simply connected Lie group with associated Lie algebra g.
Then there is a one-to-one correspondence between the representations of G and those of g.
Proof. AutpV q is a Lie group since it is both a vector space (and therefore a “flat” manifold), and a
group with respect to the composition operation.
EndpV q is, of course, a vector space. Moreover, since V is finite dimensional, we have AutpV q –
GLn pKq, and hence the bracket operation on EndpV q is induced by the commutator of matrices in
GLn pKq, i.e. rX, Y s “ X ˝ Y ´ Y ˝ X for all X, Y P EndpV q (˝ “ composition of endomorphisms).
So we only need apply theorem 1.1.2 and the resulting implications to the particular case in which
H “ AutpV q and h “ EndpV q. If ρ and π are representations of G and g respectively, then the
commutative diagram associated to theorem 1.1.2 takes the form:
g

π “ dρe

exp
G

EndpV q
exp

ρ

AutpV q

what finally allows us to state the sought correspondence between the two types of representations.
We now present a very special case of representation of Lie algebras, and which we are going to
make extensive use of in the next section.
Example 2.2.1 (Adjoint representation). The adjoint map “ad” (defined in section 1.1.1) induces
the so-called adjoint representation of a Lie algebra g:
ad : g Ñ glpgq
X ÞÑ adpXq “ rX, ¨s P Endpgq

The requirement adrX, Y s “ radpXq, adpY qs is equivalent to the Jacobi identity (which we have
postulated to hold for all Lie algebras).
In regard to the above correspondence argument, this representation corresponds to the representation “Ad” of the Lie group G:
Ad : G Ñ Autpgq
Notice that for both ad and Ad the representation space is given by the Lie algebra itself: V “ g.

We are now ready to take a step forward in the analysis of Lie algebras, and, indirectly, of the
associated Lie groups, by performing a further simplification of our original problem, whose treatment
has been greatly facilitated, as mentioned already, by the local study of the involved structures. In
what follows, we will concentrate on a special class of Lie algebras, namely (complex) simple and
semisimple Lie algebras, whose useful “regularity” properties permit us to more easily classify their
structure and representations.
Definition 2.2.3 (Lie subalgebra and ideal). Let g be a Lie algebra. A set h Ă g is a Lie subalgebra
if
rX, Y s P h @X, Y P h

(i.e. it is closed under the brackets).
The set h is called an ideal if the above closure relation holds for every X P h and Y P g.

Remark 2.2.1. In regards to the g ´ G correspondence framework discussed earlier, an ideal h is
equivalent to a normal subgroup H Ă G (if G is simply connected).
Definition 2.2.4 (Simple Lie algebra). A Lie algebra g is simple if dim g ą 1 and if it contains no
nontrivial ideals, i.e. for any ideal h Ă g we have h “ t0u _ h “ g.

Complex simple Lie algebras are extremely important because we have at our disposal a complete
classification of them, meaning that each of them is either isomorphic to one in the following list:
• An “ slpn ` 1, Cq “ tA P M pn ` 1, Cq : trpAq “ 0u
• Bn “ sop2n ` 1, Cq
• Cn “ spp2n, Cq
• Dn “ sop2n, Cq

or to one of the so-called exceptional Lie algebras: g2 , f4 , e6 , e7 , e8 , about which we will not say more.
The importance of classifying simple Lie algebras was first realized by W. Killing (1847-1923),
whose initial and partial results thereabout were refined by E. Cartan (1869-1851). In his 1894
doctoral thesis, Cartan obtained the definitive classification mentioned above, and later, in 1914,
also managed to classify the real simple Lie algebras, by appropriately “restricting” the statements
about the former case to the latter one.

2.2.2

Semisimple Lie algebras

Definition 2.2.5 (Chains of subalgebras and related concepts). Let g be a Lie algebra.
The lower central series tDk guk is defined as

The derived series tD k guk is defined as:

D1 g “ rg, gs
Dk g “ rg, Dk´1 gs
D 1 g “ rg, gs

D k g “ rD k´1 g, D k´1 gs
Furthermore g is said to be

• nilpotent if Dk g “ 0 for some k;
• solvable if D k g “ 0 for some k;
• perfect if D 1 g “ D1 g “: Dg “ g.
Definition 2.2.6 (Semisimple Lie algebra). A Lie algebra g is semisimple if it contains no
nonzero solvable ideals.
Equivalently, if h Ă g is an ideal such that D k h “ 0 for some k, then h “ t0u.
Proposition 2.2.2 (Equivalent definitions of semisimple Lie algebras). All of the following statements are equivalent to the above definition of semisimplicity:
1) Radpgq “ t0u, where
Radpgq :“

ÿ

solvable
ideals of g

h p“ maximal solvable idealq

is (by definition) the radical of g.
2) g has no nonzero abelian ideals, i.e. if h Ă g is an ideal s.t. rX, Y s “ 0 for every X, Y P h
then h “ t0u.
3) The Killing form associated to g, i.e. the bilinear form

is non degenerate.

3

B :gˆg Ñ K
`
˘
pX, Y q ÞÑ BpX, Y q :“ tr adpxq ˝ adpY q

4) g is the (finite) direct sum of simple Lie algebras gi :
g “ g1 ‘ ¨ ¨ ¨ ‘ gn “

n
à

gi

i“1

Remark 2.2.2. A different yet similar definition of the Killing form as
`
˘
glpV q ˆ glpV q Q pX, Y q ÞÑ BV pX, Y q :“ tr X ˝ Y P K,

allows us to provide a sufficient condition for the solvability of a Lie algebra (definition 1.2.5), namely
through
Theorem 2.2.1 (Cartan’s criterion). If g Ď glpV q is a subalgebra and BV pX, Y q “ 0 for every
X, Y P g, then g is solvable.
We now come to the presentation of those two properties of semisimple Lie algebras, which make
them most useful and effective, especially as regards the study of their representation theory.
Proposition 2.2.3 (Complete reducibility). Let pπ, V q be a representation of the Lie algebra
g. Then if W Ď V is an invariant subspace for πpgq, then there exists another invariant subspace
W 1 Ď V such that V “ W ‘ W 1 .

3

a bilinear form φ : V ˆ V Ñ K is said to be non degenerate if φpv, wq “ 0 @v P V ñ w “ 0.

Remark 2.2.3.
1. If pπ, V q is a representation of g, and if pπi , Vi q (i “ 1, 2) are two subrepresentations of it, i.e.
πpgqpVi q Ď Vi , then we can define their direct sum representation pπ1 ‘ π2 , V1 ‘ V2 q.
In terms of matrices, this would amount to build, for all X P g, a block diagonal matrix of the
form
ˆ
˙
π1 pXq
0
pπ1 ‘ π2 qpXq “
,
0
π2 pXq
from which the invariance requirement on the subspaces Vi results evidently.

2. The “atomic” representations as regards the mentioned decomposition in direct sums, are the
so-called irreducible representations. They are atomic, because their only invariant subspaces
are the trivial ones (i.e. t0u or Vi itself), and therefore admit no further decomposition.
3. Complete reducibility always holds for representations of finite groups. In the continuous case
of Lie groups and algebras, a sufficient condition for its validity is semisimplicity.
Proposition 2.2.4 (Preservation of Jordan decomposition). Let pπ, V q and g as before. Then
for any element X P g there are Xs , Xn P g such that the following holds:
πpXqs “ πpXs q and

πpXqn “ πpXn q

where the subscripts s and n denote the diagonalizable and nilpotent parts respectively.
Remark 2.2.4. Every endomorphism F P EndpV q can be decomposed as a sum of a diagonalizable
and a nilpotent endomorphism: F “ Fs ` Fn .
Since πpXq P glpV q “ EndpV q,
πpXq “ πpXq
s ` πpXqn
loooooooomoooooooon
actual

pr.1.2.4

“

πpX
s ` Xn q.
looomooon
formal

The last equality is ensured by proposition 1.2.4; in particular semisimplicity allows one to say that
if X P g then also Xs , Xn P g (which is not always the case otherwise!).
Moreover X “ Xs ` Xn P g is in general a formal notation justified by the above proposition. If, as
a particular case, g Ď glpV q, then the usual decomposition for endomorphisms can be applied, and
therefore this notation stops, so to speak, being just formal.
In the next section we are going to apply the general definition and results outlined above, to
study a concrete case of a Lie algebra and of the representation theory which characterizes it.

2.3

Example: finite dimensional representations of sup2q

Our main goal here is to classify all the finite dimensional irreducible representations of the semisimple
Lie algebra
sup2q “ tA P M p2, Cq : A ` A: “ 0, trpAq “ 0u.
1st Step: We complexify the real Lie algebra sup2q and exploit the following isomorphism:
sup2q b C “: sup2qC – slp2, Cq
“ tA P M p2, Cq : trpAq “ 0u
Proof. Every element in slp2q can be written as a complex (i.e. with coefficients in C) linear combination of elements in sup2q as:
slp2q Q X “

X ´ X:
X ` X:
`i
.
2
2i
looomooon
looomooon
X´

X`

Both of the summands are skew-symmetric and traceless, which directly follows from X˘ “ ´X˘:
and from trpXq “ trpX : q. Thus X˘ P sup2qC .
Hence it suffices to study the representations of slp2q instead of those of sup2qC . Finally, the
representations π of the non complexified algebra sup2q can be obtained by restriction
ř2 to real linear
combinations of elements in slp2qC , meaning that π takes arguments of the form i“1 αi vi , where
αi P R Ă C and tvi ui is a basis of slp2qC .
2nd Step: A basis of g :“ slp2, Cq is given by the vectors
H“

ˆ

1 0
0 ´1

˙

X“

ˆ

0 1
0 0

˙

Y “

ˆ

0 0
1 0

˙

,

which obey the commutation relations:
rH, Xs “ 2X

rH, Y s “ ´2Y

rX, Y s “ H.

3rd Step: As already mentioned, g is semisimple, what can be at best proved through the nondegeneracy of the associated Killing form (see proposition 1.2.2).
Let π : g Ñ glpV q be a finite dimensional irreducible representation of g. Therefore, since the Jordan
decomposition must be preserved, and H “ Hs ` Hn “ Hs ` 0 is diagonal, we have:
πpHqs “ πpHq and πpHqn “ πp0q “ 0.
This implies that πpHq P EndpV q is diagonalizable for every x P h :“ SpanpHq, and consequently
that the representation space V can be decomposed as a direct sum of corresponding eigenspaces
(usually called weight spaces) relative to πpHq, i.e.
V “

à
α

Vα

p“

where πpHqpvq “ αpHq v for v P Vα and α P h˚ .

à

weight spacesq

(2.4)

4th Step: Consider the adjoint representation (example 1.2.1), noticing that the commutation
relations in step 1 can be written as eigenvalue equations:
adpHqpHq “ 0 (eigenvector H, eigenavalue 0)
adpHqpXq “ 2X (——”—— X, ——”—— 2)
adpHqpY q “ ´2Y (——”—— Y , ——”—— ´2).
The corresponding eigenspaces in g are h, g2 :“ SpanpXq and g´2 :“ SpanpY q. All of these
eigenspaces are one dimensional; hence the linear map adpHq P Endpgq can be diagonalised, and
in turn the Lie algebra g itself can be written as:
g “ h ‘ g2 ‘ g´2
p“: cartan subalgebra ‘ root spacesq

(2.5)

which is usually referred to as Cartan decomposition of the Lie algebra 4 .
5th Step: Look at how each “component” of g (i.e. h and g˘2 ), acts on each component of V (i.e.
on the Vα ’s).
‚ The action of h on a Vα is completely defined by:
πpHqpvq “ αpHqv

for v P Vα .

‚ As regards the action of g2 consider (v P Vα ):
`
˘
`
˘
πpHq ˝ πpXq pvq “ πpXq ˝ πpHq pvq`
rπpHq, πpXqspvq “ αpHq πpXqpvq ` 2 πpXqpvq
`
˘
“ αpHq ` 2 πpXqpvq P Vα`2 .

Analogously, for the action of g´2 we have:
`
˘
`
˘
πpHq ˝ πpY q pvq “ αpHq ´ 2 πpY qpvq P Vα´2 .
Hence we conclude:

πpg˘2 q : Vα Ñ Vα˘2
πphq : Vα Ñ Vα

Figure 2.2: Schematic representation of the action of the vectors X, Y, H P g on the eigenspaces Vn´2k .
These actions basically produce a shift in the eigenvalues – and hence in the related eigenspaces –
either by 0 (H) or by ˘2 (X respectively Y ). For the sake of clarity, here H stands for πpHq and
likewise for X and Y .

.
À
in a general case this decomposition would read g “ h ‘ p α gα q where h (the Cartan subalgebra) is a subalgebra
of maximally commuting elements, and the gα (root spaces) are the eigenspaces relative to adphq P Endpgq.
4

6th Step: As we have seen, each subspace is sent through the action of g into another subspace
with eigenvalue differing either by 0 or by ˘2. Hence decomposition (1.4) can be written as:
à
V “
Vα0 `2k
pα0 P Cq.
kPZ

Now, since V was assumed to be finite dimensional, this direct sum must be finite, and consequently
the α’s have to form a bounded sequence of complex numbers like the following
β ` 2K “: n,
β on, β ` 2 , β ` 4 , . . . , loomoon
loomo
min.

max.

and whose biggest element we call n.

7th Step: We now reconstruct all of the Vα (and from them V itself) starting from the extremal
– i.e. the nth – eigenspace, and by repeatedly applying the “lowering operation” induced by πpY q.
This construction we formalize through the following:
Lemma 2.3.1. Let v P Vn , then
W :“ Spantv, πpY qpvq, πpY q2 pvq, . . . u “ V
Proof. (just a sketch)
We need to show that W is an invariant subspace with respect to the action of g (or equivalently of
each of its components), namely that πpgqpW q Ď W . Subsequently we can directly infer from the
irreducibility of the representation π (step 3), that W “ V .
• Clearly πpg´2 qpW q Ď W as

`
˘
πpY q πpY qm pvq “ πpY qm`1 pvq P W

• From the previous calculation and inductively:
`
˘
πpHq πpY qm pvq “ pn ´ 2mqπpY qm pvq.
Hence πphqpW q Ď W .

• Again inductively and using rX, Y s “ H and πpXqpvq “ 0 we have:
`
˘
πpXq πpY qm pvq
“ mpn ´ m ` 1q πpY qm´1 pvq

(2.6)

Hence πpg2 qpW q Ď W .

8th Step: The finite dimensionality of V again implies that there exists a smallest integer m P Z
such that the mth action of Y on some v P Vn vanishes. Applying the condition
#
πpY qm pvq “ 0
πpY qk pvq ‰ 0 for 0 ď k ď m ´ 1
to equation 1.6 in the previous step we get:
πpXqp0q “ 0 “ mpn ´ m ` 1q πpY qm´1 pvq
ñ n ´ m ` 1 “ 0.
This last result, together with lemma 1.3.1, leads to several important consequences:

• n P C is a non-negative integer, as n “ m ´ 1 and m P Zě1 .
• The sequence of basis vectors in lemma 1.3.1 reads: v, πpY qpvq, πpY q2 pvq, . . . , πpY qn pvq. In fact
the number of steps required to pass from Vn to the other extremal eigenspace (i.e. the one
with eigenvalue β in step 6) is given by m ´ 1 “ n.
• dimpVα q “ 1 for all α (each Vα is spanned by a single πpY qk pvq), and dimpV q “ n ` 1.
• The eigenvalues of the operator πpHq (i.e. the mentioned β ` 2k) turn out to be:

´n , ´n ` 2 , . . . , n ´ 2 , n
˘
since n ´ 2 ˆ p# of stepsq “ n ´ 2n “ ´n. Also notice the symmetry about the origin in Z
of the above string of numbers.
`

• A choice of an n P N uniquely determines an irreducible representation V pnq with the above
properties. The converse is also necessarily true: any finite dimensional representation of g,
whose action πpHq has eigenvalues satisfying the above conditions, is irreducible.
Example 2.3.1 (Irreducible representations of slp2, Cq).
1. (Trivial representation) Let V “ C and πpHqpzq :“ 0 for all z P C. Then n “ 0 and V p0q “
Spanpz P Cq “ C is the corresponding irreducible representation.
2. (Standard representation) Let V “ C2 and tx, yu be a basis of V . Now define:
πpHqpxq :“ x
whence it follows that n “ 1 and that

πpHqpyq :“ ´y

p1q
C2 “ Spanpyq
looomooon ‘ Spanpxq
looomooon “ V
V´1

V1

is the 2-dimensional associated irreducible representation.
3. (N th Symmetric power of (2)) Let

W “ SymN pC2 q – Crx, ysN

i.e. the space of N -times contravariant symmetric tensors 5 , which is isomorphic to the space
of the homogeneous polynomials of degree N .
The set txN , xN ´1 y, . . . , y N u clearly forms a basis for Crx, ysN . Now define:
πpHqpxN ´k y k q :“ pN ´ 2kq ¨ xN ´k y k

The eigenvalues N ´ 2k all have multiplicity 1, and form a string N, N ´ 2, . . . , ´N .
Hence we have that n “ N and that SymN pC2 q is an irreducible representation with
N

2

Sym pC q “

N
à
k“0

` N ´k k ˘
Span
x
y “ V pN q .
looooooomooooooon
VN ´2k

By virtue of the uniqueness property discussed previously, we can actually state that all the finite
dimensional irreducible representations of slp2, Cq coincide with a symmetric power of the standard
representation, namely are of the form SymN pC2 q for N P Zě0 6 .
So we have finally accomplished our goal of classifying all the (finite dimensional) irreducible representations of slp2, Cq, and in turn this would in principle allow us to determine the corresponding
representations of our original algebra, namely sup2, Cq. This can be done as specified at the end of
step 1.
5
6

namely those tensors for which v 1 b v 2 b . . . b v N “ v σp1q b v σp2q b . . . b v σpN q for every permutation σ P SN .
notice that Sym0 pC2 q “ C (trivial representation), and Sym1 pC2 q “ C2 (standard representation).
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Chapter 3
Solitons in KdV Equation
Author: Oliver Rietmann
Supervisor: Cristian Vergu

In this chapter, we will study the properties of some solutions to the KdV equation.
It is a non-linear partial differential equation, whose solutions describe propagating
waves and wavepackets. Some of these solutions have several “particle-like” properties. They are called solitons. In the context of Lagrangian formalism, we will
determine the obvious constants of motion and relate them in a natural way to the
momentum, mass, etc. of the solutions to the KdV equation. Amongst a few quantitative studies of several (solitonic) solutions, we will systematically construct the
interesting “cnoidal” solution.

3.1

Introduction

The Korteweg-de-Vries equation (KdV equation) is given by
∂t φ = 6φ∂x φ − ∂x3 φ,

where φ : R × R −→ R.

(3.1)

It is a non-linear, partial differential equation, named after Diederik Korteweg und Gustav de Vries,
who introduced it in 1895. They used it to describe the propagation of water waves of long wavelength
in a narrow, shallow water channel. Such waves were first observed by John Scott Russell in 1834
[3]. Furthermore, the KdV equation (3.1) has infinitely many independent constants of motion and
it can be solved analytically [1] by means of the inverse scattering transform [4], but we will not go
into that.
A soliton is a localized wave packet that moves at constant speed. It does not lose its shape,
even after colliding with other solitons. Moreover, solitons are solutions to non-linear differential
equations of systems with infinitely many constants of motion [1]. One such system is described by
the KdV equation (3.1).

3.2

Some Examples

The simplest solution to Equation (3.1) that describes a soliton, is the one-soliton solution
φ(x, t) = 2 sech2 (x − 4t).

(3.2)

It describes a single soliton, moving in positive x-direction with constant velocity 4. Figure 3.1 shows
a plot of this solution.

Figure 3.1: The one-soliton solution (3.2) of (3.1) at time t = 0.

More generally, the solution of (3.1) to the initial condition
φ(x, 0) = −n(n + 1) sech2 (x), n ∈ N
describes n solitons propagating in positive x-direction [2]. For n = 2, we obtain the two-soliton
solution
φ(x, t) = −

12(3 + cosh(64t − 4x) + 4 cosh(8t − 2x))
,
(cosh(36t − 3x) + 3 cosh(28t − x))2

(3.3)

that describes two-solitons propagating in positive x direction (see Figure 3.2).

Figure 3.2: The two-soliton solution (3.3) and (3.1) at time t = −0.5.
The larger peak travels faster than the smaller one and they intersect at x = 0 and t = 0. During
the overlap of the two peaks, the larger one increases its velocity, while the other one travels in
negative x direction. This can be observed in Figure 3.3.

Figure 3.3: The two-soliton solution (3.3) of (3.1).
Moreover, the peak during the collision is smaller than the larger peak before the intersection.
Long time after the collision, the two peaks have again the same shape and velocity as before the
overlap, as we would expect for solitons.
From the initial- and (periodic) boundary condition
φ(x, 0) = −4 sech2 (x), φ(−2, t) = φ(2, t),

(3.4)

we obtain the numerical solution of (3.1) shown in Figure 3.4.

Figure 3.4: The solution of (3.1) under (3.4).
This describes a large peak moving in positive x direction, that leaves small dispersive peaks
behind, that travel in negative x direction.

3.3

Derivation of the KdV Equation

We want to describe water waves in a long, shallow water channel.
Let x be the position along the channel, t the time coordinate, U the potential energy and ρ a
constant with no explicit dependence on x and t. Let y(x, t) the displacement. Furthermore, we

define: v := ∂t y. Consider the Navier-Stokes equation:
ρ(∂t v + v∂x v) = −∂x U [y]

(3.5)

Expanding the right-hand side at y ≡ 0 in derivatives of y yields
−∂x U = f2 ∂x2 y + f4 ∂x4 y + ...,

(3.6)

where {fi }∞
i=2 are constants. We assumed that the odd derivatives vanish. Any odd derivative term
would contribute a heat-equation-like term in the final result. Since this describes a diffusion rather
than a propagating wave, we make this assumption. We can choose new constants {f˜i }∞
i=2 such that
by plugging Equation (3.6) into Equation (3.5), we obtain:
∂t2 y = (∂t y)∂x ∂t y + f˜2 ∂x2 y2 + f˜4 ∂x4 y + ...

(3.7)

Since we are interested in waves of a shallow, long water channel, we go to the limit of small amplitudes
and long wavelength. If we assume, that the solutions to Equation (3.7) are wave-like, thus
y(x, t) = ei(kx−ωt) , k =

2π
,
λ

(3.8)

the high order derivatives w.r.t. x will become small, which means we can neglect them. Furthermore,
the non-linear terms in Equation (3.7) become small due to the small amplitude assumption. Thus
we have a weak non-linearity of Equation (3.7) in this limit:
∂t2 y = f˜2 ∂x2 y2 + (∂t y)∂x ∂t y + f˜4 ∂x4 y
| {z } | {z }

(3.9)

∂t2 y = ∂x2 y2 − 12(∂t y)∂x ∂t y + 2∂x4 y

(3.10)

small

small

By suitable choice of units for x, t and y, Equation (3.9) turns into

and by changing our frame of reference with the substitutions y(x−t, t) = y(ξ, τ ), ξ := x−t, τ := t
in the limit  → 0, we get from Equation (3.10):
0 = ∂ξ ∂τ y(ξ, τ ) − 6∂ξ y(ξ, τ )∂ξ2 y(ξ, τ ) + ∂ξ4 y(ξ, τ )

(3.11)

Under the simple substitutions φ := ∂ξ y(ξ, τ ), x := ξ and t := τ , Equation (3.11) turns into the KdV
equation (3.1):
∂t φ = 6φ∂x φ − ∂x3 φ

3.4

Lagrangian Formalism and Noether’s Theorem

From now on, we assume that y(x, t) and all its derivatives vanish at ±∞.

3.4.1

Lagrangian of the KdV System

We will denote the partial derivatives with a subscript, thus yt := ∂t y, yx := ∂x y and so on.
Furthermore, remember the definition φ := yx . The Lagrangian of the KdV system is
1
L[y, yt ] =
2

Z∞

−∞


2
yx yt − 2yx3 − yxx
dx.

(3.12)

To verify this, we compute the Euler-Lagrange equation:

 Z∞

Z∞ 
d 1
1
d δL δL
2
2
0
yt ∂x − 6yx ∂x − 2yxx ∂x δ(x − x0 )dx
−
=
yx δ(x − x )dx −
0=
dt δyt
δy
dt 2
2
-∞

-∞


 Z∞

Z∞ 
d 1
1
0
=
− ytx + 2 · 6yx yxx − 2yxxxx δ(x − x0 )dx
yx δ(x − x )dx −
dt 2
2
-∞

-∞

= yxt − 6yx yxx + yxxxx = φt − 6φφx + φxxx
This is exactly the KdV equation (3.1).

3.4.2

Noether’s Theorem

We formulate Noether’s theorem:
Let L be a Lagrangian and y := y(ỹ, α) a family of functional transformations, parametrized by
α ∈ (−, ),  > 0, where ỹ and y satisfy the Euler-Lagrange equation. If L[y(ỹ, α), ∂t y(ỹ, α)] =
L[ỹ, ỹt ] + dF (ỹ, α)/dt, then:
 Z∞

δL
d
∂α ydx − ∂α F
= 0.
(3.13)
dt
δyt
α=0
-∞

Thus the term in the brackets (at α = 0) is a constant of motion.
Now we give a proof for this statement.
By the Leibniz rule, we have:

 

d δL
δL
d δL
∂α y =
∂α y +
∂α yt
dt δyt
dt δyt
δyt

(3.14)

Then we compute:


 

Z∞ 
d
dF
δL
δL
∂α y +
∂α F = ∂α
= ∂α (L[y, ∂t y] − L[ỹ, ỹt ]) = ∂α L[y, ∂t y] =
∂α yt dx
dt
dt
δy
δyt
-∞

(3.14)

=

Z∞ 

-∞



Z∞ 


δL
d δL 
d δL
d δL 
d δL
δL
∂α y +
∂α y −
∂α y +
∂α y dx =
−
∂α y dx
δy
dt δyt
dt δy
δy
dt δyt
dt δy
|
{z
}
-∞
=0 (Euler-Lagrange)

=

d
dt

Z∞

δL
∂α ydx
δy

-∞

d
=⇒
dt

 Z∞
-∞

δL
∂α ydx − ∂α F
δy



d
= 0 =⇒
dt

 Z∞
-∞

δL
∂α ydx − ∂α F
δy



=0
α=0

This is exactly what we wanted to show.

3.5

Conservation Laws

Using Noether’s theorem, we can now compute several constants of motion. This will allow us to
assign a mass, a momentum, etc. to a soliton of the KdV equation.

3.5.1

Conservation of Total Momentum

Consider the spacial translation y(x) := ỹ(x−α), then the Lagrangian transforms as L[y, yt ] = L[ỹ, ỹt ]
(note: F ≡ 0). By Noether’s theorem, we get the following constant of motion, which we call the
total momentum:
1
P := −
2

Z∞

1
φ dx = −
2
2

-∞

Z∞



1
φ dx + φx
6
2

-∞

∞

=

∞

Z∞ 

-∞


1 2 1
− φ + φxx dx
2
6

(3.15)

We define the integrand as the total momentum density
1
1
j := − φ2 + φxx .
2
6

3.5.2

(3.16)

Conservation of Total Mass

Consider the shift of the equilibrium position y := ỹ +α, then the Lagrangian transforms as L[y, yt ] =
L[ỹ, ỹt ] (note: F ≡ 0). By Noether’s theorem,
1
m :=
6

Z∞

φdx

(3.17)

-∞

is a constant of motion. We can think of this quantity as the total mass of our system and of
1
ρ := φ
6

(3.18)

as the density. This is due to the following continuity equation:
(3.1)

0 =

 (3.18),(3.16)
1
1
(φt − 6φφx − φxxx ) = φt + ∂x (−3φ2 + φxx )
=
ρt + divj
|
{z
}
6
6
6j=

If we think of m as the mass, then by the divergence theorem, the change of mass in a certain volume
is given by the momentum density “flux” j, that flows through the surface of that volume. (Note
that we are still in one space dimension, although talking about volume.)

3.5.3

Conservation of Total Energy

Consider the time translation y(x, t) = ỹ(x, t − α), then the Lagrangian transforms as:
L[y, ∂t y] = L[ỹ, ỹt ] − (L[y(x, t + α), ∂t y(x, t + α)] − L[y(x, t), ∂t y(x, t)])
| {z } |
{z
}
ỹ(x,t) =

= L[ỹ, ỹt ] −

Zα

ỹt (x,t) =

d
L[y(x, t + β), ∂t y(x, t + β)]dβ
dt

0

d
= L[ỹ, ỹt ] + F, where F := −
dt

Zα

L[y(x, t + β), ∂t y(x, t + β)]dβ

0

By Noether’s theorem, we get the conservation of energy:
1
E :=
2

Z∞

-∞


2φ3 + (φx )2 dx

(3.19)

3.5.4

Center of Mass

The Galilei transformation y(x, t) = ỹ(x + αt, t) +
MCM

1
:=
2

αx
t

leads to the following conservation law:


Z∞ 
Z∞
Z∞
Z∞
1
1
1
φ2 t + φx dx = t
φ2 dx +
φ xdx =
ρxdx − tP = constant
3
2
6
|{z}
-∞
-∞
-∞
-∞
=ρ
| {z }
| {z }
=−P

(3.20)

center of mass

This means that the center of mass moves at constant speed.

3.5.5

Infinitely Many Constants of Motion

The KdV system has a countably infinite number of independent constants of motion. Let n ∈ N
and Pn polynomials, defined recursively by
n−2

P1 := φ, Pn :=

dPn−1 X
+
Pi Pn−1−i , n ≥ 2,
dx
i=1

then the following are independent constants of motion [4]:
Fn :=

Z∞

P2n−1 (φ, φx , φxx , ...)dx

(3.21)

-∞

We are not going to prove this, but note that the constants of motion (3.15), (3.17), (3.19) are of
the same form as the Fn ’s in Equation (3.21). However, the constant of motion (3.20) is not. So
although we have found infinitely many constants of motion, not all constants of motion are of this
form.
Everything we have done so far still holds if we assume periodic boundary conditions instead of
the vanishing at infinity assumption, since we only need this to get rid of the boundary terms when
we do integration by parts.

3.5.6

Examples Revisited

As an application of what we just derived, we are going to assign a mass, momentum, etc. to the
solitonic solutions from the very beginning.
Remember the one-soliton solution (3.2) of the KdV equation (3.1):
φ(x, t) = 2 sech2 (x − 4t)
It has the following properties:
v
4

m
− 23

P
− 83

E
MCM
−4.6
0

Table 3.1: Properties of the one-soliton solution (3.2).
For the two-soliton solution (3.3), we calculate these properties for each peak separately. The
index 1 corresponds to the larger peak and 2 to the smaller one (see Figure 3.2).
v1 m1
16 − 43

P1
− 64
3

E1
MCM,1
−204.8
21.7

v2
2

m2
− 23

P2
− 38

E2 MCM,2
−6.4
2.3

Table 3.2: Properties of the two-soliton solution (3.3) for each peak.

3.6
3.6.1

Hamiltonian Formalism
Hamiltonian of the KdV System

We define the Hamiltonian as the Legendre transformation of the Lagrangian:
H[φ] :=

Z∞

-∞

Z∞

1
δL
yt )dx − L[y, yt ] =
2φ3 + φ2x dx
δ(y )
2
| {zt }
-∞

(3.22)

π(x):=

We think of π(x) as the continuous analogue of the momentum of a particle in the discrete case.
However, π and y are not independent and thus we can’t use them to derives the Hamilton equations
[1]. Nevertheless, we obtain similar equations:
δH = 0, 2yt =

3.6.2

δH(y)
δH(π)
, 2πt = −
δπ
δy

Poisson Brackets

Let F1 [φ], F2 [φ], F2 [φ] and F [φ] be functionals on the phase space. We define the Poisson bracket
by:

Z∞ 
δF1 δF2
∂x
dx
(3.23)
[F1 , F2 ] :=
δφ
δφ
-∞

This gives us the right time evolution:
dF
dt

(chain rule)

=

Z∞

δF
(3.1)
φt dx =
δφ

-∞

=

Z∞



δ 1
δF
∂x
δφ
δφ 2

-∞

Z∞

δF
(6φφx − φxxx )dx =
δφ

-∞

Z∞

-∞

Z∞

δF
∂x (3φ2 − φxx )dx
δφ

-∞


Z∞

δF δH
(3.23)
(3.22)
3
2
∂x
dx = [F, H]
2φ + φ
dx =
δφ δφ
-∞

In addition, our Poisson brackets form a Lie Algebra on the phase space:
anti-symmetry: [F1 , F2 ] = −[F2 , F1 ]
Jacobi: [F1 , [F2 , F3 ]] + [F2 , [F3 , F1 ]] + [F3 , [F2 , F1 ]] = 0

3.7

The Cnoidal Wave

In this chapter, we are going to construct a solution to the KdV equation, the so called cnoidal
solution [1]. Substituting the propagating wave ansatz φ = φ(z), where z := x − vt into the KdV
equation (3.1) yields:
(3.1)

0 = 6φφz − ∂t φ − φzzz = 6φφz + vφz − φzzz = ∂z (3φ2 + vφ − φzz )
=⇒0 = φzz − (3φ2 + vφ + C1 )
1
1
=⇒ φ2z = C0 + (φ3 + vφ2 + C1 φ) = C0 − V [φ],
2
2
1
where C1 , C2 = const. and V [φ] := −(φ3 + vφ2 + C1 φ)
2

(3.24)

We can think of the LHS of Equation (3.24) as a kinetic energy of an infinitesimal mass point and
of V as a potential [1]. From now on, we assume that V has a local minimum and a local maximum
and that C0 lies between them (see Figure 3.5). In this case, we have a bounded solution, just like a
particle in a potential in classical mechanics.

Figure 3.5: The potential V [φ].
For such a potential, we can find a1 , a2 , a3 ∈ R, a1 < a2 < a3 such that (3.24) factorizes:
φ2z = 2(φ − a1 )(φ − a2 )(φ − a3 ).

(3.25)

Now we substitute φ(z) = (a2 − a1 )f (z)2 + a1 into (3.25) and obtain
fz2 =

a2 − a1
a3 − a1
(1 − f 2 )(1 − kf 2 ) , k :=
.
2
a3 − a1

(3.26)

The Jacobi elliptic function sn(z, k) is a solution to the differential equation (3.27) [6]:
wz2 = (1 − w2 )(1 − kw2 )
Thus the solutions to Equation (3.26) and (3.25) are:
r
a3 − a1
f (z) = sn(
z, k),
2
r

a3 − a1
2
φ(x, t) =a1 + (a2 − a1 ) sn
(x − vt), k
2

(3.27)

(3.28)
(3.29)

Note that the constants a1 , a2 , a3 still depend on v and k. To determine them, we plug Equation
(3.29) into the KdV equation (3.1). Using the identity sn2 + cn2 = 1 and choosing new constants,
we finally obtain the cnoidal solution


r

C
1
v
C
2
2−
− − C cn
φ(x, t) =
(x − vt), k ,
(3.30)
3
k
6
2k
where k ∈ (0, 1) and C, v ∈ R are (independent!) constants.
In the limit k → 1 and C = v2 , we get the one-soliton solution
√

v
v
2
φ(x, t) = − sech
(x − vt) ,
2
2
with corresponding potential:

v
V (φ) = −φ3 − φ2 , C0 = 0
2

(3.31)

(3.32)

Figure 3.5 shows the potential (3.32) of the one-soliton solution (3.31) for v = 4. Note that the
soliton of Equation (3.31) increases its speed v with increasing amplitude.
Consider the family of solutions (3.33) to the KdV equation (3.1), parametrized by k ∈ (0, 1]. It
describes a continuous transition from a periodic cnoidal wave (k < 1) to the non-periodic one-soliton
solution (k = 1) [5].




1
x−t
2
2
√ ,k
(3.33)
1−
− 2 cn
φk (x, t) =
3
k
k
The Figures 3.6, 3.7 and 3.8 show the plots of (3.33) for several values of k.

Figure 3.6: The cnoidal wave (3.33) for k = 0.5 Figure 3.7: The cnoidal wave (3.33) for k = 0.99.

Figure 3.8: The one-soliton limit k = 1 of (3.33).
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Chapter 4
Kinks in φ4 and in Sine-Gordon Theory
Author: Djordje Pantic
Supervisor: Dr. Marius de Leeuw

The following text deals with the derivation of kink solutions in φ4 and in sineGordon theory. In addition, several important properties of kinks will be shown, as
well as a systematic method of generating higher-order kink solutions.

4.1

Introduction

Solitons are solitary wave packets that maintain their shape while traveling at a constant speed, and
that can collide against each other without being perturbed. Kinks are a type of soliton solutions in
scalar field theories, such as φ4 and sine-Gordon theory, which will be investigated here. Sine-Gordon
theory is in fact related to φ4 , and it describes a system of coupled pendula in a gravitational field.

4.2
4.2.1

φ4 Theory
Kink solutions

In order to find kink solutions, we shall start by looking at a more general case. The action for a real
scalar field φ in its relativistically covariant form in D space-time dimensions (t, x1 , x2 , ..., xD−1 ) :


Z
1
µν
D
(∂µ φ)(∂ν φ)η − V (φ) ,
Sφ = d x
2
where η µν is the (inverse) Minkowski metric. The corresponding equation of motion follows from the
variation principle:
δSφ
dV
= 0 ⇒ − ∂ 2φ −
= 0, ∂ 2 = η µν ∂µ ∂ν .
δφ
dφ
The Hamiltonian of a configuration φ = φ(xµ ) is given by:


Z
1
1
D−1
2
2
H[φ] = d
x
(∂t φ) + (∇φ) + V (φ) ,
2
2
P
D−1
where (∇φ)2 = i=1 (∂i φ)2 .
1

Let us now consider the case where D = 2, i.e. with space-time coordinates (t, x). Further, we
may take a static limit in order to find time-independent solutions φ = φ(x). As a result, the
2
equation of motion simplifies to ddxφ2 = dV
. Integrating this, we get:
dφ
Z φ
dφ0
p
= x − x0 , φ0 ≡ φ(x0 ),
(4.1)
2V (φ0 )
φ0
where x0 is the lower bound of integration with respect to the space coordinate.
At this point we introduce the φ4 theory by considering a quartic potential

µ2
λ 2
(φ − α2 )2 , α2 ≡
,
(4.2)
4
λ
where α is a parameter that measures the strength of the field, and µ is a mass parameter. Upon
inserting (5.2) into (5.1) and setting φ0 = 0 for simplicity, we get the static kink solutions of φ4 :


µ
µ
φ± (x) = ± √ tanh √ (x − x0 ) .
(4.3)
2
λ
Moving kinks can be obtained by performing a Lorentz boost:


µ
µ
φ±,v (t, x) = ± √ tanh √ γ(x − x0 − vt) ,
(4.4)
2
λ
where γ = √ 1 2 2 .
V (φ) =

1−v /c

An example of a φ4 kink is shown in figure 5.1.
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Figure 4.1: A φ4 kink corresponding to the previously calculated φ+ (x).
Furthermore, the value of a kink for a certain value of x describes the position of a massive point
particle moving from one minimum of the potential (5.2) to the other one. Hence, by rotating the
graph of the potential by 90◦ , its point of intersection with a moving kink corresponds to the position
of the aforementioned particle. This is illustrated in figure 5.2.
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Figure 4.2: Point of intersection of a (moving) φ4 kink (blue curve) with the corresponding quartic
potential (5.2) (purple curve).

4.2.2

Properties of Kinks

Having established what kinks in φ4 theory are, we shall now take a look at a few interesting properties
that they possess.
i) The energy density of a static kink is given by the Hamiltonian density
1
1
H [φ± ] = (∂t φ± )2 + (∂x φ± )2 + V (φ± )
2
2
=

µ4
1
.
4 √µ
2λ cosh [ 2 (x − x0 )]

From this, we can conclude that the total energy (which can be identified with the mass) of a
static kink is
√
Z ∞
2 2µ3
dx H [φ± ] =
.
Mkink = H[φ± ] =
3λ
−∞

A straightforward calculation yields

H[φ±,v ] = γMkink .
Therefore, a moving kink obeys the relativistic energy-mass relation for point particles.
ii) Due to the nonlinearity of φ4 , a superposition of two kinks with different velocities and positions
is in general not a solution. However, linear superpositions of kinks are approximate solutions
to the theory, provided the separation between the individual kinks is large enough. This will
later be illustrated graphically in the case of two-kink solutions.
iii) Kinks are non-perturbative: in the limit λ → 0, (5.3) and (5.4) become ill-defined and thus
meaningless. In other words, they cannot be obtained by perturbing around λ = 0.
iv) To investigate the stability of kinks, consider the current associated with a moving kink:
√
λ µν
µ
k± =
 ∂ν φ±,v ,
2µ
where µν is the Levi-Civita symbol. Due to the antisymmetry of µν , we have that
µ
∂µ k±
=0,
µ
which means that k±
is conserved.
The charge associated with k µ is
√
Z ∞
λ
0
Q=
dx k± =
[φ±,v (t, ∞) − φ±,v (t, −∞)] = ±1 .
2µ
−∞

If Q = 1, the underlying object is a kink, whereas for Q = −1 it is called an antikink.

The quantity Q is also called the topological index, since it only depends on the boundaries of
the kink. It can easily be seen that Q is conserved by the time evolution:
Z
dQ
= dx∂µ k µ = 0 ,
dt
since k µ is conserved. Therefore, since the topological index of a kink is 6= 0 and is conserved,
it cannot be converted by time evolution to a zero energy state (vacuum state), which has a
different topological index Qvac = 0. In other words, once a moving kink is created, it will travel
forever without being destroyed.

4.3

Sine-Gordon Theory

The sine-Gordon field theory is defined by the Lagrangian density
1
m2
m2 2 β 2 m2 4
1
L = (∂µ φ)2 − 2 (1 − cosβφ) = (∂µ φ)2 −
φ +
φ ± ... .
2
β
2
2!
4!
As it contains a φ4 term itself, sine-Gordon theory can be seen as a deformation of φ4 theory.
The Hamiltonian is given by


Z
m2
1 2
2
H[φ, φ̇] = dx (φ̇ + φx ) + 2 (1 − cosβφ) ,
(4.5)
2
β
and thus the equation of motion, namely the sine-Gordon equation, is
φ̈ = φxx −
where φ̇ ≡

4.3.1

∂φ
,
∂t

φx ≡

m2
sinβφ ,
β

∂φ
.
∂x

One-Kink Solutions

We shall use the same strategy as for φ4 kinks: in order to find one-kink solutions to the theory, let
us first look for static solutions φ = φ(x), and then perform a Lorentz boost. In the static limit, the
equation of motion simplifies to
m2
sinβφ .
(4.6)
φxx =
β
We shall further assume the boundary conditions φx (±∞) = 0, which correspond to a localization
of the kink.
Taking a closer look at (5.6), one can see that it is also the equation of motion of the classical
mechanical system
1
m2
h = φ2x + 2 (cosβφ − 1) ,
(4.7)
2
β
|
{z
}
V (φ)

which describes motion of particle in a periodic potential V (φ). Further, the boundary conditions
φx (±∞) = 0 are equivalent to the requirement that the particle approaches one of the maxima of
V (φ) at “time” x → ∞, i.e. βφ(±∞) ∈ 2πZ.
The total energy h of the solution can therefore be evaluated at x → ±∞:
h=

m2
1 2
φx + 2 (cosβφ −1)
2 |{z} β | {z }
→0

Hence, by integrating (5.7), we get

x − x0 = ±

Z

→1

= 0.
x→±∞

dφ
1
βφ
p
= ± log tan
.
m
4
2(h − V (φ))

Inverting the dependence of x on φ and boosting it, we get the moving kink and antikink solution
to the sine-Gordon theory, which are illustrated in figure 5.3:
φk (x, t) =

4
tan−1 eγm(x−vt−x0 ) ,
β

(4.8)

φk̄ (x, t) =

4
tan−1 e−γm(x−vt−x0 )
β

(4.9)
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Figure 4.3: A sine-Gordon kink (blue curve) and antikink (purple curve).
We have introduced the energy of φ(x, t) in (5.5). The momentum is given by the component T01 of
the energy momentum tensor
δL
Tµ ν = ∂µ φ
− δµν L ,
δ∂ν φ
namely
P [φ, φ̇] =

Z

dx φ̇φx .

(4.10)

By inserting (5.8) into (5.5) and (5.10) and integrating explicitly, we get
H[φk ] = √

M
,
1 − v2

Mv
P [φk ] = √
,
1 − v2

which coincides with the energy and momentum of a relativistic particle of mass
M = Mk = Mk̄ =

8m
.
β2

Since it will be of use later, recall that the energy and momentum of a relativistic particle with mass
M can be written as
E = M cosh θ , P = M sinh θ ,
where the rapidity θ is defined by v = tanh θ.
Note that the antikink solution can be obtained from the kink solution by the transformation
θ 7→ θ + iπ .

4.3.2

Multikink Solutions

When looking for multikink solutions, it is beneficial to introduce light cone coordinates:
τ=

t+x
,
2

∂τ = ∂t + ∂x ,

σ=

t−x
,
2

∂σ = ∂t − ∂x .

A way to generate multikink solutions is via the Bäcklund transformation:
∂τ φ2 = ∂τ φ1 +

2mη
β
sin (φ1 + φ2 )
β
2

2m
β
sin (φ1 − φ2 ) ,
βη
2
which maps a solution φ1 to another solution φ2 with a spectral parameter η.
One can prove that this transformation indeed maps a solution to another one by acting with ∂σ on
the first equation and then using the second one to evaluate it:


β
2mη
sin (φ1 + φ2 )
∂σ ∂τ φ2 = ∂σ ∂τ φ1 +
β
2
∂σ φ2 = −∂σ φ1 +

β
⇔ ∂σ ∂τ (φ2 − φ1 ) = m η cos (φ1 + φ2 ) ∂σ (φ1 + φ2 )
2
2
β
β
2m
cos (φ1 + φ2 ) sin (φ1 − φ2 )
=
β
2
2
=

m2
(sinβφ1 − sinβφ2 )
β

⇔ (∂t2 − ∂x2 )(φ2 − φ1 ) =

m2
(sinβφ1 − sinβφ2 ) ,
β

and since per assumption φ1 is a solution, we get
(∂t2 − ∂x2 )φ2 = −

m2
sin(βφ2 ) ,
β


so φ2 is indeed a solution.

We can generate multikink solutions by acting with the Bäcklund transformation iteratively on
the trivial solution φ = 0. Therefore, the one-kink solution can be recovered by setting φ1 = 0 in the
Bäcklund transformation and integrating:
η −1 ∂τ φ2 = −η∂σ φ2 =

2m βφ2
sin
.
β
2

The most general solution to these equations is
φ2 =

4
tan−1 exp m(η −1 τ − ησ − x0 ) ,
β

where x0 is a constant of integration.
Setting η = eθ and using the definition of light cone coordinates and the rapidity θ, we recover the
one-kink solution (5.8):
φk =

4
tan−1 exp(x cosh θ − t sinh θ − x0 ) .
β

We can generate two-kink solutions by performing a Bäcklund transformation on (5.8) and integrating
for φ2 . However, the integration turns out to be not quite trivial. Therefore, we shall introduce a
more elegant, purely algebraic way to generate multikink solutions due to Bianchi :
Starting with a classical solution φ of the sine-Gordon equation, we can generate two new solutions φ1
and φ2 by integrating the Bäcklund transformation of φ with spectral spectral parameter η1 and η2 ,
respectively. Further, if we integrate the Bäcklund transformation of φ1 with the spectral parameter
η2 which was used in the calculation of φ2 , we get a new, higher-order solution that we shall denote
by φ12 . Similarly, another solution φ21 can be obtained by integrating the Bäcklund transformation
of φ2 with the spectral parameter η1 . This is demonstrated in figure 5.4.

Figure 4.4: Two possibilities to perform two consecutive Bäcklund transformations of a solution φ
with spectral parameters η1 and η2 .
In general, the solutions φ12 and φ21 will depend not only on the spectral parameters η1 and η2 , but
also on some integration constants. As can be seen in figure 5.4, this means that in general φ12 6= φ21 .
However, Bianchi’s permutability theorem states that it is possible to choose the integration constants
in a way that φ12 = φ21 = Φ.
To prove the theorem, notice that if the solution Φ exists, then the commutativity of the Bäcklund
transformations requires that
β
2mη1
β
2mη2
β
2mη2
sin (Φ + φ1 ) = ∂τ φ +
sin (φ + φ1 ) +
sin (Φ + φ1 ) ,
β
2
β
2
β
2
2mη1
β
2mη2
β
2mη1
β
= ∂τ φ2 +
sin (Φ + φ2 ) = ∂τ φ +
sin (φ + φ2 ) +
sin (Φ + φ2 ) . (4.11)
β
2
β
2
β
2

∂τ φ12 = ∂τ φ1 +
∂τ φ21

Subtracting the two equations we get an equation which can be solved for Φ. One of the solutions is
given by


4
β
−1 η1 + η2
Φ = φ + tan
tan (φ1 − φ2 ) .
(4.12)
β
η1 − η2
4
To finish the proof, one checks that (5.12) satisfies (5.11) together with

β
2m
β
2mη2
β
2m
sin (φ1 − Φ) = ∂σ φ −
sin (φ − φ1 ) +
sin (φ1 − Φ) ,
η2 β
2
η1 β
2
β
2
2m
β
2m
β
2mη1
β
sin (φ2 − Φ) = ∂σ φ −
sin (φ − φ2 ) +
sin (φ2 − Φ) .
= −∂σ φ2 +
η1 β
2
η2 β
2
β
2

∂σ φ12 = −∂σ φ1 +
∂σ φ21



Setting φ = 0, η1 = eθ , η2 = e−θ and
φi =

4
tan−1 exp m(ηi−1 τ − ηi σ)
β

in (5.12), we get the kink-antikink solution in the center of mass frame:
φkk̄ (x, t) = −

4
sinh mγvt
tan−1
.
β
v cosh mγx

(4.13)

On the other hand, for η1 = eθ , η2 = −e−θ , we get the kink-kink solution in the center of mass frame:
φkk (x, t) =

v sinh mγx
4
tan−1
.
β
cosh mγvt

(4.14)

A plot of (5.13) and (5.14) is shown in figure 5.5 for a small time t.
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Figure 4.5: A sine-Gordon kink-antikink (blue curve) and kink-kink (red curve) for a small time t.
For large t, (5.13) and (5.14) become a superposition of a kink and an antikink, or two kinks,
respectively.
The energy and momentum of φkk̄ in the center of mass frame can be calculated by inserting (5.13)
into (5.5) and (5.10) and calculating the integrals explicitly:
H[φkk̄ ] = 2M cosh θ ,

P [φkk̄ ] = 0 .

In fact, the total momentum vanishes only because we chose the spectral parameters in a way that
the individual kink and the antikink travel in opposite directions with the same velocity. Moreover,
the total energy is simply the sum of the energies of the individual kinks. In this sense, kinks behave
like massive particles.

By treating v in (5.13) as a formal variable instead of as a velocity, we can generate a new type of
solution by setting v = i tanϑb (ϑb ∈ R ⇒ v ∈ iR):
φb (x, t) = −

sin(tm sinϑb )
4
tan−1
.
β
tanϑb cosh(xm cosϑb )

This solution is called a breather. Its energy
H[φb ] = 2M cosϑb ≤ 2M
suggests that it is a k k̄ bound state. Indeed, its time evolution is different from that of the two-kink
solutions we have seen previously. A breather is localized in a neighborhood of a fixed point x in
space, in this case x = 0. Clearly, this is an oscillating system.

4.4

Conclusion

We have seen that moving kinks obey the relativistic energy-mass relation for point particles: Ekink =
γMkink . Moreover, kinks are characterized by their topological index Q = ±1, which is conserved
in time. Hence, a moving kink travels forever without being destroyed. Multikink solutions can
be generated by iterating the Bäcklund transformation on the trivial solution φ = 0. A more
elegant method arises from Bianichi’s permutability theorem. Lastly, the energy and momentum
of a multikink are the sums of the energies and momenta of the individual kinks by which it is
generated. This is another feature that kinks share with particles.
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Chapter 5
Spontaneous symmetry breaking,
Goldstone’s theorem
Author: Steffen Arnold
Supervisor: Christian Vergu

The idea of spontaneous symmetry breaking is a crucial concept in quantum field
theory. As will be shown, the spontaneous breaking of a global continuous symmetry
results in the emergence of massless modes, the so-called Goldstone bosons. Goldstone’s theorem then examines the number of these Goldstone bosons when dealing
with certain physical systems and their underlying symmetries. This report introduces the concept of spontaneous symmetry breaking in terms of complex φ4 theory
and provides a brief derivation of Goldstone’s theorem in the classical as well as in
the quantum mechanical case.

5.1

Introduction

Our nature is full of asymmetries, and the concept of symmetry breaking is illustrated at this point
by means of the chirality of snail shells. The reader may already be aware of the fact that the vast
majority of snail shells have a spiral structure that is right-coiling. Actually, snails with differing
orientations of their spiral structure are, generally, not able to mate. While this explains why a
certain chirality dominates within the population, however, it does not explain why this should be
just the right-coiling shells, and there is no plausible reason for this specific preference in nature. This
is an example on symmetry breaking in nature: The underlying system is, in principle, symmetric.
However, it appears to be asymmetric and could be described by asymmetric laws. Obviously,
one would not base a study of the morphology of snail shells on the prevalent chirality but rather
understand it as some variable in such a theory. Imagine now we were missing the information that
there do exist left-coiling shells in nature and we had based our theory on the exclusive existence
of right-coiling shells. The challenge then lies in recognizing the underlying symmetry that possibly
prevents us from gaining further insight into the theory and its unity.
This report deals with the spontaneous breaking of a continuous symmetry in physical theories,
a fundamental concept in quantum field theory, that is, the physics of subatomic particles or quasiparticles. For a long time it was assumed that the weak and electromagnetic interactions need to be
considered as two processes basically independent from each other. In fact, the spontaneous breaking
of the SU (2) × U (1) symmetry gives rise to a unified theory of weak and electromagnetic interactions
1

together. The same concept also provides the basis for the famous Higgs mechanism that attributes
mass to the so-called Higgs gauge bosons.
The concept of the spontaneous breaking of a global continuous symmetry will, in this report,
be familiarized in terms of the simple yet instructive complex φ4 theory, that is, for the time being
neglecting quantum field theory. It will then be shown that, and for which reason, the spontaneous
breaking of a global continuous symmetry results in the emergence of massless modes that we refer
to as the so-called Goldstone bosons. Goldstone’s theorem, whose proof will be outlined in the
further course of this report, then examines how the number of these massless modes is related to
the generators of the symmetries when dealing with a particular physical system. The main findings
from these considerations will be summarized at the end of this report.

5.2

Spontaneous symmetry breaking

5.2.1

Examples

We will start to explore the spontaneous breaking of a global symmetry by considering two illustrative
physical examples, the first one being the rod bent through applying a force along its length, and the
second one being the spin orientations of an infinitely large ferromagnet depending on its temperature.
From these examples, then, their common features will be summarized, which already provide a first
vague characterization of spontaneous symmetry breaking.

Figure 5.1: A thin rod will bend when a force F is applied along its length. Source: [1]

Bent rod First, think of a thin rod of circular cross-section that we place vertically on a table as
illustrated in Figure 5.1. This physical system possesses a global rotational symmetry, we would not
be able to distinguish a second arrangement of this rod that was rotated along its length from the
initial one. Now, we push down along its length with a force F . When F exceeds a critical value,
the rod will certainly bend into a random direction. This new arrangement of the rod bent into a
particular direction consequently lost its rotational symmetry. By rotation, however, we would still
be able reach each of the imaginable outcomes of this little thought experiment.

Figure 5.2: At low temperatures T the spins of a ferromagnet are aligned. Source: [1]

Infinitely large ferromagnet The second example addresses the idealized and infinitely large
ferromagnet. As should be known, the behavior of this particular physical system stems from spinspin interaction, and its Hamiltonian is therefore given by
H=−

X
i,j

Ji,j Si · Sj ,

with Ji,j being the coupling tensor. In the simplified Ising model, Si = ±1 and only interaction
between nearest neighbors is considered. In the ground state, i.e. the state of minimal energy, all
spins are aligned within one domain as illustrated in Figure 5.2, and obviously this state is not
invariant under rotation. At high temperatures T , however, the spins become randomly oriented and
the ground state therefore becomes symmetric.
Important features The important features exhibited by both of these examples include that
(a) there exists a parameter, e.g. the force F or the temperature T , that exceeds some critical value,
and subsequently (b) the symmetric configuration of the physical system becomes unstable. A new
ground state is then reached (c) that is is degenerate, and this particular ground state – not to be
confused with the set of equally possible ground states – does no longer share the symmetry of the
initial symmetric configuration of the physical system.

5.2.2

Symmetries

Before we are ready to translate the findings from the previous examples into a profound concept, we
need an understanding of global symmetries. A global symmetry is present when a physical system
is invariant under application of one or more global transformations.
Global transformations A global transformation is independent of the point in space-time, as
opposed to a local transformation. An example for a common global and continuous symmetry is
the rotation by a certain angle. Substantial parts of physics may be expressed in terms of invariant
Lagrangians and their underlying symmetries.
We can generalize the operators of a Lie group in the form
U (α) = e−iαk Qk ,
where ak are parameters and Qk are the basic operator functions. We may then identify the generators
of the transformation Qk by partial derivatives, i.e.
−iQk =

5.2.3

∂
U (α = 0) .
∂αk

Breaking

Equipped with an understanding of global symmetries, we are now ready to turn to their breaking.
The following considerations will be based on classical scalar field theory, and the reader may find a
more general treatment within the framework of quantum field theory in [1]. First, some subsequently
used terminology is clarified, thus setting up the framework. Then, the concept of spontaneous
symmetry breaking will be examined and formalized in terms of the simple yet instructive φ4 theory.
Based on this theory, the emergence of massless modes, the so-called Goldstone bosons, that arise
from the breaking of the symmetry, will be demonstrated and interpreted.

Framework From classical mechanics one might be used to deal with point-like particles and the
generalized coordinates qi (t) at a time t associated with them. From the Lagrangian L of the physical
system one may then easily deduce the equations of motion that allow us to find expressions for the
behavior of the system. In field theory, we regard excitations of a physical field rather than pointlike particles, and the generalized coordinates qi (t) are consequently replaced by the field amplitude
φ(xµ ) at some point xµ in space-time. Instead of the Lagrangian L that characterizes the state of the
overall system, we formulate the physical system through a Lagrangian density L, thus introducing
locality as necessary for physical fields, and the action S is then given through
Z
S = dD−1 x dt L ,
where the explicit form of L depends on the field theory under consideration. It can be shown that
the equations of motion for a field theory are indeed corresponding to those in classical mechanics
by replacing t 7→ xµ and qi (t) 7→ φ(xµ ). Upon quantization of the field we arrive at the particle
interpretation. For a complex scalar field, L is given by
L = (∂µ φ)(∂ µ φ∗ ) − V (φ, φ∗ ) ,
and the ground state, that is, the state of lowest energy, is consequently found by minimizing the
potential V (φ, φ∗ ) and may be identified with the notion of the vacuum in the particle interpretation.
We already get the idea that a particular ground state solution does not share the same symmetry
of the Lagrangian density in the case of a spontaneously broken symmetry. The term ’spontaneous’
refers the broken symmetry of a particular ground state solution depending on some parameter,
although the Lagrangian density L (and its potential) is still symmetric.
Complex φ4 theory Consider the Lagrangian density


L = (∂µ φ)(∂ µ φ∗ ) − m2 φ∗ φ + λ(φ∗ φ)2 ,
{z
}
|

(5.1)

V (φ,φ∗ )

of complex φ4 theory which owes its name to the quartic self-interaction term (φ∗ φ)2 = |φ|4 in
the potential V (φ, φ∗ ). Quantization of the field φ yields particles of mass m, but m2 is regarded
within the following considerations as a parameter only. This Lagrangian density has a global U (1)
symmetry, i.e. it is invariant under any transformations of the form
φ 7→ φ0 = eiΛ φ , Λ = const.

Figure 5.3: The potential V (φ, φ∗ ) from Equation 5.1 for m2 > 0 (left) and m2 < 0 (right).

The appearance of the potential V (φ, φ∗ ) for the two interesting cases m2 < 0 and m2 > 0 is
illustrated in Figure 5.3. The latter potential is sometimes referred to as Mexican hat potential.
We may then obtain the ground state solutions for this potential as its minima from
∂V
= m2 φ∗ + 2λ φ∗ (φ∗ φ) & complex conjugate.
∂φ
For m2 > 0 there exists a single minimum at φ∗ = φ = 0. In the more interesting case of m2 < 0 we
obtain two different extrema, the former minimum at φ∗ = φ = 0 has now become a maximum, and
in addition we surprisingly find new minima for
φ∗ φ = −

m2
=: a2 .
2λ

(5.2)

In other words, the minima of V (φ, φ∗ ) lie along the circle |φ| = a, thus forming a set of degenerate
ground states that are related to each other by the symmetry of L. A particular ground state does
not share the global symmetry of the physical system, hence, the symmetry is spontaneously broken
for m2 < 0. Physical fields, i.e. excitations above the ground state, are then realized as perturbations
about the chosen ground state at |φ| = a.
Goldstone boson We will now try to find these physical fields by finding a representation of φ
for which the new fields are corresponding to foresaid perturbations. Put
φ = [ρ + a] eiθ ,
i.e. the field φ is expressed in terms of two real scalar fields ρ and θ and such that both ρ and θ have
vanishing vacuum expectation values in the particle interpretation. Plugging the new expression for
φ into V (φ, φ∗ ) and using Equation 5.2 ⇔ m2 = −2a2 λ we obtain
V (φ, φ∗ ) = m2 [ρ + a]2 + λ [ρ + a]4
= −2 a2 λ [ρ + a]2 + λ [ρ + a]4


= −2 a2 λ ρ2 + 2 aρ + a2


+ λ ρ4 + 4 aρ3 + 6 a2 ρ2 + 4 a3 ρ + a4

(5.3)

= λρ4 + 4 λaρ3 + 4 λa2 ρ2 − λa4 .

Similarly, the new expression for (∂µ φ)(∂ µ φ∗ ) yields
(∂µ φ)(∂ µ φ∗ ) = (∂µ ρ)(∂ µ ρ) + [ρ + a]2 (∂µ θ)(∂ µ θ) .
In particular, a term in ρ2 appears in the Lagrangian density L, and consequently the field ρ has a
mass associated with it that is given by (cf. Equation 5.3)
m2ρ = 4λa2 .
At the same time, there is no such term in θ2 , and we conclude that θ is a massless field.
From the spontaneous breaking of the global U (1) symmetry of complex φ4 theory we obtain a
massive and a massless field from what would otherwise be two massive fields. One may imagine
that if we placed a ball inside the potential it would obviously cost energy to displace it along ρ, that
is, against the restoring forces of the potential, whereas there are no restoring forces along |φ| = a,
that is, for θ. The massless θ particle is referred to as Goldstone boson.

5.3

Goldstone’s theorem

As was shown previously for complex φ4 theory, the spontaneous breaking of a global continuous symmetry results in the emergence of massless modes which we refer to as Goldstone bosons. This section
deals with the question of the general validity of this observation, the number of Goldstone bosons
which we may expect when dealing with certain physical systems and their underlying symmetries,
and the status of this concept in quantum field theory.
The number of Goldstone bosons can be derived from group theoretical considerations and forms
the key part of Goldstone’s theorem as formulated in the following.

5.3.1

Number of Goldstone bosons

We will now try to find a relation between the result of a group transformation and the mass of
the associated field φa . Assume, we had some Lagrangian density L that is globally invariant under
a symmetry group G. Furthermore, we have a set of N real fields φa , a = 1, 2, 3, ..., N and that
the potential V (φ) is invariant under a group transformation g ∈ G. Next, we try to construct the
subgroup H of G that contains all elements of G that leave the ground state φ0 invariant. This could
basically be everything between (a) the trivial case, that is, all symmetries are spontaneously broken,
or (b) the full group, that is, no symmetries are spontaneously broken.
Derivation Since φ0 is the ground state, it must hold that
∂V
∂φ

= 0,
φ=φ0

and we may expand the potential V (φa ) around the ground state
1
V (φ) = V (φ0 ) +
2



∂ 2V
∂φi ∂φj



φ=φ0

χi χj + O(χ3 ) ,

χi (x) = φi (x) − φ0 .

The mass tensor Mi,j is therefore given through
Mi,j =



∂ 2V
∂φi ∂φj



,

φ=φ0

and, in particular, Mi,j must be positive or zero because V (φ0 ) is the minimum.
Next we apply a group transformation to the potential,
φ 7→ φ0 = U (g)φ
where U (g) is the unitary matrix corresponding with the group element g ∈ G, resulting in
V

(φ00 )

1
= V (U (g)φ0 ) = V (φ0 ) +
2



∂ 2V
∂φi ∂φj



δφi δφj + ...

φ=φ0

where δφi is the variation in φi under the transformation and we have used the assumption, that the
potential V is invariant under a group transformation. Obviously, it must hold
 2

∂ V
δφi δφj = 0 ,
(5.4)
∂φi ∂φj φ=φ0
otherwise, φ0 would not be the ground state in contradiction with our assumptions.

Case 1: If g belongs to the subgroup H of G, that is, it leaves the ground state φ0 invariant,
then it follows from φ00 = φ0 , immediately, that
δφi = [U (g)φ0 − φ0 ]i = 0
in full correspondence with the claim in Equation 5.4.
Case 2: If, however, g does not belong to the subgroup H of G, that is, φ00 6= φ0 , then the
variation δφi may be approximated through
"
#

∂U
δφi =
φ0 δαk 6= 0 .
∂αk αk =0
|
{z
}i
=:U 0 (0)φ0

Consequently, it must hold from Equation 5.4

Mi,j [U 0 (0)φ0 ]j = 0 ,
i.e. the fields U 0 (0)φ0 are massless. These are the Goldstone bosons.
Conclusion The number of fields that are not required to be massless is simply the dimension of
the Lie algebra of H. The elements g 6∈ H do not form a group, instead we may then derive the
number of Goldstone bosons from the dimension of the coset G/H, that is, the number of generators
of the symmetry group G that are not also generators of the subgroup H.
In particular, this result does not depend on the actual representation of G nor on the form of
the potential. Note that this conclusion even holds in the case that the symmetry is not broken.

5.3.2

Goldstone’s theorem

We now have all the information needed to formulate the classical version of Goldstone’s theorem.
Assume, the Lagrangian density L is invariant under a symmetry group G, and that the ground
state solution is invariant under a subgroup H of G. Then, for each generator of G that is not a
generator of H, there will emerge massless particles that we call Goldstone bosons.

5.3.3

Status in quantum mechanics

A rigorous proof of Goldstone’s theorem in the framework of quantum mechanics turns out to be
quite complicated and requires the consideration of some subtleties. Therefore, the proof is only
outlined in the following. The reader may be referred to [3] for an extensive proof.
• Start by recalling that we have, due to the invariance of L under G, divergenceless Noether
currents jµa and that the corresponding charges Qa are conserved.
• The conserved charges Qa are the generators of the global transformations.
• Assume that the field operator φ(x) has a non-vanishing vacuum expectation value, i.e.
h0|φ(x)|0i =
6 0.
• Assume that the field operator φ(x) is not a singlet under the transformation and, therefore,
there must exist another operator φ0 (x) such that
[Qa , φ0 (x)] = φ(x) .

• We thus arrive, by plugging in the expression for Qa , at
Z
a
0
0 6= h0|φ(x)|0i = h0| [Q , φ (x)] |0i = d3 y h0| [j0a (y), φ0 (x)] |0i ,

(5.5)

and it can be shown that this expression implies the existence of massless particles.
• Continue by inserting the completeness relation into Equation 5.5, yielding
XZ
0 6=
d3 y (h0|j0a (y)|nihn|φ0 (x)|0i − h0|φ0 (x)|nihn|j0a (y)|0i) .

(5.6)

n

• Using translation invariance and performing the spatial integral, we arrive at
X

δ 3 (pn ) h0|j0a (0)|nihn|φ0 (x)|0i eiMn y0 − h0|φ0 (x)|nihn|j0a (0)|0i e−iMn y0 .
0 6= (2π)2

(5.7)

n

• It can be shown that Equation 5.7 is independent of y0 using that jµa is divergenceless and
integrating its Taylor expansion. We may then conclude that Mn = 0, i.e. that there must
exist states that are massless, and these are indeed the Goldstone bosons.

5.3.4

Another example

As a last example we will consider the Lagrangian density
1
m2
L = (∂µ φi )(∂ µ φi ) −
φi φi − λ(φi φi )2 ,
2
2
where φi , i = 1, 2, 3 is an isovector Lorentz-scalar field. This Lagrangian density L is invariant under
SO(3), that is, under global transformations of the form
G : φi 7→ φ0i = eiTk αk



i,j

φj = Ui,j φj = [U (g)φ]i .

Again, we obtain different ground state solutions as the minima of the potential and depending on
m2 . For m2 > 0 we have a minimum at φi = 0. For m2 < 0 we find degenerate ground states at
|φ0 |2 = −m2 /(4λ) =: a2 , similar to the minimum found in complex φ4 theory.
We choose φ0 = a e3 as our ground state for the following considerations. This particular φ0 is
not invariant under the full group G but under the subgroup H that is found to be
H : φ0 7→ φ00 = U (h)φ0 = φ0 , U (h) = eiT3 α3 .
If we put φ3 = χ + a such that φ1 , φ2 , and χ are the physical fields, we find for the potential

2
V = 4a2 λχ2 + 4aλχ φ21 + φ22 + χ2 + λ φ21 + φ22 + χ2 − λa4 ,

from which we can deduce that the χ field can be associated with a mass
m2χ = 4a2 λ ,

while the fields φ1 , φ2 appear to be massless for the same argument as before.
Indeed, the full symmetry group G has three generators, of which only the one generator of H
leaves the chosen ground state φ0 invariant. From Goldstone’s theorem we would have, therefore,
expected precisely one massive field – that we found to be χ – and two massless fields.

5.4

Summary

The two examples of the rod bent through applying a force and of the spin orientations of an infinitely large ferromagnet served as motivation for studying the breaking of a symmetry. Starting
from complex φ4 theory the concept of spontaneous symmetry breaking in case of global continuous
symmetries was derived. It was shown that the spontaneous breaking of a global continuous symmetry, as in the case of the Mexican hat potential, leads to degenerate vacua that we may associate with
the massless Goldstone bosons. In the general case, when a Lagrangian density L is invariant under
a symmetry group G and a chosen ground state φ0 is only invariant under a subgroup H, the number
of Goldstone bosons is just the dimension of the coset G/H, i.e. the number of generators of G that
are not also generators of H. This statement is known as Goldstone’s theorem. In particular, this
statement does not depend on the representation of G or H nor on the explicit form of the potential,
and it even applies to the case when there is no spontaneous symmetry breaking (H = G).
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Chapter 6
Bose-Einstein-Condensation and the U(1)
symmetry breaking
Author: Maximilian Seyrich
Supervisor: Cristian Vergu

The existence of a condensed phase for Bosons at low temperature was first predicted
by Albert Einstein in 1925 in his paper ”Quantentheorie des einatomigen Gases”.
A macroscopic fraction of particles occupy the ground state in the so-called BoseEinstein-Condensate, making quantum physics macroscopically visible. The order
parameter of the corresponding spontaneous symmetry breaking and the underlying
U(1) symmetry will be connected to the Bose-Einstein-Condensate with the help of
the 2nd Quantization formalism in this paper.

6.1

Introduction

If steam reaches a critical pressure for a given temperature, a fraction of the steam will be condensed.
Einstein compares this process in his above-mentioned paper with the condensation taking place if a
bosonic gas has reached a critical number of particles. All the energy levels different from the ground
state will be saturated and with increasing particle number an increasing macroscopic fraction will
occupy the ground state. A macroscopic clump of particles, described by only one wave function, have
now all zero momentum. Figure 6.4 shows the density distribution of Rb-Atoms in momentum space.
Instead of talking of critical particle numbers, it is nowadays common to separate the two phase by
the Temperature. If you think of an experimental realization, it is easier to fix the particle number
and to cool down the particles than vice versa. Consequently, one sees in the high- temperature
phase T > TC a broaden distribution in the order of the theoretically predicted range of the BoseEinstein-distribution function, for T ∼ TC a peak in the middle for the zero momentum and an even
sharper peak (theoretically a delta-peak) for the condensed low temperature phase T << TC .

6.2

Quantum Statistics for the Ideal Bose Gas

To understand Einstein’s reasoning, one needs the theory of Quantum Statistics for the Ideal Bose
Gas. In this section the Bose-Einstein-distribution is showed via the Grand-Partition function. The
thereof derived equation of state for fixed particle number will raise problems for particle numbers
1

Figure 6.1: Distribution of Rb-atoms in momentum space. Left panel: T > TC , middle panel:
T ∼ TC , right panel T << TC : Peak for p=0 state while the number of atoms with finite momentum
shrinks.

greater than the critical particle number (or for T  TC when the particle number is held constant
instead of the temperature), before some logical considerations will lead us to the only explanation
of how this contradiction is solved.

6.2.1

Bose-Einstein-distribution

A gas of free particle in a in a box of volume V with boundary condition has to solve the timeindependent Schrödinger equation of the tensor product of all the states of each particle.
ĤΨ = EΨ =

X

np ep Ψ

(6.1)

p

where np is the occupation number per momentum state and ep the according energy.
The grand partition function is then known as

Ξ(T, V, µ) = tr(ρ̂)

(6.2)

= tr(e−β(Ĥ−µN̂ )
X −β P(np ep −µnp )
=
e p

(6.4)

=

(6.5)

(6.3)

np

Y
p

1

1−

e−β(ep −µ)

The limit of a geometric series was used in the last step.

Expectation values of an operator are defined via the trace of the operator’s product with the
density matrix. The expected value of the occupation number hnp i is now obtained via
hnp i = tr(ρ̂n̂p )
P
−β (np ep −µnp )
P
np e p
np

= P

−β

e

np

P
p

(6.6)

(6.7)

(np ep −µnp )

= −kB T ∂ep log(Ξ)
1
= β(p −µ)
e
−1
The last equation is the well-known Bose-Einstein-Distribution.

6.2.2

(6.8)
(6.9)

Limited particle number in the Equation of state

If one comes now back to Einstein’s problem of a Bosonic gas in a fixed volume at fixed temperature, one has to introduce boundary condition for the solution of the Schrödinger-Equation. These
boundary conditions (e.g. for simplicity periodic) leads to discrete states of momenta that the atoms
can be in. Einstein equation of limited particle number is easily derived form the Bose-EinsteinDistribution. The particle number N must be equal to the number that one obtains if one sums the
occupation number per momentum state over all momenta
N=

X

np =

p

X
p

1
eβ(p −µ)

−1

Taking now the continuous limit one can exchange the sum

(6.10)
P

by the integral

p

V
h3

R

d3 p.

V
h3

is

the cell volume of our density function in momentum space and p the energy to the momentum p.
Applying this and switching to spherical momentum coordinates one gets
N = 4π

Z

p2
eβ(p −µ) − 1

dp

(6.11)

After a substitution, the integral term can be described by a series as function of the fugacity
z = eβµ , more precisely:
Z

√ X
√
∞
π
zs
π
dx =
g 3 (z)
3 :=
4 s=1 s 2
4 2
−1

x2
ex2
z

(6.12)

This series obviously diverges for z > 1 , or putting it in other words for µ > 0
Adding everything together one finally arrives at the equation of state:
2πmkB T 3
) 2 g 3 (z)
(6.13)
2
h2
That is the equation Einstein used to predict the condensation. Since the function g 3 (z) is
2
monotonously in z, its maximum is the Zeta-function: g 3 (1) = ζ( 32 ) ' 2.612. The particle number
2
N has got a maximum value in our calculus.
N =V(

Nmax = V (

2πmkB T 3 3
) 2 ζ( )
h2
2

(6.14)

6.2.3

Continuous Limit and the Ground state

Let one consider a simple thought experiment. In a box of given volume V at given temperature T
the particle number of a gas can be chosen arbitrary. The theory should then determine the pressure
of the gas.
However, equation (6.14) stands in contradiction to this simple issue. There is a maximum for
the particle number according to the calculus, the right hand side has a clear maximum for given
temperature and volume if z approaches 1. That means the chemical potential goes to zero in order
to maximizes the right-hand-side. But since g 3 (z) has this maximum for z = 1, the particle number
2
cannot be chosen arbitrarily high.
A first hint of what happens can be seen in the Bose-Einstein-Distribution.

np =

1
eβ(p −µ)

−1

(6.15)

For N reaching the maximum value, the chemical potential µ goes to 0. The term in the denominator gets to eβ(p −µ) − 1, which has a singularity for the ground state p = 0. The occupation
number for the ground state is not finite.
Where is the mistake?
It is in equation (6.11). Taking the continuous limit of the density in momentum space, the
contributions of the occupation of the ground state is neglected. For p = 0 the integrand gets due
to the p2 -term zero and N no longer contains the particle that are in the ground state. The limit
for the particle number derived above must therefore be interpreted slightly differently. The particle
number for particles that are not in the ground state is limited, not the total particle number.
If there are more particles in the excited states than the limit value, these states get saturated.
The simple answer is that a fraction of particles condenses to the ground state. It is common to call
the fraction of particles in the ground state the condensed particles and the particles in all the other
states are in the saturated state. As the Bose-Einstein-Distribution already hinted, the occupation
number gets macroscopic big if one reaches the critical number of particles. More precisely, the
fraction of condensed particles is growing with the total particle number.
Instead of holding the temperature T constant respectively raising the particle number N in our
thought experiment, one can alternatively fix N and lower T . One gets the same issues in equation
(6.14) which leads also to the conclusion that at a critical temperature TC the condensation starts
to take place. The critical Temperature can be calculated

TC =

3
N
h2
2
(
3 )
2πmkB V ζ( 2 )

(6.16)

which is in the range of several nano Kelvins for example given Rubidium atoms. The advantage
here is that one can calculate the condensed particle number N0 more easily and in dependence of
the temperature.

N0 = Ntot (1 −

T 3
)2
TC

(6.17)

Also the phenomena of phase transition takes place. In figure(6.3) one can see a cusp for the
specific heat capacity at T = TC . In fact, the specific heat has a non-continuous derivative at this
point. Since the specific heat is proportional to the second temperature derivative of the free energy,
the Bose-Einstein condensate phase transition is of 3rd order according to the Ehrenfest classifications
of phase transition.

Figure 6.2: Fraction of condensed particles as function of the temperature.

Figure 6.3: Heat capacity as a function of temperature. There is a continuous cusp for T = TC with
a noncontinuous derivative.

6.2.4

Experimental Proof and Physical Explanation

It took more than 70 years to prove experimentally that Bose and Einstein’s prediction was right.
Cornell, Wiemann und Ketterle showed among some others the existence of the Bose-EinsteinCondensation for Rb-Atoms. They won the Nobel prize for this discovery in 2001.
The common method consists of mainly two phases.
• The atoms are caught in a magneto-optical trap and cooled down by lasers. Temperatures
in the range of µ m can be reached. To cool the atoms down to the critical temperature,
Evaporative cooling is needed.
• Evaporative cooling means that one sorts the atoms with the highest energy out. Almost 99,9
per cent of the atoms are taken out in this step in order to reach temperatures in the range of
nK.
Physically one can understand it like this: atoms are particles, that are described by a wave
packet. The size of this package is the thermal de-Broglie wave length
λ=(

2πmkB T 3
)2
h2

(6.18)

The wave length raises for falling temperatures. If the wave length reaches the range of the median
distances d between the particles, quantum effects come into play. Overlapping wave-functions of
indistinguishable particles in almost the same mode posses now a critical phase space density which
leads then to the Bose-Einstein-Condensation.
λ'(

N 1
)3
V

(6.19)

Equation (6.19) shows one again, that for Bose-Einstein-condensation high particle density and
low temperatures are needed.

1

Figure 6.4: Wavelength and the median distance of atoms n 3 .

6.3

2nd Quantization and the link to the U(1) symmetry
breaking

The Ginzburg-Landau theory of phase transition in solid state physics states that there is an underlying broken symmetry for each phase transition. It is a generalization of the Landau expansion of
the free energy. The Landau expansion is based on the symmetry and spontaneous broken symmetry
of an order parameter. The order parameter possesses a certain symmetry in the high-temperature
disordered phase which can be described by a Group G of symmetry operations leaving the system
invariant. At the phase transition a form of order appears. It reduces the symmetry group of operations leaving the system invariant G0 to a subgroup of G, G0 ⊂ G. This change of symmetry is called
spontaneous symmetry breaking.
Reaching Bose-Einstein-Condensate by lowering the temperature, one gets a phase transition of 3rd
order. What is the broken symmetry? In the following chapter the formalism of second quantization
is introduced in order to show that the broken symmetry is the U(1) symmetry of the order parameter
Ψ̂0 , the field operator for states in the ground state.

6.3.1

Formalism of 2nd Quantization

Atoms filled in a box of given volume V were described above by tensor products of wave-functions.
The ”first” quantization was induced by the commutator rules for momentum pi and space variable
q.
[pi , qj ] = i~δij

(6.20)

The same can now be done for fields, more precisely for the momentum π(~x) and the space
variable Ψ(~x) at a point ~x.
[π(~x), Ψ(~y )] = i~δ 3 (~x − ~y )

(6.21)

Why is one interested in fields? If one goes back to the particles filled in the box, φi shall be
the one-particle function as in the section above. This wave-function is one mode of a set of discrete

modes for the i-th particle due to the boundary condition. Therefor, one gets discrete values in
k-space.
Each mode can now be described as a harmonic oscillator with states in the Fock space and the
creation and annihilation operators â† respectively â. One can then define the field operators

Ψ̂(~x) =

X

φi (~x)âi

(6.22)

φi (~x)â†i

(6.23)

i

†

Ψ̂ (~x) =

X
i

The two can be interpreted as annihilating respectively creating operator of a particle at a point
~x when acting on a tensor product of Fock states. The probability of removing a particle at point ~x
and then putting it back is then
hi|Ψ̂† (~x)Ψ̂(~x)|ii = |φi (~x)|2

(6.24)

This is nothing else than the probability of finding one particle in a one-particle system or the
number of particles in state hii in a box of n particles.

6.3.2

Bogeliubov Approximation

If a lowest energy state (ground state i = 0) has a macroscopic occupation N0 , one can separate the
field operator in a condensed term (i = 0) and non-condensed components.
Ψ̂† (~x) = ψ0 (~x)a0 +

X

φi (~x)âi

(6.25)

i=0

with a0 =

p
N0

(6.26)

The entropy for all the particles in the ground state is zero, since one knows that there are all
in the ground state. One substitutes the operator for the ground state by a constant, a complex
number a0 . Intuitively, the constant a0 has to be equal to the square root of N0 .
The so-called Bogeljubov-Ansatz is then:
Ψ̂(~x) = Ψ0 (~x) + δ Ψ̂(~x)

(6.27)

The field Ψ0 (~x) is called the wavefunction of the condensate and is the order parameter to the
Bose-Einstein phase transition.

6.3.3

Order parameter and broken symmetry

The order parameter Ψ0 (~x) has an absolute value Ψ0 (~x) and a phase S(r).
Ψ0 (~x) = Ψ0 (~x)eiS(r)

(6.28)

|Ψ0 (~x)| determines the particle density of the condensate n(~x) = |Ψ0 (~x)|2 at a point ~x and
√ the
phase S(r) characterizes the coherence and super-fluidity phenomena. Mathematically, Ψ0 = N0 φ0
is only defined up to a particular phase factor. Physically, the system chooses a random phase at
the phase transition which can be measured. This means nothing else than a spontaneous symmetry
breaking. What is the underlying symmetry?

The expectation value for the order parameter Ψ̂0 is defined as.
hΨ̂0 (~x)i = hn0 |Ψ̂0 (~x)|no i

(6.29)
(6.30)

In equation (6.29) the spontaneous symmetry can be verified by comparing the results for the
high-temperature phase and the condensed phase.
T  TC

T  TC

p
p
hΨ̂0 (~x)i = hn0 |Ψ̂0 (~x)|n0 i = hn0 | N0 φ0 |n0 i = N0 φ0 6= 0

hΨ̂0 (~x)i = hn0 |Ψ̂0 (~x)|n0 i = hn0 |φ0 aˆ0 |n0 i = hn0 |n0 − 1i = 0

(6.31)
(6.32)

The expectation value for the wave function of the condensate in the high-temperature phase is
clearly U(1) invariant. Transforming Ψ → Ψei∆ gives one still hΨi = 0. Obviously, the Group G
of the system’s symmetries contains U(1). In the condensed phase, however, the expectation value
of the wave function of the condensate is no longer U(1) invariant. The system chooses randomly a
particular phase S(r) which can be measured by interferometer. This spontaneous symmetry breaking
causes the phase transition of 3rd order for the Bose-Einstein-Condensation.

6.3.4

Coherent states

The expectation value of the wave function of the condensate cannot be finite if the system is in a
number state. The Bogeliubov-Ansatz giving one the finite value is just an approximation, so also
the original term including the annihilation operator of the ground state should provide a finite value.
As one has seen in the calculation for the expectation value for high temperatures, applying it to the
number states will give 0 since the different number states for each mode are orthogonal. Thereof
one can conclude that one cannot represent the condensate by the number states.
Consequently, the condensate has to be described by an eigenfunction of the annihilation operator
of the ground state mode.
â0 |αi = α|αi

(6.33)

where α is a complex number. Such an eigenstate is known from the harmonic oscillator, the state
that describes best the classical oscillation: The coherent state, consisting of a linear superposition
of all the number states multiplied by a phase.
|αi = e−

|α|2
2

∞
X
αn
√ |ni
n!
n=0

(6.34)
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Chapter 7
Superfluidity : Vortices & BKT transition
Author: Vetterli Samir
Supervisor: Jens Langelage

‘This report aims at giving a short insight in the topics of superfluidity vortices
and BKT transition. In particular, it is the superfluid transition of 4He which is
highlighted, namely by using the Two-Fluid model, but also through the Fermi liquid
theory of Landau and the Bogobuliov theory. In a second part, the Gross-Pitaevskii
equation leads to solution of the problem taking into account interaction as well as
spatial variation of the potential. This leads to vortex -solutions of the problem
which have a winding number and are topological defects of the superfluid. The
appearance of these excitations bears several consequences, amongst which is the
BKT transition. The latter explains the formation of Bose − Einstein condensate
within two-dimensional films by considering the correlation functions of the system
under scope.

7.1

Helium

Superfluidity is a state of matter characterized by an absence of viscosity at temperatures close to
absolute zero. Superfluidity is overall a phase transition which happens at low temperature, within
quantum liquids and in a specific range of pressure. It has principally been observed by Helium
isotopes, which perfectly embody the phenomenon. This remarkable property of Helium is the consequence of weak Van der Waals interaction combined with low atomic mass. In the case of Helium,
it is a second-order phase transition, because the specific heat is discontinuous (see Figure 1) and
which differentiate the high temperature liquid phase He-I from the low temperature liquid phase
He-II. This phase transition of Helium is overall a matter of ordering of a liquid system. In fact, it
corresponds to the transition to a state with less symmetries. Two different main isotopes of Helium
were discovered to become superfluid at low temperature: 4He and 3He. Although they only differ
by the number of neutrons in their respective atom-core, the phase transition that occurs for both
elements is quite different. 4He is a boson, because it consists of 2 neutrons and 2 protons and thus
has a total zero spin. 3He, on the other side, has 2 neutrons and only one proton, which makes it
a half-spin particle and therefore a fermionic particle [8]. 4He has He-I and He-II separated by the
lambda-line which intersects the saturated pressure curve at the λ-point given by
Tλ = 2.17K
Pλ = 29.8atm.
1

(7.1)

Near Tλ , the specific heat behaves like A|T − Tλ |−α and the peculiar shape of this divergence is the
reason for the name λ.

Figure 1 - Specific heat at the superfluid transition temperature Tλ . Note how C behaves in a T 3
power law in the region near absolute zero [1].
3He only becomes liquid at 0.1 K and superfluid at a few mK (see Figure 2) for the following
reason; the difference between both of these isotopes mainly stems from the distributions they obey
to, 3He and 4He respectively to Fermi and Bose statistics, and their total spin. 3He has to first form
Cooper pairs, as in a superconductivity transition, in order to become bosonic and then undergo the
same phase transition as 4He. Therefore, it requires additional cooling of the system in order for the
long-range binding to establish.

Figure 2 - Phase diagrams of Helium. Left panel : bosonic 4He. Right panel : fermionic 3He. Note
the logarithmic temperature scale in the right panel. While 4He has one superfluid phase, there are
two, the A- and B-phase, for 3He [1].
Whereas other systems of particles would form a solid lattice at temperatures near absolute
zero and thereby minimize their potential energy, Helium does not undergo this transition. If one
considers the interatomic potential within Helium particles, it consists of two main components. The
first one is a short-ranged strongly repulsive interatomic interaction, whereas the second is a longrange interatomic Van der Waals potential. A close approximation [1] of the total potential would

be of the form
V (r) = Ae−r/r1 − B



r2
r

6

,

(7.2)

with A = 4.89 eV, B = 9.3 ·10−5 eV, r1 = 0.22 Å, r2 = 4.64 Å. This fit presents a minimum at
r0 ' 3Å with a minimal potential V (r0 ) = −7.8 · 10−4 eV. A condition for a solid not to become
liquid is established by the Lindemann criterion, which is an attempt to predict the bulk melting
point of crystalline materials. The idea that lies behind this phenomenological law is that the average
amplitude of thermal vibrations increases with increasing temperature. In the situation considered,
we have
∆r
≤ Lm , with Lm ≈ 0.1
(7.3)
d
∆r represents here the fluctuation around the 0-point position, d is the lattice constant at T= 0,
which for Helium is about d ' 4.4Å. We conclude that for fluctuations of about 5 Å, the criterion
is no more verified and therefore the system becomes fluid. Using Heisenberg’s uncertainty principle
∆r∆p ≈ ~, we can deduce an approximation of the energy of the system in the liquid phase. We
thus have
!2
1
~
∆p2
=
≈ 8.6 · 10−4 eV
(7.4)
∆E =
2m
2m ∆r
which is in absolute value slightly greater than the potential minimum. It follows that the potential
well which results from the total potential of interaction is smaller than the actual energy of the
Helium particle in the fluid phase, therefore allowing it to move freely. In other words, the wave
function is not localized in a specific region of the system. This, however, applies only in a range of
pressure below 25 bar around 0 K.

7.2

Two-Fluid model

A suitable model that lies behind superfluidity is the Two-Fluid model imagined by Tisza in 1938 and
developed by Landau later. It considers the superfluid He-II as made of two different components,
one of which is called the normal fluid, the other the superfluid. Both parts of the system have
different densities which evolve as temperature varies under Tλ and whose sum is equal to the total
density of the liquid Helium. For T → Tλ , the density of the superfluid component ρs vanishes,
whereas at T = 1 K the density of the normal component ρn is already close to the one of the liquid.
The excitation spectrum (k) of He-II is made of two regions, which describe two different types
of quasiparticles :
• The linear phonon region near 0, where
(~k) = c~|~k|, |~k| << |k~0 |;

(7.5)

~2 ~ ~ 2 ~
(~k) = ∆ +
|k − k0 | , |k| ∼ |k~0 |.
2µ

(7.6)

• the quadratic roton region, where

where c = 226m/s is the sound velocity and ∆/kB = 9 K are the roton parameters and µ = 0.25mHe
[2].
The two-fluid model can be understood by considering an ideal noninteracting Bose gas that
undergoes a phase transition called a Bose−Einstein condensation (BEC) at the critical temperature
TBE given by


2π~2
N 2/3
kB TBE =
.
(7.7)
m
2.6V

Figure 3 - Spectrum of a superfluid with a linear sound-like behavior at low energy and a local
minimum around p0 due to roton excitations. The dashed line (vc p) indicates the maximal velocity
of the superfluid to sustain frictionless flow. (k) is not quadratic as it would be the case for a
non-interacting Bose gas [1].
The critical temperature TBE is however slightly different from Tλ . Furthermore, the specific heat of
a Bose-gas has a power law T 3/2 , whereas it is a T 3 for 4He. The density of the superfluid component
ρs increases at T → 0 K, whereas the number of condensate particles stays more or less constant
with respect to the total number of particles. Especially, this model allow one to justify the linear
photon dispersion relation of the energy spectrum for small wave vectors k.

7.3

Bogobuliov Theory

Let us write down the Hamiltonian of this system by considering that the interaction can be described
by a two-body potential V (~q)
H=

X
k

1 X
E0 (~k)â†k âk +
V (~q)â†k1 +q â†k2 −q âk1 âk2
2Ω k1 ,k2 ,q

(7.8)

~2

k
where E0 (~k) = 2m
− µ and µ is the chemical potential [3]. The field operator in this equation is
expressed in the phase space using

X ~
1 X −i~k~r †
b r ) = √1
b † (~
Ψ(~
eik~r â~k , Ψ
r) = √
e
â~k
Ω ~k
Ω ~k

(7.9)

and â~†k , â~k are respectively the creation and annihilation operators in the Fock-space spanned by
(a† )n1 (a† )n2 ...

vectors |n1 , n2 , . . .i = 1√n1 !n22 !... |0i with |0i being the vacuum state . At a temperature below TBE
the lowest energy one-particle state ψ0 which is an eigenstate with momentum equal to zero in a
uniform system is occupied by

 !
T 3/2
(7.10)
N0 (T ) = N 1 −
TBE

particles. Therefore the number of particles occupying their lowest energy state vanishes as the temperature tends to the critical temperature TBE . This is similar to the way the superfluid component
behaves in He-II as the temperature approaches Tλ for 4He. Thus, the part of the system N0 (T )
in the ψ0 state, which is called the condensate, is really similar to the superfluid component. Let’s
take |C; N, N0 i as a superfluid state with a total number of N particles, N0 of which are constituting
the condensate. If â†0 and â0 are respectively the creation and annihilation operators for the ground
state, applying them on a vector yields
√
â0 |C; N, N0 i = N 0 |C; N, N0 − 1i
√
â†0 |C; N, N0 i = N0 + 1 |C; N, N0 + 1i

(7.11)

and the subsequent relations follow
â†0 â0 |C; N, N0 i = N0 |C; N, N0 i
â0 â†0 |C; N, N0 i = (N0 + 1) |C; N, N0 + 1i .

(7.12)

For N → ∞, N0 + 1 ' N0 so that we can replace both products of operators â†0 â0 and â0 â†0 by
N0 . Therefore, N0 will be later used as a large parameter for describing the problem. The number
operator N acts upon the state as follows
N |C; N, N0 i = N0 |C; N, N0 i ,
P

where N = k â†k âk which we can also write as N = â†0 â0 +
order in N0 , the square of the number operator is
N2 ' N02 + 2N0

P

k6=0

(7.13)
â†k âk . Neglecting the terms of 0

X †

k6=0

(7.14)

âk âk

when acting upon the state |C; N, N0 i. As far as the potential part of the Hamiltonian HV is
concerned, we consider and regroup the terms in function of the number of operator â0 , â†0 they
contain. We have
(0)

HV





X †
1
1
1
âk âk 
V (0)â†0 â†0 â0 â0 =
V (0)N02 '
V (0) N2 − 2N0
=
2Ω
2Ω
2Ω
k6=0

(7.15)

for the zero-order term. The next order term contains two zero-momentum operators â0 , â†0 . These
are displayed beneath

N0 P
k~1 + ~q = k~2 − ~q = 0 :
V (~q)â−q âq
2Ω q6=0
N0 P
V (0)â†k2 âk2
k~1 + ~q = k~1 = 0
:
2Ω k2 6=0
N0 P
k~1 + ~q = k~2 = 0
:
V (~q)â†−q â−q
2Ω q6=0
N0 P
k~1 = k~2 − ~q = 0
:
V (~q)â†q âq
2Ω q6=0
N0 P
†
k~2 = k~2 − ~q = 0
:
q6=0 V (0)â−k1 âk1
2Ω
N0 P
k~1 = k~2 = 0
:
q )â†−q â†q .
q6=0 V (~
2Ω

(7.16)

Since at low temperatures, we expect small momenta to dominate, we make the following approximation V (~k) ' V (0). Taking account only of terms in O(N0 ) we have




X †
X †
1
N0 X
V (0)
HV '
V (0) N2 − 2N0
âk âk  +
V (0)(â†k â†−k + âk â−k ) +
4N0
âk âk ≡ HVB ,
2Ω
2Ω
2Ω
k6=0
k6=0
k6=0
(7.17)
and the total Hamiltonian can therefore be approximated with the Bogoliubov Hamiltonian HB

HB =

X
k





~k 2

− µ â†k âk + HVB .
2m

(7.18)

Whereas initially the Hamiltonian H commuted with the number operator N and thereby had
well-defined energy eigenvalues, with the Bogoliubov Hamiltonian, the energy states are no more welldefined, which is why we must set µ = 0. We further define the effective Hamiltonian by omitting
the non-operator parts of HVB
B
Hef
f





~k 2
V (0)  †
V (0)N0 X † †

+
N0 âk âk +
(â â + âk â−k ).
=
2m
Ω
2Ω k6=0 k −k
k6=0
X

(7.19)

In order to determine the energy eigenvalues of this Hamiltonian, we want to take appropriate linear
combinations of the creation and annihilation operators, so as to diagonalize HB in a form that would
look alike
X
HB =
(~k)b̂†k b̂k .
(7.20)
k6=0

Let b̂k , b̂†k be the linear combinations defined by
b̂k = α(~k)âk − β(~k)â†−k
b̂†k = α(~k)â†k − β(~k)â−k ,

(7.21)

where α(~k), β(~k) are real valued functions of |~k| called Bogoliubov coefficients. If we impose that
[b̂k1 , b̂†k2 ] = δk1 ,k2 , this leads to
α(~k)2 − β(~k)2 = 1, ∀~k,
(7.22)
in terms of the real valued coefficients. By inverting the equations for the initial operators, we obtain
âk = α(~k)b̂k + β(~k)b̂†−k
â†k = α(~k)b̂†k + β(~k)b̂−k .

(7.23)

We can then substitute these expressions in the effective Hamiltonian, define h(~k) and g(~k) respec~k|2
V (0)
and g(~k) = |2m
+ N0 VΩ (0) and it follows that
tively as N02Ω

B
Hef
f =

+

P

P

k6=0 [g(k)(β(k)

~

~

2

+ α(~k)2 ) + 4h(~k)α(~k)β(~k)]b̂†k b̂k

k6=0 [g(k)α(k)β(k)

~

~

~ + h(~k)(α(~k)2 + β(~k)2 )][b̂k b̂−k + b̂† b̂† ]
k −k

(7.24)

+terms not involving operators.

In order to diagonalize H B we must therefore cancel the second term, that is, set
g(~k)α(~k)β(~k) + h(~k)(α(~k)2 + β(~k)2 ) = 0.

(7.25)

We must then determine the Bogoliubov coefficients in terms of the known functions h(~k), g(~k) making
sure that α(~k)2 − β(~k)2 = 1 is satisfied. It results that
β(~k)2 =
α(~k)2 =
B
We finally have obtained Hef
f =

P

k6=0

r

g 2 (~k)
g 2 (~k)−4h2 (~k)
r
g 2 (~k)
1
2
g 2 (~k)−4h2 (~k)

1
2



−1

+1

(7.26)



(~k)b̂†k b̂k with

(~k) = g(~k)(β(~k)2 + α(~k)2 ) + 4h(~k)α(~k)β(~k) =

v
u
u
u
t





~k 2 ~k 2
2N0 V (0) 

+
.
2m 2m
Ω

(7.27)

This energy is that of a quasiparticle. As said before, the normal fluid consists of the thermal exci~k2
and momentum p~. For ~k → 0 the dispersion relation of a quasiparticle
tations with kinetic energy 2m
is
s
|~k| N0 V (0)m
(k) '
= c|~k|,
(7.28)
m
Ω
where c is the sound velocity and V (0) > 0 must be positive in order for the total energy to be
real. It follows that the interaction between the quasiparticles has a repulsive nature. So this hereby
proves the linear dispersion relation for small wave vectors and the appearance of excitations destroy
the frictionless character of the flow [3]. We define the critical velocity as the minimum of previous
~
quantity, that is vc = mink (|~k|k) . For non-interacting systems where no quasiparticles are created,
the spectrum of energy is given by the kinetic energy (~k) = ~k 2 /2m ∝ ~k 2 , which is why the critical
velocity can be made arbitrarily small, i.e. vc = 0 and the flow is not superfluid.
As for the roton region, where ~k ≈ k~0 , one can show that the energy spectrum is indeed quadratic
and presents a minimum at this point. This is done by doing following Ansatz [4]; the wave function
of roton excitations is given by a linear combination of condensate ground state wave functions φ as
follows
ψrot = φ

X ~
ikr~i

e

.

(7.29)

i

hψ| H |ψi
gives an upper boundary for the energy
hψ| ψi
excitation of momentum ~~k. The resulting energy is given by

Substitution of this result in order to minimize

E(~k) =

~2~k 2
,
2mS(~k)

(7.30)

where S(~k) is the structure factor from scattering of neutrons in the liquid.
S(~k) =

Z

eik~r g(~r)dr3 ,
~

(7.31)

and g(~r) is the two-atom zero-temperature correlation function. Taking experimental data results
(see Figure 4) into account, we observe that the minimum of the energy spectrum in the roton region
corresponds with the maximum of the structure factor at the wavelength of the nearest neighbor
distance.

Figure 4 - S(~k) presents a sharp maximum near k = 20nm−1 which correspond to the wavelength
of the nearest neighbor distance in the liquid. The maximum in S(~k) correspond to a minimum in
E(~k). This confirms that rotons excitations have a wavenumber that matches that of the nearest
neighbor [5].

7.4

Landau Fermi liquid theory

Although Landau Fermi liquid theory is mainly intended for strongly interacting Fermi liquids, it
can be extended to elementary excitation of superfluid 4He as well as dilute solutions of 3He in 4He.
We consider a fluid which flows at a constant velocity v in a capillary and has momentum p~. Friction
between the tube and the fluid create quasiparticles. Let’s consider one of these excitation with
energy (~k) and momentum ~k. In the lab frame, the tube is at rest. Conservation of momentum
during the interaction yields
p~ = p~0 + ~k
(7.32)
where p~0 represents the momentum of a fluid particle after the collision. Therefore, if no excitation
takes place, it follows that p~ = p~0 . Nevertheless, because a quasiparticle is created, the conservation
of energy can be written as
2
p~0
p~2
=
+ (~k),
(7.33)
2m
2m
where m describes the mass of the fluid particle. Taking the square of momentum conservation
relation yields
|p~0 |2 = |~p|2 + |~k|2 − 2~p · ~k
(7.34)
and if θ represents the angle between p~ and ~k, we have
| cos θ| =
In particular, it follows that

|~p|2 − |p~0 |2 + |~k|2
.
2|~p||~k|

|~p|2 − |p~0 |2
≤ | cos θ| ≤ 1,
|~p||~k|

(7.35)

(7.36)

which, if combined with the expression of the energy conservation yields
m(~k)
≤ 1.
2|~p||~k|

(7.37)

N0 V (0)m
|~p|
≤
= |~v |.
Ω
m

(7.38)

Using the energy spectrum relation (7.28), we get that
1
v0 :=
m

s

More precisely, if |~v | > v0 thermal excitation will happen. However, if the velocity |~v | is in a
specific range given by 0 < |~v | < v0 , no dissipation takes place and therefore the fluid behaves in
∆
(k0 )
=
= 60m/s, according to (7.6), does not
a superfluid manner. The theoric value v0 '
k0
k0
correspond with the experimental one, which lies around 1m/s. This illustrates the limit of the twobody potential model used for describing the BEC, which assumes that the gas is dilute or weakly
non-ideal. The actual theory of superfluidity treats the fluid as a highly correlated and strongly
interacting system.

7.5

Gross-Pitaevskii equation

Let’s consider the Hamiltonian of the Bose − Einstein condensate, this time taking also spatial
variations into account in addition to interactions
R
~2
b † (~
b r )) + [V (~
b † (~
b r )}
(∇Ψ
r) · ∇Ψ(~
r) − µ]Ψ
r)Ψ(~
H = dr3 {
2m
1 R 3 R 03 b † b † ~0
b r )Ψ(
b r~0 ).
+
dr dr Ψ (~r)Ψ (r )U δ(~r − r~0 )Ψ(~
2

b can be written as
The equation of motion for the field operator Ψ

i~

2 2
b r , t)
∂ Ψ(~
b r , t), H] = [ −~ ∇ + V (~
b † (~
b r , t)]Ψ(~
b r , t).
= [Ψ(~
r) − µ + U Ψ
r, t)Ψ(~
∂t
2m

(7.39)

(7.40)

We further use that the field operator can be written as

X
â0
1 X
~
~
b r ) = √1
âk eik·~r = √ + √
âk eik·r .
Ψ(~
Ω k
Ω
Ω k6=0

(7.41)

Provided the interaction is sufficiently weak, one may employ only the first term as an approximation
√
for a dilute Bose gas. Also, for a BEC we may replace the operator â0 by a complex number a0 = N0
because N0 ' N0 − 1, such that
b r ) −→ Ψ(~
b r ) = ψ (~
b r ),
Ψ(~
0 r ) + δ Ψ(~

(7.42)

and the state ψ0 (~r) can then be determined by Hartree approximation, namely by minimizing the
energy E = hψ0 | H |ψ0 i. By variation of the energy functional
E=

Z

dr3 [

~2
U
|∇ψ0 (~r)|2 + [V (~r) − µ]|ψ0 (~r)|2 + |ψ0 (~r)|4 ]
2m
2

(7.43)

we obtain exactly what in the Ginzburg-Landau theory of 2n d order phase transition is considered
as a form of the free energy, i.e.
1
1
f (~r) = fn + α|ψ0 (~r)|2 + β|ψ0 (~r)|4 + |∇ψ0 (~r)|2 ,
2
2

(7.44)

where ~ = m = 1, α, β ∈ R and ψ0 (~x) is known as the order parameter. Let’s write
1
Ũ ≡ Ũ (ψ0 ) = fn + α|ψ0 (~r)|2 + β|ψ0 (~r)|4 .
2

(7.45)

In order for Ũ to have a unique minimum, we must require that β is positive, in our situation, U > 0.
Further, we can notice that the functional E is invariant under a global U(1) phase rotation
ψ0 (~x) −→ eiα ψ0 (~x).

(7.46)

If α < 0 is chosen, that is if V (~r) < µ, then Ũ can be re-expressed as
Z
Z
1
1
1
Ũ = β(n0 − |ψ0 |2 )2 ⇒ dr3 f (~r) = dr3 [ |∇ψ0 (~r)|2 + β(n0 − |ψ0 (~r)|2 )2 ]
2
2
2

(7.47)

Variation of this quantity with respect to ψ0 (~r)∗ yields
∇2 ψ0 (~r) +

β
(n0 − |ψ0 (~r)|2 )ψ0 (~r) = 0
2

(7.48)

√
whose vacuum solutions are ψ0 (~r) = n0 eiφ provided that the phase φ is constant in space. Defining
the phase spontaneously breaks the U(1) symmetry. In the homogeneous state, i.e. ∇ψ0 (~r) = 0, we
√
require that ψ0 (~r) = n0 and fix the potential V to zero. In the initial situation considered, through
derivation
δE
∂ψ0 (~r, t)
=
(7.49)
i~
∂t
δψ0 (~r, t)
we obtain the so-called Gross − P itaevskii equation

!

∂ψ0 (~r, t)
~2 ∇2
i~
= −
+ V (~r) − µ + U |ψ0 (~r, t)|2 ψ0 (~r, t).
∂t
2m

(7.50)

Multiplying the Gross − P itaevskii equation by ψ0∗ (~r, t) and subtracting the complex conjugate
yields
~
∂|ψ0 (~r, t)|2
=−
{ψ ∗ (~r, t)∇2 ψ0 (~r, t) − ψ0 (~r, t)∇2 ψ0∗ (~r, t)}
∂t
2mi 0
(7.51)
~
∗
∗
{ψ (~r, t)∇ψ0 (~r, t) − ψ0 (~r, t)∇ψ0 (~r, t)}
= −∇ ·
2mi 0
which we may rewrite in the form of the continuity equation ∂ρ + ∇ · ~j(~r, t) = 0 with
∂t

ρ(~r, t) = |ψ0 (~r, t)|2
~
~j
= Im[ψ ∗ ∇ψ].
m

(7.52)

As a consequence, the current density is linked with the phase of the condensate wave function
√
ψ(~r) = n0 eiφ(~r) through
~j(~r) = ~ n0 ∇φ(~r) = n0 v~s (~r),
(7.53)
m
therewith defining the superfluid component’s velocity vs as v~s = m~ ∇φ. In addition, the velocity of
the superfluid component derives from a scalar field and as a consequence
∇ × v~s = 0

(7.54)

the velocity field is irrotational. Properties of the superfluid component include that it is irrotational
and carries zero entropy.

7.6

Vortices

We now show that the solution of Gross − P itaevskii equation can, under certain conditions, represent a vortex. In fluid dynamics, a vortex is a region of a fluid in which the particles have a rotary
motion around an imaginary axis that can be straight or curved [6]. It takes place in the absence
of external forces, when viscous friction is present and the flow is turbulent. Heuristically speaking,
a vortex is a soliton solution of the field equation (7.48) which satisfies following criteria : the field
configuration ψ0 vanishes at a point ~r ∈ R3 and the phase φ increases by 2πN , N ∈ Z∗ , along a
circle around ~r. The solution of the Gross-Pitaevskii equation then has the form
√
(7.55)
ψ0 (r⊥ , θ, z) = n0 ρs (r⊥ )eiθn
for zero line along the z-axis with (r⊥ , θ, z) being the cylindrical coordinates. The function ρs (r⊥ )
has following properties :










lim ρs (r⊥ ) = 0

r⊥ →0

lim ρs (r⊥ ) = 1,

with a0 =

r⊥ →a0

q

~2
.
2mU n0

(7.56)

A vortex is also characterized by its vorticity, that is, a vector ω
~ which describes the local spinning
motion at a point near the axis from a frame moving along with it. This characteristic is defined as
the rotational of the velocity field of the fluid
ω
~ = ∇ × ~v ,

(7.57)

ω
~ = ∇ × ~v = 2Ωêz ,

(7.59)

whose direction is the direction of the axis and intensity is proportional to a particle’s angular velocity.
It is greater near the axis of the vortex and almost zero outside of this region. There are usually two
main velocity profiles to be taken into account. The first has a velocity proportional to the radius r,
the fluid rotates in the same manner as a rigid body around its axis. The vorticity is equal to two
times the angular velocity of the whole fluid and its gradient vanishes. The second profile is inversely
proportional to the radius and the vorticity vanishes only along a vortex line. A vortex line is a curve
within the vortex region which is parallel to the vorticity vector and is either a closed loop or finishes
at the boundary of the fluid. In this case, the flow is irrotational as it was illustrated in (7.54). This
implies that the circulation along any closed contour is zero if it does not include the axis, i.e. it is
simply connected, or has a fixed value Γ in the opposite case. Therefore, the tangential component
Γ
and the angular momentum rvθ is constant. Quantum vortices
of the velocity is given by vθ = 2πr
have additionally quantized angular momentum [7].
We consider a classical fluid within a spinning bucket at constant angular velocity Ω. It’s surface
profile is given by
Ω2 r2
(7.58)
z(r) =
2g
in cylindrical coordinates. In this case, the vorticity agrees with the linear velocity profile if the
velocity is purely tangential to the rotation axis, i.e.
the vorticity is twice the angular velocity of the whole fluid. We now consider He-II instead of
a classical fluid. According to the Two-Fluid Model, the superfluid component is irrotational and
therefore has a velocity profile that is inversely proportional to the radial coordinate r. Thus, for
any closed contour C that is not simply connected the circulation of the superfluid velocity is not
zero but rather,
I
~ I
~
~ = ~ ∆φ,
v~s · dl =
∇φ · dl
(7.60)
m
m

where the superfluid component’s velocity was used in the expression of the velocity field and ∆φ
represents the phase difference around the vortex center. Because of its periodicity, ∆φ = 2πn, n ∈
Z∗ . The superfluid illustrates thereby the quantization of the circulation and especially that of the
angular momentum, since
I

~ = rvθ
~v · dl

Z 2π
0

dθ =

h
~
∆φ, ⇒ rvθ = n ≡ κn,
m
m

(7.61)

where κ = h/mHe = 9.97 · 10−4 cm2 /s is known as the quantum of circulation. That the velocity field
can have a non-zero circulation corresponds to a region within the contour C which is not superfluid,
i.e. where ρs has to vanish. This, in turn, explains why the velocity does not become asymptotically
large close the vortex axis as would
κ
(7.62)
vθ =
2πr
suggest and confirms the existence of a vortex as a solution of the Gross − P itaevskii equation.
Thus, there exist some value a0 such that (7.62) only applies for r ≥ a0 . As seen previously, if the
velocity of the fluid is superior to a critical velocity v0 , the superfluid component disappears, the flow
becomes turbulent and viscous friction is observed. In a rotary region, this velocity is replaced by a
critical angular velocity, written Ωc at which the first vortex is formed. We can show that this critical
value depends actually on the vortex core radius a0 . In order for the fluid to reach a thermodynamic
equilibrium, it requires to minimize its free energy given by
F = E − T S.

(7.63)

~ ·L
~ · L,
~ = E − TS − Ω
~
F0 = F − Ω

(7.64)

In the rotating frame of reference, where the fluid is at rest, the free energy of the system becomes

~ the angular momentum. Let’s now consider
where E denotes the internal energy of the vortex, L
He-II at 0 Kelvin in a rotating cylinder. The total internal energy of the vortex is a sum of the core
energy due to the local depletion of the condensate and of that of the circular flow of the superfluid
around the core. Because the first one is negligible we restrict the computation to the energy of the
rotating fluid. The first vortex appears only if the free energy of the fluid is reduced by the creation
of the vortex, that is, if
0
0
Fno vortex = −T S ⇒ ∆F 0 = Fvortex
− Fno
vortex = E − ΩL < 0,

(7.65)

where we used that condensate ground state is the state with zero angular momentum. Using the
classical model of a fluid in a bucket, the energy and angular momentum can be written as
E=

Z

dΩ

Z

drρs gz(r) =
Z 2π

Z R

Z 2π
0

dθ

Z R
a0

drρs g

Ω2 r 2
ρs κ2
r=
ln(R/a0 )
2g
4π

ρs κ 2
ρs κ 2
(R − a20 ) '
R .
2
2
0
a0
Therefore, the critical angular momentum is found to be
L=

dθ

drρs vs r2 =

Ωc =

E
κ
=
ln(R/a0 ),
L
2πR2

(7.66)
(7.67)

(7.68)

and thus dependent from the core radius a0 ' 10−8 cm. If the angular velocity goes beyond this
limit, more and more vortex lines will appear, thereby forming a vortex lattice. The number of vortex
lines per unit area can be determined using relation (7.59) and Stokes’ theorem
I

∂S

~ · ~v =
ds

Z

S

dx2~n · ω
~ ⇒ n=

2Ω
κ

and is therefore dependent of the rigid body’s vorticity ω = 2Ω [2].

(7.69)

7.7

BKT transition

A peculiar behavior appears in 2 dimensional superfluids. Due to phase fluctuations of the condensate
wave function a new type of phase transition appears [1].
Independent classical particles do not have any correlation among each other. This is different
for quantum particles. We consider a general occupation number state for free spineless bosons,
E

|Φi = nk~0 , nk~1 , . . . = . . . (â†k~ )

nk~

1

1

(â†k~ )

nk~

0

0

(7.70)

|0i .

The ground state would be the state with all bosons occupying the lowest-energy single-particle state.
The correlation function is expressed by
E
E
D
X
1X
~0
~0 ~0
~
~
b † (~
b r~0 ) Φ = 1
r)Ψ(
Φ Ψ
e−ik~r+ik r Φ ab~†k abk~0 Φ =
n~k e−ik(~r−r ) ,
Ω ~ ~0
Ω ~
|
{z
}
k
k,k

D

(7.71)

n~k δ~

k,k~0

which in the limit r~0 → ~r approaches the constant density n and vanishes at very large distances.
The pair correlation function given by

can be used to show that
2

2

n g(~r − ~r ) = n +
0

Z

D

b † (~
b † (r~0 )Ψ(~
b r 0 )Ψ(~
b r) Φ
r)Ψ
n2 g(~r − ~r0 ) = Φ Ψ
2



E

(7.72)







dk 3 −i~k(~r−~r0 )
1
1
2
0 2
e
n~k + O
= n2 (1 + e−A (~r−~r ) /2 ) + O
,
3
(2π)
Ω
Ω

(7.73)

using the approximation according to which n~k follows a Gaussian distribution which corresponds
to the classical Maxwell-Boltzmann distribution. Note that the probability of finding two bosons at
the same position is twice as large as for long distances. Thus, bosons like to cluster together. In
~ = |~r − r~0 | → ∞,
the limit where the distance becomes large, i.e. |R|
~ =
g(R)

Z

2mkB T Z dk 2 e−ikR
e−ikR
dk 2
≈
(2π)2 eβ((~k)−µ) − 1
~2
(2π)2 k 2 + k02
K0 (k0 R)
1
~
=2
≈
e−k0 |R| .
2
2
2
~
λ
(2π) λ |R|
~~

~~

(7.74)

h
with k02 = − 2mµ
¿ 0, λ = √2πmk
and K0 (x) the modified Bessel function. The correlation func~2
BT
~ −1 . However this is not true, because our integral approach neglects the
tion goes to zero like |R|
macroscopic occupation of the ~k = 0 state. Thus,

hn̂~k i = n0 δ(~k) +
~ → ∞,
such that for |R|

1
1
~
3
(2π) eβ((k)−µ) − 1

~ = n0 +
g(R)

1
~
(2π)3 λ2 |R|

.

(7.75)

(7.76)

The correlation function approaches a finite value on long distances. Now let’s consider the correlation
function in high temperature limit. In this situation,
~ =
g(R)

Z

s
~~
~~
e−ikR
2mkB T Z dk 2 e−ikR
K0
1
2π −k0 R
dk 2
= 2 2 k0 R ≈ 2
e
.
≈
2
~k)−µ)
2
2
2
2
β((
(2π) e
~
(2π) k + k0
λ
λ k0 R
−1

(7.77)

Thus, the correlation presents an exponential decay. This is however not the case in the low temperature limit. If we keep n0 constant, use the energy functional given by (7.43) and restrict to the
phase fluctuations

E[φ] = U n20
with the Fourier transform

Z

X
Ω
1
],
dr2 [a20 |∇φ|2 + ] = U n20 [ a20 q 2 φq~φ−q
~ +
2
2
q~

1 X
φ(~r) = √
φq~ei~q~r
Ω q~

(7.78)

(7.79)

and Ω the normalization constant. With gaussian averaging, it follows that


πR
~
~ 2
~ = n0 hei(φ(0)−φ(R))
g(R)
i = n0 e−h(φ(0)−φ(R)) i =
ro

−η(T )

(7.80)

~
with η(T ) = k02λ2 being a function linear in T and ro−3 = n being a characteristic length. Here g(R)
still decays but now algebraically (see Figure 5) and the correlation length is, as a consequence,
infinitely larger for low temperatures.

Figure 5 - Schematic behavior of the single-particle correlation function in the normal (T > Tc ) and
the Bose − Einstein condensed phase (T < Tc ). n is the overall particle density and n0 the density
of the condensed particles [1].
In uniform two dimensional systems, M ermin − W agnerHohenberg’s theorem claim that offdiagonal long range order is destroyed by thermal fluctuations at finite temperature. In other words,
continuous symmetry cannot be spontaneously broken at finite temperatures with sufficiently shortrange interactions. This is why a Bose − Einstein condensation cannot occur in systems with
dimensions smaller than two, in contrast to three-dimensional fluids. However, previous theorem
does not prevent the existence of phase transition. The two-dimensional system can indeed form
a quasi-condensate and become superfluid below a finite critical temperature. This is the so-called
BKT transition named after Berezinskii, Kosterlitz and Thouless. And it is illustrated here by
the correlation length, which diverges at temperature below TKT in comparison to that above the
critical temperature. In a 2-dimensional superfluid, vortices act as topological excitations and cause
the change of the correlation function. The critical temperature of the phase transition can be
determined by considering the free energy at equilibrium [1]. Using the energy of a single vortex
E=

ρs κ
ln(R/a0 ),
4π

(7.81)





2

2

and given the entropy S = kB ln aR0 - where aR0 is the probability of the possible microstates the expression of the free energy of the system is given as
F = E − TS =

(

)





R
~2 n0 π
− 2kB T ln
.
m
a0

(7.82)

This suggest a phase transition at the critical temperature
TKT =

~2 n0 2π
.
2mkB

(7.83)

Above TKT , vortices are favored whereas below they are suppressed. High temperature’s exponential decay of the correlation function correspond with unbound free vortices destroying the phase
coherence. Near absolute zero, vortices bind into pairs of opposite winding number such that there
is no phase winding of bound pairs. Vortex and anti-vortex can therefore be created spontaneously
without the change of the overall phase of the system. The total winding number is conserved
ntot =

X

ni .

(7.84)

i

7.8

Conclusion

To sum up, many different properties define what a superfluid is. The use of a Bose − Einstein
condensate is a good model to describe and demonstrate that these properties exist. However,
this model also shows its limits when it comes down to specific heat, critical temperature, etc.
and does not account for a unique and global explanation of the superfluidity. In particular, the
energy spectrum is still described by two different approaches in order to prove the existence of
phonon and roton excitations. The Gross − P itaevskii equation allows to describe the formation of
vortices within the superfluid, namely the irrotational and dissipationless flow. The critical velocity
also applies in this case and defines the limit at which the lattice of vortex forms. Finally, the
Berezinskii−Kosterlitz−T houless transition describes the phase transition within two-dimensional
fluids. It wonderfully fits together with the appearance of a lattice of bound vortices which minimize
the total energy of the system. Here also, a critical temperature can be defined and theoretically
computed as a limit which correspond with a phase transition.
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Chapter 8
Aharonov-Bohm Effect
Author: Cyril Welschen
Supervisor: Oscar Åkerlund

This chapter deals with the Aharonov-Bohm effect, a fundamental phenomena of
quantum physics. The aim is to introduce the AB-effect, to describe its topological
and geometrical aspects and to discuss three interpretations of it. More precisely,
it is shown that the AB-phase is a topological phase, in the sense that it depends
on topological quantities, and also that it is a special case of Berry’s geometrical
phase. The presented interpretations are the most common one based on the gauge
potentials, the B interpretation based on electromagnetic field strengths and the C
interpretation based entirely on gauge invariant quantities, the holonomies. Also a
theoretical example showing the periodicity of the AB-effect is discussed.

8.1

Introduction

The AB-effect is a fundamental phenomena of quantum mechanics. It is so deeply engrained in
quantum physics that it can be described in the most basic formalism of quantum mechanics. In a
nutshell, the AB-effect shows that charged particles are influenced by electromagnetic fields even if
they are never in a region where the field is non-zero.
In their paper from 1959 Yakir Aharonov and David Bohm presented two possible experiments to
test the hypothesis that charged particles are influenced by electric and magnetic fields even if they
are never in direct contact with them [1][2]. The first experiment describing the electric AharonovBohm effect was never experimentally tested. Also it’s mathematical description is not as clean as
the one of the second experiment, the magnetic Aharonov-Bohm effect. Therefore most of today’s
literature and scientific papers deal only with the magnetic AB-effect.
The AB-effect represents one of the deep quantum mechanical mysteries and there are, more
than fifty years after it’s discovery, still a lot of unanswered questions. Like in quantum mechanics
itself it is not the prediction of an outcome of a certain experiment which is troublesome, but the
fundamental question on how to interpret it. To give the reader the possibility to choose the last
two sections of this chapter provide three interpretations of the AB-effect and their strengths and
weaknesses.
In the first section the magnetic AB-effect will be introduced and some important properties
are noted. After some preparations and general considerations about the momentum operator the
topological aspects of the AB-effect are derived. The importance of the topology of the configuration
1

space is investigated and it will be shown that the effect depends only on the winding number of the
curve which describes the path of the particle and the magnetic flux through a surface bound by this
curve, but not specifically on the shape of the curve. Because the AB-phase therefore depends only
on topological quantities it can be called a topological phase.
In the third section the relation of the AB-phase to Berry’s geometrical phase is described, namely
that the AB-phase is a special case of the Berry phase. This is done by using a relation between the
Berry phase and the so called Mead-Berry connecting one-form, which is a general result of Berry’s
theory on geometrical phases. After that an example of the periodicity of the Aharonov-Bohm effect
is given before the different interpretations are discussed.

8.2

The AB-Effect

In this section the AB-effect is described following [3]. To derive it one needs to know how wave functions transform under gauge transformations. Consider first the classical Hamiltonian of a charged
particle with mass m and charge e in the electromagnetic potentials A(x, t) and ϕ(x, t), i.e.
2
e
1 
p − A(x, t) + eϕ(x, t) + V (x, t) ,
H=
2m
c

(8.1)

where the potential V stands for non-electromagnetic influences. The Schrödinger equation in this
case is
#
"

2
~
e
1
∇ − A(x, t) + eϕ(x, t) + V (x, t) ψ(x, t) = i~∂t ψ(x, t) .
(8.2)
2m i
c
If the potentials undergo a gauge transformation, ϕ → ϕ0 = ϕ − 1c ∂t χ and A → A0 = A + ∇χ, the
solution to the SE with the primed potentials is given by


ie
0
χ(x, t) ,
(8.3)
ψ (x, t) = ψ(x, t) exp
~c
where ψ(x, t) is the solution of (8.2). This can be seen by multiplying (8.2) from the left by
exp ((ie/~c)χ(x, t)) and using the identity


∂
∂f
f (y) ∂
e
=
−
ef (y)
(8.4)
∂y
∂y ∂y
twice. The next step is to study the wave function in a field free region. Consider an electron
travelling in a space region G where the magnetic field B = B(x) vanishes. Because B = ∇ ∧ A ≡ 0
in G the vector potential can be written as the gradient of a scalar field, i.e. A = ∇Λ. Thus
Z x
Λ(x) =
ds · A(s) ,
(8.5)
x0

where x0 is an arbitrary point in G. The wave function in the field free region can now be calculated
out of (8.2) with A = ∇Λ or easier with the gauge transformation χ = −Λ yielding A0 = ∇Λ +
∇(−Λ) = 0 and the corresponding SE, which now reads
1
2m



~
∇
i

2

ψ 0 + V ψ 0 = i~∂t ψ 0 .

(Where we have set ϕ = 0.) With the result of Eq. (8.3) this leads to


 Z x

ie
ie
0
0
ψ = ψ exp
Λ = ψ exp
ds · A(s) ,
~c
~c x0

(8.6)

(8.7)
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Figure 8.1: Experimental setup of the AB-effect.
where ψ is the wave function in the gauge A = ∇Λ and ψ 0 the one in the gauge A0 = 0. These are all
the preparations needed to describe the AB-effect. One experimental setup for measurements of the
AB-effect is shown in Figure 8.2. The setup is similar to the double slit experiment. The difference
is that between the slits a solenoid with a magnetic field in it is placed perpendicular to the plane.
The magnetic field shall be shielded from the path of the electrons ensuring that they travel only in
field free regions. The solution as a function of the field is the superposition of the solutions when
only one slit is open. These solutions differ from the solutions without a magnetic field only by a
phase:

 Z
ie
ds · A(s)
(i = 1, 2) .
(8.8)
ψi,B = ψi,0 exp
~c i
The first index denotes the path, the second one denotes whether or not there is a magnetic field in
the solenoid. The superposition of these solutions

 Z

 Z
ie
ie
ds · A(s) + ψ2,0 exp
ds · A(s)
(8.9)
ψB = ψ1,0 exp
~c 1
~c 2
gives the wave function ψB (x) for the case when both slits are open and a magnetic field is in the
solenoid. This can be rewritten in a more suitable way. For this notice that with Stokes theorem the
relative phase between ψ1,0 and ψ2,0 becomes
Z
Z
I
e
e
ie
e
ds · A(s) −
ds · A(s) =
ds · A(s) = ΦB ,
(8.10)
~c 1
~c 2
~c
~c

where ΦB is the magnetic flux through any surface with boundary corresponding to the paths of
integration. Thus equation (8.9) can be written as




 Z

ie
ie
ψB = ψ1,0 exp
ΦB + ψ2,0 exp
ds · A(s) .
(8.11)
~c
~c 2

This shows that the relative phase depends on the magnetic flux ΦB . Since the interference pattern
on the screen is proportional to |ψB |2 this means that the pattern depends on the magnetic flux.
This is called the Aharonov-Bohm effect.
Notice that the electron is influenced even though it was never in a region where B 6= 0, which
is rather unexpected. Equation (8.11) suggests that in this case in addition to the electromagnetic
field strengths the vector potential is also physically relevant. In contrast to the classical case where
the electromagnetic potentials are just mathematical aids without any physical meaning. For later
considerations notice also that the integration is over a closed path and depends only on the flux
through the surface for which it is the boundary. In addition the region where the electron has a
non-vanishing wave function is not simply connected.

Electric AB-Effect
In the electric Aharonov-Bohm effect the equations suggest that it is the scalar potential ϕ which is
physically relevant. We do not go into the electrical AB-effect since it gives no additional insight and
is theoretically less clean. Moreover it has never been experimentally confirmed [4]. For completeness
only the main idea shall be sketched, following [1]. The experimental setup is as follows. A coherent
electron beam is split into two parts. The individual beams pass through metal tubes shielding
the wave packets from electrical fields. When the wave packets are inside the tubes the tubes are
brought on different potentials, say ϕ1 and ϕ2 and before the packets leave the tubes the electric
field is again zero making sure that the wave packets are never in a region with non-vanishing field.
Then the beams are brought to interference. Also here, like with the magnetic AB-effect, a shift in
the interference pattern is predicted.
To calculate the phase shift consider first a Faraday cage (representing one tube) with a charge
inside it. The cage is connected to a generator producing an alternating potential V (t) on it. The
Hamiltonian for the region inside the cage is H = H0 + V (t) where H0 is the Hamiltonian when there
is no fluctuating potential. If ψ0 (x, t) denotes a solution with Hamiltonian H0 , then a solution to H
is given by
Z
−iS/~
ψ = ψ0 e
, where S = V (t)dt ,
(8.12)
which follows from
∂ψ
=
i~
∂t



∂S
∂ψ0
i~
+ ψ0
e−iS/~ = (H0 + V (t)) ψ = Hψ .
∂t
∂t

(8.13)

For the two tubes the solution is the superposition
(1)

(2)

ψ = ψ0 e−iS1 /~ + ψ0 e−iS2 /~ ,
where the numbers in the brackets denote which tube is described and as before
Z
Z
S1 = e ϕ1 dt, and S2 = e ϕ2 dt .

(8.14)

(8.15)

The shift in the interference pattern is thus because of the phase difference (S1 − S2 )/~. Notice that
also in the electric AB-effect the electron is split and moves in a non simply connected region and
the phase consists also of integrals over the (scalar) potential. Furthermore the electron is also never
in a region with non-vanishing (electric) field and the effect is again a pure quantum mechanical one,
i.e. interference of the electron with itself is required.

8.3

Topological Aspects

In this section it is shown that the AB-phase is a topological phase. After some preparations the
topological phase is introduced and in the end of the section it is shown that the AB-phase meets
the requirements to be a topological phase.
Normally the j-th component of the momentum operator is given by pj = −i∂j (from now on we
set ~ = 1) where ∂j denotes the partial derivative with respect to xj . In general, however, the j-th
component is of the form
pj = −i∂j + ωj (x)
(8.16)
as argued by Dirac [5]. The ωj (x) are real valued functions only depending on the space coordinate.
A sketch of Dirac’s argumentation for this result is the following.

Dirac’s Derivation
A dominant feature of the mathematical description of quantum mechanics is that not all observables
commute. A main interest therefore is to present equations (called commutation relations or quantum
conditions) to determine the quantities ξη − ηξ. A fairly general method to obtain these quantities
is by classical analogy. To this end consider first the theory of classical mechanics. An important
concept is the Poisson Bracket (PB). For two dynamical variables u and v it is denoted by [u, v].
The main properties are antisymmetry, linearity, the Jacobi identity and
[u1 u2 , v] = [u1 , v]u2 + u1 [u2 , v] ,

[u, v1 v2 ] = [u, v1 ]v2 + v1 [u, v2 ] .

(8.17)

To introduce a quantum PB it is assumed that the same properties hold. As it turns out these
properties are sufficient to determine the form of the quantum PB by calculation [u1 u2 , v1 v2 ] in two
different ways using Eq. (8.17) in different orders. This calculation leads to
uv − vu = i~[u, v]

(8.18)

for the definition of the quantum PB [u, v] of any two variables u and v. Thereby ~ arises as a new
universal constant. The task to find the quantum conditions now reduces to the task to determine
the quantum PBs. The strong analogy of classical and quantum PB suggest that at least the basic
variables have corresponding Poisson Brackets. This leads to the fundamental quantum conditions
xi xj − xj xi = 0 ,
p i pj − pj pi = 0 ,
xi pj − pj xi = i~δij .

(8.19)
(8.20)
(8.21)

In the one dimensional case (xp − px = i~), using that by the chain rule the relation
d|ψi
d
x|ψi = x
+ |ψi
dx
dx

(8.22)

holds for any |ψi, we have

d
d
x−x
= 1.
(8.23)
dx
dx
Comparing this with Eq. (8.21) shows that −i~d/dx satisfies the same commutation relations with
x that p does. In an analogous way it can be seen that the linear operators −i~∂j satisfy the same
commutation relations with the x’s and with each other that the p’s do. Therefore the operator pj
can be identified with −i~∂j without getting any inconsistency. Out of this possibility follows that
the x’s form a complete commuting set of observables: Any function of the x’s and p’s can be taken
as a function of the x’s and the −i~∂(·) ’s and then not commute with all the x’s unless it is a function
of the x’s only. The equations pj = −i~∂j do not necessarily hold, but in any case the quantities
pj + i~∂j each commute with all the x’s thus each is a function of the x’s only, say ωj (x), which
results in Eq. (8.16) (where ~ is set to one).
The one-form ω
Now back to the considerations about the momentum operator. (The rest of this section follows
essentially [6].) For any wave function ψ(x) holds
0 = hx|pi pj − pj pi |ψi = iψ(x)(∂j ωi − ∂i ωj )

(8.24)

using the fundamental quantum condition (8.20) and the chain rule
∂i (ωj f ) = (∂i ωj )f + ωj ∂i f .

(8.25)

Since Eq. (8.24) holds for any wave function one gets the relation ∂j ωi − ∂i ωj = 0 for all i, j.
Because pj has a definite transformation behaviour and one term is a derivative ωj also transforms
like a derivative and ωj can be viewed as the j-th component of a one-form ω = ωj dxj (we always
use Einstein’s sum convention). The above relation between the components now implies that the
one-form ω is closed, i.e. the exterior derivative vanishes:
1
dω = ∂i ωj dxi ∧ dxj = (∂i ωj − ∂j ωi )dxi ∧ dxj = 0 ,
2

(8.26)

where the antisymmetry of the basis elements of the two-form (dxi ∧ dxj = −dxj ∧ dxi ) was used.
After knowing that ω is closed the question is if it is also exact. Remember the definition: an m
dimensional from f is called exact if there is an m − 1 dimensional from η such that f = dη. To
know when a closed form is also exact Poincaré’s lemma states that a closed from on a manifold M
is exact if and only if the first de Rham co-homology group of M is trivial. In particular the closed
form on M is exact if M is simply connected. This statement provides the mathematical reason
why the AB-effect exists as we will see soon. But first consider displacements in the configuration
space. The momentum operator is the generator of displacement in the configuration space: for the
components εj of an infinitesimal displacement ε one gets (by using Taylor expansion and neglecting
second-order terms in εj )
hx|ψi → hx|eiε

jp
j

|ψi = (1 + εj ∂j + iεj ωj )ψ(x)


= ψ + εj ∂j ψ (1 + iεj ωj )
iεj ωj

= ψ(x + ε)e

.

(8.27)
(8.28)
(8.29)

Since the pj commute with each other this result can be generalized to finite displacements. Along
a closed curve C (C(0) = C(T )) in M this yields
 I

 I 
j
hx|ψi → hx| exp i dx pj |ψi = ψ(x) exp i ω ,
C

(8.30)

C

i.e. in a displacement around a closed curve the wave function picks up a phase with phase angle
corresponding to the path integral of the one-form ω over this closed curve.
Dependence on the Topology
Depending on the topology of the configuration space M this path integral vanishes or not. This
shall be discussed now. First M is assumed to be trivial, in particular simply connected. Then ω
is also exact and can be written as ω = dη. This implies that the path integral over a closed curve
vanishes:
I
I
ω=

C

C

dη = η(C(T )) − η(C(0)) = 0 .

(8.31)

Alternatively the integral also equals zero by applying Stokes’ theorem and the fact that ω is closed.
The integration of the two-form is thereby over any surface S with boundary ∂S corresponding to
the curve C:
I
Z
ω=

C

dω = 0 ,

where C = ∂S .

(8.32)

S

It is clear that there is no analogy of the first argumentation to the case where M has non-trivial
topology, since then ω is no longer exact. Also the second argumentation fails when trying to apply
it to non-trivial configuration spaces. The problem with a non trivial topology of M is that there
does not need to be a surface S with ∂S = C. The details are explained on the following example.

solenoid

∂D
D

C

S

Figure 8.2: Curve C encircling D once with solenoid and surface S.
Non-trivial Topologies
Consider as the configuration space R2 \ D, a disk D removed from the plane. If C is a closed curve,
which encircles D once then ∂S = C + ∂D (see Fig. 8.3). Stokes’ theorem now gives
I
Z
I
I
ω=
dω +
ω=
ω.
(8.33)
C

S

∂D

∂D

Therefore the path integral corresponding to the phase angle does not vanish any more. In fact the
original phase from (8.30) goes over into the phase

 I
ω .
(8.34)
exp i
∂D

This phase is called the fundamental phase. This discussion shows that the phase does not depend
on the shape of the curve C but on how many times it encircles D. If C encircles D n+ times
counter-clockwise and n− times clockwise then
I
I
ω = (n+ − n− )
ω.
(8.35)
C

∂D

The integer number n+ − n− is called the winding number of the curve C. Because the original phase
depends only on the winding number and the fundamental phase (i.e. topological properties) the
phase is called a topological phase. For later considerations notice that there are two requirements
for the topological phase
(n+ −n− )
 I  
 I
exp i ω = exp i
ω
(8.36)
C

∂D

to be non-trivial. First the winding number has to be non-zero and second
I
ω 6= 2πk for k ∈ Z .

(8.37)

∂D

This will lead to the periodicity in the AB-effect in the example discussed in Section 8.5.
Dirac Phase
After this mathematical discussion consider again an electron. It shall travel on a closed loop in the
configuration space, which is in the first discussed case all of R3 . Let B = ∇ × A (A = (A1 , A2 , A3 ))
and define the differential form A = Aj dxj (where Aj = −Aj ) with dA = − 21 εijk Bi dxj ∧ dxk . The

generalization of the momentum operator (generator for infinitesimal displacement) is pj → p˜j =
pj − ec Aj therefore


e
(8.38)
hx|p˜j |ψi = −i∂j + Aj + ω̃j (x) ψ(x) .
c
Because the configuration space is R3 the one-form ω̃ is exact. Furthermore the one-form A is defined
only up to addition of an exact form: A → A0 = A + df . Thus ω̃ can be absorbed into the definition
of A. The displacement of the wave function of the electron is now

 I 
 I
e
j
ψ → hx| exp i dx p˜j |ψi = exp i
A ψ.
(8.39)
c C
C
The phase



e
exp i
c

I

C


A

(8.40)

is called the Dirac phase or electromagnetic phase and depends on the path of the electron. For
B 6= 0 the phase depends on C and is a Berry phase (see 8.4). If B = 0 A becomes a closed form
and because the configuration space is R3 it is also exact and the phase vanishes.
Topological Phase
For M ⊂ R3 with a non-trivial topology the closeness of A does not imply the exactness. With the
identification ω = ec A the topological phase becomes the AB-phase


e
exp i
c

I

C


A

(8.41)

given by the winding number of the curve C and the fundamental topological phase as before. The
fundamental phase in this case is (using again Stokes’ theorem)



 Z
Z
 e 
e
e
(8.42)
dA = exp −i
B · dS = exp −i ΦB .
exp i
c D
c D
c

8.4

Geometrical Aspects

In this section the geometrical aspects of the AB-effect will be described following [6]. It will be
shown that the AB-phase is a special case of Berry’s geometrical phase. For this the definitions of
the Mead-Berry connecting one-form and the Berry phase are needed. The motivations for these
definitions as well as a central relation between these two will be derived at the beginning of the next
chapter about the Berry phase. Here they are only stated and then used to show that the AB-phase
is indeed a Berry phase. In Berry’s theory the defining properties of a physical system are gathered
in a set of parameters R = (R1 , ..., Rm ) corresponding to a point on a manifold M . The eigenvalue
equation for a Hamiltonian h = h(R) is
h(R)|n; Ri = En (R)|n; Ri .

(8.43)

Since the eigenstates |n; Ri form a complete set any state vector ψ(t) can be expanded in terms of
the eigenstates. With the adiabatic approximation
|ψ(t)ihψ(t)| = |n; R(t)ih|n; R(t)|

∀t ,

(8.44)

i.e. a state remains an eigenstate of h(R(t)) at all times t with the same energy quantum number n,
the expansion has only one term:
ψ(t) = cn (t)|n; R(t)i .
(8.45)

It can be shown that the coefficient is given by

 Z t
0
0
cn (t) = exp −i
En (t )dt exp (iγn (t)) ,

(8.46)

0

where
exp (iγn (t)) = exp

Z

0

t

d
ihn; R(t )| 0 |n; R(t0 )idt0
dt
0



.

(8.47)

The Berry’s phase angle is γn (T ) and exp (iγn (T )) is called the Berry phase factor. Also needed is
the definition of the Mead-Berry connection one-form AnMB . It is defined as AnMB = AnMB,i dRi :=
∂
i
ihn; R| ∂R
i |n; RidR = ihn; R|d|n; Ri. The relation between the Berry phase angle and the MeadBerry connection one-from is that
γn (T ) =

Z

R(T )

ihn; R(t)|d|n; R(t)i =

R(0)

I

C

AnMB .

(8.48)

This relation will be needed to demonstrate that the AB-phase is in fact a Berry phase.
AB-Phase as a Berry Phase
We return to the experimental setup of the magnetic AB-effect and want to show the correspondence
to the Berry phase. To this end the wave function of an electron shall always stay within a box,
which at time t is located at the position R(t). The box only moves in the region where there is no
magnetic field, i.e. outside the solenoid. The eigenvalue equation in this case is


e
H p − A, x − R |n; Ri = En (R)|n; Ri ,
c

(8.49)

with respect to a coordinate frame centred in the middle of the box. The eigenvectors of this
Hamiltonian can be written as
 Z x 
e
hx|n; Ri = exp i
A ψn (x − R) ,
(8.50)
c R
where the ψn (x − R) are the energy eigenvectors of the free Hamiltonian H0 = H0 (p, x − R) shifted
into the box. The integration can be done over any path connection R and x, which is not encircling
or intersecting the region where the magnetic field is non-zero. The Mead-Berry connection one-form
∂
i
AnMB := ihn; R| ∂R
i |n; RidR can be calculated to
AnMB

=i

Z


ie
e
d x ψn (x − R) − A(R)ψn (x − R) + dψn (x − R) = A .
c
c
3



(8.51)

With the definition of the Berry phase angle γn (T ) and Eq. (8.48) the AB-phase turns out to be in
fact a special case of Berry’s phase:
exp (iγn (T )) = exp



ie
c

I

C


A .

(8.52)

The integration hereby is along the path of the box. Notice that the right side doesn’t depend on n,
therefore the formula holds for any wave packet. We have thus shown that the AB-phase is a special
case of the Berry phase where the dependence on the geometry is gone and only the topological
properties play a role.

z
solenoid

ρ
r

• e

Figure 8.3: Setup of the theoretical bound state AB-effect. An electron circles around the solenoid
at fixed distance r.

8.5

Periodicity of the AB-effect

In this section a special feature of the AB-effect, namely its periodicity, shall be demonstrated on an
example. As seen before one of the requirements for the fundamental phase to be non-trivial is that
I
ω 6= 2πk
∀k ∈ Z
(8.53)
∂D

must hold, which gives the fundamental phase of the AB-effect the period Φ0 = 2π ec (~). All observable
phenomena concerning the AB-effect depend only on the flux ΦB through the excluded region and
are periodic with period Φ0 . As an example we look at the bound state AB-effect [4].
Bound State AB-Effect
An electron shall be bound on a circle with radius r around the solenoid with magnetic field Bz . We
assume that the cylinder along which the magnetic flux goes in the negative z-direction has radius
ρ  r (see Fig. 8.5). In the Coulomb gauge where ∇A = 0 one has in this case Aθ = Φ/2πr and
Aρ = Az = 0. The Hamiltonian of the electron is
2

1 h
e i2
1
eΦ
,
H=
Lz + r Aθ =
Lz +
2mr2
c
2mr2
2πc

(8.54)

where Lz denotes the angular momentum. The bound state wave functions are

with energies

1
ψ` (θ) = √ exp (i`θ)
2π

(8.55)


2

2 

1
eΦ
Φ
~2
Kz2
E` =
`~ +
=
`+
=
2mr2
2πc
2mr2
Φ0
2mr2

(8.56)

and a kinetic angular momentum Kz = mr2 θ̇ of
Kz = L z +

eΦ
Φ
= ~[` +
].
2πc
Φ0

(8.57)

This example clearly demonstrates, that the eigenvalues are periodic in Φ with period Φ0 : increasing
Φ by Φ0 maps the energy E` to E`+1 , which is nothing more than a relabelling of the states.

8.6

A versus B Interpretation

Probably the most important question concerning the AB-effect is how to interpret it. In their
original paper Aharonov and Bohm proposed that the vector potential is the relevant quantity to
describe nature instead of the magnetic field strength. They suggested to look at the electromagnetic
potentials as physically real fields since they are needed to describe the AB-effect. The problem with
this point of view is that the potentials are gauge variant. In fact, in modern field theories gauge
invariance is criterion for a quantity to be considered physically real. This interpretation from
Aharonov and Bohm is called the A interpretation since it is build on the vector potential A.
But there is also another interpretation called the B interpretation. The letter B stands for the
magnetic field strength B. This interpretation is built on the possibility that quantum mechanics
can be described solely in terms of the electromagnetic field strengths. Although the B interpretation
would restore the interpretation of the vector potential as just a mathematical aid, it comes at a high
price: to explain the AB-effect there would have to be a non-local interaction between ψ outside the
solenoid and B inside it.
First the B interpretation will be described and discussed.
B Interpretation
The aim of the B interpretation is to formulate quantum mechanics solely in terms of field strengths
in order to given an alternative interpretation to the A interpretation [7]. The starting point is to
have a close look at the usual implementation of an electromagnetic field. This is done by making
the replacement
∂µ → ∂µ − ieAµ
(µ = 0, 1, 2, 3) .
(8.58)

Here also the speed of light was set to one. As seen above the wave function ψ has to transform
under the gauge transformation A0µ = Aµ + ∂µ Λ according to
ψ 0 = exp (ieΛ) ψ

(8.59)

in order that the SE remains invariant. This means that the wave function is not gauge invariant.
The idea therefore is to construct a wave function that is gauge invariant. To this end one takes
four arbitrary single-valued differentiable functions z µ (x, ξ) of xµ and ξ, where −∞ < ξ ≤ 0, which
satisfy the boundary conditions
z µ (x, 0) = xµ

lim z µ (x, ξ) = spatial infinity .

and

ξ→−∞

(8.60)

”Spatial infinity” stands for any limit sufficiently remote in a space-like direction from xµ such that
the electromagnetic field vanishes and the potential Aµ is small enough to be negligible. With this
conditions Ψ defined as


Z
0

Aµ (z)∂ξ z µ dξ ψ

Ψ ≡ exp −ie

(8.61)

−∞

is a gauge-invariant wave function. This follows with Eq. (8.59):


Z 0
0
µ
Ψ = exp −ie
(Aµ (z) + ∂µ Λ(z))∂ξ z dξ ψ 0
−∞


Z 0
µ
= Ψ exp −ie
∂µ Λ(z)∂ξ z dξ exp (ieΛ(x))

(8.62)
(8.63)

−∞

and
−ie

Z

0

−∞

µ

∂µ Λ(z)∂ξ z dξ = −ie

Z

z(x,0)

∂µ Λ(z)dz µ

z(x,−∞)

= −ie [Λ(z(x, 0)) − Λ(z(x, −∞))] = −ieΛ(x)

(8.64)

with the boundary conditions (8.60). Notice that Ψ differs from ψ only by a phase, thus it can
equally well be used to compute probabilities in quantum mechanics. To use the wave function Ψ the
replacement (8.58) in the SE from before has to be changed as well. By carrying out an integration
by parts and using the boundary conditions (8.60) the operator replacement is changed to
∂µ → ∂µ − ie

Z

0

Fνσ (z)∂ξ z ν ∂µ z σ dξ ,

(8.65)

−∞

where
Fµν ≡ ∂µ Aν − ∂ν Aµ

(8.66)

is the electromagnetic field strength tensor. Equation (8.65) shows that it is indeed possible to
formulate quantum mechanics in terms of the field strength only. However, the price is that the field
strengths appear non-locally in line integrals. The calculations needed to explain the the interference
effects are now integrals of the field strength over the surface swept out by the curves z µ (x, ξ) as x
makes a complete circuit of each multiply connected region. These surface integrals give the same
results as the line integrals of the A interpretation. Also when the electromagnetic field is quantized
it is possible to formulate quantum mechanics in terms of the field strength but this will not be
discussed here.
Non-locality
Now the non-local aspects of the B interpretation are discussed. To do so first the term ”local action”
has to be specified: An interpretation shall meet the criterion of local action if all causes of an event
propagate only via continuous physical processes [8]. In this sense the B interpretation clearly is
non-local because the wave function vanishes wherever the magnetic field is non-zero. This produces
a ”gap” between these two which is not bridged by any continuous physical process.
A possible objection to this argument would be that a quantum wave function is never identically
zero, i.e. there is always a small part of the wave function intersecting with the region where the
magnetic field is non-zero. But if this would be the cause and the interaction took place at the
overlap, then the clarity of the effect should depend on the quality of the shielding. However this is
not experimentally observed.
A Interpretation
The problem with the A interpretation is that it suggests to consider a gauge variant field as a
physically real field. This makes the A interpretation non-separable in the following sense: A physical
system S is called separable if it is always possible to decompose it into subsystems with associated
observable properties and to retrieve the properties of S from the properties of the subsystems [8].
An example of non-separability in this sense are entangled quantum systems. The state vector of
such systems cannot always be factorized into a product of state vectors of the component systems.
However the AB-effect is non-separable in a different sense. The explanation of the AB-effect requires
knowledge about the underlying space as a whole. The shift in the interference pattern cannot be
reduced to observable properties associated to specific spacetime regions since the vector potential
has a gauge freedom which is not observable.
On the other hand it is clear that the A interpretation meets the above criterion for local action
and also that in the B interpretation the AB-effect is a separable effect. The results of this section
can be summarized as shown in Table 8.6.
Besides the A and B interpretation there is also a third one, the C interpretation. This interpretation is discussed in the next section.

A
B
local action yes no
separability no yes
Table 8.1: Comparison between the A and B interpretation of the Aharonov-Bohm effect.

8.7

C Interpretation

This third interpretation, called the C interpretation, is based on integrals over closed curves, i.e.
the gauge invariant quantities
 I 
S(C) = exp i A .
(8.67)
C

More precisely the AB-effect is the result of the coupling of a section of an associated bundle (the
wave function) to a non-trivial flat connection (a non-pure gauge vector potential with zero magnetic
field) in a trivial bundle (AB-bundle) with topologically non-trivial (non-simply-connected) base
space (ordinary Euclidean space minus a tube). In the following this will be discussed in more detail
following [9], [10] and [11].
The AB Bundle

First the AB bundle has to be introduced. Because the system has symmetry along the axis of the
solenoid it can be idealised and the configuration space in the AB experiment is R2 minus a point,
say the origin, which is denoted by R2∗ . This forms the base space of the bundle. The space R2∗ is
of the same homotopy type as the circle S 1 . Since the classification of a principle bundle depends
only on the homotopy type of the space one can consider S 1 instead of R2∗ . The structure group of
the bundle is the gauge group of electromagnetism, the Lie group U (1). Thus by Steenrod’s theorem
for the classification of principle bundles over spheres one has a one-to-one correspondence between
the sets
1to1

{homotopy classes of U (1) bundles over S 1 }←→{homotopy classes of maps S 0 → S 1 } .

(8.68)

Since the right set consists of only one point there is (up to equivalence) only one U (1)-bundle over
S 1 , namely the product bundle and the AB bundle ξAB is
ξAB : U (1) −→ R2∗ × U (1) −→
fibre

total space

R2∗

base space

.

(8.69)

Gauge Group and Moduli Space of Flat Connections
As mentioned above the vector potential is manifested in this description of the AB-effect as a flat
connection on ξAB . This subsection describes how the gauge group G acts on the space of flat
connections on the AB bundle, denoted by C0 and discusses the moduli space C0 /G.
The gauge group of the AB-bundle is G = C ∞ (R2∗ , U (1)), the space of smooth functions from the
base space to the structure group. The Lie algebra to the structure group is u(1) = iR. The space
of flat connections on ξAB is given by
C0 = {A ∈ Ω1 (R2∗ , u(1))|dA = 0} ,

(8.70)

the closed u(1)-valued differential one-forms on R2∗ and the gauge group G acts on C0 through
C0 × G −→ C0 ,
(A, f ) 7−→ A + f −1 df .

(8.71)
(8.72)

Now to the moduli space C0 /G. In a more general case it can be shown that the moduli space of gauge
1
equivalence classes of flat connections on a bundle M × G → M is isomorphic to HDR
(M ; g)/[M, G],

G

π
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γ
sγ

B
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P ×G V

Figure 8.4: Schema of the induced maps between the principle G-bundle with total space P and the
associated vector bundle with total space P ×G V and fibres V .
the quotient of the first de Rham co-homology group of M with coefficients in the Lie algebra g of
the structure group, modulo the group of smooth homotopy classes of maps from M to G. Applied
to the case of the AB bundle this means that the moduli space C0 /G is isomorphic to the circle S 1
with length 1.
A sketch on how to see this is the following. The moduli space is
C0
= {[A]|A ∈ C0 } ,
G

where [A] = {A + f −1 df |f ∈ G} .

(8.73)

It is the set of gauge equivalence classes of flat connections on ξAB . The first de Rham co-homology
1
1
(S 1 , iR) ∼
(R2∗ , iR) = {λ[A0 ]DR |λ ∈ R} ∼
group of R2∗ is HDR
= R. Where the form
= HDR
xdy − xdx
A0 = i 2
∈ C0 ⊂ Ω1 (R2∗ , iR)
x + y2
| {z }

(8.74)

dϕ

is closed but not exact and is the connection inducing the flux −Φ0 when multiplying by −1/|e|,
since it is equal to idϕ where ϕ is the angle form (remember that Φ0 = 2πc~/|e| and set c = ~ = 1).
Because A0 generates the flux −Φ0 there is no AB-effect. The AB-effect with flux Φ = −λΦ0 is
produced by the connection A = λA0 .
To determine the moduli space C0 /G one needs to find the smallest σ such that (λ+σ)A0 ∈ [λA0 ],
which is equivalent to σA0 = f −1 df using (8.73). For ϕ 6= 0, A0 = idϕ and also f˜−1 df˜ = idϕ for an
f˜ ∈ G, thus σ = 1. This means that (λ + 1)A0 ∼ λA0 and in particular A0 ∼ 0. So the moduli space
C0 /G, the space of flat connections on the AB bundle modulo the gauge group, is in fact isomorphic
to the circle with length 1.
Covariant Derivative, Parallel Transport and Holonomy groups
The aim of this subsection is to calculate the holonomy group of each equivalence class of flat
connections on ξAB . This can be done by the isomorphism found in the previous section. Every
gauge equivalence class is identified with an element of S 1 . Then the holonomy group of a connection
of this class is the subgroup of S 1 generated by this element. As it will turn out, these subgroups
are either finite cyclic groups or an infinite cyclic group which is dense in S 1 .
π
It is useful to study first the more general case to see better what is going on. Let ξ : G → P → B
be a principle bundle with a matrix Lie group as the structure group (g denotes the Lie algebra) and
πV
let ξV : V → P ×G V →
B be the associated vector bundle. The set of equivariant functions from
P to V (i.e. functions satisfying γ(pg) = g −1 γ(p)) is denoted by Γeq (P, V ) and the sections of ξV by
Γ(ξV ). A section s ∈ Γ(ξV ) induces an equivariant function γs ∈ Γeq (P, V ) by the use of the local
trivialization π. s(π(p)) = [p, v] ∈ P ×G V defines γs (p) = v. Also the reverse is possible, this time
by π −1 . sγ (b) = [p, γ(p)], where p ∈ π −1 ({b}) see Fig. 8.7.

Every connection on ξ can be described by a smooth one-form ω ∈ Ω1 (P, g). The desired decomposition of the tangent space into horizontal and vertical subspaces, (T P )p = Hp ⊕ Vp , is thereby
provided algebraically through Hp = ker(ωp ). Let X ∈ Γ(T B) and X ↑ ∈ Γ(T P ) it’s horizontal lifting
by ω, then the covariant derivative of the section s with respect to ω in the direction of X is defined
by
∇ωX s := sX ↑ (γs ) .
(8.75)
In local coordinates the expression is

j i
∇ωXUµ ∂/∂xµ (si ei ) = X µ Dµi
s ej

j
with Dµi
= δij

∂
+ Ajµi ,
∂xµ

(8.76)

where xµ (µ = 1, . . . , dim B) are local coordinates on U ⊂ B, ei (i = 1, . . . , dim V ) is a basis of the
j
local sections in πV−1 (U ) and Dµi
is the usual local covariant derivative. And where AU ji = Ajµi dxµ =
j
U
(σ ∗ ωU )ji , (Ajµi is determined by ∇ω∂/∂x
µ ei = Aµi ej ) is the geometrical gauge potential in U . This
is given by the pullback of the restricted one-form by σ : U → π −1 (U ), σ(b) = φ−1 (b, 1), where
φ : π −1 (U ) → U × G is a local trivialization of ξ.
In an overlapping trivialization (8.76) is replaced by
ω0

j 0i 0
s ej
∇XUµ ∂/∂xµ (s0i e0i ) = X µ Dµi

j
with Dµi
= δij

∂
j
+ A0 µi ,
µ
∂x

(8.77)

where the local potential transforms as
k

i

k

Ajµl = gkj A0 µi g −1 l + (∂µ gkj )g −1 l

(8.78)

in correspondence to (8.72) for G abelian.
For each smooth curve c : [0, 1] → B and each p ∈ Pc(0) = π −1 ({c(0)}) there is a unique curve
c↑ in P such that ċ↑ (t) ⊂ Hc(t) for all t ∈ [0, 1]. The curve c↑ is called the horizontal lifting of c by
ω through p. With this horizontal lifting follows that for each connection ω and each curve c there
exists a diffeomorphism Pcω : Pc(0) → Pc(1) called parallel transport. If c is a loop Pcω ∈ Diff(Pb ) for
c(0) = c(1) = b and is called holonomy of ω at b along c. The space of loops in B with c(0) = c(1) = b
is denoted by Ω(B, b). It gives rise to a subset of the space of diffeomorphism from Pb to itself denoted
by Holωb ⊂ Diff(Pb ). Holωb is called the holonomy of ω at b.
Now let c ∈ Ω(B, b) and β be any lifting of c through q ∈ Pb . Then there is a unique curve
g : [0, 1] → G in the structure group such that by acting on β it gives the horizontal lifting c↑ of c
through p = c↑ (0), i.e. c↑ (t) = β(t)g(t). The function g satisfies the differential equation
d
g(t) = −ωβ(t) (β̇(t)) ,
dt

(8.79)

Z

(8.80)

which has the solution
−1

g(t)g(0)

= T exp

0

t


dτ ωβ(τ ) (β̇(τ )) ,

where T exp(·) denotes the time-ordered exponential. From q = p follows g(0) = 1 and for each
p ∈ P there is a subgroup of G with elements g 0 such that c↑ (1) = pg 0 for c ∈ Ω(B, π(p)). This
subgroup is called the holonomy of ω at p.
If c is contained in a subspace U of B with a local trivialization φ as above and β(t) = σ(c(t)),
then one gets the local formula
!!
Z c(t)
↑
−1
c (t) = φ (c(t), 1) T exp −
AU
g(0) ,
(8.81)
c(0)

which goes over into
c↑ (t) =

c(t), T exp −

Z

c(t)

c(0)

AU

!!

(8.82)

when ξ is a product bundle (by choosing g(0) = 1).
Now this general considerations shall be applied to the AB-effect where V = C, ξ = ξAB (which
is in particular a product bundle) and the wave function ψ = s is a global section on the associated
π
vector bundle ξC : C → R2∗ × C →C R2∗ . The structure group and corresponding Lie algebra are as
in the previous section, i.e. G = U (1) and g = u(1) = iR. Furthermore there is an action defined as
follows: U (1) × C → C, (eiϕ , z) 7→ eiϕ z. Now one has Aµ = A0µ = iaµ where aµ is real, which follows
from the discussion in the previous subsection. Thus the usual operator for covariant derivatives
goes over into


∂
+ iaµ ψ .
(8.83)
Dµ ψ =
∂xµ
The physical gauge potential Aµ is then defined by aµ = qAµ when ψ carries the charge q. Multiplying
Eq. (8.83) by i gives the usual (physical) operator iDµ ψ = (i∂µ − qAµ )ψ which corresponds to the
familiar operators (i∇ + qA)ψ and (i∂t − qϕ)ψ. For q = −|e| results aµ = −(2π/Φ0 )Aµ .
For a curve c ∈ Ω(R2∗ , (x0 , y0 )), which turns n times around the solenoid, Eq. (8.82) yields



I 
I  
↑
= (x0 , y0 ), exp −in a
(8.84)
c = (x0 , y0 ), exp −n A
c
c



I

(8.85)
= (x0 , y0 ), exp −i|e|n A · dx
= (x0 , y0 ), e−2πinΦ/Φ0 .
c

Thus for Φ/Φ0 = λ ∈ [0, 1) the holonomy groups
ω(Φ)
Hol((x0 ,y0 ),1)

= e

−2πin(Φ/Φ0 )



n∈Z

=



Zq , λ = p/q, p, q ∈ Z, (p, q) = 1
Z, λ ∈
/Q

(8.86)

follow. For λ ∈
/ Q the holonomy group is dense in U (1), which can be seen by contradiction: for
e2πin1 λ = e2πin2 λ with n1 6= n2 follows e2πi(n1 −n2 )λ = 1, thus (n1 − n2 )λ = m for some m ∈ Z and
λ ∈ Q.
ω(Φ)
This result means that there are two types of potentials. In the case where Hol((x0 ,y0 ),1) = Zq
there are potentials such that the holonomy is zero when going n times around a circle with center
ω(Φ)
at the origin. For Hol((x0 ,y0 ),1) = Z there are potentials such that one can get arbitrary close to any
given value of the holonomy phase when going a sufficiently large number of times around the circle.
This closes the discussion of the C interpretation. It is clear that in this interpretation there is
like the A interpretation a local action between the gauge potential and the wave function but it is
also non-separable. Now the comparison can be summarized as shown in Table 8.7.
A
B
C
local action yes no yes
separability no yes no
Table 8.2: Comparison between the A, B and C interpretations of the Aharonov-Bohm effect.

8.8

Summary

The goal of this chapter was to explain the AB-effect and to look at it from different perspectives.
We have seen that there are reasons to call the AB-phase a topological phase but also reasons to
call it a geometrical phase. Also the role of the topology of the configuration space was discussed
and an example of one of its properties, the periodicity of the AB-effect, was given. There would
be many more interesting examples and many fields of applications where the AB-effect is also seen
and used. But since the space was limited the focus was on the theoretical foundations, the origin
and the fundamental questions of the effect, like the question about the interpretation which was
discussed in the last two sections.

Even today, more then fifty years after its discovery, the AB-effect is subject of many research
articles. There are still a lot of interesting and also deep questions to answer and since it is such a
fundamental phenomena the AB-effect provides a good starting point when one tries to understand
quantum mechanics better. In particular, it would be a ground-breaking achievement if the question
of the interpretation, now still a matter of taste, could be solved.
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Chapter 9
Berry Phase
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Berry’s phase is a geometric, gauge invariant property of a quantum mechanical
system which appears if an eigenstate is transported slowly around a closed circuit
C by varying its parameter-dependent Hamiltonian. The eigenstate can acquire a
dynamical phase as well as a Berry phase. An explicit formula for the Berry phase
is derived from the spectrum and eigenstates of the Hamiltonian in the limit of the
adiabatic approximation. Additionally, the generalization to non-adiabatic evolutions using the theory of principal fibre bundles is briefly discussed. The concepts
are then applied to an example of a spinning quantum system in a magnetic field
where nuclear magnetic resonance and the Berry phase are used to implement a fault
tolerant quantum logic gate.

9.1

Introduction

Within the following pages, the basic formalism describing the Berry phase is discussed including
some basic theory which is needed. It will turn out that the Berry phase is a purely geometric
object not depending on a specific gauge. The derivations are based on the adiabatic assumption,
which may be dropped leading to a more general definition. Furthermore, the Berry phase for a
spin particle in an external magnetic field is calculated. The results obtained there are then used
to get an idea of how one can implement quantum logic gates using nuclear magnetic resonance. In
case of a controlled phase shift gate, experimental results are in high agreement with the theoretic
expectations.
Historically, the geometric phase had been ignored for almost half a century, considering it as an
unimportant property. It was argued by Fock that such a phase could be set to unity by redefining
the phase of the initial wave function [1]. However, Fock’s argument did restrict to non-cyclic evolutions only and it will be shown that in general Berry’s phase can not be transformed away. Initially
the phase has only been calculated in the regime of the adiabatic assumption, however, it took only
a year for generalizations to non-adiabatic evolutions to pop up which has also been extended to a
”non-abelian” Berry phase.
In the following section the Berry phase in the adiabatic limit is described which is mainly based
on [2] and Berry’s original paper [3].
1

9.2

Quantum mechanical background

Consider a non isolated quantum system with underlying Hamiltonian H(R) where the changing
environment is described by the varying parameter R = R(t). Furthermore, let the according Hilbert
space H be separable and denote the eigenstates of H by |n; Ri where n is the quantum number.
Every change of the environment traces out a curve C : [0, T ] → M where M is a smooth manifold. The parameter space is described by this manifold which consists of the points labeled by the
parameter R. Geometrically the parameter space may be a complicated manifold consisting of several coordinate patches, however the Hamiltonian operator is set to be a ”smooth” and single-valued
function of R ∈ M , where smoothness is meant in the sense that the Hamiltonian’s eigenvalues and
eigenvectors are smooth functions of R.
The evolution of a state vector ψ(t) is described by the Schrödinger equation

i

dψ(t)
= H(R)ψ(t).
dt

(9.1)

The evolution of density operators is described by the von Neumann equation
dρ(t)
= [H(R), ρ(t)].
dt

(9.2)

Additionally postulate that the Hilbert space does contain the solutions of the Schrödinger equation for all R ∈ M and thus also for all times. Therefore there exists a single Hilbert space for all
values of R and for each one, it is possible to choose an orthonormal basis of eigenvectors of the
parameter-dependent Hamiltonian
H(R) |n; Ri = En (R) |n; Ri ,
hm; R| |n; Ri = δnm .

9.3

(9.3)
(9.4)

Adiabatic Approximation

Let the system evolve around a closed path R(t) in parameter space between times t = 0, such that
R(T ) = R(0) for t = T with Hamiltonian H(R(t)). Consider now the situation where the physical
system does not jump from one eigenstate to another due to the interaction with the environment,
i.e., when the state remains an eigenstate of H(R(t)) with the same quantum number n for all times
t. This is also called the adiabatic approximation where a state ρ = |ψ(t)i hψ(t)| evolves such that
at all times t
|ψ(t)i hψ(t)|

adiabatic

=

|n; R(t)i hn; R(t)| .

(9.5)

For the adiabatic approximation to apply T must be large. This time development, also called
adiabatic time development, can only be an approximation, unless the evolving state does not change
in time.
To derive the condition of validity of the adiabatic approximation express the evolving state
vector ψ(t) in the basis |n; R(t)i,
ψ(t) =

X
m

cm (t) |m; R(t)i

(9.6)

Choose now the initial condition for solving the Schrödinger equation such that at t = 0 the state
is an eigenstate of H(R(0)) with eigenvalue En (R(0)), i.e.,
|ψ(0)i hψ(0)| = |n; R(0)i hn; R(0)| ,

(9.7)

or ψ(0) = |n; R(0)i, where the second form follows after fixing an arbitrary phase factor to unity.
The adiabatic approximation is a valid approximation to the initial condition given by 9.7 if and
only if all the coefficients cm (t) in 9.6 vanish except cn (t), or written as an equation:
ψ(t)

adiabatic

=

cn (t) |n; R(t)i ,

(9.8)

where cn (0) = 1 according to the initial condition.
Substituting the expression 9.8 into the Schrödinger equation 9.1 and using 9.3 the following expression may be obtained:



d
d
adiabatic
cn (t) + iEn (R(t))cn (t) |n; R(t)i = −cn (t) |n; R(t)i .
dt
dt

(9.9)

Applying hm; R(t)| to that expression yields in view of orthogonality for m 6= n
hm; R(t)|

d
adiabatic
|n; R(t)i = 0 ∀m 6= n
dt

(9.10)

Which turns out is a necessary and sufficient condition for the validity of the adiabatic approximation. It is useful to express the left-hand of this equation in terms of the matrix elements of the
time derivative of the Hamiltonian. The expression can be derived by taking the differential (exterior
derivative) of both sides of 9.3,
dH(R) |n; Ri + H(R)d |n; Ri = dEn (R) |n; Ri + En (R)d |n; Ri .

(9.11)

Applying hm, R| to both sides of this equation for m 6= n yields
hm; R| dH(R) |n; Ri + Em (R) hm; R| d |n; Ri = En (R) hm; R| d |n; Ri ,

(9.12)

using 9.3. Rewrite the expression

hm; R| d |n; Ri =

hm; R| dH(R) |n; Ri
,
En (R) − Em (R)

∀m 6= n.

(9.13)

Choosing an environmental process, R = R(t), the differentials can be replaced with ordinary
time-derivatives by dividing both sides of the equation by dt

hm; R(t)|

hm; R| dtd H(R) |n; Ri
d
|n; R(t)i =
,
dt
En (R) − Em (R)

(9.14)

for all m 6= n. The adiabatic approximation is thus valid if and only if the right-side of this
equation can be neglected. Due to the appearance of the time derivative in this equation, the approximation is called adiabatic. Notice that the left-hand side of 9.14 has the dimension of frequency.
Therefore to decide if the adiabatic approximation is applicable an intrinsic frequency (or Energy)
scale for the quantum system must be known.

9.4

Calculation of Berry’s Adiabatic Phase

In the following it will be shown that for a periodic Hamiltonian H(t) = H(R(t)), an adiabatically
evolving state W (t) = |ψ(t)i hψ(t)| with the initial condition W (0) = |n; R(0)i hn; R(0)| traverses a
closed path C in the parameter space. However this does in general not apply to the normalized
state vector ψ(t), fulfilling the Schrödinger equation 9.1. In general the path
C : [0, T ] 3 t → ψ(t) ∈ H,

(9.15)

with hψ(t)| |ψ(t)i = 1, is not closed in H, but satisfies
C(T ) = ψ(T ) = e−iαψ ψ(0).

(9.16)

As will be shown the phase factor takes the form
e−iαψ = e−i

Rt
0

En (t0 )dt0 iγn (t)

e

(9.17)

where the first phase factor is called the dynamical phase factor and γn (t) describes the Berry
phase acquired.
In the regime of the adiabatic approximation, express the evolving state vector according to 9.8,
where the coefficients cn satisfy 9.9. Applying hn; R(t)| to both sides of 9.9 and using orthogonality
the following explicit formula for cn can be obtained (En (t) := En (R(t)))



d
d
cn (t) + iEn (R(t))cn (t) δnn = −cn (t) hn; R(t)| |n; R(t)i ,
dt
dt

(9.18)

and after rearranging
d
d
cn (t) = −cn (t)(iEn (t) + hn; R(t)| |n; R(t)i).
dt
dt

(9.19)

This equation can be integrated obtaining
Z

cn (t)

cn (0)

dcn
= −i
cn

Z

0

t

0

0

En (t )dt −

Z

t

0

hn; R(t0 )|

d
|n; R(t0 )dt0 i.
0
dt

(9.20)

Using that cn (0) = 1 (initial condition), this yields
cn (t) = e−i

Rt
0

En (t0 )dt0 iγn (t)

e

,

(9.21)

where
eiγn (t) := ei

Rt
0

ihn;R(t0 )| dtd0 |n;R(t0 )idt0

.

(9.22)

Since ψ(t) is obtained from ψ(0) by a unitary time development it is a normalized vector. Additionally the coefficient cn (t) of 9.8 is a phase factor and therefore γn (t) is a real phase angle defined
up to an integer multiple of 2π.

It is important to notice that the phase angle γn (t) does not depend on the time dependence of
the integrand in 9.22. It can in fact be directly defined in terms of a (path) integral over a vector
valued function Ani (R) := i hn; R| ∇ |n; Ri
γn (t) =

Z

0

t

d
i hn; R(t )| 0 |n; R(t0 )i dt0 =
dt
0

Z

R(t)

R(0)

∂
i hn; R|
|n; Ri dRi =
∂Ri

Z

R(t)

R(0)

Ani (R)dRi .

(9.23)

Where this vector-valued function is called the Mead-Berry vector potential. The equation 9.23
indicates that, the Mead-Berry vector potential An is only defined with the use of the single-valued
basis eigenvectors |n; Ri of the Hamiltonian H(R). However a smooth single-valued basis may in
general not be found on the whole parameter space M, but only on its patches. Therefore the same
holds also for An and it is assumed here that the curve C lies in a single patch over which a smooth
single-valued basis exists.
Expressed as a (local) differential one-form defined on the same patch as |n; Ri, the Mead-Berry
vector potential reads
An = Ani dRi := i hn; R|

∂
|n; Ri dRi = i hn; R| d |n; Ri .
∂Ri

(9.24)

The differentials dRi are the basis differential one-forms (covariant vectors, i = 1, 2, ..., M =
dim(M )) and ”d” is the exterior derivative operator. This one-form is also called the Mead-Berry
connection one-form and can be used to yield the following expression for the phase angle γn (t)

γn (t) =

Z

R(t)

R(0)

i hn; R(t)| d |n; R(t)i =

Z

An ,

(9.25)

C

where C is the curve in the parameter space M .

9.4.1

Gauge Transformations and Mead-Berry Curvature Two-Form

A new set of eigenvectors |n; Ri0 of the Hamiltonian H can be defined by performing the phase
transformations
|n; Ri → |n; Ri0 = eiζn (R) |n; Ri ,

(9.26)

where ζn (R) are arbitrary real phase angles. Gauge transformations are defined by restricting to
phase transformation for which the phase factors eiζn (R(t)) are single-valued functions.
In general in going from one patch O1 ⊂ M of the parameter space to a neighboring patch
O2 ⊂ M with a different parametrization, the eigenvectors of H(R) in the overlap region O1 ∩ O2
are related by phase transformations of the form 9.26.
Using the definition of the Mead-Berry vector potential 9.23 the behavior under a gauge transformation is given by
An (R) → A’n (R) = i hn; R|0 (∇ |n; Ri0 )

= i hn; R| e−iζn (R) (∇eiζn (R) |n; Ri)

= i hn; R| ∇ |n; Ri + ie−iζn (R) (∇eiζn (R) )
= An (R) − ∇ζn (R).

(9.27)

In case of the connection one-form this may be written as
An (R) → A0n (R) = A(R) − dζn (R).

(9.28)

The phase angle γn (t) transforms under a gauge transformation according to

γn (t) →

γn0 (t)

=

Z

R(t)

A0n (R)dR

R(0)

= γn (t) − ζn (R(t)) + ζn (R(0)).

(9.29)

Using gauge transformations it is possible to transform away γn (t) if it is assumed that ζn (R(t))
is arbitrary, which will be discussed in the following. Inserting 9.21 into 9.8 yields an expression for
ψ(t)
ψ(t)

adiabatic

=

Rt

1

ei

0

En (t0 )dt0 iγn (t)

e

|n; R(t)i .

(9.30)

Considering phase transformations the basis eigenvectors |n; R(t)i are only determined up to a
phase factor. Therefore, the additional phase factor may be transformed away, and in fact it may
be set to one as was shown by Fock. Indeed the fact that you could transform away this additional
phase was universally accepted for half a century and in turn the Berry phase was ignored. However
Fock did not consider the case of cyclic changes and it will be shown that in general it is not possible
to eliminate γn .
Doing the calculations that led to 9.30 but using |n; Ri0 instead of |n; Ri yields the same expression
with the primed quantities on the right-hand side. Using a phase transformation for the primed
quantities the following may be obtained
0

0

eiγn (t) |n; R(t)i0 = eiγn (t) eiζn (R(t)) |n; R(t)i .

(9.31)

In the case of ζn (R(t)) being a single-valued function modulo 2π, it can be chosen such that the
0
phase factor eiγn (t) eiζn (R(t)) becomes unity resulting in an expression for ψ(t)
Rt

ψ(t) = e

0

En (t0 )dt0

|n; R(t)i .

(9.32)

Which also fulfills the initial condition and since |n; Ri0 is as valid a basis eigenvector as |n; Ri,
the time development of the state vector involves the dynamical phase factor only, which is Fock’s
result.
However, the above argument holds only if ζn (R(t)) can be chosen arbitrarily. If instead the
environmental parameters return to their original values after some period T, as described by a
closed path C, ζn (R(t)) may not be chosen freely to remove γn (t). Indeed for R(T ) = R(0) the
single-valuedness of eiζn (R) implies
eiζn (R(T )) = eiζn (R(0)) ,

(9.33)

or equivalently ζn (R(T )) = ζn (R(0)) + 2π×integer. Therefore using 9.29
γn (T ) →

γn0 (T )

:=

I

C

i
A0n
i (R)dR

=

I

C

Ani (R)dRi − 2π × integer

= γn (T ) − 2π × integer.

(9.34)

As it can be seen in this expression γn (T ) (defined only modulo 2π) is invariant under gauge
transformations and cannot be removed. Thus for a closed path the extra phase phase factor cannot
be transformed away, however this does not imply that γn (C) can not be zero. In this cases the vector
potential An (R) (and the connection one-form An (R)) need not to be zero but are ”trivial”, which
means that for a well-defined function ζ(R), the vector potential (and the connection one-form) are
given as
An (R) = ∇ζ( R) = −ie−iζ(R) ∇eiζ(R) ,
An (R) = dζ(R).

(9.35)
(9.36)

For such a ζ(R) the Berry phase angle can be transformed to zero by gauge transformation with
phase factor e−iζ(R) . Note that the curve C is still required to lie on a single patch of the parameter
space. Otherwise 9.35 may only be satisfied on individual patches of the parameter space. If C lies
not in one patch, the corresponding Berry phase may still be non trivial.
The Mead-Berry vector potential can be seen as an analogy to the vector potential of electromagnetism by noting that it satisfies the same gauge (phase) transformation rule (c.f. 9.27). Furthermore
the set of phase factors eiζn (R) form the group U (1) and thus this gives a gauge theory with gauge
(symmetry) group U (1) and gauge potential An (R).
Although An (R) is not an invariant quantity with respect to gauge transformations, the Berry
phase is as shown above. However, this can also be seen by referring back to the analogy with
electrodynamics. Indeed if the parameter space is three dimensional and hence the parameter R is
a three-dimensional vector, there is a complete analogy. Nevertheless the physical interpretation of
the quantities associated with the Berry phase is different: The gauge potential is defined in terms
of the eigenvectors of the Hamiltonian and has nothing to do with electrodynamics. Considering an
M-dimensional parameter space, the Berry connection one-form together with the gauge transformations define a U (1) gauge theory over an M-dimensional parameter space.
To get a gauge invariant quantity, in analogy with electrodynamics, a gauge field strength tensor
F may be defined. Its components are given by
n

Fijn :=

∂ n
∂ n
Aj −
A ,
i
∂R
∂Rj i

i, j = 1, 2, ..., M.

(9.37)

F n defines an antisymmetric covariant tensor field of rank two, i.e., it is a differential two-form
∂Anj
1 n i
j
F = Fij dR ∧ dR =
dRi ∧ dRj = dAn .
i
2
∂R
n

(9.38)

Where the antisymmetry of the wedge product ∧ has been used, and dAn stands for the exterior
derivative of the Mead-Berry connection one-form An . The two-form F n associated to An is also
called the Mead-Berry curvature two-form and given by
F n = d(i hn; R| d |n; Ri) = i(d hn; R|) ∧ d |n; Ri ,

(9.39)

using d2 = 0. It is important to notice that the curvature two-form is indeed a gauge-invariant
quantity. This follows directly from 9.28, 9.38 and again d2 = 0,
F n → F 0n = dA0n = dAn − d2 ζ = dAn = F n .
There are two important consequences of the gauge invariance of F n :

(9.40)

1. F n is a globally defined object over M.
2. F n may be used to yield a direct formula for the Berry phase.

9.4.2

Derivation of a Globally Defined Formula for the Berry Phase

To get a globally defined formula, assume that the curve C bounds a surface S ⊂ M , and use Stoke’s
theorem to convert the loop integral into a surface integral over S (which can be arbitrarily chosen
as long as it is bounded by the closed curve C

γn (C) =

I

n

A =

C

Z

n

dA =

S

Z

Fn

mod2π.

(9.41)

S

In the following the goal is to use this expression to investigate what happens when two energy
n
levels become degenerate for some values of R. To achieve that
Prewrite F in terms of the eigenvalues
En (R) using the completeness of the basis |m; Ri ( i.e. 1 = m |m; Ri hm; R|).
This gives for F n
F n = d(i hn : R| d |n; Ri) = d(i
=i

X
m

=i

X
m

hn; R| |m; Ri hm; R| d |n; Ri)

[(d hn; R|) |m; Ri] ∧ [hm; R| d |n; Ri] = −i

X

[hm; R| d |n; Ri] ∧ [hn; R| d |m; Ri],

X
m

[hn; R| d |m; Ri] ∧ [hm; R| d |n; Ri]
(9.42)

m6=n

using the linearity of the exterior derivative in the third equality, orthonormality of the basis in
the fourth (i.e. δnm = d(hn; R| |m; Ri = (d hn; R|) |m; Ri + hn; R| d |m; Ri), and the antisymmetry
of the wedge product in the last. Substitute now 9.13 into the right hand side of this expression to
show the dependence of F n on the difference of eigenvalues,
Fn = i

X hn; R| [dH(R) |m; Ri ∧ hm; R| [dH(R) |n; Ri
.
2
[E
n (R) − Em (R)]
m6=n

(9.43)

The Berry phase is then given by this quantity via

γn (C) =

Z

Fn

mod2π.

(9.44)

S

The two expressions given above are the key results to keep in mind considering the approach
which also Berry used in his original paper. Since the dependence on d |n; Ri has been eliminated, the
phase relations between eigenstates with different parameters are now immaterial, and it is therefore
no longer necessary to choose single-valued basis vectors. Since by looking at expression 9.43 it can
therefore be seen that it does not depend on the phase factor of the basis vectors it can be defined
globally on M . This implies that the formula given above can be used to compute the Berry phase
even for the cases where C does not lie in region where there exist globally smooth single-valued
|n; Ri. Additionally the energy denominators in 9.43 show that if the curve C lies close to a point
R∗ in parameter space at which there is a degeneracy, F n (R) and hence γn (C) is dominated by the
terms n corresponding to the other states involved. Consider the most common situation, where
the degeneracy involves only two states and expand the Hamiltonian H(R) near R∗ to first order in
R − R∗ [3]. Additionally the corresponding energy values and R∗ may be set to zero without essential
loss of generality. Then H(R) can be represented by a 2 × 2 Hermitian matrix depending on three

parameters. The eigenvalues of this Matrix are then just given by ± 12 times the absolute value of R.
Therefore the degeneracy is an isolated point at which all three parameters vanish.
From the formulas derived above it can be seen that the Berry phase angle γn (C) is independent
of how the closed loop C is traversed if the condition for the validity of the adiabatic approximation is
satisfied. Therefore the Berry phase does not depend on the details of the dynamics of the quantum
system and is solely dependent on the path C. That is the reason why the Berry phase is sometimes
also called the geometric phase.

9.5

Parallel Transport

The Berry phase can also be considered from a more geometrical point of view by noting that it is
produced by the non-trivial geometry of the space of physical states. It is convenient to first obtain
a law for the parallel transport of a vector over the surface of a sphere and express it in a form which
is generalizable to quantum mechanics. The following section on parallel transport on a sphere and
quantum parallel transport follow mainly [4] and [5].

9.5.1

Parallel Transport on a Sphere

Imagine a beetle moving a unit vector v along a closed path C on a sphere. The condition for
parallel transport now imposes the constraint that v(t) must always lie in the local tangent plane,
i.e., v · e3 = 0 where e3 is defined as the local normal vector (c.f. Fig. 9.1). Along the path parallel
transport imposes the further restriction that the direction of v is perturbed minimally which means
that it should never rotate about e3 , i.e. any changes dv must be parallel to ±e3 , or equivalently
e3 × dv = 0.

(9.45)

Let C now be a circle on the sphere then the tangent planes are part of a cone and by flattening
the cone, it can be seen that the term parallel transport does indeed make sense considering the
no-rotation condition. In this ”flattened” space, v is always fixed in direction. However going back
to the view of the beetle, v does in general not return to its initial direction by completing the path.
Instead, it makes a ”geometric” path dependent angle α(C). This angle is sometimes also called
holonomy.
Let e1 (t) and e2 (t) define a local coordinate frame, where t parametrizes C (on the sphere, these
are usually the unit vectors along the latitude and longitude). This coordinate frame is needed to
obtain an expression for α. Now expand v(t) at each point R(t)
v(t) = cos α(t)e1 (t) + sin α(t)e2 (t).

(9.46)

Moving along C, the triad [v, w, e3 ] (where w = e3 ×v) rotates about the normal by α(t), relative
to the local frame [e1 , e2 , e3 ]. Note that equation 9.45 implies that
e3 × dw = 0,

(9.47)

since d(e3 × v) = de3 × v + e3 × dv. Using 9.46 in 9.45 with the normalization conditions
e1 · de1 = 0, e2 · de2 = 0, and the fact that v(t) · e1 = sin α (since v(t) and e1 (t) are unit vectors),
the following expression may be obtained by multiplying by e1 (t)
dα = e1 · de2 ≡ ω21

(9.48)

Figure 9.1: Figure (a) shows the transport of v along the curve C on a sphere. The tangent planes
are given by the cone with apex A if C is a latitude circle. (b) shows that if the cone is flattened
on a table, v remains parallel to its initial direction if it is prevented from rotating around the local
normal vector e3 (parallel transport). Measured relative to the latitude, v makes an angle α(C) on
returning to the starting point (holonomy). (c) Generally v is lying in the tangent plane to the curve
C (white rectangle). The parallel transport condition imposes that the change dv must only have
components perpendicular to the tangent plane, i.e. ±e3 ||dv. (Taken from [4].)

The total angle α(C) is then given by the integral of the connection one-form ω21 which encodes the
overlap between de2 and e1 .
This results may be written in a more compact form using complex vectors with the standard
+ie2
√ . Equation 9.46 then becomes ψ̂(t) = n̂(t)e−iα(t) ,
and ψ̂ = v+iw
inner product on C. Define n̂ = e1√
2
2
where the angle α(t) appears now as a phase. The parallel transport conditions ( 9.45, 9.47 and 9.48)
are now given as

n̂∗ · dψ̂ = 0,

9.5.2

dα = −in̂∗ · dn̂..

(9.49)

Parallel Transport of Quantum States

The Berry-phase problem is characterized by a parameter which is slowly taken around a closed curve
C, remaining according to the adiabatic assumption for all times in the same eigenstate |n; Ri. This
assumption is an analogous constraint to that on v in the case of parallel transport on a sphere.
The path C along which R varies lies on a surface in the parameter space. Now at each R, the
eigenstate |n; Ri may be seen as an analogous to n̂(t) in the sense that it defines a local coordinate
frame in the Hilbert space (in place of the tangent plane). The evolution of the ket |ψi along
C is then the parallel transport and therefore |ψi acquires a phase angle relative to |n; Ri, i.e.
|ψi = e−iγn |n; Ri. The parallel condition is now given by hn; R| d |ψi = 0 (c.f. 9.49), and thus
dγ = −i hn; R| d |n; Ri. The total Berry phase after completing the path C is then given by the line
integral

γn (C) = −

I

C

i hn; R| d |n; Ri

(9.50)

Which is the same result obtained in the previous section. Physically this statement can be
interpreted by the fact that as R changes |ψi stays ”parallel” to its initial direction, while the local
reference frame, defined by |n; Ri rotates relative to it. The Berry phase is then given by the angle
between them.

9.5.3

Geometric Approach and Generalizations

In the following a it is briefly discussed how you can think about the Berry phase in a more abstract
way and use this approach to get generalizations to the case discussed above. However, this can
not be considered as being rigorous ore complete to get a more concise discussion please confer the
sources which this lines are based on: [6], [7], [8] and [9].
As seen above the geometrical Berry phase is, in contrast to the dynamical phase, solely produced by the non-trivial geometry of the space of physical states. A ”geometric phase” is then what
mathematicians would call a U (1) holonomy and therefore the concept of fiber bundles is the mathematically appropriate theory.
Consider the discussed case of a system which is described by two parameters, which shall be
referred to as internal and external. The phase of the wavefunction may then be thought of as an
internal parameter depending on R(t) through the energies and the adiabatic phase. It is in this case
not enough to say that the evolving wavefunction is, say, just a function of R, since its phase is a
function of the whole previous history. A better approach is to think of it as living on a space that
looks at least locally as R × U (1) which has its global topological properties encoded in the Potential
An (R). In the general case the underlying topology may be non trivial and thus this product may
be ”twisted” - which is the case when An (R) has non removable singularities. The way to go in describing such twisted products, without talking about singularities, is to introduce the construction
of fiber bundles.
A fiber bundle E with the fiber F can be thought of as a generalization of the product of two
spaces M × F . It looks locally, in a small neighbourhood U of any point in M, like the product space
U × F , but globally it may be topologically twisted. M is denoted as the base space, and the fibers
of E may be thought of as residing vertically over the points of the base space M with one fiber
above each point. Note that all fibers of E are homeomorphic to F.
A simple example of a fiber bundle is the Möbius strip. Its base space is given by a circle and the
fiber is a line segment which may be taken to be the interval [−1, 1]. Every point on the circle has
then a neighbourhood U over which the bundle is homeomorphic to U × [−1, 1], however globally
the Möbius band is twisted. This can for example be seen by choosing a homeomorphism i between
the fiber over a point x0 and [−1, 1]. By extending i continuously around the circle and going one
time around, it can be seen that once the initial point x0 is reached again, its ”direction” has been
reversed. Topologically stated: transporting i around the circle results in −i. The additional minus
sign is a simple example of a non-trivial holonomy.
In the case of the Berry phase, bundles which have a symmetry group G acting upon the fiber
are of particular interest. They are also called principal bundles if the fiber F is the group G itself.
One can think of the action of the group on the fiber as a change of coordinates of each fiber. An
example for that is given by an n-dimensional vector space where it is necessary to choose a basis to
label a vector. However there still remains an action of U (n) representing the freedom to change bases.

Consider the Mead-Berry potential defined above, this potential gives in fact a rule for lifting a
curve in the charged particle’s position space to a curve in the U (1) bundle of position wave-functions,
as seen it is also an example of the notion of parallel transport defined by a connection.
Generally speaking, a connection provides a way to compare fibers at different points on the space M .
Mathematically a connection is specified by defining a horizontal subspace H of the tangent space
T E to the total space E. Complementary there is a vertical subspace V such that T E = H ⊕ V .
If you now consider a point u in E, the vertical subspace at u is defined to consist of the tangent
vectors in T E which are tangent to the fiber passing trough u, i.e. their projections to the tangent
space M are zero. Opposed to the definition of the vertical subspace by the fiber, the horizontal
subspace (connection) can be chosen.
Another important concept which can be introduced once a connection is chosen is the notion of a
horizontal lift. A horizontal lift defines how tangent vectors of a curve in M are lifted to tangent
vectors of a curve in E by requiring that they are horizontal. Considering a closed curve as for the
Berry phase the horizontal lift of such a curve is in general open. However generally starting at a
given point in the fiber, the horizontal lift will return to the same fiber but may lie on a different
point in that fiber. This is also what happens in the case of the Berry phase where |ψi picks up the
Berry phase. This difference within the fiber is again a holonomy. Therefore a horizontal lift with
respect to a given connection defines a geometrical phase.
This interpretation of the Berry phase can also be used to define the phase without using the adiabatic
assumption [10]). Non-abelian generalizations were first explicitly described by Wilczek and Zee [11].

9.6
9.6.1

Spinning Quantum System in an External Magnetic Field
Introduction

In the following a quantum particle with magnetic moment m = µB gJ will be discussed. The particle
is considered in an external magnetic field B(t) = B R̂(t) whose direction R̂(t) is changing periodically. To simplify the calculations the case in which the direction of the magnetic field is precessing
around the fixed 3-axis (of the laboratory coordinate frame) is considered. For a ”slow” precession
of the magnetic field the system may be described in the regime of the adiabatic approximation and
the results obtained above using the adiabatic assumption may be used. This section mainly follows
[2].
The Hamiltonian describing the system is given by
H = H0 − m · B = H0 − Bg(

e
R̂ · J)
2mc

= H0 + bR̂ · J.

(9.51)

H0 describes the part of the Hamiltonian which is independent of the magnetic field and will
therefore be ignored in the following. R̂ = B
is the unit vector pointing along the direction of the
B
magnetic field, J the angular momentum operator associated to the quantum physical system, and
Bge
b = − 2mc
is a constant. Additionally the relation between the magnetic dipole moment and the
e
angular momentum has been used (m = 2mc
gJ).
The parameter-dependent part of the Hamiltonian may in the case considered here be written as
h(R̂(t)) = −

Bge
R̂(t) · J = bR̂(t) · J,
2mc

where R̂ is again the parameter describing the changing environment.

(9.52)

Figure 9.2: A quantum magnetic moment in an external magnetic field which precesses uniformly
around a cone of semiangle θ with the rotation axis e3 . The polar and azimuthal coordinates are
given by (θ, φ), they define the rotation of the external magnetic field. The ”polar and azimuthal
angles” for the evolution of the state of the magnetic field are denoted by (θ̃, φ).(Taken from [2].)
e~
Furthermore the Bohr magneton is given by µB = 2mc
, g is the Landé factor of the quantum
b
is called the Larmor frequency.
particle and b can be interpreted as a frequency where ωL ≡ (−g)

9.6.2

Parametrization of Basis Vectors

The parameter space of the quantum system described by the Hamiltonian given above is the set of
all unit vectors R̂ in the three-dimensional Euclidean space R3 . Each of this unit vectors defines a
point on the unit sphere, S 2 , centered at the origin, and thus the parameter space may be identified
with the unit sphere S 2 embedded in R3 . The points of S 2 are parametrized by the polar and
azimuthal angles (θ, φ) as follows



sin θ cos φ
R̂ = R̂(θ, φ) =  sin θ sin φ  ,
cos θ

(9.53)

 
0

e3 := 0
1

(9.54)

where the parameter ranges are given by 0 ≤ θ ≤ π, and 0 ≤ φ < 2π.
The parametrization uniquely determines each unit vector R̂ by a pair (θ, φ) except for the vector

which may be thought of as describing the north pole N , whilst the unit vector −e3 describes
the south pole S. These vectors are given by θ = 0 and θ = π respectively, for all values of φ in the
range defined above. Therefore the value of φ is not uniquely determined for a given R̂ = ±e3 .
The case of a magnetic field precessing uniformly about the 3-axis is described by
B(t) = B(sin θ cos ωt, sin θ sin ωt, cos θ) = B R̂(θ, ωt)

(9.55)

where B, θ and ω = φt are constants. The situation described is given in figure 9.2. Assume that
for t = 0 the magnetic field lies in the 1-3 plane
B(0) = B(sin θ, 0, cos θ) = (B12 , 0, B3 ).

(9.56)

The component B12 = B sin θ rotates in the 1-2 plane as time progresses
B12 := B sin θe12 := B sin θ(e1 cos ωt + e2 sin ωt)

(9.57)

and thus the magnetic field precesses as
B(t) = B12 e12 (t) + B3 e3
= B[sin θ(e1 cos ωt + e2 sin ωt) + cos θe3 ] =

b
eg
(− 2mc
)

R̂(θ, ωt).

(9.58)

The Hamiltonian 9.52 is then given by
h(t) = bR̂(t) · J = b(sin θe12 (t) + cos θe3 ) · J = b cos θ[J3 + tanθe12 · J]

(9.59)

The time-dependent part of this equation may be rewritten in the following form
e12 (t) · J = J1 cos ωt + J2 sin ωt = e−iωtJ3 J1 eiωtJ3 .

(9.60)

Using that the Hamiltonian may be written as
h(t) = b cos θJ3 + b sin θe−iωtJ3 J1 eiωtJ3 = e−iωtJ3 h0 eiωtJ3 ,

(9.61)

where h0 = bR̂(θ, 0) · J = be−iθJ2 J3 eiθJ2 . As can be seen from the expression obtained the
time-dependent Hamiltonian is periodic, h(T ) = h(0) = h0 with period T = 2π
. Furthermore an
ω
orthonormal base of eigenvectors |k; Ri may be chosen, which are given by
h(R) |k; Ri = bR̂ · J |k; Ri = bk |k; Ri .

(9.62)

These are eigenvectors of the operator R̂(t) · J, where the quantum number k is the quantum
number for the component of angular momentum along the changing direction of the external magnetic field.
In this example the eigenvalues Ek (R(t)) = bk of the time-dependent Hamiltonian h(R(t)) are
constant opposed to the eigenvectors |k; R(t)i and eigenprojectors |k; Ri hk; R| which are changing
in time for ω 6= 0. The eigenvalue k is a constant, nevertheless its physical interpretation changes
in time; k is the eigenvalue of the observable R̂ · J which depends on R̂(t) whose direction changes
with respect to the laboratory frame.
In the case where the state vectors |k; Ri are also eigenvectors of J2 , the values k may take are
k = −j, −j + 1, ..., j − 1, j where j ∈ Z2 . Therefore k can only take integer or half-integer values.
Additionally j(j + 1) is the eigenvalue of J2 . In the following it is assumed that j and any other
additional quantum numbers, which may be connected with the eigenvalues of the rotationally invariant part H0 of the total Hamiltonian H total = H0 + h(R̂), have fixed values and may therefore
be suppressed throughout as labels of the state vectors |k; Ri.
The eigenvectors are parametrized by the unit vector R̂, or by the angles (θ, φ) and they can
be obtained by applying (θ, φ)-dependent rotations to an eigenvector |k; ê3 i of the component of

angular momentum in the direction of the north pole, J3 = e3 · J. There exist different (θ, φ)dependent rotations R(θ, φ) ∈ SO(3) which give the unit vector R̂(θ, φ) when applied to e3 . Here
the following product of rotations is chosen
R(θ, φ)e3 = R3 (φ)R2 (θ)R3 (−φ)e3
= R3 (φ)R2 (θ)e3

= R3 (φ)R̂(θ, 0) = R̂(θ, φ).

(9.63)

The second equality follows since R3 (−φ) does nothing to the unit vector e3 , and the third since
R2 (θ) produces the unit vector R̂(θ, φ) which lies in the 1-3 plane at an angle θ inclined to the e3 axis. The inclusion of the rotation R3 (−φ) is to ensure that the rotation R(0, φ) is independent of φ.
Rotations are continuous transformations and are thus represented in the space of quantum physical
states by unitary operators representing the group SU (2). The unitary operators representing the
rotations R3 and R2 are given by
−iφJ3

U3 (φ) = e

1
φ
:= I + J3 +
i
2!

U2 (θ) = e−iθJ2 ,



φ
J3
i

2

+ ...,

(9.64)
(9.65)

analogously for the rotations about the e1 -axis. The representation of the product of two ore
more rotations is given by the product of the corresponding operators and thus the rotation R(θ, φ)
is represented by
U (θ, φ) = U3 (φ)U2 (θ)U3 (−φ) = e−iφJ3 e−iθJ2 eiφJ3 .

(9.66)

Choosing a fixed normalized eigenvector |k; e3 i of J3 = e3 · J = R̂(0, 0) · J and transforming it
using the unitary operator U (θ, φ) the following state vector may be obtained
|k; θ, φi : = U (θ, φ) |k, ê3 i = e−iφJ3 e−iθJ2 eiφJ3 |k, ê3 i .

(9.67)

It is an eigenvector of the operator R̂(θ, φ) · J with eigenvalue k, i.e.
R̂(θ, φ) · J |k; θ, φi = k |k; θ, φi .

(9.68)

The prove of this identity requires the following transformation properties of the angular momentum operators Ji , which follow form their commutation relations using the Baker-Campbell-Hausdorff
formula
e−iθJ2 J3 eiθJ2 = J3 cos θ + J1 sin θ,
−iφJ3

e

−iφJ3

e

(9.69)

J1 e

iφJ3

= J1 cos φ + J1 sin φ,

(9.70)

J2 e

iφJ3

= J1 (− sin φ) + J2 cos φ.

(9.71)

The state vector 9.67 is a smooth vector-valued function of (θ, φ). It gives rise to a unique state
vector for all R̂ except for S, R̂ = −e3 , where θ = π and 9.69 becomes
e−iπJ2 J3 eiπJ2 = −J3 .

(9.72)

This equation implies that e−iπJ2 e−iφJ3 eiπJ2 = eiφJ3 , and therefore for the state vector follows
|k; π, φi = e−iφJ3 e−iπJ2 eiφJ3 |k; ê3 i
= e−iπJ2 e2iφJ3 |k, ê3 i

= e−iπJ2 e2ikφ |k, ê3 i .

(9.73)

From this expression one can see that at the south pole different normalized state vectors are
obtained as φ varies in the range 0 ≤ φ < 2π. However, |k; θ, φi is single-valued at the north pole,
although φ may vary there in the same range. This is due to the fact that the rotation R3 (−φ)
has been included and thus |k; 0, φi does not depend on φ. Therefore 9.67 is a smooth single-valued
vector function everywhere on S 2 except at the south pole.
Using a gauge transformation a smooth vector-valued function well defined at the south pole but
not at the north pole may be obtained. This phase transformation is defined using the phase factor
eiζ(θ,φ) = e−i2kφ :
|k, θ, φi0 = e−i2kφ |k, θ, φi = e−iφJ3 e−iθJ2 e−iφJ3 |k, 0, 0i .

(9.74)

Then at the south pole |k, π, φi0 = e−iπJ2 |k; ê3 i is uniquely determined but at the north pole it
evaluates to many vectors |k, 0, φi0 = e−2ikφ |k; ê3 i. Therefore |k, θ, φi0 may be used everywhere on
S 2 except on the north pole. In the overlap region O1 ∩ O2 (O1 := S 2 − S, O2 := S 2 − N ) either of
the vectors 9.67 or 9.74 may be used.

9.6.3

Calculation of the Mead-Berry Connection and Berry Phase

To calculate the Mead-Berry connection one-form Ak for the adiabatic evolution of the Hamiltonian
recall that

Ak (R) = Aki dRi = i hk; R|

∂
|k; Ri dRi ,
i
∂R

(9.75)

where i = 1, 2 correspond to the coordinates θ and φ of either of the two patches O1 or O2 of the
sphere S 2 . In the following, the one-forms

0

0

Ak ,k (R) = Aki ,k dRi = i hk 0 ; R|

∂
|k; Ri dRi
∂Ri

(9.76)

are computed where the Mead-Berry connection one-form Ak is just given by the diagonal ele0
ments, Akk , of the matrix of one-forms (Ak k ). On the patch O1 where the state vectors are given
by 9.67 the matrix elements are

0

∂
∂
|k; θ, φi = hk 0 ; ê3 | iU † (θ, φ) U (θ, φ) |k; ê3 i
∂θ
∂θ
∂
∂
= i hk 0 ; θ, φ|
|k; θ, φi = hk 0 ; ê3 | iU † (θ, φ) U (θ, φ) |k; ê3 i
∂φ
∂φ

Akθ ,k = i hk 0 ; θ, φ|
0

Aφk ,k

Compute the terms within the brackets

(9.77)
(9.78)

∂
∂U (θ, φ)
= ie−iφJ3 eiθJ2 eiφJ3 e−iφJ3 e−iθJ2 eiφJ3 = e−iφJ3 J2 eiφJ3
∂θ
∂θ
= (J2 cos φ − J1 sin φ),
∂U (θ, φ)
iU † (θ, φ)
= U † (θ, φ)J3 U (θ, φ) − U † (θ, φ)U (θ, φ)J3
∂φ
= −(J1 cos φ + J2 sin φ) sin θ + J3 (cos θ − 1).

iU † (θ, φ)

(9.79)

(9.80)

Substituting these two expressions the following may be obtained
0

Aθk ,k = hk 0 ; ê3 | (J2 cos φ − J1 sin φ) |k; ê3 i
k0 ,k

Aφ

(9.81)

= hk 0 ; ê3 | [−(J1 cos φ + J2 sin φ) sin θ + J3 (cos θ − 1)] |k; ê3 i .

(9.82)

J1 and J2 do not contribute to the diagonal matrix elements and therefore they may be written
as
Akθ (θ, φ) = 0
Akφ (θ, φ)

(9.83)

= hk; ê3 | J3 (cos θ − 1) |k; ê3 i = −k(1 − cos θ),

θ 6= π.

(9.84)

Repeating the same calculation for the coordinate patch O2 in which the state vectors are given
by 9.74 leads to
0

0

,k
A0k
= e2i(k −k)φ hk 0 ê3 | (J2 cos φ − J1 sin φ) |k, ê3 i
θ
0 ,k
A0k
φ

=e

2i(k0 −k)φ

(9.85)

hk 0 ê3 | [−(J1 cos φ + J2 sin φ) sin θ + J3 (cos θ − 1) + 2k] |k, ê3 i .

(9.86)

The diagonal matrix elements can be calculated to
A0k
θ (θ, φ) = 0
A0k
φ (θ, φ)

(9.87)

= hk; ê3 | [J3 (cos θ − 1) + 2k] |k; ê3 i = k(1 + cos θ),

θ 6= 0.

(9.88)

According to the gauge theory described one would expect from the transformation behavior of
the Mead-Berry potential (c.f. 9.27) and ζ = −2kφ,
A0k − Ak = −dζ(θ, φ) = d(2kφ) = 2kdφ.

(9.89)

k
Which is consistent with the terms computed above since indeed A0k
φ − Aφ = 2k.

To compute the curvature two-form recall that this is according to 9.38 given by

F k = dAk =

∂Akφ
∂Akθ
dφ ∧ dθ +
dθ ∧ dφ.
∂φ
∂θ

(9.90)

Using the values obtained above the following may be obtained
k
F k = Fθφ
dθ ∧ dφ = −k sin θdθ ∧ dφ.

(9.91)

Figure 9.3: Using Stokes’s theorem, the difference of the line integrals of A and A0 can be transformed
into an integral over the closed 2-surface S ∪ S 0 . (Taken from [2].)
The Berry phase for a closed path C is thus given by

γk (C) =

Z

S

k

F = −k

Z

S

sin θdθ ∧ dφ = −k

Z

dΩ mod 2π,

(9.92)

S

where it is integrated over a surface S which has the closed curve C as its boundary (C = ∂S).
dω is defined as the element of solid angle (area element of the unit sphere). The direction in which
C is traversed is taken along the fingers and the direction normal to S i.e. the direction of dθ ∧ dφ
along the thumb of the right hand (Fig. 9.3).
The Berry phase angle can also be written as
γk (C) = −kΩ(C) mod 2π,

(9.93)

by defining Ω(C) as the solid angle subtended by C, i.e.

Ω(C) :=

Z

S

sin θdθ ∧ dφ.

(9.94)

As explained before the curvature two-form F k is unlike the single-valued basis vectors |k; θ, φi
and the connection one-form Ak independent of the choice of local coordinates. This implies that a
surface S ⊂ O1 or S 0 ⊂ O2 can be chosen in the calculation of the Berry phase and as long as both
surfaces S and S 0 have C as their boundaries, i.e. ∂S = C = ∂S 0 the calculation does not depend on
the choice. This property of the curvature two-form has some noticeable consequences. To see them
compute the Berry phase angle using S 0
γk (C) =

Z

S0

k

F = −k

Z

S0

sin θdθ ∧ dφ = k

Z

S 2 \S

sin θdθ ∧ dφ,

(9.95)

where the direction of the normal S 0 and the direction in which C is traversed are given by the
right-hand rule. This implies that the normal of S 0 is pointing into the sphere and the normal of S
out of the sphere. Furthermore, S 2 \S denotes the surface with the same area as S 0 but with normal
pointing out of the sphere S 2 . This expression may be rewritten in the form

γk (C) = k

Z

S2

sin θdθ ∧ dφ −

Z

S



sin θdθ ∧ dφ .

(9.96)

Using that the integral of the unit solid angle dΩ over the whole unit sphere is 4π, and the integral
over the surface S is given by 9.94 the berry phase is given by
γk (C) = +k(4π − Ω(C))

mod 2π.

(9.97)

mod 2π.

(9.98)

Comparing this equation with 9.93 it follows that
−kΩ(C) = 4πk − kΩ(C)

However, this can only be satisfied if k = 0, ± 12 , ±1, ± 32 , ±2, ...., and therefore k must be an integer or a half-integer. This result is new if the basis vectors are not eigenvectors of J2 , which may be
of importance considering molecules.
Up until now, there are no restrictions on the curve C as long as it is closed and on the unit
sphere. Considering a special path C1 : [0, T ] → S 2 given by 9.55, and shown in figure 9.2, namely
C1 (t) := R(θ(t), φ(t)) = R(θ = const., φ = ωt),

(9.99)

the Berry phase may be written as

γk (C1 ) = −k

Z

0

2π

Z

0

θ

sin θ0 dθ0 dφ = −2πk(1 − cos θ),

(9.100)

with θ being the constant angle shown in figure 9.2.

9.7

Geometric Quantum Computing

The Berry phase is, as it follows from the considerations made above, a purely geometrical effect of
an evolving quantum system. The phase depends only on the area covered by the curve the system
follows, and is independent of the details of traversal such as the speed, or minor fluctuations around
the path which may cancel each other. That are reasons why the Berry phase finds applications
in quantum computing, in which it is tried to implement fault tolerant quantum logic gates. The
following section is mainly based on [12], [13], [14], [15] and [16].

9.7.1

Notation

A qubit is the quantum mechanical analog of a classical bit. It is realized by a quantum system
in which the boolean states 0 and 1 are represented by a pair of mutually orthogonal quantum
states labeled as |0i , |1i. In contrast to a simple boolean variable, a qubit can exist in an arbitrary
superposition α |0i + β |1i, where |α|2 + |β|2 = 1. This is one of the reasons for quantum computers
to be more powerful for certain computations than classical computers. Qubits can for example
be implemented by microscopic systems such as an atom, a nuclear spin, or a polarized photon.
Essential for quantum computing is to be able to implement quantum logic gates which are devices
performing unitary operations on selected qubits in a fixed period of time.
input → quantum logic gate → output
A quantum circuit is then defined as a device consisting of quantum logic ates whose computational steps are synchronized in time. The size of the network is the number of gates it contains.

Since quantum mechanics is linear and norm-preserving, a quantum computation on n qubits is
a 2n × 2n unitary matrix and therefore the gates may be represented by such matrices. Since it is
usually not a particularly sensible approach to directly implement any desired quantum gate it is
more convenient to focus on a universal set of quantum gates and then obtain the other gates by
joining these basic gates together to form quantum circuits.
Usually, one roughly distinguishes between single- and two-qubit gates. The single qubit gates
are most often described by two gates: the Hadamard gate H and the phase shift gate Φ. For the
case of a spin as a qubit, which is considered here, these gates correspond to rotations of a spin
about some axis, and as will later be further explained, they may be implemented using nuclear
magnetic resonance (NMR) by applying resonant radio frequency (RF) pulses to the spins. In the
two-qubit case the gate which is of importance in this paper, is the controlled phase shift gate B(φ).
An important result in the theory of quantum computation states, that the Hadamard gate and all
B(φ) phase shift gates form a universal set. In fact any n-qubit unitary operation can be simulated
exactly using these gates with less than C4n n such gates, for some constant C [12].
The phase shift gate Φ acts on one qubit in the following way

Φ : |0i → |0i

|1i → eiφ |1i ,

which using the basis



(9.101)

 
 
1
0
|0i =
, |1i =
, can be written in matrix form
0
1


1 0
Φ=
.
0 eiφ

(9.102)

The Hadamard gate H performs the following unitary transformation on one qubit
1
H : |0i → √ (|0i + |1i)
2
1
|1i → √ (|0i − |1i),
2

(9.103)

written in matrix form
1
H=√
2



1 1
.
1 −1

(9.104)

The controlled phase shift gate B(φ) is defined in such a way that the outcoming state gets, as its
name suggests, a complex phase only if the control and the target bit are in the state |1i. In matrix
form this is given in the tensor product basis {|00i , |01i , |10i , |11i} as

1
0
B(φ) = 
0
0

0
1
0
0


0 0
0 0
.
1 0
0 eiφ

(9.105)

9.7.2

Nuclear Magnetic Resonance

The study of direct transitions between Zeeman levels of an atomic nucleus in a magnetic field is
also called Nuclear Magnetic Resonance (NMR). Most of the atomic nuclei possess a spin and have
therefore also a magnetic moment. If the nucleus is now placed in a magnetic field the spin will be
quantized along the direction of the field. In most cases the relevant nuclei for quantum computing
have spin one half and have therefore two spin states separated by the Zeeman splitting

∆E = ~gB,

(9.106)

where g is the gyromagnetic ratio which is a constant depending on the nuclear species and B is
the modulus of the magnetic field.
Transition between these Zeeman levels will then occur when electromagnetic radiation of the
correct frequency is applied. Involved in this process is the absorption of a photon with energy
E = hν0 , where ν0 is the resonance radio frequency (RF) which has to match the Larmor precession
) of the nuclear magnetic moment in the constant magnetic field. Therefore a
frequency (νL = gB
2π
magnetic resonance absorption will occur when ν0 = νL .
In fact NMR is, as of today, representing the most mature technology for the implementation
of quantum computing [15]. The logic bits are given by the nuclear spins of the atoms in custom
designed molecules. By applying (RF) fields on resonance, spin flips may be achieved. The initialization process is implemented via a cooling of the system to the ground state or a known low-entropy
state, which is also working at room temperature [15]. The measurement is then carried out by
measuring the magnetic induction signal which is generated by the precessing spin on the receiver
coil.

Single Qubit Gates
As already mentioned above single qubit gates correspond to rotations of a spin about an axis. One
of the simplest example of such a rotation is that about an axis in the xy-plane, which can be
implemented using resonant RF pulses. The angle through which the spin is rotated, depends on the
length and the power of the applied RF pulse, while the phase angle (and thus the azimuthal angle
made by the rotation axis in the xy-plane) may be controlled by choosing the initial phase angle of
the RF. It is possible to implement all single qubit gates out of rotations in the xy-plane. Using a
composition of such rotations any desired single qubit gate can be built and thus also the Hadamard
gate.
Two Qubit Gates
In the following a derivation of a possible implementation of the controlled phase shift gate B(φ) will
be given, which is based on the concept of the Berry phase.
To achieve this implementation of a two-qubit gate, consider a system consisting of two noninteracting spin-half particles a and b in magnetic fields Ba and Bb along the z-axis. The Hamiltonian
describing this system is then given by

H0 =

~
(ωa σaz ⊗ 1b + ωb 1a ⊗ σbz ),
2

(9.107)

ωb
are the transition frequencies of the two spins and σaz = σbz =
where
frequencies ω2πa and 2π
 the 
1 0
σz =
are the Pauli operators. Written in the basis of eigenstates (which are quantized
0 −1
along the z-axis) {|σaz , σbz iσaz ,σbz = |↑↑i , |↑↓i , |↓↑i , |↓↓i} the Hamiltonian is given in matrix form


ωa + ωb
0
0
0

~ 0
ωa − ωb
0
0
,
H0 = 

0
−ωa + ωb
0
2 0
0
0
0
−ωa − ωb


(9.108)

assuming that ωa 6= ωb and ωa > ωb .

If the two particles are sufficiently close to each other, the interactions can not be ignored which
creates additional splittings between the energy levels. In the case of two spin-half particles, the
direct or indirect influence of the magnetic field of one spin will affect the energy levels of the other
spin resulting in an energy increase of the system if the spins are aligned and a decrease if they are
anti-aligned. The Hamiltonian of the total system including the interactions is then given by
~
~
H = H0 + Jσaz ⊗ σbz = (ωa σaz ⊗ 1 + ωb 1 ⊗ σbz + Jσaz ⊗ σbz ),
2
2

(9.109)

or in the previously chosen basis,



ωa + ωb + J
0
0
0

~
0
ωa − ωb − J
0
0
.
H0 = 

0
0
−ωa + ωb − J
0
2
0
0
0
−ωa − ωb + J

(9.110)

Add a circularly polarized magnetic field Bx (t) in the xy-plane with the characteristic frequency
ωx = µ|Bx | - which represents a RF-pulse. The Hamiltonian Ha0 of spin a (trace out spin b) is then
given as
Ha0 =

~
~
(ωa ± J)σaz + ωx σx (t),
2
2

(9.111)

where
± sign
 the −iωt
 in front of J depends on the specific state (up or down) of the spin b and
0 e
σx =
, with the angular frequency ω of the field Bx (t). Transform this Hamiltonian
eiωt
0
now into the rotational frame for spin a which is rotating at speed ω
∂
R)R−1
∂t
~
~
~
~
= (ωa − ω ± J)σz + ωx (t) = (ω± − ω)σz + ωx (t),
2
2
2
2

Ha = RHR−1 + i(

(9.112)

where ω± = ωa ± J and the rotational matrix is given by
R(t) = eiω

σz
2

t

.

(9.113)

This expression indicates that for |ωx |  |ω± − ω| the direction of the Hamiltonian lies close to
the z-axis and for |ωx |  |ω± − ω| it lies close to the x-axis. Therefore the system is quantized along

Figure 9.4: Spin half particle in a magnetic field: the frequencies α = ωx and β = ω± − ω are drawn
in at the respective axes.
the z-axis if the RF-pulse with frequency ω is applied far away from the resonance frequency ω± .
Close to the resonance frequency, ω ≈ ω± it is quantized along the x-axis. Therefore it is possible to
continuously sweep between these two cases. Additionally, if the variations are executed adiabatically
the spin of the system will follow the Hamiltonian. A Berry phase has by definition to be acquired
by a circular motion, which can be imposed by adiabatically varying the phase of the RF-pulse. In
the case that the RF-pulse is not swept all the way to resonance, but only to some final value ωf
cones with arbitrary opening angles θ may be implemented (c.f. fig 9.4).
The opening angle is then given by
cos θ± = p

ωx
(ω± − ω)2 + ωx2

,

(9.114)

which implies for the Berry phase

γ± = −π(1 − cos θ± ).

(9.115)

As can be seen the Berry phase of spin a depends on the respective state of spin b and therefore
this implements a conditional Berry phase. It is now crucial to find a way to remove the dynamical
phase in order to implement this principle as a conditional quantum gate. One approach is to
use a refocusing technique known as spin-echo. The basic idea behind this technique is to apply
the cyclic evolution twice for each spin, with the second application surrounded by a pair of fast π
transformations (they simply swap the basis states |↑i and |↓i). The resulting effect of this compound
transformation would be to cancel all the acquired phases except that the second cycle evolution
is performed by retracing the first in the opposite direction such that the dynamical phases cancel
out and the geometric add up instead. After applying this procedure the net transformation of the
system, up to global phases, is given by



e2i∆γ
0
0
0
 0
e−2i∆γ
0
0 
 |ψ i ⊗ |ψb i ,
|ψf i = 
−2i∆γ
 0
0
e
0  a
0
0
0
e2i∆γ

(9.116)

where ∆γ = γ+ − γ− . Therefore this implements a conditional evolution, since the state of the
qubit given as spin a influences the phase acquired by the second qubit given as spin b. This gate
essentially introduces a phase of e2i∆γ if the spins are aligned and e−2i∆γ if they are anti-aligned. It
is equivalent to the controlled phase shift gate B(φ) introduced above.

Figure 9.5: Experimental values for the Berry phases γ− , γ+ , and the controlled Berry phase difference, ∆γ, as a function of the maximum radio frequency field strength ν1 . The filled circles show the
results for γ− , the open for γ+ and the stars ∆γ. The theoretical values are shown as smooth curves.
(Taken from [17].)
Experimental Verification
The theory explained above has been verified experimentally by Jones, Vedral, Ekert and Castagnoli
[17]. The sample consisted of 100 mg of 99% 13 C-labeled CHCL3 dissolved in 0.2 ml of 99.96%
CDCL3 laced in a Shigemi microtube. A single 1H nucleus has been used as spin a and the 13-nucleus
as spin b. The interaction frequency for this system was given by J = 209.2Hz. The experiments
were performed with RF-pulses set at the frequency ωx = 221.3 Hz whilst ω was varied between 0 and
774 Hz. The geometric phase was measured for both 1H resonances. The obtained results are shown
in figure 9.5. It can be clearly seen that the measured phases lie close to the theoretically predicted
values and that there is a splitting of the geometric phases due to the respective spin state. The
controlled Berry phase is rising smoothly up to a broad maximum at 180◦ , and then falling slowly
back down towards zero. Additionally the effects of a breakdown of the adiabatic criterion were
examined. They concluded experimentally that below a sweep time of 50 µs the loss of adiabaticity
is severe and major distortions were observed.

9.8

Conclusion

The adiabatic assumption assures that a system which is slowly transported around a closed circuit
will return to its original state. During that evolution the system will not surprisingly pick up a
dynamical phase factor. ”The remarkable and rather mysterious result”, as Berry called it [3], is the
additional phase factor which is of geometric nature. The additional property of gauge invariance
then provided a way to define a direct and globally defined formula for the Berry phase. However,
the adiabatic limit is not the most general regime in which Berry’s phase may be described and as
stated above there exist generalizations to non-adiabatic evolutions.
The application of the derived formulas to a spinning quantum system in an external magnetic
field essentially showed that the Berry phase is in this special case given by the unit solid angle on the
sphere which is subtended by the path traced out in parameter space. This result could then be used
to describe how a controlled phase shift gate based on the technique of nuclear magnetic resonance
can be implemented, where the theoretical values are in high agreement with the experimentally
obtained data.
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Chapter 10
Graphene and Emergent Spin
Author: Nilas Falster Klitgaard
Supervisor: Philippe de Forcrand

In this report, I will discuss the quantization of graphene and some of its physical
consequences. I will describe graphene through a model of spin 0 fermions. Expanding around the Fermi energy it will become clear that the spectrum can be understood
as describing massless spin 1/2 particles. As a test of this formalism, I will calculate
the Berry phase of graphene. Next, I will look at another model sharing this emergence of spin. The model of the square lattice in a magnetic field. I will when go
on to describe the quantum Hall effect and show how our understanding of graphene
leads to predictions of Landau levels and the quantum Hall resistance. Finally, I will
give a qualitative description of bilayer graphene showing differences and similarities
with monolayer graphene.

10.1

Structure and Quantization of Graphene

In this section, I will derive and diagonalize a Hamiltonian describing graphene in the tight binding
approximation. The formalism of spinless fermions will leads to spinor like quantity around the
Brillion zone describing massless fermions. Finally, I will do a calculation of the Berry phase finding
that it takes the value expected for spin 1/2 particles. The discussion is based on [2], the calculation of
Berry phase is found in [3], a more detailed calculation taking into account the overlap of neighboring
sites can be found in [1].
Graphene is characterized by a two dimensional hexagonal structure. At each site in the lattice,
there will be a carbon atom. Since I have a hexagonal structure my basis will have two atoms a
and b I choose my basis such that basis vectors x1 is in upward right direction and x2 in upward
left see fig. 10.1. I will now look at a model of spinless fermions on my lattice. This seemingly
contradicts the spin statistics theorem stating that bosons must have integer spin and fermions half
integer spin. However the proof of the spin statistics theorem relies on Lorentz invariance, since I am
on a lattice I will only consider transformations that leave my lattice invariant that is finite rotations
and translations. Hence, my model will explicitly break Lorentz invariance and the spin statistics
theorem does not apply. Note that disregarding spin-spin interaction among the different fermions,
the energy of a state in grapene does not depend on spin, so taking spin into account just leads to a
double degeneracy of states.
1

Figure 10.1: Lattice of graphene, a and b are the atoms of the basis x1 and x2 describes basis vectors

Note that a carbon have 6 electrons in total. 2 of these atoms are in the s-1 orbital and are so
tightly bound that they can be ignored when discussing dynamics of graphene. 3 of the electrons
will take part in the binding of the grapene lattice. Each will be part of a sp-2 pair binding together
neighboring sites. This leaves graphene with one dynamical electron pr. atom. I can with great
successes apply the tight binding approximation. In this approximation I see the electron as localized
in a p-2 orbital around an atom. This orbital corresponds to orbits transverse to the graphene plane.
I can now find a Hamiltonian for this system. Describing my system through a nearest neighbor
interaction with electrons able to jump to neighboring sites.

X
†
†
†
†
†
†
H=K
ax1 ,x2 bx1 ,x2 + bx1 ,x2 ax1 ,x2 + ax1 +1,x2 bx1 ,x2 + bx1 ,x2 ax1 +1,x2 + ax1 ,x2 bx1 ,x2 +1 + bx1 ,x2 +1 ax1 ,x2
x1 ,x2

(10.1)
The constant K in eq. (10.1) is known as the hopping parameter and describes how tightly bound
the electrons are. This is the fundamental energy scale of graphene. The different terms consist of
fermionic creation and annihilation operators for sites a and b. Each term are moving an electron
from one site to the neighboring site. I have divided them into three groups of two terms horizontal,
right leaning and left leaning terms. See fig. 10.1
I will now proceed to diagonalize my Hamiltonian. To do this I will employ the standard tricks
of Fourier transform to go to momentum space.
X

e−ix1 p1 e−ix2 p2 ax1 ,x2 1
ãp1 ,p2 =
(10.2)
x1 ,x2

Since I am on a discrete lattice, my momenta are quantized and limited to a finite interval. The way
to see this is to realize that the wave function describing my electron can’t have a smaller wavelength
than the lattice spacing. In particular, with the above convention of the Fourier transform p1 and
p2 are restricted to some interval of length 2π. I chose −π < p1 , p2 ≤ π. In the limit of macroscopic,
the different discrete levels of momenta come so close that I approximate them as continues. Now
using eq. (10.2) it is easy to see that eq. (10.1) is equivalent to the following expression
H=K
1

Z

dp1 dp2
2π 2π

ã†p1 ,p2

b̃†p1 ,p2





0 z
z∗ 0



ãp1 ,p2
b̃p1 ,p2



.

I am choosing x and p to be unitless in order to get physical quantities one must use xa and
lattice spacing of graphene

(10.3)
p
a

where a is the

The z in eq. (10.3) is a complex number depending on the momenta. It is given by z = 1+e−ip1 +eip2 .
Looking at eq. (10.1) and fig. 10.1 one sees that the individual terms of z correspond precisely the
horizontal, right leaning and left leaning terms of eq. (10.1).It now proves advantageous to consider
states that are in the momentum basis as well. That is


p1
Ψ=
(10.4)
p2
Using the states from eq. (10.4) the integrals of eq. (10.3) become integrals over delta functions and
the creation and annihilation operators act trivially hence eq. (10.3) reduce to the matrix equation


0 z
H=K
.
(10.5)
z∗ 0
Diagonalizing H is now trivial and I get eigenstates
 √

1
z
√
Ψ= p
|2z| ± z ∗

(10.6)

and eigenvalues

±K |z|

(10.7)

Using state counting arguments from solid state physics I know that theory that the filled states
of undoped graphene corresponds to all the state with negative energy in eq. (10.7). Hence the Fermi
level will be at |z| = 0. Moreover, the physical relevant behavior is the one seen around these points.
Using the definition of z I see that in order for the imaginary part to cancel I must have p1 = p2 . In
order for the real part to cancel they must each contribute -1/2 this leads to p1 = p2 = ± 23 π. Hence,
I get two different expansion points so my states are double degenerate. Looking at the eigenstates
(10.6) I see that the behavior of these two different zero points has the same structure as a spin up
and a spin down state for a spin 1/2 particle. Another interesting thing is to look at the dispersion
relation close to the zero points. Taylor expanding the exponential in z I see that eq. (10.7) is given
by
r

1
E = ±K
(p1 + p2 )2 + p21 + p22 .
(10.8)
2
Looking at eq. (10.8) I see that the behavior of my particles is the same as a massless relativistic
particle.2 Note however that the ”speed of light” for this particle is given by my lattice properties
as c = Ka. The fact that my particle is massless is due to the potential of the graphene lattice
and since free electrons are massive, the effective massless ones should not move at the true speed
of light. Starting out with a non-relativistic theory in the limit around physical particles, I found a
dispersion relation corresponding to a relativistic particle. It now makes sense that these excitations
fulfill spin statistics and therefore describes spin 1/2 particles as seen above. This feature of a model
quantized using spin 0 particles leading to particles of spin 1/2 is known as emergence of spin. Note
that this is only possible since I considered a model explicitly breaking Lorentz invariance. (Looking
at (10.1) the Hamilitonian is nonlocal). Because the theory was not Lorentz invariant particles are
no longer required to transform in a particular representation of the Lorentz algebra characterized
by their spin. This makes phenomena like the emergence of spin is possible.
One non-trivial test I can do in order to show that my particles really behave like spin 1/2 particles
is to find the Berry phase. The Berry phase characterizes the phase change in the wavefunction as
the state move along a close curve in parameter space. Using the spin algebra one can show that a
free spin s particle will have Berry phase 2πs. The following equation gives the Berry phase
I
d
(10.9)
θ=
hψ(t)| |ψ(t)i
dt
C
2

The unusual form of eq. (10.8) is due to x1 and x2 not being orthogonal

Figure 10.2: The square lattice: a and b are the atoms of the basis and the numbers are phase factors
along a given link.

Looking at (10.6) I see that the nontrivial part of this integral is due to the complex square root.
Complex analysis tells me that the square root has a branch
√ cut corresponding to picking up a factor
of -1 under a rotation. This can be seen by noting that ei2π = eiπ . This shows that Graphene has a
Berry phase of π. Comparing with the theoretical s2π I see that the interpretation of the excitations
as massless spin 1/2 particles is consistent.

10.2

The Square Latice

The emergence of spin is not a unique effect for graphene, but a more general effect for a class of
lattice models. I will now consider another model also having emergence of spin the model of a square
lattice in a magnetic field. This section is based on [2] which also have a more general discussion of
higher dimensional square lattice models and their connection to lattice q.c.d.
Like in the case of graphene it will prove prudent to start out with a discussion of the basis and
structure of our lattice. I will consider a 2-d square lattice with a constant magnetic field transverse
too the lattice. I consider a tight binding approximation with spin less fermions able to hop among
the different sites of my lattice. Physics now depend on the fundamental flux around a primitive
loop in my lattice pq . Hofstadter solved the model for general magnetic field showing chaotic behavior
at general values of the magnetic field. In this report I will however only consider the case pq = 21 .
p

When moving around a closed loop my wave function will pick up a phase factor ei2π q = −1. Gauge
freedom allows me to choose the phase along a given link at will as long as the phase around a closed
loop remains invariant. I will make a gauge choice such that all horizontal links have phase factor 1
every second vertical line has phase factors 1 and every second phase factors -1. See fig. 10.2 for a
depiction of lattice and phase factors. Since the columns have, different phase factors I now need to
move two spaces in the x-direction in order to get to an equivalent site. This means my basis consist
of two atoms that are horizontal neighbors. I denote the atom at -1 by a and the one at 1 by b see
fig. 10.2.
I now proceed to diagonalize the Hamiltonian. Like the case of graphene this is best done by
going to a momentum basis. Note however that I must move two sites in the x-direction to get to an
equivalent site and only one in the y direction. Hence, my momentum in the x-direction can only be
half the maximum size of the one in the y-direction. I choose unitless momenta defined like the ones
for grapheen I have 0 ≤ py < 2π and 0 ≤ py < π. The Hamiltonian can now be found by applying

the laws of electromagnetism and in a momentum basis ψ =
H=K





2cos(py ) 1 + e2ipx
1 + e−2ipx 2cos(py )

px
px




the Hamiltonian becomes

.

(10.10)

Diagonalizing the Hamiltonian is now trivial and I find eigenvalues
q
E = ±2K cos2 (px ) + cos2 (py ).

(10.11)

Looking at eq. (10.11) I see that like in the case of grapene this model characterized by two
energy bands. The physical relevant region will be around the Fermi level at E = 0 there the
energy bands meet. Looking at eq. (10.11) I see that this implies cos(px ) = cos(py ) = 0 with the
above restrictions on the range of the momenta this equation has two solutions px = π2 , py = π2 and
. Just like in the case of graphene the energy bands meet at two different values
px = π2 , py = 3π
2
of momenta. I interpret the states expanded around these points as spin up and spin down states
and the model hence leads to the emergence of spin. Taylor expanding eq. (10.11) allows me to
find the dispersion relation I get E = ±2K |p| describing massless relativistic particles. So this is
another case of a model of nonrelativistic spin zero fermions predicting relativistic, massless spin 1/2
fermions around the Fermi level.

10.3

Quantum Hall Effect

One of the interesting consequences of our above model is that it allows us to understand the Landau
levels of graphene and hence it’ s quantum Hall effect. In this section, I will start out by describing
the classical Hall effect. I will when proceed by explaining and derivin the quantum Hall effect,
finally using the above model for graphene I will look at how the, quantum Hall effect, manifests
itself in the case of graphene. This section is based on [4]. This paper includes correct quantum
mechanical derivation of all the results and discuss fractional quantum Hall effect. The semi classical
derivation of the Landau levels is based on [3].
In order to explain the quantum Hall effect I first need to explain the classical Hall effect. Consider
a two dimensional conducting system with a current in the x-direction. Apply a magnetic field in the
z direction transverse to the system, see fig. 10.3. Due to the Lorentz force the electrons carrying
the current will be bend in the y direction. This leads to a buildup of opposite charges on the two
sides of the conductor. Until a steady state is reached where the electric force due to the buildup of
charge precisely cancels the Lorentz force due to the magnetic field. The electric potential in the y
direction can now be measured and I define the Hall resistance as ρH = Ey /Jx . ρH will in general
be proportional to the magnetic field and in the case of a metal I get
ρH = −

B 3
.
ne

(10.12)

I will now make a derivation of eq. (10.12). I am interested in the steady state solution dp
= 0.
dt
The effects that leads to a change in my particles trajectories are the electric force and scattering on
the impurities of the material. Hence, I can express the change in momenta as
dp
p
p
= −e(E +
× B) −
dt
m
τ

(10.13)
2

The τ in eq. (10.13) is the average time between two scatterings. I introduce new constants σ0 = nem τ
and ωc = eB
. σ0 is known as the drude conductivity and describes the conductivity of a metal, ωc is
m
3

There is a sign choice in this this equation depending on the choice of coordinate system. I have here chosen the
sign convention coincident with fig. 10.3 but opposite of [4]. In the sections where I discuss the quantum Hall effect I
will use the opposite sign convention instead.

Figure 10.3: The classical Hall effect: Applying a magnetic field in the z direction for a system with a
current in the x direction leads to an buildup of charge and hence electric potential in the y direction.

the cyclotron frequency and describes the angular frequency in the cyclic orbit predicted by classical
electromagnetism for charged particles in a constant and uniform magnetic field. Since the velocity
of a particle is mp and the charge density is −en I can express the current as J = − enp
. Isolating E
m
in (10.13) and using amperes law E = ρj I get a matrix equation for ρ. Picking the right component
gives me a formula for ρH .


ωc τ
B
1
1
ωc τ
(10.14)
J ⇒ ρH = −
=−
E = ρj =
σ0 −ωc τ 1
σ0
ne
In the last section I showed that classical physics predicts a linear dependence between the Hall
resistance and the applied magnetic field. However measuring at low enough temperatures and strong
enough magnetic fields, this behavior is no longer observed see fig. 10.4. The observed behavior is
instead rapid change followed by plateaus of constant resistance. Looking at the Hall conductance
2
at a given plateau it always takes the value n e~ for integer n so conductance is quantized in quanta
e2
. This is a very precise result independent of geometry, material composition and impurities. This
~
result is in fact that it is used as the operational standard for resistance.
In order to understand the above messurments I need 3 results. First I need to show that in a
constant and uniform magnetic field free electrons will be divided into different energy levels known
as Landau levels with energy
1
En = ~ωc (n + ).
(10.15)
2
Next I need the conductance of a full Landau level which is given as
Gn =

e2
.
~

(10.16)

Finally, I will need that the number of states in a Landau level increases with B. In particular one
can show
Be
N=
A.
(10.17)
h

Figure 10.4: Comparing measured quantum Hall and predicted classical Hall effect. x-axis has
magnetic field strength and y axis Hall resistance.

I will now give a semi classical argument for each of these results for a more thorough quantum
mechanical derivation see [4].
I will start out by deriving eq. (10.15). In order to do this I will assume that the flux through a
closed loop is quantized that is
nh
Φ=
.
(10.18)
e
This formula
H pcan be derived starting from single valueness of the semi classical wave describing the
electron dr ~ = 2πn. Splitting the covariant momenta up into regular momenta and magnetic vector
potential and doing the integrals I end up with eq. (10.18) see [3] for more details. The classical
motion is cyclic orbits at constant velocity. The flux is hence given by
Φ = πr2 B.

(10.19)

Since I have a cyclic orbit at constant velocity I can now find a formula for the momenta and using
eq. (10.18) and eq. (10.19) I can remove the r dependence. Expressing everything in terms of the
magnetic field B I get
eBnh
ω 2 nhm2
=
.
(10.20)
p2 = (ωc rm)2 = c
eBπ
π
Now I assume that my particle is a nonrelativistic massive particle and using the corresponding
dispersion relation, I get an expression for the energy of the Landau levels.
E=

p2
eBnh
=
= n~ωc
2m
2πm

(10.21)

This is precisely the result stated in (10.15) up to the zero point energy. It is however to be expected
that a semi classical approach will fail to consider this. Since the zero point energy is a purely
quantum mechanical effect with no classical analogue. I will now do a trick that will allows me to
predict the zero point energy not only for the free electron gas but amazingly also for graphene.
Despite the two systems having different zero point energy. The trick is to go back to the original
condition leading to quantization of flux and add π to the right hand side. This have the effect of
substituting n for n + 21 and hence gives the correct zero point energy.
I proceed to derive the conductance of a full Landau level eq. (10.16). Introducing states |n, ki.
Where n referes to the landau level and k is the wave vector. I can now express the total current

due to this Landau level as
In = −

eX
hn, k| v |n, ki
L k

(10.22)

Looking at a single term and calculating it’ s contribution. I get
hn, k| v |n, ki =

L ∆εn,m
L
1 ∂n,k
=
= (εn,m+1 − εn,m ) .
~ ∂k
2π~ ∆m
h

(10.23)

In the first equality, I used the dispersion relation to calculate the velocity of my propagating wave.
The second equality swap my wave number for a discreet index m describing the y position of my
wave introducing the relevant normalization. The finale equality absorbs the 2π into ~ and write out
the differences. Now I insert eq. (10.23) into eq. (10.22) allowing me to finish the calculation of In .
In = −

eX
e
e2
(εn,m+1 − εn,m ) = − (µmax − µmin ) = V
h m
h
h

(10.24)

In the second equality I used the fact that the sum was telescoping reducing it to two terms. I
then used that I am in a steady state situation so the energy of my particles are precisely the free
energies. The finale equality used that the energy difference between different points is due to my
electric potential. This means that for a steady state solution the difference in free energy will be
the difference in potential energy, that is the electric potential times the charge. Using the result for
the current it is now trivial to find the conductance and I get
Gn =

e2
In
= .
V
h

(10.25)

I will now argue for the finale result. Note that the radius of an orbit decreases as I increase the
magnetic field strength. This can be seen either by studying the classical equation of motion or by
looking at the quantization of flux. Hence, my orbit takes up less space and it makes sense that I can
fit more of the same type of orbit into my constant area. That is the number of states in a landau
level is proportional to the total area over the area of one orbit and hence increase linearly with B.
Since the area of an orbit is inversely proportional to B.
Having ”derived” the three results I can go on to explain how these results leads to the observed
quantum Hall effect. If the temperature is low enough it will be the case that KB T << ~ωc . This
means that thermal fluctuation will be unable to excite higher Landau levels. The electrons will fill
up the landau levels from the bottom leaving empty spots only in the top Landau level. Looking
at eq. (10.17), I note that increasing the magnetic field strength leads to the number of states in
the lower lying Landau levels increasing. This means electrons will jump from the highest Landau
level to lower levels until this level is completely empty and the next level starts emptying. Since
the contribution to conductivity from a full Landau level is always the same by eq. (10.16). The
conductivity will decrease with the number of levels leading to an increasing Hall resistance. In order
to understand fig. 10.4 I also need to explain the behavior of rapid changes followed by plateaus
and the value of a plateau. Note that the electrons will not be a perfect free electron gas. Instead
the impurities and lattice atoms of the material leads to small minima and maxima in the potential.
Most of the electrons in a Landau level will orbit such minima hence they will be locale restricted
to the position of the minimum. Since such electrons can’t contribute to the macroscopic movement
leading to a current, I can ignore them when looking at the conductivity. Only a tiny fraction of
the electrons is actually able to contribute to the conductivity calculated in result 2. It is now
possible understand the experimental results increasing the magnetic field leads to electrons jumping
from the highest Landau level. First, the mobile electrons are removed leading to a rapid change
in conductivity. When these are removed, only the locale electrons are left these do not contribute
to the conductivity so the contribution corresponds to that of n filled Landau levels there n is the
2
number of lower lying levels. By eq. (10.16) this is a constant G = neh so the conductivity does not
2
change leading to a plateau at conductivity G = neh for some integer n.

Having consider the quantum Hall effect in general I will now look at the case of graphene. Going
over the derivation of the Landau levels eq. (10.15), I note two differences for graphene. The first
difference is the Berry phase this gives an extra π precisely canceling the one introduced to get a
zero point energy. Hence, I make the prediction that graphene has no zero point energy. The second
difference is the dispersion relation. Graphene’s dispersion relation is linear instead of quadric. This
leads me to predict a different n dependence using eq. (10.20) I predict the Landau levels
√
(10.26)
E = vp = ±v 2ne~B

The factor v is the constant factor in the dispersion relation. It can be interpreted as the velocity
of my massless particle and depend on the lattice properties. This factor leads to the Landau levels
having larger energy and hence the possibility for quantum Hall all the way up to room temperature.
Another difference is that graphene being a semiconductor have both holes and electrons. Depending
on the experimental setup, we can measure quantum Hall for electrons or for holes. Because the holes
are positively charged their quantum Hall effect will have the opposite sign. Finally, I note that the
Landau levels are four times degenerate two times due to the spin of the electron and two times due
to the two expansion points. Hence my jumps in conductivity between different Landau levels will
2
2
be 4e~ instead of e~ . Note that the ground state will have equal number of holes and electrons. Since
the contribution from electrons and positrons cancel each other this level can at most contribute
with half the normal level and I hence get the following formula for the conductivity at a plateau.
Gn =

e2
(4n + 2) .
h

(10.27)

Where n is an integer.

10.4

Bilayer Graphene

In this section, I will give a qualitative discussion of bilayer graphene. As the name suggest bilayer
graphene has two graphene layers. I will look at how the formalism for monolayer graphene generalizes
considering emergence of spin, Berry phase and quantum Hall effect. This section is based on [1]
Just like any other solid-state model, I need to understand the lattice structure of bilayer grapene
in order to quantize it. Bilayer grapheen consist of two layers of Graphene stacked on top of each
other. The properties depend on how this stacking is preformed. I introduce basis points in the top
layer A1 , B1 and in the bottom layer A − 2 and B − 2 defined as the basis for monolayer graphene
in each layer. The stacking I consider is the AB stacking this means that the A basis atoms in the
top layer is precisely over the B atoms in the bottom layer. While the top layer B atom and bottom
layer A atom is displaced with respect to each other. See fig. 10.5
Now I can start quantizing my system I again consider spinless fermions with a nearest neighbor
interaction. Since I have, four atoms in the basis I need a four by four matrix to describe the
system. I go to a momentum basis and the quantitation for the two layers proceed just like the
case of monolayer graphene. However, the system now have an interaction between the two layers.
This is characterized by an exchange between the top A atom and bottom B atom. Note I ignore
other exchanges between the layers since the other atoms are further apart and their contribution is
therefore only a small correction. This leads to Hamiltonian


0
K1 z
0
0
 K1 z ∗ 0
K2
0 
.
(10.28)
H=
 0
K2
0
K1 z 
0
0 K1 z ∗ 0
The introduced K1 describes the interaction strength between atoms in a layer and K2 the interaction
strength between the layers. It is now simple to diagonalize the Hamiltonian and I find eigenvalues
s
!
2
2
4K
|z|
K
2
1
1+
+α
(10.29)
E±α = ±
2
K22

Figure 10.5: Bilayer graphene in the AB staking note the difference between A and B atoms in the
top layer. A atoms have an atom directly below them this is not the case for B atoms.

The α introduced in the above equation is either 1 or -1 and describe the splitting in energy levels
due to the perturbativ bilayer interaction. I see that the solution has four energy bands and since I
now have four free electrons the lower two bands corresponding to negative energy will be full and
the positive energy bands will be empty at T=0. In order to better understand eq. (10.29) I will now
look at two limiting cases. First, consider the case K12 |z|2 >> K22 . In this case, the interaction in the
layers dominate the bilayer interaction and the bilayer interaction is viewed as a small perturbation.
I can ignoring the 1 in the square root in this limit and find energies


K2
α
(α + 1) .
(10.30)
E± ≈ ± K1 |z| +
2
I hence see a linear dispersion relation just like the one observed for monolayer graphene. The effect
of the interaction is to split up my degenerate states with splitting K2 . This is exactly the behavior
expected from perturbation theory. Now consider the case K12 |z|2 >> K22 here I can expand z
and make the physical interpretation K12 |z|2 ≈ v 2 p2 . Note that this case corresponds to the limit
there the energy is close to zero and it is therefore the physically relevant regime. I again have
expansion around |z| = 0 leading too two separate expansion points. Therefore, this model leads to
the emergence of spin just like the monolayer model. Tayler expanding eq. (10.29) I find the energy

 2 2
K2
v p
α
+
(1 + α)
(10.31)
E± ≈ ±
K2
2
I am now going to discuss the Berry phase of bilayer graphene. Using calculations similar to the
ones for monlayer graphene it is possible to show that bilayer graphene has Berry phase 0. One ad
hock argument for this is to note that bilayer graphene consist of two layers of monolayer graphene.
Ignoring the interaction between the layers the Berry phase is given as the sum of Berry phases that
is θ = π + π = 2π = 0 since the Berry phase is only defined mod 2π. Another adhock argument is
to note that the excitations of graphene consist of two spin 1/2 particles. Hence the total spin is 0
or 1 and using the connection between spin and Berry phase I predict θ = 0.
Finally, I am going to discuss the Landau levels of bilayer graphene. Since my excitation are now
massive I expect an expression similar to the one found in eq. (10.15). This is the case for large n
as the general n depends is
p
En = c n(n − 1).
(10.32)
The n in the above equation is a non-negative integer and the c is a constant depending on the
interaction strength. Note that E0 = E1 = 0 so the ground state is double degenerate. The

groundstate therefore have double the conductance of the one in monolayer graphene. This leads to
the following formula for the conductance
e2
Gn = 4n
h

(10.33)

. The n is a non zero integer describing the relevant level.

10.5

Conclusion

In this report, I made an investigation of graphene’s properties. Using the tight binding approximation, I considered a model of spinless fermions with nearest neighbor interaction. Expanding the
spectrum around the Fermi energy, I found two solutions. This was interpreted as spin of a spin half
particle. Looking at the dispersion relation, I saw that the excitation behaved like relativistic massless particles. The phenomena that a spin 0 lattice model led to spin 1/2 excitation in the physical
limit was called emergence of spin. As a nontrivial test of this formalism I calculated the Berry phase
finding the π expected for a free spin 1/2 particle. I when went on to consider a model sharing this
emergence of spin. The model of a square lattice in a magnetic field. The same qualitative structure
was found. Having done this I considered the quantum Hall effect. First I derived the classical Hall
effect for a metal. I when showed how three simple results leads to the behavior observed in the
quantum Hall effect giving semi classical derivations of each result. Finally, I considered graphene
showing how the above model allowed me to predict Landau levels and the conductance at a plateau.
I when considered bilayer graphene showing that this lattice model also had emergence of spin. But
the bilayer interaction gave the electrons a mass and let to a band gap in the spectrum. I also stated
the Berry phase given as 0. Finally, I considered the Landau levels noting that the groundstate was
double degenerate leading to a slightly different conductance at each plateau. Continuing this work
one could consider other staking schemes and the possibility of tuning the band gap. This naturally
leads to a discussion of the many suggested applications of graphene. This direction is somewhat
explored in [1]. Another direction is to consider the emergence of spin in more detail showing how
this connect to the doubling of fermions in lattice models and discuss how the 3-d generalization of
the square lattice leads to staggered fermions. This is discussed in [2], and is a topic of great interest
in lattice qcd.
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Chapter 11
Skyrmions
Author: Urs Hähner
Supervisor: Jens Langelage

We review the Skyrme model which describes baryons as solitons of an effective
meson theory. We start with a detailed discussion of the original two flavor Skyrme
model where we derive expressions for the nucleon and delta masses which depend
only on a single free parameter. We next discuss chiral symmetry in the context of
QCD. Based on these considerations we construct the three flavor Skyrme model of
+
+
pseudoscalars only. We then compute the mass spectrum of the low-lying 21 and 32
baryons which is within 10% of the experimental values. We also briefly discuss the
inclusion of vector mesons and compare the three Skyrme model with pseudoscalars
only and vector mesons included with experimental results using the example of the
magnetic moment. The soliton description of baryons does not give highly accurate
results but a good qualitative insight into the physics.

11.1

Introduction

The Skyrme model was proposed by Tony Hilton Royle Skyrme in 1961 [1] at a time when quarks
did not yet “exist” and the theory of quantum chromodynamics (QCD) still had to be developed. In
his approach to describe baryons, Skyrme provided a model based on just the pion fields. Baryons
then emerge as solitons in this effective meson theory.
Solitons are solutions to the classical field equations with localized energy density and finite total
energy. The finite total energy is regarded as the mass of these “particle-like” objects. However, the
real characteristic property of solitons is that they have a topological structure which differs from
the vacuum. These classical field configurations posses a non-vanishing, integral topological charge
or winding number.
In the Skyrme model the solitons are called Skyrmions and the conserved topological charge is interpreted as the baryon number.
Today, QCD is well established as the fundamental theory of strong interaction, but there is still
the need of exploiting models in order to describe the low-energy properties of baryons. The gauge
coupling constant in QCD (figure 11.1) increases at the low energy scales which are relevant when
one studies nucleons or other hadrons. Consequently, the application of perturbation theory, as e.g.
in QED, is not possible at low energies. One must then either use lattice calculations or revert to
models which are deduced or at least motivated from QCD.
1

Figure 11.1: Summary of measurements of αs as a function of the respective energy scale Q [8]. The
g2
coupling constant of QCD g is related to αs via αs = 4π
.

When one models QCD one should certainly embed the correct symmetries of QCD. We will derive
in section 11.3 that these consist of a SUL (Nf ) × SUR (Nf ) flavor symmetry and its spontaneous
breakdown to SUV (Nf ), where Nf is the number of flavors. In addition, on should of course impose
Lorentz invariance on the effective Lagrangian.
Interestingly, the Lagrangian chosen by Skyrme incorporates this though he was lead by three completely different motivations [2]: i) the idea of combining bosons (pions) and fermions (baryons) in a
common model, ii) the feeling that point particles are inconsistent since their quantum field theory
formulation introduces singularities which are only “swept under the rug” by the renormalization
procedure and iii) the wish to eliminate fermions from a fundamental formulation since they have no
simple classical analog.
Having Skyrme’s motivations in mind we will introduce the original Skyrme model for two flavors
in the next section and show how baryons emerge as solitons of this effective meson theory of pion
fields only. In particular we will present rather detailed how one solves this model and ends up with
the nucleon and delta masses. Thereafter in section 11.3, we will need to go through some theory of
chiral symmetry and its breaking in QCD. Based on these symmetry considerations we will construct
the Skyrme model for three flavors following the current justifications of the model. We will only
briefly sketch the steps to solve the three flavor model but show some comparison of its predictions
with experimental data. Section 11.5 gives a short summary of this report and adds some discussion.

11.2

The Skyrme model for two flavors

We start with the non-linear sigma model Lagrangian
Lnlσ =

fπ2
tr(∂µ U ∂ µ U † ),
4

(11.1)

where fπ = 93 MeV is the pion decay constant. The “chiral field” U (x, t) : R3 × R → SU (2) is a
matrix field and has the form
)
(√
2i
Φ(x, t) .
(11.2)
U (x, t) = exp
fπ
Φ(x, t) again is a 2 × 2 matrix containing the pion degrees of freedom and is given by
!
3
+
X
√1 π0
π
2
Φ=
φk τk =
,
π − − √12 π0

(11.3)

k=1

where the τk ’s are the Pauli matrices. In particular, this implies that iΦ ∈ su(2) and therefore
U ∈ SU (2). We will later show that U transforms under the chiral group SUL (2) × SUR (2) according
to
U −→ LU R† , L, R ∈ SU (2).
(11.4)

Substituting (11.4) in Lnlσ , (11.1), one can easily check by using the cyclicity of the trace that the
Lagrangian is indeed invariant under SUL (2) × SUR (2) flavor symmetry. As being a Lorentz scalar
the non-linear sigma model Lagrangian, (11.1), is of course also Lorentz invariant.
In order to obtain a localized energy density the pion matrix Φ must vanish at spatial infinity.
By definition this implies that U then needs to approach a constant value, which we can set to unity,
i.e.,
U (x, t) −→ 1.
(11.5)
|x|→∞

We can therefore regard our coordinate space R3 to be compactified to the three-sphere S3 . In
the case of only two flavors, the target space, SU (2), is isomorphic to S3 and for fixed time we
consider mappings U (x) : S3 → S3 . These mappings fall into distinct equivalence classes of the third
homotopy group π3 (S3 ) ∼
= Z [3]. The equivalence classes are therefore characterized by an integer
which is referred to as the winding number or topological charge Q of the mapping U (x). This number
counts the coverings of the target space and for mappings U (x) : S3 → S3 is given by [4]
Z
 † ν  † ρ  † σ 
1
3

d
x
tr
U ∂ U U ∂ U U ∂ U .
(11.6)
Q=
νρσ
24π 2
R3

The winding numbers are conserved by definition since they are integers which can not change under
continuous time evolution. We identify them with the baryon number of the static field configuration
U (x).
The Euler Lagrange equations of motion for the chiral field U (x) are highly non-linear partial
differential equations. To simplify these equations Skyrme used the hedgehog ansatz
U (x) = U0 (x) ≡ exp {iττ · x̂F (r)} ,

r = |x|,

(11.7)

where τ is a 3-vector whose entries are the Pauli matrices and the radial function F (r) is called the
“chiral angle”. Due to the scalar product of τ with the direction vector x̂ the hedgehog ansatz mixes
rotations in coordinate and flavor space. Note that this will become a problem later when we want
to quantize the hedgehog.
R
For this ansatz the Lagrangian, (11.1), yields the energy functional, E = − d3 x L,
Z ∞

2
Enlσ [F ] = 2πfπ
dr r2 F 02 + 2 sin2 F ,
(11.8)
0

where a prime denotes the derivative with respect to the radial coordinate, r. One can easily show
by a simple substitution of variables in (11.8) that
Enlσ [F (λr)] =

1
Enlσ [F (r)].
λ

(11.9)

This scaling behavior implies that Lnlσ can not give rise to any static, stable classical solutions,
which can be seen by the following argument. Let us assume that F0 (r) minimizes Enlσ . Then by
substituting this solution into equation (11.9) and setting λ = 2 we obtain
1
Enlσ [F0 (2r)] = Enlσ [F0 (r)] < Enlσ [F0 (r)],
2

(11.10)

which obviously contradicts the assumption that F0 (r) minimizes Enlσ .
In order to obtain stable solitons Skyrme suggested the four derivate term,
LSk =




1
tr U † ∂µ U, U † ∂ν U U † ∂ µ U, U † ∂ ν U ,
2
32e

(11.11)

which is only quadratic in the time derivatives. In (11.11) e is a free parameter, the dimensionless
“Skyrme constant”. In analogy to the non-linear sigma model Lagrangian one can compute the
energy functional of the Skyrme term, ESk , and prove that it obeys
ESk [F (λr)] = λESk [F (r)].

(11.12)

Therefore, the total classical energy functional Ecl [F ] = Enlσ [F ] + ESk [F ] scales as
Ecl [F (λr)] =

1
Enlσ [F (r)] + λESk [F (r)].
λ

(11.13)

Ecl [F (λr)] now can have a minimum at λ = 1 provided that F (r) satisfies Enlσ [F (r)] = ESk [F (r)].
Introducing the dimensionless coordinate x = eFπ r we can write the classical energy functional as



Z

sin2 F
2πfπ ∞
2 02
2
2
02
dx x F + 2 sin F + sin F 2F +
,
(11.14)
Ecl [F ] =
e
x2
0

where the prime now denotes the derivative with respect to x. As we require a finite energy density
we necessarily need F (∞) = 0. Plugging the hedgehog ansatz, (11.7), into equation (11.6) leads to
Q=

F (0)
F (0) − F (∞)
=
.
π
π

(11.15)

Thus, in order for our Skyrmions to describe single baryons we need to satisfy the second boundary
condition: F (0) = π. The chiral angle F (r) restricted to these two boundary conditions, i.e. finite
energy and unit baryon number, that minimizes the energy functional, (11.14), is obtained numerically. The result is shown in figure 11.2.
Since we want to describe baryons, which have spin and isospin, we have to assign good spin
and flavor quantum numbers to the Skyrmion. In order to do so, we need to quantize its rotational
degrees of freedom in coordinate and flavor space. However, as mentioned above, the hedgehog
configuration, (11.7), mixes rotations in coordinate and flavor space and is invariant only under a
combined spatial and flavor rotation but not with respect to either of them separately. This means
that the Skyrmion spontaneously breaks the symmetries of the theory. To “restore” the symmetries
we will use collective coordinates that transform the chosen ground state configuration, the hedgehog
ansatz, (11.7), along the symmetries of the model. Since rotations in flavor and coordinate space are
not broken completely but related via the hedgehog structure, we only need collective coordinates for
one of the two symmetries. Our ansatz is to introduce a time-dependent SU (2) matrix A(t) which
describes the spin and flavor orientation of the hedgehog. A time-dependent configuration is then
approximated by
U (x, t) = A(t)U0 (x)A† (t),
(11.16)
where U0 (x) is the hedgehog ansatz, (11.7). This procedure will allow us to write down a Hamiltonian
which we will diagonalize. The eigenstates with proper spin and isospin will then correspond to the

Figure 11.2: Numerical solution for the chiral angle F (r) that minimizes equation (11.14) and fulfills
the boundary conditions F (0) = π and F (∞) = 0 [4].

nucleon and the delta. Substitution of the time-dependent ansatz, (11.16), into the Skyrme model
Lagrangian, Lnlσ + LSk , (11.1) and (11.11), integration over coordinate space and some algebra yields
the Lagrange Function


∂
∂ †
L = −Ecl [F ] + λ[F ] tr
A(t) A (t) ,
(11.17)
∂t
∂t
where

8π
λ[F ] = 3
3e fπ

Z

0

∞



sin2 F
02
dx x sin F 1 + F +
.
x2
2

2

(11.18)

The first term is just the negative of the classical energy functional. The second term is due to the
collective coordinates and will be quantized. The SU (2) matrix A(t) can be parameterized as
A(t) = a0 (t)12 + i

3
X

ak (t)τk ,

(11.19)

k=1

with time-dependent, real coefficients ak (t) which obey the constraint
parameterization (11.19) into equation (11.17) we find
!
3
X
L = −Ecl + λ tr
ȧ2k 12

P3

k=0

a2k (t) = 1. Plugging the

k=0

= −Ecl + 2λ
By introducing the canonical momenta πk ≡
H=

∂L
∂ ȧk

3
X
k=0

3
X

ȧ2k .

(11.20)

k=0

= 4λȧk we obtain the Hamiltonian
πk ȧk − L
3

1 X 2
π ,
= Ecl +
8λ k=0 k

(11.21)

which still contains the classical energy functional. We can now apply the usual canonical quantization procedure (~ ≡ 1)
∂
(11.22)
πk −→ −i
∂ak
and get

3 
1 X
∂2
(11.23)
H = Ecl +
− 2 .
8λ k=0
∂ak
P
P  ∂2 
Because of the constraint 3k=0 a2k (t) = 1, the operator 3k=0 ∂a
is to be interpreted as the Laplace
2
k

operator ∇2 on the three-sphere. In analogy to the Laplace operator on S2 its eigenfunctions are
generalized spherical harmonics, i.e. traceless, symmetric polynomials in the ak ’s. They are of the
form Ψ = (a0 + ia1 )s , s ∈ N, [3] and fulfill the eigenvalue equation
− ∇2 Ψ = s(s + 2)Ψ.

(11.24)

Using the spin and isospin operators [3]


∂
∂
∂
1
− ak
− εklm al
,
Ik = i a0
2
∂ak
∂a0
∂am


1
∂
∂
∂
,
J k = i ak
− a0
− εklm al
2
∂a0
∂ak
∂am

(11.25)

one can further prove that such an eigenfunction has spin and isospin 21 s.
Per construction of U = AU0 A† , A and −A correspond to the same chiral field U . This fact might
make one think that one should require Ψ(−A) = Ψ(A). However, it turns out that there are two
consistent ways to quantize the soliton [6]. Requiring Ψ(−A) = Ψ(A) corresponds to quantizing the
soliton as a boson, requiring Ψ(−A) = −Ψ(A) leads to fermions. Since we want to describe baryons
our wave functions must be polynomials of odd degree in the ak ’s. Therefore, the nucleons (I = J = 12 )
correspond to linear wave functions in ak (s = 1), while the deltas (I = J = 32 ) correspond to cubic
wave functions in ak (s = 3). For example the properly normalized wave functions for proton and
neutron with spin up or spin down along the z-axis are given by [7]
1
(a1 + ia2 ),
π
i
|n ↑i = (a0 + ia3 ),
π

i
|p ↓i = − (a0 − ia3 ),
π
1
|n ↓i = − (a1 − ia2 ).
π

|p ↑i =

Going back to the Hamiltonian, (11.23), its eigenvalues are now given by
E = Ecl +

1
s(s + 2),
8λ

(11.26)

where s = 2J. Thus, the nucleon (J = 12 ) and delta (J = 32 ) masses are given by
MN = Ecl +

1 3
,
2λ 4

M∆ = Ecl +

1 15
.
2λ 4

(11.27)

Of course we still need to assign a value to our free parameter e, which hides not only in Ecl
but is also part of λ. One usually adjusts e to fit the physical value of the pion decay constant,
Fπ = 93 MeV, and the empirical delta-nucleon mass difference, M∆ − MN ≈ 293 MeV, which
3
according to equation (11.27) is predicted in the two flavor Skyrme model as 2λ
. The result is
e ≈ 4.75.
Having fixed e one can now compute a variety of baryon properties, e.g. the magnetic moment of
the proton µp . However, the results are not very convincing. This is no surprise since our model is

still very simple containing only pseudoscalar mesons and two flavors. We can certainly improve the
predictions of the model by including all three light flavors, i.e. up, down and strange. Until now
we also neglected the effects of finite quark masses. In order to extend the Skyrme model to three
flavors, we need to introduce some basic concepts of chiral symmetry in QCD. We can then start
from scratch following the basic idea of contracting a model of meson fields which “mocks up” as
many symmetries and properties of the QCD Lagrangian as possible and end up with the three flavor
pseudoscalar Skyrme model. On our way we will also derive Lnlσ using this modern approach. Later
we will also briefly discuss the inclusion of vector mesons which certainly improves the predictions
of the model in the meson sector.

11.3

Chiral symmetry (breaking)

We start with the matter part of the QCD Lagrangian
Lmatter
QCD

=

Nf
X

f =1




/ qf,L + q̄f,R i∂/ + g A
/ qf,R − mf (q̄f,L qf,R + q̄f,R qf,L ) .
q̄f,L i∂/ + g A

(11.28)

/ ≡ γ µ Aµ and ∂/ ≡ γ µ ∂µ . In addition,
In equation (11.28) we have used the slash-notation, i.e. A
qL,R = 12 (1 ∓ γ5 )q are the left-handed and right-handed projection of the the quark fields, Aµ is the
matrix representation of the gluon fields and g is the coupling constant.
There are Nf = 6 flavors of quarks in nature, named up (u), down (d), strange (s), charm (c), bottom
(b), and top (t), with masses mu ≈ 5 MeV, md ≈ 9 MeV, ms ≈ 120 − 170 MeV, mc ≈ 1.5 GeV,
mb ≈ 4.5 GeV, mt ≈ 175 GeV. In the low energy region up to about 1 GeV it is not possible to
produce particles containing c, b or t quarks and we can therefore, in good approximation, drop them
from our model. Furthermore, we neglect the u, d and s masses in a first approximation and include
their effects later as a perturbation. The Lagrangian restricted to these approximations is then given
by
3
X




approx
/ qf,L + q̄f,R i∂/ + g A
/ qf,R .
LQCD =
q̄f,L i∂/ + g A
(11.29)
f =1

It has the global chiral symmetry UL (3) × UR (3):
qL −→ L qL ,
with qL,R

qR −→ R qR


qu
=  qd 
and L, R ∈ U (3).
qs L,R

(11.30)

Since this symmetry has 9 + 9 = 18 generators, applying Noether’s theorem yields eighteen conserved
vector and axial vector currents
jijµ = q̄j γ µ qi ,

µ
jij,5
= q̄j γ µ γ5 qi

(i, j ∈ {u, d, s}).

(11.31)

However, not all Noether currents are necessarily conserved at the quantum level (anomaly) and
indeed that is the case for the so called axial singlet current. Therefore, the true global symmetry
of massless three flavor QCD is not UL (3) × UR (3) but UV (1) × SUL (3) × SUR (3). The conserved
charge corresponding to the UV (1) symmetry,
qL,R −→ e−iθV qL,R ,

(11.32)

is the baryon number.
The symmetry of the physical states is further reduced by the “spontaneous breakdown” mechanism.
The massless QCD vacuum forms a non-vanishing quark “condensate”
hΩ|q̄u qu + q̄d qd + q̄s qs |Ωi =
6 0.

(11.33)

Here |Ωi denotes the QCD vacuum state. Under an infinitesimal chiral transformation
8

iX a a
 λ ,
L=1+
2 a=1 L

8

iX a a
R=1+
 λ ,
2 a=1 R

(11.34)

where the λa ’s are the Gell-Mann matrices (generators of SU (3)), the variation of the quark condensate, (11.33), is given by
8
X
i
δ(q̄q) =
(aL − aR ) q̄λa γ5 q.
(11.35)
2
a=1

Equation (11.35) shows that the condensate is invariant only under the vector type transformation
SUV (3) for which L = R holds.
The SUV (3) symmetry of massless QCD is further explicitly broken when we take into account the
non-zero quark masses. The effect of the quark masses is included by adding to the Lagrangian the
mass term

 
m
0
0
qu
u




q̄
q̄
q̄
0
m
0
qd 
Lmass
=
−
(11.36)
u
d
s
d
QCD
0
0 ms
qs
mu + md
q̄Mq
(11.37)
=−
2
2+x
1−x
with M =
1 + yλ3 + √ λ8 ,
3
3
2ms
mu − md
where x =
, y=
.
mu + md
mu + md
Note that Lmass
QCD would be invariant under SUV (3) if the quark masses were the same since in this
case the mass matrix in equation (11.36) would commute with a rotation matrix in flavor space. The
matrix M in equation (11.37) was introduced simply because it will show up in the next section.
To summarize our findings, low energy massless QCD is invariant under SUL (3) × SUR (3) × UV (1)
which is spontaneously broken to SUV (3) × UV (1). The SUV (3) invariance is further explicitly broken by including the effects of the non-zero quark masses. Our goal now is to construct a model of
meson fields which “mocks up” these properties of low energy QCD. Since we have already shown
that conservation of the baryon number will also be incorporated by the topological structure of the
Skyrmions, we can put this symmetry aside.

11.4

The Skyrme model for three flavors

We start with a general 3 × 3 matrix field Mij and require that it transforms under SUL (3) × SUR (3)
as the quark combination qL,i q̄R,j , i.e.,
†
qL,i q̄R,j −→ (LqL )i (q̄R R† )j = Lim qL,m q̄Rn Rnj

†
=⇒ Mij −→ Lim Mmn Rnj

⇔ M −→ LM R† .

(11.38)

A chirally invariant Lagrangian is then given by
1
(11.39)
L = tr(∂µ M ∂ µ M † ) − V (M, M † ),
2
where the potential V is a function of chirally invariant expressions like tr(M M † ) or tr(M M † M M † ).
Spontaneous breakdown to SUV (3) is implemented by choosing V to have a minimum such that
hM i = const. × 1. Thus, the vacuum expectation value of M , hM i, transforms as
hM i = const. × 1 −→ const. × LR† ,

(11.40)

and is only invariant under the vector type transformation SUV (3) in agreement with equation (11.35).
We now expand M around the vacuum solution by using the polar decomposition of M into a product
of an hermitian and an unitary matrix M = HU and setting H = const. × 1 [4]. The first term of
the Lagrangian, (11.39), then becomes
1
1
tr(∂µ M ∂ µ M † ) −→ tr(∂µ U ∂ µ U † ) = const. × Lnlσ .
2
2

(11.41)

By definition, U transforms in the same way as M under SUL (3) × SUR (3):
U −→ LU R† .

(11.42)

It is now straightforward to show that also the Skyrme term LSk , (11.11), is invariant under (11.30).
Being an unitary matrix, the chiral field U can be written as U = phase × exp(iΦ). Since we want
U to describe pseudoscalar fields, Φ, we have to check the transformation under parity. We require
P

Φ −→ −Φ,

(11.43)

U −→ exp(−iΦ) = U † .

(11.44)

which implies
P

However, the Skyrme model Lagrangian, Lnlσ + LSk , (11.1) and (11.11), is invariant under (11.44)
and x −→ −x separately. To break this unwanted extra symmetry one needs to include at the level
of the action the so called Wess-Zumino term [4]
Z
iNC
d5 x µνρστ tr[αµ αν αρ ασ ατ ].
(11.45)
ΓWZ = −
2
240π M5
Here NC is the number of colors, αµ = (∂µ U )U † and M5 is chosen such that ∂M5 = M4 , Minkowski
space.
Finally, we must also incorporate the effects of the non-zero quark mass terms, (11.37). The minimal
symmetry breaking part of the effective Lagrangian is given by [4]




LSB = tr M −β 0 ∂µ U ∂ µ U † U + U † ∂µ U ∂ µ U † + δ 0 U + U † − 2
,
(11.46)

where the matrix M was introduced in equation (11.37) and β 0 and δ 0 are numerical parameters. In
particular, the δ 0 term splits the pseudoscalar meson masses.
To summarize, we constructed the Skyrme model for three flavors by exploiting the symmetries of
low energy QCD. The Lagrangian containing only pseudoscalar degrees of freedom is given by the
sum of the non-linear sigma model Lagrangian, (11.1), the Skyrme term, (11.11), and the symmetry
breaking mass term, (11.46). In addition, we have to add the Wess-Zumino term, (11.45), to the
action.
In the three flavor case the chiral field U is a U (1) ⊗ SU (3) matrix and contains the degrees of
freedom of the pseudoscalar meson nonet (figure 11.3). More precisely, it is given by


1
η0 exp (iΦ) .
(11.47)
U (x) = exp i √
3Fπ

While the η0 meson (SU (3) singlet) is separated, the matrix field Φ now not only contains the three
pion degrees of freedom but also the other five mesons of the SU (3) octet, the four kaons and the η8
meson. It is given by
1

+
+
√ π 0 + √1 η8
π
K
8
2
6
X 1

π−
− √12 π 0 + √16 η8
K0 
Φ=
φa λa = 
(11.48)
,
F
π
2
−
0
a=1
K
K̄
− √6 η 8

Figure 11.3: Pseudoscalar meson nonet [9]. η and η 0 are the observed particles which are linear
combinations of the SU (3) singlet state η0 and the SU (3) octet state η8 .

where the λa ’s are the Gell-Mann matrices.
In order to solve the three flavor Skyrme model one has to generalize the hedgehog ansatz, (11.7). It
turns out that the correct generalization is simply given by the embedding of the SU (2) hedgehog
in the SU (3) matrix [4],


0
exp(iττ · x̂F (r))
0 .
(11.49)
U0 (x) = 
0 0
1

In a similar manner as in the two flavor model one then introduces collective coordinates and quantizes
the system. Instead of going into detail we will directly move on to the results which we can compare
to empirical data.
As in the two flavor model there is a single parameter to fit, the Skyrme constant e. Adjusting it to
Baryons Model
Λ−N
154
Σ−N
242
Ξ−N
366
∆−N
278
∗
410
Σ −N
∗
Ξ −N
544
677
Ω−N
+

Experiment
177
254
379
293
446
591
733

+

Table 11.1: Mass differences of the 21 and 32 baryons in the three flavor pseudoscalar Skyrme model
for e = 4.0 and the experimental values [4]. All values in MeV.
+

+

the mass differences of the low-lying 12 and 32 baryons yields e ≈ 4. The resulting baryon spectrum
is shown in table 11.4. We observe a 10% or better agreement with the experimental values which
we characterize as good.
For a consistent overall picture the Skyrme model as an effective meson theory should not only give
accurate predictions in the baryon sector but also in the meson sector. Certainly, the predictions
within the mesonic sector are improved by including the vector mesons, at least with masses up to
about 1 GeV. Of course the inclusion of vector mesons makes the model a lot more complicated. In
particular, an additional parameter appears that can not be determined from meson properties but
has to be guessed.
As mentioned above the Skyrme model not only predicts the baryon masses but also their static

B
p
n
Λ
Σ+
Σ−
Ξ0
Ξ−

µ (Sk) µ (VM)
2.03
2.36
-1.58
-1.87
-0.71
-0.60
1.99
2.41
-0.79
-1.10
-1.55
-1.96
-0.64
-0.84

µexp
2.79
-1.91
-0.61
2.42
-1.16
-1.25
-0.69

µ/µp (Sk) µ/µp (VM) (µ/µp )exp
1
1
1
-0.78
-0.79
-0.68
-0.35
-0.25
-0.22
0.98
1.02
0.87
-0.39
-0.47
-0.42
-0.76
–0.83
-0.45
-0.32
-0.36
-0.25

Table 11.2: Predictions of the three flavor Skyrme model of pseudoscalars only (Sk) [10] and including vector mesons (VM) [11] for the magnetic moments of the spin- 12 baryons compared to the
experimental values. Absolute values are in units of µN .
properties. These can be computed as matrix elements of the Noether currents. The way is straightforward but involves some lengthy and complicated computations. Again we do not want to go into
detail. Instead we want to compare the predictions of the three flavor Skyrme model and the vector
meson model with experimental data using the example of the magnetic moment µ. In table 11.2
we summarize the results for various baryons. We observe that the inclusion of vector mesons does
not always improve the predictions. Neither of the two models gives highly accurate predictions.
However, the magnitude and more importantly the sign of the predicted values is always correct.

11.5

Summary

It is worthwhile to stress that the Skyrme model is a model for describing baryons with only one
free parameter, two when we include the vector mesons. Having fixed those, one can compute
in principle any baryon property in the low energy regime. Aside from the baryon spectrum the
soliton description allows us to study static properties of baryons, nucleon resonances, deep inelastic
scattering and many more. Usually one does not end up with very accurate results, but gets a good
qualitative insight into the physics of baryons in the low energy region. Even though the Skyrme
model is more than 50 years old its soliton picture of baryons might still improve our understanding
of the structure and dynamics of baryons.
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Chapter 12
U (1) Monopoles
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Supervisor: Johannes Broedel

Although magnetic monopoles have not been observed in Nature so far, their hypothetical existence could lead to the quantization of the electric charge. We will
discuss here Dirac’s assumption and result which he obtained by slightly modifying
Maxwell equations and satisfying physical consistency. We will show that in this
context, the vector potential can not be globally and uniquely defined but needs at
least two functions. We will explicitly construct it and express it using the language
of the fibre bundle, essentially following the work of Wu-Yang. In both approaches,
Dirac quantization will show up naturally, from the continuity of the gauge transformation and uniqueness of the transition function respectively. We will conclude
by a few remarks on the properties of the Dirac monopole.

12.1

Dirac Monopole

12.1.1

Maxwell equations

In the 19th century, Maxwell achieved to unify the description of electricity and magnetism in a
concise way. We briefly recall his celebrated four equations:
~ ·E
~ = ρ,
∇
~ = 0,
~+ ∂B
~ ×E
∇
∂t

~ ·B
~ = 0,
∇
~ ×B
~− ∂E
~ = ~j.
∇
∂t

In those equations, however, the electric and magnetic fields are not treated symmetrically: the latter
is free of divergences and thus does not admit any monopoles, but only dipoles. In order to restore
the symmetry between both fields, Dirac assumed in 1932 that the magnetic field behaves in the
same way as the electric one by considering the existence of magnetic monopoles which requires to
take the divergence of the magnetic field to be different from zero.
1

12.1.2

Basics about a magnetic monopole

Consider a point-like magnetic monopole of strength g conveniently located at the origin. Its magnetic
field is written by analogy with the electric field of a point electric charge. Thus:
g
~r
r3
g
= 2 er ,
r

~ =
B

(12.1)
(12.2)

where ~r is the distance vector and er the radialunit vector.
~ and using ∇
~ 2 1 = −4πδ 3 (r), we immediately verify that the diverBy taking the divergence of B
r
gence is different from zero and corresponds to the magnetic charge density of a point particle:

 1 
~
~
~
~
(12.3)
∇ · B = ∇ · (−g)∇
~r
= 4πgδ 3 (~r).
(12.4)
As the magnetic monopole is assumed to be a point object, it therefore has a spherical symmetry.
In order to study the magnetic flux around the monopole and take care of this symmetry, we consider
a sphere of radius r.

Figure 12.1: The cap is parametrized by a and h, or equivalently r and θ
Let us take the surface of a cap of it: π(a2 + h2 ) where a is the radius of the cap and h its height
(see figure 12.1). The magnetic flux induced by the monopole through the cap reads:
Z
~ d~s
Φ(r, θ) =
B
(12.5)
=

g
π(a2 + h2 ).
r2

(12.6)

We have not yet expressed the surface in terms of the spherical coordinates but we will do so later
~ Let us also write the relation between the latter and the
when constructing the vector potential A.
flux:
Z
~ d~s
Φ =
B
(12.7)
Z
~ ×A
~ d~s
=
∇
(12.8)
I
~ d~l,
=
A
(12.9)

~ as the curl of its vector potential A
~ in the second line and applied Stokes
where we expressed B
theorem in the last equation.
Let us go back to the sphere and place ourselves on top of it: the surface of the cap is a point and
the magnetic flux is equal to 0. If θ is increased, the cap encloses more and more surface and so more
and more flux. When we reach the South Pole, i.e. θ = π, we have englobed the whole sphere and
expect Φ = 4πr2 B = 4πg. But by looking at the loop, we note that it has shrunk to a point again.
~ has to be singular at θ = π because of the requirement that the flux is finite.
Thus, from (12.9), A
~ is singular
As we took a sphere of arbitrary radius, this holds for every radius. As a consequence, A
along the whole negative z-axis, which is the so-called Dirac string. Is this a physical singularity?
Rotate the shell and the Dirac string will look different depending on the choice of coordinates.
By the same argument, it does not need to be straight. The Dirac string is therefore a coordinate
singularity. However one point does never change up to rotation: the origin. Only at this point,
there exists a real and physical singularity.

12.1.3

Wavefunction and Dirac quantization

Let us recall the wavefunction of a free particle:
i

Ψf ree = |Ψ| e ~ (~p~r−Et) .

(12.10)

∆α = 2πn.

(12.15)

e
4πg = 2πn,
~c

(12.16)

~ Indeed,
For a particle with charge e in a magnetic field, the momentum changes as p~ → p~ − ec A.
~ ~r˙ and the corresponding
under this prescription the corresponding Lagrangian reads L = 12 m~r˙ 2 + ec A
equation of motion describes particles submitted to a Lorentz force.
Thus, the wavefunction of the charged particle in the field of the monopole is given by:

i
e~
(~p ~r − A ~r − Et)
(12.11)
Ψ = |Ψ| exp
~
c

e ~
~r .
(12.12)
= |Ψ|f ree exp − i A
~c
~ r.
Equivalently, the phase of the wavefunction changes as α → α − ~ce A~
Consider a charged particle moving on the sphere along a circular path. At fixed r and θ and for
ϕ ∈ [0, 2π), the phase changes as
I
e
~ d~l
A
(12.13)
∆α =
~c
e
=
Φ(r, θ),
(12.14)
~c
where we used the same steps as for the result (12.9).
Each time the particle crosses the circle, the wavefunction appears to be multivalued since it acquires
an extra phase. However, physical consistency requires it to be single-valued everywhere. Thus,
the phase change of the wavefunction must be an integer multiple of 2π. Note also that if the
path encircled the Dirac string, the latter could be detected. The requirement for the string to be
unobservable yields the same condition for the phase change:
We use (12.14) at θ = π:
and rewrite it in the following form:

n~c
.
(12.17)
2g
This is the Dirac quantization condition. The appearance of ~ in this expression makes the electric
charge explicitly depend on the quantum theory. This is the most important consequence of the
existence of magnetic monopoles. Note that a single monopole is sufficient to guarantee this condition.
Was there a magnetic monopole anywhere in the Universe, the electric charge would be quantized.
e=

Dirac veto
The coordinate singularity in the vector potential at θ = π also gives rise to an undetermined phase
of the wavefunction at this point. But we have to guarantee that a charged particle can not be
found along the negative (positive respectively) z-axis, where we have this singularity. (The pictorial
analogy would be to avoid the particle to hit the solenoid attached to the monopole at the origin,
see the Wu-Yang construction). Thus, we require a zero probability of finding the particle at the
Southern (Nothern respectively) pole and therefore we impose the vanishing of the wavefunction at
this point. This is the so-called Dirac veto.

12.2

Wu-Yang Monopole

~ we have to give up the idea of
To get rid of the coordinate singularity in the vector potential A,
a unique and global description of it. Instead, we define two vector potentials covering a different
domain of the sphere, each regular on its region, and adjust them on the overlap region. In this
~ and show how the Dirac quantization appears in this context. We
section we explicitly construct A
also briefly explain how this can be formalized in terms of fiber bundles.

12.2.1

Construction of the vector potential

We divide the sphere surrounding the monopole in two domains: the Northern and the Southern
hemispheres with the equator as the overlap region. We call them R+ and R− respectively and the
corresponding vector potentials A+ and A− , that we naturally express in spherical coordinates.
Let us begin with A+ . As the magnetic field is radial, see (12.2), only the radial component of the
~ is of interest:
curl of A


∂
∂
1
~ × A)
~ r=
(sin θ Aϕ ) −
Aθ ,
(12.18)
(∇
r sin θ ∂θ
∂ϕ
but by symmetry, the potential can not depend on ϕ. We deduce that it only can have the form:
~ = Aϕ (r, θ)eϕ , where eϕ is the unit vector in the ϕ-direction.
A
Ultimately, we want to use the same steps as for the result (12.9), i.e. the relation
Z
I
~
~ d~l
B d~s = A
(12.19)
to derive the vector potential. Let us then find the form of the magnetic field. Take a magnetic
dipole and place one extremity at the origin and the other one at the negative infinity. The latter
is far away enough to not influence what happens at the origin. This construction makes sense with
~ ·B
~ 6= 0, A
~ cannot be defined on
respect to the domain of definition of the vector potential: since ∇
~ on it. Let us write
the whole space R3 and we have just excluded the Dirac string by defining B
this magnetic field as the one of a magnetic monopole to which we attach an infinitely long solenoid
along the negative z-axis:
~ = g er + gΘ(−z)δ(x)δ(y)ez ,
B
(12.20)
r2
where Θ is the Heavyside function.
We express the surface of the cap in spherical coordinates is: π(a2 + h2 ) = π(2r2 − 2r2 cos θ) (see
figure 12.1). Let us rewrite (12.19) in terms of all the known quantities:
g
π(2r2 − 2r2 cos θ) = 2πr sin θAϕ .
r2

(12.21)

We finally obtain
Aϕ =

g 1 − cos θ
.
r sin θ

(12.22)

For A− , the same steps are repeated with a dipole that is stretched between the positive infinity and
the origin and the coordinate transformation θ → π − θ.
~ is given by:
Let us summarize our results: A
g 1 − cos θ
r sin θ
1 + cos θ
g
A−
ϕ = −
r sin θ
A+
ϕ =

in the domain R+

(12.23)

in the domain R− .

(12.24)

Singularities do not show up in this constructions as both functions are finite on their own domain.
Still, we need to study them on the equator, the overlap region. Their difference can be expressed
as a gauge transformation because of the U (1) gauge freedom of the electrodynamics. Indeed the
~ and the scalar potential φ are non-physical degrees of freedom whereas B
~ and E
~
vector potential A
(
~→A
~ + S ∇S
~ −1
A
are physical ones. A transformation
can be performed since it leaves the fields
∂ −1
φ → φ − S ∂t
S
~ and E
~ invariant. S is a scalar function.
B
The two functions of the vector potential of the monopole are related via:
2g
sin θ
i ~ −1
= A+
,
ϕ − S ∇ϕ S
e

+
A−
ϕ = Aϕ −

(12.25)
(12.26)

with S = e2igeϕ and ~ = c = 1. We have to ensure the continuity of the gauge transformation.
Otherwise we would let a fitting function have a jump, which we do not want. This means that the
function S has to be single-valued when ϕ → ϕ + 2π. This requirement is equivalent to the Dirac
quantization condition. Indeed:
!

e2ige(ϕ+2π) = e2igeϕ

⇒

2ge 2π = 2πn.

(12.27)

In other words, this condition arises with the non-triviality of the gauge transformation.

12.2.2

Construction of the fibre bundle

A brief definition of a fibre bundle is provided here. For further details, readers are invited to consult
the 9th and 10th chapters of ref. [2].

Figure 12.2: Definition domains of a fibre bundle
Conceptually, a fibre bundle is the construction suited for topological spaces that look locally like
the direct product of two spaces. Take a total space E that we wish to write as the direct product

of a base space M and a fibre space F . E, M and F are manifolds, i.e. topological spaces that
look locally like flat. They can be deformed continuously, and locally, to Rn ; they are said to be
homeomorphic to Rn locally. Since M is generally not homeomorphic to Rn globally, it needs a set
of covering {Ui } to be described entirely. Thus, more precisely, we wish to express a subspace of E
as the direct product of a covering Ui and F . This is achieved in the following way: there exists a
natural projection from Ui × F to Ui (see figure 12.2). We define a projection π from E to Ui such
its inverse image π(Ui ) is diffeomorphic to the direct product Ui × F , diffeomorphic meaning that
the space can be deformed to the other smoothly.
Let us study more carefully what happens at each point of the fibre bundle. π projects a element
u of E into a point p of M . The inverse image π −1 (p) ≡ Fp is called the fibre at p. We define a
diffeomorphism Ai : Ui ×F → π −1 (Ui ), called the local trivialisation and associated to the covering
Ui . Ai is the key function since its inverse takes an element u and express it onto the direct product
of an element p and a fibre f , thus A−1
i (u) = (p, f ).
Take a point p of M that is described by two coverings Ui and Uj , i.e. Ui ∩ Uj 6= ∅. We write the
associated local trivialisations Ai (p, f ) = A−1
i,p . We need transition functions tij to describe how the
fibre element behaves when we pass from a covering to the other one. We require that tij belongs to
the structure group G, the Lie group which acts on F on the left. Therefore:
tij (p) = A−1
i,p Aj,p .

(12.28)

Let us now study the magnetic monopole as a fibre bundle. The base space M is the sphere S 2 on
which we define the vector potential. At each point of S 2 , we attach a circle, U (1) = S 1 due to the
~ In our case, the fibre U (1) is already a Lie group and it naturally acts
local gauge invariance of A.
on itself. Therefore the fibre is identical to the structure group, F = G = U (1).
A sphere has at least two coverings. Indeed, take a point on the sphere and join it to the North Pole.
Continue in a straight line and intersect the equatorial plane. The point has been projected from
the North Pole onto this plane. This is possible for all points except the North Pole. Therefore we
need at least a second projection from the South Pole to cover the whole sphere. It is the so-called
stereographic projection. Let us take again the conventional choice of the Northern and the Southern
hemispheres, R+ and R− , on which A+ and A− are defined.
In the context of the fibre bundle, we identify the vector potential to be the local trivialisation.
Indeed its functions need to be adjusted on an overlap region. A+ and A− are functions of a point p
of the sphere and a phase, an element f of the fibre attached at p:
A+ = A+ (p, f ) = A+ ((θ, ϕ), eiα+ )
A− = A− (p, f ) = A− ((θ, ϕ), eiα− ).

(12.29)
(12.30)

On the equator, we explicitly construct the transition functions from the relation (12.28):
t+− = A−1
+ A−
−iα+ iα−
= e
e .

(12.31)
(12.32)

Let us take a transition function t+− of the form einϕ , where n must be an integer so that the function
is uniquely defined. Explicitly, there is a correspondence between ϕ = 0 and ϕ = 2π:
ϕ = 0 : eiα− = eiα+
ϕ = 2π : eiα− ei∆α = ei2πn eiα+ .

(12.33)
(12.34)

This holds if ∆α = 2πn, which is the Dirac quantization. In the context of homotopy theory, one can
show that n, which characterizes the monopole charge, is a winding number too. The latter counts
how many times the image of S 1 winds the space U (1). Therefore it tells us how the transition
function twists the local pieces of the bundle when glued together. If n = 0, the fibre bundle is

trivial, i.e. the direct product M × F globally. A trivial topology corresponds to the case where
there is no magnetic monopole, consequently n = 0 is excluded in our case. It is remarkable that
the topological structure of the fibre bundle of the monopole is characterised by an integer that is
directly related to its strength 2g.

12.3

Searches for Dirac Monopoles

Current researches are conducted in cosmology, particle physics and geophysics. To date there exist
no confirmed observations of magnetic monopoles. In 1975, Price et al. announced the detection of
a moving magnetic monopole through a cosmic ray track etched in a plastic detector but Alvarez
refuted the interpretation a few months later. The other well-known discovery claim was made in
1982 by Cabrera, who reported a single event in a induction loop. Nevertheless no one has been able
to duplicate the result which makes it spurious.
For known particles, precision measurements were performed on magnetic charges they might possess.
For the electron it has been found ge < 10−24 gD , where ge is the magnetic charge of the electron and
gD the one of a particle with a Dirac charge. This result was obtained with the induction method:
moving magnetic charges which pass through a superconducting ring induce a tiny permanent current,
which is measured. The detection was performed using the Superconducting Quantum Interference
Devices (SQUID) technology. Another technique, mainly employed in colliders and cosmic rays
searches, uses scintillators, gas chambers and nuclear track detectors to measure the energy loss of
Dirac particles, which is estimated to be thousand times larger than particles with electric charge.

Colliders searches
In colliders, searches are either direct or indirect. For the latter, multi-photon final states are looked
after since there has been proposed that virtual monopoles processes can occur. But difficulties arise
when calculating theoretical uncertainties. In direct searches, tracks of magnetic charged particles
are sought. Results are usually expressed for the upper limits on a production cross section and/or
mass. However they are model-dependent since calculations can only be made with ansatzes to
model the kinematics of monopole-antimonopole pair production. Indeed, due to the strong coupling
of the magnetic charge, perturbation theory cannot be trusted. Obtaining reliable production crosssections is thus still an open question. A quite recent (2011) review has been made by Milstead and
Weinberg [8], which compares the results obtained in collider experiments. One can cite the E882
and CDF experiments at the Tevatron, which are sensitive to monopoles with masses up to 900 Gev
and charges between gD and 6gD . Their upper cross-section limits are about 0.5 pb and 0.2 pb.
In 2012, De Roeck et al. reported about the sensitivity of the LHC to exotic particles [9]. There are
hopes to investigate trapped monopoles in the central beam pipes of the CMS and ATLAS detectors,
which have been removed during the current shutdown of the LHC. The induction method applied
to these detectors would be sensitive to very high magnetic charges, |g| > 4.5gD . To probe moderate
high magnetic charges (3gD < |g| < 4.5gD ), the MoEDAL or ALICE detectors would be needed. The
MoEDAL detector has been specially designed to detect highly ionising particle, and particularly, it
is sensitive to cross sections lower by more than two orders of magnitude.

Cosmological and astrophysical searches
We do not discuss experiments in cosmology, which are mainly more relevant to the ’t Hooft-Polyakov
monopole searches, but we mention that early cosmic ray searches observed monopoles candidates
but couldn’t confirm them. More recent experiments use large-scale detectors. [8] gives a short
overview on the topic as well.

Bulk Materials searches
There have been searches for monopoles bound in matter, mainly in bulk materials. They are assumed
to have absorbed incident cosmic ray monopoles over millions of years. Examples of materials are
moon rock, manganese modules, meteorites, and deeply buried rocks in sea water. Searches on the
two latter obtained an upper limit on the ratio of the monopoles per nucleon of 10−29 . Bendtz et
al. recently (2013) analysed 24.6 kg of polar volcanic rocks [10]. They found no monopoles and set
a limit on the monopole density of 9.8 · 10−5 /gram at 90% confidence level. Using a simple model,
they concluded to a limit of 1.6 · 10−5 /gram in the matter averaged over the whole Earth.
Synthetic Dirac monopole
In 2014, Ray et al. created Dirac monopoles in the synthetic magnetic field produced by a spinor
Bose-Einstein condensate [12]. Monopoles are identified at the termini of vortex lines within the
condensate, matching with numerical simulations. Although this experiment opens further investigations, such as condensate spin textures that correspond to other exotic electromagnetic fields
and possibly those of the non-Abelian monopole, it exploits a very particular material, indeed ferromagnetic one. Plus, the creation and manipulation of the monopole are performed in a controlled
environment and are not directly related to free magnetic monopoles.

12.4

Concluding Remarks

As stated in the introduction, we worked out the consequences of a hypothetical magnetic monopole
as introduced by Dirac. We postulate it to be point-like and to have an arbitrary mass. The main
prediction is that the product of the charges of the electric and magnetic monopoles are modulo
some natural constants an integer. With so few properties, Dirac monopoles can be generalized and
included in other theories as in grand unified theories where massive and extended monopoles arise
(see the ’t Hooft-Polyakov Monopole chapter). They also do not enter in conflict with well-known
results such as the constants of the standard model: quarks have a fractional charge but if the
magnetic charge is a multiple of its inverse, their product will satisfy the Dirac condition.
From the experimental side, the existence of such magnetic monopoles in Nature is open. Research
has been mainly conducted in cosmology and particle physics where some limits have been calculated.
Still, this is far away from observing a free magnetic monopole anywhere in the Universe.
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“In this review we consider the ’t Hooft-Polyakov monopole, a type of magnetic
monopole that arises naturally as a solution of the equations of motion for the
Georgi-Glashow model. We will study its properties and topology and conclude that
its existence is a profound topological consequence of a suitable configuration of the
fields of the model. Moreover, we will discuss general topological concepts related to
Homotopy Theory for a gauge theory with an arbitrary gauge group G, which will
enable us to decide in which gauge theories topological monopoles can appear. In
addition, we will derive a lower bound on the mass of the monopole in the GeorgiGlashow model, the so-called Bogomol’nyi bound, and we will study its saturation,
which corresponds to the so-called BPS monopoles. Finally, we will discuss the Witten effect as well as a generalization of electromagnetic duality for BPS monopoles,
known as SL(2, Z) duality.”

13.1

Magnetic Monopoles

Magnetic monopoles have not been observed in nature so far; this fact is consistent with one of the
~ ·B
~ = 0. However, as we have seen in
Maxwell’s equations, that is Gauss’s law for magnetism: ∇
the review of the Dirac monopoles, the concept of duality is what triggers theoretical interest in the
matter and what may have prompted Dirac to postulate the existence of magnetic monopoles - we
also saw how this claim inevitably leads to the celebrated Dirac quantization condition
qg = 2π~n

(13.1)

where q and g are any electric and any magnetic charge (of the theory) and n is an integer, see for
example [1]. As for the latter, we note that the quantization of electric charge is considered to be a
fundamental experimental fact, which is certainly a strong argument in favour of Dirac’s Ansatz.
Since the Dirac monopole is a postulated point-like particle, we would like to explore the possibility of having extended solutions. In what follows, we will discuss a gauge theory in which the
magnetic monopole arises naturally as a finite energy solution of the theory, which is very interesting
topologically and has internal structure and computable mass. In general, gauge theories are particularly important because they can allow the unification of the weak and electromagnetic interactions
1

and can thus serve as models of describing nature (although that’s not the case for the one we are
going to discuss - we will see why we nevertheless discuss this model later). We note that cosmic
inflation is the mechanism considered responsible for the abscence of monopoles, that these theories
predict, in experimental data up to date [2].

13.2

The Georgi-Glashow model

The gauge theory that is going to concern us for most of this review is the so-called Georgi-Glashow
model, which describes the interaction of a Higgs field φa with a gauge field Wµa . The corresponding
Lagrangian density is
1
1
(13.2)
L = − Gaµν Gaµν + (Dµ φ)a (Dµ φ)a − V (φ)
4
2
The first term of equation (13.2), the so-called Yang-Mills term, is the kinetic term for the field W a ,
where Gaµν is the respective field strenth given by
Gaµν = ∂µ Wνa − ∂ν Wµa − eεabc Wµb Wνc ,

(13.3)

where εabc is the Levi-Civita symbol. The second term of (13.2) is the kinetic term for the Higgs
field φa , with the covariant derivative (Dµ φ)a of φa given by
(Dµ φ)a = ∂µ φa − eεabc Wµb φc ,

(13.4)

where it is precisely the second term that corresponds to the coupling of the Higgs field to the gauge
one, with e being the corresponding coupling constant. The last term of (13.2) is the Higgs potential
1
V (φ) = λ(φ2 − a2 )2
4

(13.5)

where λ, a are non-negative parameters and φ2 = φa φa .
The Lagrangian (13.2) is constructed so as to be invariant under the following SO(3) gauge
transformations of the fields:
φ 7→ φ0 = g(x)φg(x)−1
1
Wµ 7→ Wµ0 = g(x)Wµ g(x)−1 + (∂µ g(x))g(x)−1 ,
e

(13.6)

where g(x) is an element of the group SO(3) and x is the position parameter. In the above we write
the fields in the basis of the hermitian generators T a of SO(3) in the adjoint representation:
W µ = Wa µ T a

(13.7)

φ = φa T a .

(13.8)

and
In the adjoint representation the generators T a are the structure constants of the group, which can
be thought of as the Levi-Civita symbols in three dimensions (recall that SO(3) is isomorphic to
SU (2)). Consequently, W µ and φ are 3 × 3 matrices (in representation space); this means that Wa µ
and φa are 3 × 1 vectors and we can, thus, denote:
~ = φa
φ
~ µ = W a,
W
µ

(13.9)

where a = 1, 2, 3. Moreoever, the structure constants in the adjoint representation are of course also
Levi-Civita symbols. This is why the latter appear in 13.3 and 13.4: they arise from the commutator
of the generators.

Making use of the alternative vector notation, it is instructive to write equations (13.3) and (13.4)
in the following form:
~ µν = ∂µ W
~ ν − ∂ν W
~ µ − eW
~µ×W
~ ν,
G
(13.10)
~ = ∂µ φ
~ − eW
~
~µ×φ
Dµ φ

(13.11)

~
~ × Dµ φ
~ µν = −eφ
Dν G
~ = −λ(φ2 − a2 )φ.
~
Dµ Dµ φ

(13.12)

By substituting the form of L from (13.2) in the Euler - Lagrange equations, it is straightforward
to obtain the following equations of motion for the fields:

We also note that starting from the Jacobi identity for the covariant derivative, with the latter acting
on φ, one can easily prove a useful identity [1], the so-called Bianchi identity:
Dµ ∗ Gµν = 0,

(13.13)

where ∗Gµν is the dual field strength tensor, given by
1
∗Gµν = εµνλρ Gλρ .
2

(13.14)

At this point it is important to question ourselves why it is the Georgi-Glashow model that we
will investigate in regard to magnetic monopoles. This is firstly because, as we will see in section
1.8, the Georgi-Glashow model fulfills the requirements necessary for magnetic monopoles to appear.
However, the Georgi-Glashow model is just a toy model, since there is strong experimental evidence
that the Standard Model of Particle Physics (“SM”) is what might be realized in nature. Perhaps
unfortunately, the latter, with SU (3) × SU (2) × U (1) as its gauge group, does not allow the existence
of magnetic monopoles. At first sight, this appears very discouraging for our search for the latter;
yet they might do appear if we consider theories with gauge groups larger than that of the SM (with
the larger gauge group expected to spontaneously break down to the gauge group of the SM), such
as SU (5) (see for example [4], [10]), or in the context of Supersymmetry and String Theory [5], [6].
We should note that there are many arguments that make these cases good candidates for describing
nature and that the derivation of the existence of monopoles in such cases bares similarities with the
corresponding one for the Georgi-Glashow model, which is why we consider the latter in this review.

13.3

The spectrum of the model

We can now calculate the hamiltonian density, i.e. the energy density, for the Georgi-Glashow model.
For that we define the conjugate momenta of the fields by
~ 0i
E~ i = −G
~
~ = D0 φ.
Π

(13.15)

~ k.
~ ij = −εijk B
G

(13.16)

1
~ i + Di φ
~i · B
~ · Di φ]
~ + V (φ),
~ ·Π
~ +B
H = [E~i · E~ i + Π
2

(13.17)

We also define

~ i , we remark that they are made in the same spirit as in the
To justify the definitions of E~ i and B
case of classical electromagnetism. Now, making a Legendre transformation of the Lagrangian, or by
computing the 00− component of the conserved Noether current corresponding to SO(3) symmetry
transformations, we can easily arrive at the following expression for the energy density:

which is manifestly positive definite.

Field
Aµ
ϕ
Wµ

Mass
0√
µ = a~ 2λ
M = ae~

Charge
0
0
±e~

Table 13.1: The Particle Spectrum
We can now specify the vacuum of the model: we define the vacuum configuration to be the field
configuration for which H = 0 everywhere, i.e. if (and only if) all the three equations
~ µν = 0
G

(13.18)

~=0
Dµ φ

(13.19)

V (φ) = 0

(13.20)

hold everywhere, we have a vacuum configuration. Moreover, we can as usual define the Higgs
vacuum as the field configuration for which of course equations (13.19) and (13.20) hold, but not
necessarily (13.18).
In addition, we can derive the particle spectrum of the model. In the Higgs vacuum, equation
(13.20) tells us that φ2 = a2 , or φ ∈ M0 , where M0 is a sphere of radius a in the three-dimensional
(representation) space in which φ is defined. The rotational invariance of the sphere implies that
all points of the sphere, i.e. all possible Higgs vacuum states, are equivalent. However, to be able
to read off masses from the Lagrangian density, we have to choose a specific vacuum state for the
~ = aẑ, where ẑ is a unit vector of an orthonormal basis of the
Higgs field to perturb around, such as φ
three-dimensional representation space. As is well known, by doing so the whole SO(3) symmetry
breaks down to U (1) symmetry: this is the famous mechanism of spontaneous symmetry breaking;
consequently we can say that in the Higgs vacuum we have classical Maxwell electromagnetism.
~ = ~a + ϕ
If we indeed substitute φ
~ (choice of vacuum state), where for example ~a = aẑ, and expand
in terms of ϕ
~ in the Lagrangian density, the coefficients of the terms quadratic in the fields will give
the respective masses squared of the fields, modulo a factor 2~12 , and the final particle content will
be accounted for by the Higgs mechanism. In particular, the model will have a massive scalar field
ϕ, which is identified with the Higgs particle, a massless vector boson
1
~µ
Aµ = ~a · W
a

(13.21)

identified with the photon and two massive vector bosons, whose masses are given in table 13.1. Apart
from the masses, we can also specify the charges, which can be simply read off by comparing the
covariant derivative ∂ µ + ieWaµ Ta of the Georgi-Glashow model with the electromagnetic covariant
derivative ∂ µ + ~i QAµ , where Ta (in the adjoint representation) and Q are the SO(3) and U (1)
generators respectively. We conclude that
Q=

e~ ~
~a · T
a

(13.22)

with which we compute the charges also given in table 13.1.

13.4

The ’t Hooft-Polyakov Ansatz

We would now like to find a solution to the equations of motion (13.12) that may correspond to a
magnetic monopole. We will approach the matter indirectly, that is we will first try to construct
finite energy solutions and then we will compute the gauge field strength tensor, hoping that we will

arrive at a magnetic field that is that of a monopole. For that, we observe that finite energy E means
that the intergral
Z
E=

d3~rH

(13.23)

exists. This, in turn, means that at spatial infinity the fields must be asymptotically in a vacuum
configuration and, more specifically, that at spatial infinity the Higgs field must be in the Higgs
vacuum asymptotically.
Moreoever, since we are looking for particle-like solutions, we expect them to be localised. As
such, these solutions cannot be invariant under translations, which, however, is not the case for the
equations of motion. In addition, the solutions cannot be invariant under P (parity) and Z (Z’s
action is similar to the one of parity but it may only change the sign of the fields and not the sign of
the position parameter) seperately (again this is not the case for the equations of motion), because
~ ·B
~ and, thus, that of the magnetic charge. However, P Z does
both P and Z reverse the sign of ∇
not reverse this sign and, consequently, we can assume that the solutions are invariant under P Z.
What about rotational symmetry? If the solution is invariant under SO(3) rotations in representation space, then the Higgs field is forced to vanish everywhere, so V (φ) 6= 0 everywhere, which
means that we cannot have a vacuum configuration asymptotically. If the solution is invariant under
SO(3) rotations in real space, then asymptotically the Higgs field is forced to be a constant function in real space and, consequently, a constant vector field in representation space. However, the
topology of the Higgs field should be more interesting than the topology of a constant configuration,
because, since we are looking for a particle-like solution, we expect to find a “lump” of energy around
the origin, which may correspond to a particle. As we will later see explicitly, this lump can only
be created if the Higgs field far away from the origin is in the Higgs vacuum in a non-trivial way:
rather than being a constant vector, its direction should change from point to point, i.e. “twists” of
the Higgs field far away from the origin are necessary for particle-like solutions.
We conclude that the solutions cannot be invariant under rotations in real (spatial) and representation (isotopic) space seperately; however, they are invariant under simultaneous and equal rotations
in real and representation space; the latter correspond to the diagonal subgroup of SO(3) × SO(3)
~ + T~ (i.e. linear combinations of the generators −i~r × ∇
~ of spatial
that has generators −i~r × ∇
~
rotations and the generators T of rotations in isospin space).
An Ansatz for a finite energy solution that respects the above symmetries, proposed independently
by ’t Hooft [7] and Polyakov [8], is the following:
ra
H(aer)
er2
rj
Wai = −εaij 2 [1 − K(aer)]
er
ra
Wa0 = 2 J(aer),
er
φa =

(13.24)

where H, K, J are arbitrary functions of aer ≡ ξ. We emphasize that the symmetries of this Ansatz
form a subgroup of the symmetries of the equations of motion. This Ansatz has the highest spherical
symmetry possible, it is time-independent and we will now further restrict ourselves to the cases in
which J = 0.
Now, if we substitute equations (13.24) into (13.23), we get
Z
λ
4πa ∞ dξ 2 dK 2 1 dH
1
E=
[ξ (
) + (ξ
− H)2 + (K 2 − 1)2 + K 2 H 2 + 2 (H 2 − ξ 2 )2 ],
(13.25)
2
e 0 ξ
dξ
2 dξ
2
4e
and if we require that this integral gives finite energy we have to impose the following boundary
conditions for K, H
ξ → 0 : H → 0 ∼ H ≤ O(ξ), K → 1 ∼ K − 1 ≤ O(ξ)

(13.26)

Figure 13.1: The hedgehog configuration of the Higgs field at spatial infinity, taken from [9].
ξ → ∞ : H/ξ → 1, K → 0.

(13.27)

The asymptotic condition H/ξ → 1 of (13.27), if substituted in the Ansatz (13.24) for the Higgs
field, gives
ra
φa = a .
(13.28)
r
This means that the index a can take values both in real and in representation space and that the
position vector (in real space) is aligned to the Higgs field vector (in representation space) at spatial
infinity. Consequently, the Higgs field at spatial infinity has a radial configuration in representation
space. This is the so-called hedgehog configuration of the Higgs field [10], given in figure 13.1 at
spatial infinity, where the “twists” of the Higgs field are explicitly shown. In fact, equation (13.28)
also tells us that, at spatial infinity, as the position vector winds around the sphere S 2 in real space
once, also the Higgs field winds around the sphere M0 in representation space precisely once.
Could the ’t Hooft-Polyakov Ansatz, together with the boundary conditions for K, H, correspond
to a magnetic monopole? To answer this question let us compute the gauge field strength tensor at
very large distances. We have that G0i
a = 0 and at leading order:
i
j
Gij
a ∼ −eεabc Wb Wc

∼ −eεabc εbik εcjl

rk rl
er2 er2

1
[δai δck − δak δci ]εcjl rk rl
4
er
1
∼ − 4 εijl ra rl
er
1
∼−
εijl rl ar̂a r
4
aer
1
∼−
εijl rl φa ,
3
aer
∼

(13.29)

where we notice that in the third equivalence the first term vanishes since the Levi-Civita symbol
is contracted with a symmetric tensor. To compute the electromagnetic field, we recall from the
analysis of the particle spectrum that the photon field is identified with Aµ = a1 φa Wµa for the Higgs
field being in the Higgs vacuum; we can, thus, argue that the electromagnetic field strength tensor
Fµν is given by
1
Fµν = φa Gaµν ,
(13.30)
a
where the Higgs field is in the Higgs vacuum. Therefore, F0i = 0, which means that the Ansatz has

no electric field, and
1
1
Fij = − φa
εijl rl φa
a aer3
1
= − 3 εijl rl ,
er

(13.31)

since φa φa = a2 in the Higgs vacuum, i.e. far away from the origin. Comparing (13.31) with
Fij = −εijk B k we conclude that the Ansatz has a magnetic field B i given by
Bi =

1 i
r,
er3

(13.32)

which is of course the magnetic field of a magnetic monopole.
• Charge
Equation (13.32) tells us that indeed the ’t Hooft-Polyakov Ansatz corresponds to a magnetic
, or
monopole with magnetic charge g = 4π
e
ge = 4π,

(13.33)

gq = 4π~.

(13.34)

or, setting q = e~:
We would like to compare equation (13.34) to the Dirac quantization condition qg = 2π~n for
the minimum electric charge. For that the Dirac quantization condition is
gq0 = 2π~n.

(13.35)

By comparing (13.34) and (13.35), we get that n = 2 for the ’t Hooft-Polyakov monopole.
However, this is not the case, because q in equation (13.34) is not in fact the minimum electric
charge. Rather, it corresponds to the coupling constant of the interaction between the gauge
field and the Higgs field, which, as we saw, is accounted for by the second term of equation
(13.4). So what is the minimum electric charge in the Georgi-Glashow model? Equation (13.22)
tells us that, due to the symmetry breaking, the electric charge is the eigenvalue of the isospin
generator (in the adjoint representation) and, thus, the minimum electric charge is qo = 21 q.
Consequently the Dirac and the ’t Hooft -Polyakov monopole yield the same quantization
condition and the latter indeed carries one unit of Dirac magnetic charge.
• Existence
To check that the proposed Ansatz is indeed a solution to the equations of motion (13.12), we
need to check that its equations of motion have a solution, or, equivalently, that the equations
of motion for H, K have a solution. By substituting the Ansatz into (13.12), we derive the
following equations of motion for the functions H and K:
d2 K
= KH 2 + K(K 2 − 1)
dξ 2
d2 H
λ
ξ 2 2 = 2K 2 H + 2 H(H 2 − ξ 2 ).
dξ
e
ξ2

(13.36)

Now, it has been shown that solutions to this system of equations, together with the boundary
conditions (13.26), exist: this was shown at first with the use of numerical calculations and was
later rigorously proven [11].

• Size

To determine the size of the ’t Hooft-Polyakov monopole, we would like to check what happens
to the functions H, K as ξ approaches infinity. In this limit equations (13.36) become
d2 K
=K
dξ 2
d2 h
2λ
= 2 h,
2
dξ
e

(13.37)

where we have set H = h + ξ. These equations have the following solutions compatible with
the boundary equations:
Mr
K ∼ e−ξ = e− ~
(13.38)
µr
H − ξ = h ∼ e− ~ .
So H and K approach their asymptotic form as the distance from the (center of the) ’t HooftPolyakov monopole approaches the Compton wavelength µ~ of the Higgs field and the Compton
wavelength M~ of the massive gauge particle of the spectrum respectively.
Moreover, far away from the monopole the Higgs field is in the Higgs vacuum and, as we will
see in the next section, all (massive) gauge fields vanish while only electromagnetism survives.
As a result, the ’t Hooft-Polyakov monopole has a finite size determined by the largest of the
above Compton wavelengths, whereas outside the monopole we expect the field configuration
to decay to the Higgs vacuum exponentially.
• Stability

As we saw, at spatial infinity the Higgs field must be in the Higgs vacuum in order to have a
finite energy solution. This defines a map from the sphere S 2 at spatial infinity (in real space)
to the sphere M0 (in the representation space where φ is defined). The number N of times
φ covers M0 as ~r covers S 2 is the so-called Brouwer degree of the map and is of course an
integer. This is a topological number that characterizes the finite energy configuration and has
the remarkable property that, as an integer, it is invariant under any continuous deformation.
This means that a finite energy configuration with N 6= 0 will never dissipate to the trivial
state with N = 0; we conclude that such a finite energy configuration, and, thus, the ’t HooftPolyakov monopole, will be stable. We will now see how this topological number N is related
to the magnetic charge of the monopole.

13.5

The topology of the monopole field configuration

Bearing in mind our remarks concerning the size and stability of the ’t Hooft-Polyakov monopole,
we can make the following reasonable assumption: any finite energy (that is not necessarily timeindependent) solution reduces to the Higgs vacuum everywhere, except from a finite number of (well
seperated and compact) regions with finite size, which are identified with monopoles. In the space
outside the monopoles, that is, in the Higgs vacuum, we can argue that (generally)
~ × ∂ µφ
~ + 1 φA
~ µ,
~µ= 1 φ
W
2
ae
a

(13.39)

~ direction (the other
~ µ in the φ
where Aµ is arbitrary, since it corresponds to the component of W
components are determined by equation (13.19) which holds in the Higgs vacuum and gives the first
term of (13.39). Using (13.39) it can be shown that
~ µν ,
~ µν = 1 φF
G
a

(13.40)

where

1 ~
~ + ∂ µ Aν − ∂ ν Aµ .
~ × ∂ ν φ)
(13.41)
φ · (∂ µ φ
a3 e
We should note that it can be easily shown that both F µν and its dual satisfy the Maxwell equations,
so outside the monopoles the theory reduces to classical electromagnetism as we remarked when
discussing the size of the ’t Hooft-Polyakov monopole [1].
Now let us compute the magnetic flux gΣ through a closed surface Σ in the Higgs vacuum whose
respective volume contains at least one monopole (otherwise the flux is zero):
Z
~ · dS
~
gΣ =
B
Σ
Z
1
= (− εijk F jk )dS i
(13.42)
2
Σ
Z
Z
1
1
i
~
~ × ∂ k φ)dS
~ · (∂ j φ
−
= 3
εijk φ
εijk (∂ j Ak − ∂ k Aj )dS i
2a e Σ
2 Σ
F µν = −

where the second term vanishes due to Stoke’s theorem. In addition, the first term gives a non-zero
~ that are tangential to
contribution only when j, k 6= i, which means that only the derivatives of φ
Σ contribute. We, thus, deduce that the magnetic charge enclosed by a surface depends only on the
values the Higgs field takes on the surface. We note that the radius of the volume that corresponds
to Σ should be much larger than the radii of the monopoles it encloses, since equation (13.39) was
derived for the Higgs vacuum.
~ of the Higgs field (for which φ·δ
~ φ
~=0
Moreover, it is straightforward to see that small variations δ φ
~ · (∂ j φ
~ × ∂ k φ)
~ [1]; hence any such
so that we still have that φ2 = a2 ) result in zero variation of φ
small variation of the Higgs field does not affect the magnetic flux. This fundamental result can
be generalized to any changes of the Higgs field which are made of infinitesimal deformations, the
so-called homotopies. Such examples of changes of the Higgs field are time development, gauge
transformations and also changes that appear as a result of continuous deformations of Σ within
the Higgs vacuum. We conclude that gΣ is time-independent, gauge invariant and remains constant
under continuous deformations of Σ.
It has been shown in [12] that the topological quantum number N which we introduced in the
previous section can be identified with
Z
1 1
i
~
~ × ∂ k φ)dS
~ · (∂ j φ
(13.43)
εijk φ
N=
4π 2a3 Σ
so that we have

4π
N,
(13.44)
e
which means that gΣ is quantized: we have arrived at the Dirac’s quantization condition using purely
topological arguments. For the ’t Hooft-Polyakov monopole we have already seen that, as the position
vector covers S 2 once, the Higgs field also covers M0 once, so N = 1 in this case, which confirms
equation (13.33).
Moreover, gΣ is additive. To see this, let us consider two monopoles, 1 and 2, enclosed in a
surface Σ, through which the magnetic flux is gΣ . Σ can be continuously deformed into two surfaces
Σ1 and Σ2 that enclose monopoles 1 and 2 respectively. Yet, as we explained before, gΣ is unchanged
under this deformation and must consequently be equal to gΣ after the deformation, which is merely
gΣ1 + gΣ2 .
gΣ =

13.5.1

A generalization

Given that the Georgi-Glashow model is not realised in nature, we will consider a more general case
in which the Lagrangian still has the form (13.2) but is now invariant under gauge transformations

(of the fields) that belong to a general gauge group G, assumed to be compact and connected. We
also assume that there is a vacuum degeneracy which causes G to spontaneously break down to H,
a subgroup of G that is assumed to be compact. M0 is again the manifold on which the φ that are
in the Higgs vacuum (which is still identified with equations (13.19), (13.20)) lie, i.e.
M0 = {φ : V (φ) = 0}.

(13.45)

In the Georgi-Glashow model G and H correspond to SO(3) and U (1) respectively and M0 is S 2 .
We note that the internal structure of the monopole is largely determined by the gauge group G,
whereas the importance of G is, in a sense, suppressed when it comes to the macroscopic properties
of the monopole (i.e. the properties of the monopole far away from its core), such as the structure
of M0 , which are largely determined by H. We will see this in more detail in section 1.8. More
advanced tools from group theory and homotopy theory will help us gain further insight into the
structure of M0 .
Elements of Group Theory and the structure of M0
• Orbit

Two points φ1 , φ2 are said to be on the same orbit if there exists an element g ∈ G such that
φ1 = R(g)φ2 ,

(13.46)

where R is a representation of the group G.
• Transitivity

We say that G acts trasitively on M0 if for every φ1 , φ2 ∈ M0 there exists a g12 ∈ G such that
φ1 = R(g12 )φ2 .

(13.47)

We will indeed assume that G acts trasitively on M0 , i.e. that M0 consists of a single orbit of
the group G. This should be expected since all Higgs vacuum states are equivalent; this degeneracy
is accounted for by the invariance of the theory under gauge transformations that belong to G. In
the Georgi-Glashow model the action of SO(3) on S 2 is transitive due to the rotational invariance
of the sphere S 2 in the three-dimensional representation space.
• Little Group

The little group Hφ of a point φ ∈ M0 consists of those elements h ∈ G for which R(h)φ = φ:
Hφ = {h ∈ G : R(h)φ = φ}.

(13.48)

For two points φ1 , φ2 in the same orbit (and both belonging to M0 ), if G acts transitively on
M0 , we have that
−1
Hφ1 = g12
Hφ2 g12 .
(13.49)
Thus, the structure of Hφ is independent of φ and can in fact be identified with the unbroken
symmetry group H we mentioned at the beginning of this section, so we have H = Hφ . H is
physically very important for the theory: its dimension (i.e. the number of unbroken generators
of G) corresponds to the number of massless gauge particles and the eigenvalues of its generators
determine the values of the physical charges.
It can been shown as in [1] that G and H determine M0 completely in a very specific way:
M0 = G/H,

(13.50)

i.e. M0 is the space of right cosets of H in G. We can think of a coset as a “shifted subgroup”;
in our case this means that we can think of M0 as a shifted H. This helps us understand equation
(13.50): M0 cannot be just H since we also have to take into account the gauge symmetry: if we
“shift” the fields (that is if we make a gauge transformation) we get all fields that belong to M0 due
to transitivity.
For example, in the case of the ’t Hooft-Polyakov monopole, we have that M0 = SO(3)/U (1).
Every vacuum state is symmetric under U (1) gauge transformations; however, different vacuum
states are related by SO(3) gauge transformations, i.e. “shifts”. This fixes completely the manifold
of degenerate vacua, which is M0 . Consequently, we could say that for a general gauge theory the
macroscopic properties of the monopole are largely determined by H: the structure of M0 depends
on G/H and not on the details of the Higgs field.
Now that we have investigated the structure of M0 , we would like to see what happens to the
gauge fields Wµ in the Higgs vacuum. For our general theory we can consider a set {T a } of hermitian
generators of G and write the gauge fields in this basis:
W µ = Waµ T a .

(13.51)

The covariant derivative can then be written as:
Dµ φ = ∂ µ φ + ieR(W µ )φ,

(13.52)

where R is again a representation of G. We remark that the gauge field has been introduced in the
above expression in order to have Dµ transform covariantly under gauge transformations.
Using the above one can easily show that in general
[Dµ , Dν ]φ = ieR(Gµν )φ,

(13.53)

a
where Gµν = Gµν
a T [1]. But in the Higgs vacuum the left hand side of (13.53) is zero due to equation
(13.19), so we have:
R(Gµν )φ = 0.
(13.54)

This tells us that all components of Gµν vanish except from those that correspond to the generators of
H. We conclude that in the Higgs vacuum, and, thus, outside the monopole, only these components
of Gµν survive: in the case of the ’t Hooft-Polyakov monopole these correspond to the electromagnetic
field. Consequently, equation (13.54) can be viewed as a generalization of equation (13.40).
Elements of Homotopy Theory and topological quantum numbers
• Homotopy, Absolute Homotopy Class

Two maps f1 , f2 : X → Y , where X, Y are topological spaces, are called homotopic if there
exists a continuous map F : X × [0, 1] → Y , called a homotopy, for which
F (x, 0) = f1 (x)
F (x, 1) = f2 (x).

(13.55)

In other words, F is the continuous deformation of f1 into f2 . Homotopy enables us to categorize
maps in equivalence classes: two maps are said to belong to the same absolute homotopy class
if and only if they are homotopic.
How can homotopy be of interest in regard to magnetic monopoles? Let us consider again the
“gas” of monopoles surrounded by the Higgs vacuum. Moreover, let us consider a closed surface
Σ in the Higgs vacuum that encloses one monopole once. As we saw in the special case of the ’t
Hooft-Polyakov monopole, the Higgs field (~r → φ(~r, t)) defines a map from Σ to M0 . As time evolves,
imagine that the monopoles move and change shape. Then, supposing that the monopoles do not

intersect, the Higgs field varies continuously so that the map Σ → M0 varies continuously; this
continuous change is precisely a homotopy, that is, the deformation (in time) of φ(~r, t1 ) into φ(~r, t2 ).
Moreover, we can regard the surface Σ and the sphere S 2 as homeomorphic, i.e. equivalent for
f2 (M0 ) the absolute homotopy class for the maps Σ → M0 or
homotopy theory. We denote by Π
f2 (M0 ) corresponds to the dimension of the sphere
equivalently for the maps S 2 → M0 . The 2 in Π
f2 (M0 ) gives a classification of the magnetic monopoles which is independent of time and of
S 2. Π
the choice of Σ and has also been shown to be gauge-invariant, see for example [1]. Consequently,
f2 (M0 ) gives rise to a topological “quantum number” analogue for our classical theory. In the case
Π
of the ’t Hooft-Polyakov monopole, we saw that the homotopy was a mapping between spheres S 2
and the homotopy classes were labeled by the winding number N (the Brouwer degree) of the map.

• Relative Homotopy Class, Homotopy Group
As the ’t Hooft-Polyakov case suggests, it is reasonable to consider homotopic maps S n → Y ,
fn (Y ) the absolute homotopy classes.
where S n is the n-dimensional sphere. We denote by Π
Then, the relative homotopy classes Πn (Y ) are homotopy classes that correspond only to maps
in which the image of one particular point of S n is kept fixed at a certain point in Y . However,
one can show that if Y is connected (which is the case for M0 because G is assumed to be
connected and acts transitively on M0 ) then Πn (Y ) does not depend on the fixed image of the
particular point.
Now, one can define a product operation in Πn (Y ) with which Πn (Y ) becomes a group, the
so-called nth homotopy group of Y . It has been shown that for a simply connected Y the
absolute and relative homotopy classes are equivalent [1]. These concepts will help us later
to understand the connection between the Dirac and the ’t Hooft-Polyakov monopole. They
will also be very important in establishing a criterion concerning the type of gauge theories in
which monopoles can appear.

13.6

The Bogomol’nyi bound

We will now show that there is a lower limit on the mass of monopoles in the Georgi-Glashow model.
This is easy to see in the center of mass frame, where the entire energy of the monopole equals its
~ ·Π
~ and V (φ) are non-negative,
mass. Starting from equation (13.17), and observing that the terms Π
we have:
1
M≥
2
1
=
2

Z

R3

Z

R3

≥ sin θ

~ i + Di φ
~i · B
~ · Di φ]
~
d3~r[E~i · E~ i + B
~ i − Di φ
~ sin θ||2 + ||B
~ cos θ||2 ] + sin θ
d ~r[||E~i − Di φ
3

Z

R3

~ · E~ i + cos θ
d3~rDi φ

Z

R3

Z

R3

~ · E~ i + cos θ
d ~rDi φ
3

Z

R3

~i
~·B
d3~rDi φ

~ i,
~·B
d3~rDi φ
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where we have introduced an arbitrary angular parameter θ that will help us arrive to the desired
result. Now we can compute:
Z

R3

~i =
~·B
d ~rDi φ
3

=

Z

d3~r(Di φ)a Bai

R3

Z

d3~r[∂i φa − eεabc Wib φc ]Bai

R3

=

Z

d

3

~r∂i (φa Bai )

R3

=

Z

~ i dSi −
~·B
φ

Σ∞

=a

Z

~ · dS
~−
B

Σ∞

= ag −

Z

−
Z

ZR

R3

Z

d3~r[φa ∂i Bai + eεabc Wib φc Bai ]

R3

d3~r[φa ∂i Bai + eεcba Wib φa Bci ]
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3

d3~rφa [∂i Bai − eεabc Wib Bci ]

d3~rφa Di Bai

R3

= ag.
In the above calculation, we performed integration by parts in going from the second to the third
line. In going from the third to the fourth line, we use Gauss’ theorem for the first term with Σ∞
being the sphere at spatial infinity and in going from the fourth to the fifth line, we deduce from
equation (13.30) (which is valid since we will integrate over Σ∞ which means that Fµν is evaluated
at very large distances) that
1~ ~
Bi = φ
· Bi .
a

(13.58)

~ i = 0.
~ jk = 0 and thus Di B
In the last step we use the Bianchi identity to show that Di ε0ijk G
In a similar manner (this time using the equations of motion instead of the Bianchi identity) we
see that
Z
~ · E~ i = aq.
d3~rDi φ
(13.59)
R3

We note that the q and g are respectively the electric and magnetic charges of a monopole-like
solution in the Georgi-Glashow model. We conclude that
M ≥ aq sin θ + ag cos θ
q
≥ ag cos θ[1 + tan θ].
g

(13.60)

We now observe that the right hand side reaches a maximum for tan θ = q/g, so:

M ≥ ag cos θ[1 +

q2
]
g2

(13.61)

but

so

p
q2 + g2
q2
a
2
2
ag cos θ[1 + 2 ] = cos θ[q + g ] p
g
g
q2 + g2
p
(q/g)2 + 1
= a cos θ[q 2 + g 2 ] p
q2 + g2
p
(tan θ)2 + 1
= a cos θ[q 2 + g 2 ] p
q2 + g2
1
= a[q 2 + g 2 ] p
q2 + g2
p
= a q2 + g2,
p
M ≥ a q2 + g2,

(13.62)

(13.63)

which is the so-called Bogomol’nyi bound for the mass of a monopole-like solution.
With this bound we can calculate the mass of the lightest ’t Hooft-Polyakov monopole. The latter
has no electric charge, so in natural units:
Mmin = a|g| =

4πa
e

4πMW
e2
MW
=
∼ 11T eV,
α
=

(13.64)

1
the fine
where we assume MW ∼ 80GeV for the mass of the vector bosons of the model and α = 137
structure constant.
This would be the right point to mention detection methods of magnetic monopoles. To begin
with, one can look for monopoles produced in accelerator experiments; the MoEDAL experiment
at CERN is designed for this purpose. However, bearing in mind equation (13.64), we expect the
mass of a magnetic monopole to be proportional to the mass of the gauge bosons also for more
realistic gauge theories, such as SU (5), than the Georgi-Glashow model, that also predict magnetic
monopoles. But for such theories the relevant new gauge bosons are expected to be heavier than the
massive gauge bosons of the Georgi-Glashow model. This means that the corresponding magnetic
monopoles would be heavier than 11TeV, which puts them beyond the current experimental energy
scale.
Moreover, one can also look for already existing monopoles in cosmic rays and in astrophysical data; examples are the IceCube and the RICE experiment. Given that inflation predicts that
magnetic monopoles are extremely scarce (for example in [13] a density ≤ 10−19 cm−3 is predicted),
such experiments are conducted with a view of determining the upper bound of the flux of the
monopoles. Currently this bound is estimated (under some assumptions) to be of the order of
10−16 − 10−18 cm−2 s−1 sr−1 [14], [15], [17].

13.7

BPS monopoles

The Bogomol’nyi-Prasad-Sommerfeld monopoles, known as BPS monopoles, are those monopole
solutions that saturate the Bogomol’nyi bound (13.63). As should be obvious from the previous
section, for the BPS monopoles the non-negative terms that we ingore in deriving the Bogomol’nyi
bound must be set to zero. We thus have
~ = 0,
D0 φ

(13.65)

and

V (φ) = 0

(13.66)

~ sin θ = 0
E~i − Di φ

(13.67)

~ i − Di φ
~ cos θ = 0.
B

(13.68)

~ i = ±Di φ.
~
B

(13.69)

If we further assume that E~i = 0 for the BPS monopoles, we conclude that sin θ = 0 but cos θ 6= 0
(so that the bound is not satisfied trivially). Consequently

We should note that equation (13.66) should be realised by taking the limit λ → 0 and not by
requiring that the Higgs field is in the Higgs vacuum everywhere. To see that this is indeed the case,
~ · Di φ
~ = 0 and thus, using
we observe that if we did require φ2 = a2 everywhere, we would get that φ
~ i = 0 everywhere, which means that the magnetic monopole
~·B
equation (13.69), we would have φ
has no magnetic charge, which of course cannot be true. However, we do impose that the Higgs field
satisfies φ2 = a2 at spatial infinity as we did before in the case of the ’t Hoof-Polyakov monopole.
It is straightforward to show that the BPS monopole satisfies the same equations of motion as
the ’t Hoof-Polyakov monopole but with λ = 0 [1]. Moreover, if we substitute the ’t Hooft-Polyakov
Ansatz into the restriction (13.69) from the BPS monopoles, we get the following system of differential
equations:
dK
= −KH
ξ
dξ
(13.70)
dH
2
ξ
= H − (K − 1),
dξ
which is just a special case of the system (13.36). Equations (13.70) admit the following solution at
the limit ξ → ∞:
H = ξ coth ξ − 1
(13.71)
ξ
.
K=
sinh ξ

13.8

Dirac, ’t Hooft-Polyakov and BPS monopoles: A Comparison

Let us begin by summarizing what we know so far. The Dirac monopole arises if we simply postulate
the existence of a point-like magnetic monopole which has, therefore, an arbitrary mass. Moreover,
~ for different regions of spacetime which
it necessitates the existence of different vector potentials A
are singular on different string-like regions, the so-called Dirac strings; this is important in order to
~ ·B
~ = 0 valid everywhere (except from the origin), which is necessary if we intend to write the
keep ∇
~ =∇
~ × A.
~ However, this last equation would unavoidably hold for different A’s
~
magnetic field as B
throughout space, since we would like to avoid having singularities in the physical domain [5], [6].
~ which are put in by hand, is precisely what gives rise to the magnetic
The existence of different A’s,
charge of the monopole.
On the other hand, the ’t Hooft-Polyakov monopole arises as a finite-energy solution in the context
of the Georgi-Glashow model; it is everywhere regular and has a calculable mass. Its magnetic
charge is a consequence of the behaviour of the Higgs field far away from the core of the monopole,
as equation (13.42) demonstrates, and it is conserved and gauge-invariant purely due to topological
reasons. Moreover, it is an extended object with an internal structure and from far away it looks
like the point-like Dirac monopole. In fact, the electromagnetic field strenth tensor of the ’t HooftPolyakov monopole (in the Higgs vacuum) is related to that of the Dirac monopole via a gauge
transformation [1].

property/monopole type
appearance
mass
size
magnetic charge
singularities

Dirac
postulated
arbitrary
point-like
“put in by hand”
yes

’t Hooft-Polyakov
solution of the E.o.M.
calculable
extended
topological
no

Table 13.2: Differences between the Dirac and the ’t Hooft-Polyakov monopoles.
In addition, both the Dirac and the ’t Hooft-Polyakov monopole result in the Dirac quantization
condition. Instead of being a mere coincidence, this is a profound topological result: it can be shown
that the homotopy groups (considered far away from the monopoles) for these two types of monopoles
are equivalent. To begin with, it can be shown that [1]:
Π2 (G/H) ' Π1 (H)G ,

(13.72)

where Π2 (G/H) is the second homotopy group of M0 which classifies the configurations of the Higgs
field at infinity (i.e. it may classify different monopoles), while Π1 (H) classifies the configurations of
the U (1) gauge fields at infinity in the case of the Dirac monopole. Π1 (H)G is the subgroup of closed
paths in Π1 (H) which may contracted to a point in G.
In the Georgi-Glashow model, we can consider the isomorphic group to the model’s gauge group
SO(3); this is SU (2) and it is simply connected. In other words, the Georgi-Glashow model has
a simply connected universal covering group, namely SU (2). Consequently, G ' SU (2) is simply
connected, so Π1 (H)G ' Π1 (H) and thus
Π2 (G/H) ' Π1 (H).

(13.73)

H − ξ = 1 + O(e−ξ ).

(13.74)

Moreover, for H = U (1) it is easy to see that Π1 (H) = Z which is not trivial, so equation (13.73)
tells us that Π2 (G/H) is not trivial. Thus, in this model topological monopoles can exist, classified
by Π2 (G/H) = Z. We have already seen the specific example of the ’t Hooft-Polyakov monopole.
Equation (13.73) tells us that far away from the ’t Hooft-Polyakov monopole, we can in a sense ignore
the non-abelian fields and instead consider only the U (1) fields that give rise to the Dirac monopole.
We conclude that, in a way, the ’t Hooft-Polyakov and the Dirac monopole are equivalent descriptions
of the same monopole from far away. Intuitively, in the case of the ’t Hooft-Polyakov monopole the
Dirac string is “smoothed out” into all other directions via SO(3) gauge transformations, which gives
the stable hedgehog configuration we have discussed.
We will now argue that this does not happen in the Standard Model for which G = SU (3) ×
SU (2)L × U (1)Y . In this model the generator Q that corresponds to the electric charge is a linear
combination of generators of SU (2)L and U (1)Y . However, Q is also the generator of H = U (1)EM of
electromagnetism. So U (1)EM is a subgroup of G, but the latter is not simply connected. This means
that not any closed path in H can be deformed to a point in G, so Π1 (H)G = 0. Equation (13.72)
tells us that Π1 (G/H) = 0, so we conclude that the Standard Model does not predict the existence
of topological monopoles. An extension of this model to a model with a larger gauge group which is
simply connected and has U (1)EM as a subgroup could admit monopole solutions with masses much
higher than that of the ’t Hooft-Polyakov monopole.
Now let us turn to the BPS monopole. If we take the limit ξ → ∞ (i.e. spatial infinity) of the
differential equation (13.70) for H, we find that the solution approaches its asymptotic form as

This approach is slower than the corresponding one in the case of the generic ’t Hooft-Polyakov
µr
monopole; the latter is just e− ~ as given by equation (13.38). This should be expected because for
the BPS monopole we have that λ → 0, which means that µ → 0: the Higgs field is now massless as
the photon and, therefore, long range. Consequently, the BPS monopole, in contrast to the generic
’t Hooft-Polyakov monopole, could be distinguished from a Dirac monopole even from far away.

• A remark on the force between BPS monopoles
Apart from the magnetic one, two BPS monopoles also experience another force which is accounted for by the massless Higgs field and which can be shown to be always attractive. Moreover,
for static monopoles this force depends on the distance between the two monopoles in the same
way as the magnetic one; it is namely proportional to 1/r2 . Using the above it can be shown that,
although two Dirac monopoles of equal magnetic charge repel each other, two static BPS monopoles
feel no net force since the magnetic force is canceled by the one accounted for by the Higgs field [16].

13.9

The Witten effect

Let us consider a general finite energy (monopole-like) solution for the Georgi-Glashow model with
electric and magnetic charge being q and g respectively, as in the derivation of the Bogomol’nyi
bound. Moreoever, let us consider the following gauge transformation (infinitesimally)
~=0
δφ
~
~ µ = 1 Dµ φ.
δW
ea

(13.75)

This means that we have considered a generalization of U (1) gauge transformations about the axis
~ (see for example [5]). Since U (1) is a subgroup of SO(3), and given that φ belongs to the adjoint
φ
representation of SO(3), a rotation of 2π around the φ axis yields the same field configuration, so it
corresponds to an identity trasnformation, i.e.
e2πiN = 1,

(13.76)

where N is the generator of these transformations and e2πiN is the corresponding group element.
Equation (13.76) tells us that N is an integer; we will use this information later. We should note
~ = 0, so the transformations (13.75) do not affect the fields
that in the Higgs vacuum we have Dµ φ
at spatial infinity.
N is also the charge that corresponds to this transformation and now we would like to compute
it using Noether’s theorem. If J µ is the corresponding conserved current, we have that (assuming
~ 0 = 0 as for the ’t Hooft-Polyakov monopole)
again W
Z
N = d3~rJ 0
Z
∂L
~
= d3~r
δW
~ i) i
∂(∂0 W
(13.77)
Z
1
3
0i
~
~ )Di φ
=−
d ~r(G
ea
Z
1
~
=
d3~rE~ i · Di φ.
ea
If we use equation (13.59), we have that

q
N= ,
(13.78)
e
which is a quantization condition since N is an integer.
Now let us see what happens to equation (13.78) when we add a specific term in the Lagrangian,
the so-called θ-term:
e2 θ
Lθ = −
∗ G~µν · G~µν ,
(13.79)
32π 2
where θ is a parameter. In fact, as we will see in the review of Instantons that follows, θ has the
properties of an angular parameter that parametrizes inequivalent vacuum states. The θ-term is

Particle
Photon
Higgs
W± boson
M± monopole

Mass
0
0
aq
ag

Charge
0
0
(±q, 0)
(0, ±g)

Table 13.3: The Particle Spectrum with BPS monopoles at λ = 0, θ = 0.
a total derivative so it can be added to the Lagrangian without affecting the equations of motion;
however, the conserved charge changes: it becomes N 0 , given by
N 0 = N + δN,

(13.80)

where we compute
Z

∂Lθ
~
δW
~ i) i
∂(∂0 W
Z
1 e2 θ
~
~ jk )Di φ
=−
d3~r(2ε0ijk G
ea 32π 2
Z
eθ
~
~ jk Di φ
=−
d3~rεijk G
16π 2 a
Z
eθ
~ i · Di φ,
~
d3~r2B
=
16π 2 a

δN =

d3~r

(13.81)

and if we use equation (13.57), we conclude that
N0 =

q egθ
+
.
e 8π 2

(13.82)

We now see that the allowed values of the electric charge of the solution, which before adding the
θ-term were
q = N e,
(13.83)
are shifted by a term proportional to the parameter θ, after we add the the θ-term:
eθ eg
2π 4π
eθ
= ne e − nm ,
2π

q = N 0e −

(13.84)

where we have set N 0 = ne and we have used the Dirac quantization condition (as derived for the
’t Hooft-Polyakov monopole) eg = 4πnm . This shift corresponds to the so-called Witten effect: a
magnetic monopole with no magnetic charge can aquire one due to the θ-term in the Lagrangian.

13.10

The Montonen-Olive conjecture and SL(2, Z) duality

In this section we will, at first, try to establish an electromagnetic duality for the Georgi-Glashow
model; we will then try to promote this to SL(2, Z) duality in the BPS limit with the addition of
the θ-term to the Lagrangian. Let us begin by considering the spectrum, given in table 13.3, of the
model with BPS monopoles (the latter have no electric charge since we have assumed E~i = 0), i.e.
λ = 0, assuming for the moment that θ = 0. We have also set q = p
e~. We notice that the masses M
of all particles of table 13.3 satisfy the Bogomol’nyi bound M ≥ a Qe 2 + Qm 2 , where
Qe = ne e, Qm = nm

4π
.
e

(13.85)

Moreover, we observe that the spectrum is invariant under the electromagnetic duality:
~ B)
~ 7→ (B,
~ −E)
~
(E,
(q, g) 7→ (g, −q).

(13.86)

This has lead to the famous Montonen-Olive conjecture: the duality transformation of the GeorgiGlashow model gives a dual theory in which the gauge bosons have become BPS monopoles. We
should note that if the coupling e of the Georgi-Glashow model is small, then, since g ∼ 1/e, the
coupling g of its dual theory is very large. This means that the duality relates two different theories:
for the one with the small coupling perturbation theory can be applied, although this is not the case
for the other. We also note that this conjecture comes with several drawbacks, some of which can
be eliminated in the context of supersymmetry [5], [6].
But what happens to the conjecture if we introduce the θ-term (13.79) in the Lagrangian of the
Georgi-Glashow model (still for λ = 0)? Is is straightforward to see that with this term we can
~ µ 7→ eW
~ µ)
rerwrite the Lagrangian as (after relabeling W
θ
4π ~ µν
1
~ · Dµ φ
~
~ µν )(G
~ µν + i ∗ G
~ µν )} + 1 Dµ φ
Im{(
+ i 2 )(G
+i∗G
32π
2π
e
2
1
1 ~
~
=−
· Dµ φ,
Im(τ G~µν · G~µν ) + Dµ φ
32π
2

L =−

where we have set

~ µν + i ∗ G
~ µν
G~µν = G

(13.87)

(13.88)

and

θ
4π
+i 2,
(13.89)
2π
e
which means that we combine e and θ into a single complex parameter τ .
Now, since θ is an angular variable, it is periodic with period 2π. Consequently, the Lagrangian
is invariant under the transformation
τ 7→ τ + 1.
(13.90)
τ=

Moreover, the electromagnetic duality (13.86) corresponds to the transformation (for θ = 0)
1
τ 7→ − .
τ

(13.91)

It has been established that (13.90) and (13.91) together generate the group SL(2, Z). This group has
as elements all 2×2 matrices with integer components a, b, c, d and unit determinant (i.e. ad−bc = 1)
that act on complex parameters as linear fractional operators. This means that SL(2, Z) determines
the transformations
aτ + b
.
(13.92)
τ 7→
cτ + d
We now suspect that SL(2, Z) transformations are symmetry transformations of the GeorgiGlashow model for arbitrary θ. In fact, one can show that SL(2, Z) transformations indeed relabel
particle states, i.e. the quantum numbers of the states, which are the electric and magnetic charges
in this case [5]; this relabeling is of course more complex than the simple (q, g) 7→ (g, −q) of the
Montonen-Olive conjecture. Moreover, one can show that the mass formula for BPS monopoles is
indeed invariant under SL(2, Z) transformations. We conclude that SL(2, Z) duality is a symmetry
of the Georgi-Glashow model that includes the θ-term and appears to be more promising in terms
of testability than the Montonen-Olive conjecture [5].
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Part I

Instantons in Quantum
Mechanics

3

Chapter 1

The Cumbersome Harmonic
Oscillator
In this chapter we shall derive the ground state energy eigenvalue for the harmonic oscillator in a cumbersome way, following very closely the presentation
of [9]. This way shall prove very useful for quantum field theory.

1.1

Path-Integral Formulation of Quantum Mechanics

A point particle of mass m ≡ 1 (in properly chosen units) moves in two spacetime
dimensions. Its position, varying with time, is described by a function x ∈ RR ,
and we further assume that the particle is under the influence of some potential
2
V [x] (t). The Lagrangian for this system is given by L [x] (t) ≡ 12 (ẋ (t)) −
V [x] (t). Let {xi , xf , ti , tf } ⊂ R.
1.1.0.1

Fact

According to Feynman’s path-integral formulation of quantum mechanics [6], if
the particle was initially at xi at time ti , the transition amplitude of the particle
to be found finally at xf at time tf –conventionally denoted by hxf , tf | xi , ti i–is
given by:
hxf , tf | xi , ti i = N
1.1.0.2

Z

{x∈RR : x(tf )=xf ∧x(ti )=xi }

( R tf

Dx exp i

ti

dtL [x] (t)
h̄

)

(1.1)

Remarks

1. N is a normalization factor which will be determined later.
2. This formulation gives a natural scale for the action, h̄. Now we can answer
what is a “large” action, whereas in classical mechanics that notion had
!
no meaning. From here on we shall choose our units such that h̄ = 1, in
order to simplify the formulas.
4

3. Usually in quantum mechanics
hxf , tf | xi , ti i
D
nthe transition
o amplitude
E
is in fact denoted by xf exp iĤ (tf − ti ) xi where Ĥ is the timeevolution operator on the Hilbert space of states of the particle (and the
various |xi’s are vectors in this space). However, the path-integral formulation was conceived exactly in order to blur the distinction between
space and time (which is impossible in the Hamiltonian formulation of
mechanics and only possible in the Lagrangian formulation of mechanics)
and so we may operate agnostically to the existence of Ĥ and proceed
dealing only with the functional L, which is now the fundamental object
of the theory.

1.2

Imaginary Time

An invaluable tool in path integral computations is the Euclidean path integral,
which is a formal analytic continuation of the path integral to complex-valued
time hxf , −itf | xi , −iti i.

1.2.1

Ground State and Energy for Large Times

1.2.1.1

Claim

limT →∞ xf , −i T2 xi , i T2 = limT →∞ e−E0 T ψ0 (xf ) ψ0∗ (xi ) where ψ0 (x) is the
wave function corresponding to the lowest lying energy eigenstate.
This is half of why it is useful to work in imaginary time.

1.2.2

Euclidean Time Path Integral

1.2.2.1

Claim

xf , −i T2 xi , i T2 = N
for any T ∈ R.
1.2.2.2

R


x∈RR : x

T
2



=xf ∧x − T2 =xi

n RT
h
io
2
Dx exp − −2T dt 12 (ẋ (t)) + V [x] (t)
2

Remarks

The effect of Euclidean time on the path integral is two fold:
1. The exponent in the path integral is now real. If we assume that min ({V [x] | x}) =
0 (and we may do that without loss of generality by choosing the energy
scale appropriately) , then the exponent is always negative, which means
we may be more optimistic about the convergence of the path integral.
2. It turns out that to calculate path-integrals it is worthwhile to investigate
the classical paths of the action first (as we shall see soon). In classical
mechanics, what we have achieved by the complex-valued time is equivalently an inverted potential: V [x] 7→ −V [x]. This identification will
help us “read off” classical paths using preexisting intutition in classical
mechanics (although now we shall employ it on inverted potentials).

5

Figure 1.1: The volume under the curve can be approximated as the sum of two
separate Gaussian integrals.

1.3

Approximating the Path Integral

n
o
RT
2
In a crude way, assume that for our problem at hand −2T dt 12 (ẋ (t)) + V [x] (t)] 
2
1 ∀ paths to be integrated on. This corresponds to the semiclassical approximation where we assume h̄ is very small compared to the action. Then it is
clear that most of the contribution to the path integral will come from those
paths which minimize the Euclidean action. This is exactly the definition of
the classical paths with potential (−V [x]). If there is only one such extremum
path for the action, which we denote
R by xcl (t) (that is, we assume that ẍcl (t) =
V 0 [x]), then we can estimate N x∈RR : x T =xf ∧x − T =xi Dx exp {−S [x]} ∼
2
2
exp {−S [xcl ]} (by using the symbol S we really mean SE –this will be true till
the end of this text).
If ∃ more than one such extremal path, then we would make a reasonable
approximation by summing over the contribution from each path, assuming
these extremum points are well separated in function space.
An analogy can be made to integrating over two Gaussians which are well
separated (see Figure 1.1).
For our V [x], the inverted harmonic oscillator, we know that there exists only
one solution to the equation of motion which has finite action (infinite action
doesn’t interest us because its contribution
would be zero anyway): xcl (t) = 0,

with boundary conditions xcl ± T2 = 0.

1.3.1

Taylor Expanding the Action


Pick some ε ∈ (0, 1). Define η (t) := 1ε [x (t) − xcl (t)], where x (t) ∈ x ∈ RR : x
is the set of paths we would be integrating over. Because xcl (t) is a solution
to the classical
 equation of motion with the same boundary conditions, we have
that η ± T2 = 0.
1.3.1.1

Claim

T
2




= xf ∧ x − T2 = xi


2 ∂ 2 V [xcl , ẋcl ] 
P
The action can be approximated as S [xcl + εη] ≈ S [xcl ]+ 12 n∈N c2n πn
+
+
T
∂x2

3
O ε where cn are expansion coefficients of εη in a complete set of eigenfunc2

d
tions of the differential operator − dt
2 +

6

∂ 2 V [xcl , ẋcl ]
.
∂x2

1.3.2

Path-Integral Approximation

1.3.2.1

Claim

0, i T2 0, −i T2 ≈

1.3.3

q

1
ω
2π sinh(ωT )

for the simple harmonic oscillator.

Ground State Energy for the Harmonic Oscillator

To get an actual expression for the energy eigenvalues, we take the limit T → ∞:
lim

T →∞



T
T
0, i
0, −i
2
2



≈

lim

T →∞

s
s

1
ω
=
2π sinh (ωT )

ω e−ωT
T →∞
π 1 − e−2ωT
r



ω
ω
1
≈
lim e− 2 T 1 + O e−2ωT
π T →∞
2
=

lim

• Comparing this result with the expression from usual quantum mechanics
r
ω
ω
2
−E0 T
we find: lim e
|ψ0 (0)| ≈
lim e− 2 T
T →∞
π T →∞
The sense in which this is an approximation is that higher order terms
on the left hand side will give us contributions from higher states of the
system (only n ∈ 2N though because for n ∈ 2N + 1, ψn (0) = 0).
r
ω
ω
2
and |ψ0 (0)| =
, which thankfully
2
π
agrees with the usual canonical quantization computation, as in [7].

• Thus we deduce that E0 =

1.4

Conclusion

In conclusion, to find the ground state energy of a system and the ground state
2
−E0 T
wave function evaluated at x = 0, we have
|ψ0 (0)| ≈
q found the formula: limT →∞ e
p
2
ω
cl , ẋcl ]
e−S[xcl ] ωπ limT →∞ e− 2 T where ω ≡ ∂ V [x
.
∂x2
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Chapter 2

The Double-Well Potential
Our setup is the same as before, however now our potential is given by V [x] =

ω2
2
2 2
where {a, ω} ⊂ (0, ∞).
8a2 x − a
ω2
In order to simplify the expressions to come, define λ := 8a
2 so that V [x] =

2
λ x2 − a2 .
This is the quartic double well potential, which we study as an archetype for
tunneling phenomena in quantum mechanics. It is a prominent example for a
system where employment of perturbation theory (for example, expansion in λ)
will not reveal tunneling, and we must use another approach to see the effect.

2.1

Computation With Usual QM Methods

The Schroedinger equation reads (if we assume m = 1 and define h̄ ≡ 1):
 2


d
2
2 2
− 2λ x − a
+ 2E ψ (x) = 0
(2.1)
dx2
2.1.0.1

Claim

The
energy eigenvalues of this differential equation are given by:
 two lowest

q


3

ω3

exp
−
E0 = ω2 1 − 2ω
πλ
12λ

q


3

ω
2ω
ω3

E1 = 2 1 +
πλ exp − 12λ


ω3
Note: E0 − E1 ∼ exp − 12λ
, which cannot be expanded in perturbation series
for small λ.

2.2

Computation With Euclidean Path Integral

Our strategy for the double-well is the same as the quantum harmonic oscillator:
find the classical paths (which minimize the action), and expand the action
around them. Finally plug this expansion into the path-integral. This means
that classical paths whose action is infinite
D will have no
E contribution to the path
−T Ĥ
integral. We shall now try to compute −a e
a (from here on referred to
8

Figure 2.1: The double well.

Figure 2.2: In Euclidean spacetime the potential is inverted.
D
E
as BC1) and a e−T Ĥ −a (from here on referred to as BC2), two transitions
which we associate with quantum tunneling.

2.2.1

The Classical Euclidean Paths of Finite Action

Because we are working in Euclidean spacetime, our potential is inverted and
we are looking for solutions for the following equation of motion:
h
i
2
ẍcl (t) = 4λ xcl (t) − a2 xcl (t)
(2.2)
2.2.1.1

Claim

 ω

The only solutions to this equation are a · tanh ± (t − T ) for all T ∈ R,
2
where the + variant corresponds to BC1 and the − variant corresponds to BC2.
2.2.1.2

Remarks

• These solutions’ boundary conditions are:
– For + version, xcl (−∞) = −a and xcl (∞) = a. This solution is
called an instanton at time T and shall be denoted from here until
the end of this chapter as IT (t).
9

Figure 2.3: An instanton at T .
– For the − version xcl (−∞) = a and xcl (∞) = −a. This solution is
called an anti-instanton at time T and shall be denoted AT (t).
• Thus they
 are only approximate solutions if our boundary conditions are
xcl ± T2 = ±a, and become precise solutions only when T → ∞.
• These solutions, which correspond to tunneling are only made possible
by the fact we are working in the Euclidean spacetime framework. In
Minkowski spacetime @ such solutions, because classically @ tunneling!

• Observe that limt→∞ (IT (t) − a) = limt→∞ −2ae−ω(t−T ) and so we can
imagine the “width” of an (anti) instanton in time is proportional ∝ ω1 . In
other words, it happens within a time window of width about ω1 centered
at T , where before and after nothing happens.
2.2.1.3

Claim




Let n ∈ 2N + 1. Let T1 ∈ − T2 , T2 , T2 ∈ T1 , T2 , . . . , Tn ∈ Tn−1 , T2 . Then


n
Y
1
a
tanh ± ω (t − Tj ) are approximate solutions to the equation of motion.
2
j=1

The + (−) variant corresponding to BC1 (BC2).
We call the solution with the plus “n instantons”, denoted by ITn1 , ..., Tn (t).
Observe that it obeys exactly the same boundary conditions as the single instanton. The solution with the minus is called “n anti-instantons”, denoted
by AnT1 , ..., Tn (t), and obeys the same boundary conditions as the single antiinstanton.

2.2.2

Features of Instanton Solutions

2.2.2.1

Claim

2
E [IT ] ≡ 12 I˙T (t) − V [IT ] = 0 and the same for AT . Thus we would see that
the instantons and anti-instantons have zero total (Euclidean) energy.

10

Figure 2.4: A 3-instanton.
2.2.2.2

Claim
3

ω
S [IT ] = S [AT ] = 12λ
(in particular, the action of instantons and anti-instantons
is independent of their parameter T !)

Define S0 :=

ω3
.
12λ

2.2.2.3 Claim




S ITn1 , ..., Tn (t) = S AnT1 , ..., Tn (t) = n S0

2.2.3

Structure of Transition Amplitude Approximation

We find that the most general classical approximate solution to the equation
of motion with either BC1 or BC2 is indexed by some
 odd integer n, together
with n consecutive numbers in the interval − T2 , T2 ⊂ R.
As we remarked in the first chapter, if we want to make an approximation
for the path integral around stationary paths, and if ∃ more than one stationary path, then in general we could approximate the path integral as a sum of
approximations around the various stationary paths.
Thus we expect
D
E
−a e−T Ĥ a
(2.3)
Z
Z
T
/2
T
/2
X


≈
dT1 . . .
dTn path integral approximation around ITn1 , ..., Tn (t)
n∈2N+1

−T /2

Tn−1

D
E
and the anti-instanton approximation for a e−T Ĥ −a .
Furthermore, by similar procedures it is clear that an even number
 of instantons or anti-instantons obey the boundary conditions of xcl ± T2 = ±a
respectively, and thus, they form an approximate solution with these boundary
conditions, and it is also clear that ±a (the constant map sitting always at either
a or −a) is an exact solution to the classicalDequations ofEmotion
D with zero acE
tion. We will use these solutions to compute a e−ĤT a or −a e−ĤT −a
respectively.
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2.3

Single Instanton Contributions

Our next step would
D be to compute
E the contribution of a single instanton (of
−T Ĥ
some given T ) to −a e
a for which we expand the action around IT .
D
E
(Or vice versa of an anti-instanton to a e−T Ĥ −a ). Using our experience
with the harmonic oscillator, we can readily write down that contribution:
D
E
−a e−T Ĥ a

n=1

o
Y n√
−1
≈ e−S[IT ] N
2πεn 2
nY o− 12
= e−S0 N 0
εn
h
i
∂ 2 V IT , I˙T

d2
− dt
2

where εn are the eigenvalues of the operator
+
.
∂x2
Next,
to
make
the
following
expressions
shorter,
define
det
(operator) :=
Q
(eigenvalues of operator). This definition is not without sense, because as
we’ve seen in the previous chapter, the product of the eigenvalues represents
the contribution to the transition amplitude of quadratic quantum fluctuations
around the classical path.
Then we can rewrite the contribution as:

D
E
−a e−T Ĥ a

n=1

=

h
i − 12




∂ 2 V IT , I˙T
2
d

e−S0 N 0 det − 2 +


dt
∂x2

n
 2
o− 12
d
2
det − dt
, as a
2 + ω

For convenience, we take the harmonic oscillator,
reference for our computations:

D
E
−a e−T Ĥ a

n=1

= e

= e

−S0

−S0

N

0

s





d2
det − 2 + ω 2
dt




 det − d2 +
− 12 

dt2









d2
 det − dt
2 +


1
ω
2π sinh (ωT ) 




2

12

∂x2

2

d
2
det − dt
2 + ω

h
i  − 1
∂ 2 V IT , I˙T
 2
∂x2

2

d
2
det − dt
2 + ω

Next, a simple calculation shows that
h
i
∂ 2 V IT , I˙T

= 4λ 3x2 − a2 x=I
2
T
∂x
2
3
ω
= ω2 − 
1

2 cosh ω (t − T )

h
i  − 1
∂ 2 V IT , I˙T
 2

2





















so we obtain finally:
D
E
−a e−T Ĥ a

n=1

= e−S0

s


 2
d
2

 det − dt
2 + ω −

1
ω
2π sinh (ωT ) 


det

2
3
 ω

2 cosh 1 ω(t−T )
2

2
d
2
− dt
2 + ω

where we have used our computation from the first chapter for the harmonic
oscillator operator determinant,
and “all” that is left for us is to compute
!
2




.

d2
3
ω2
− 2 + ω2 − 
1

dt
2 cosh ω (t − T )
2

Thus the eigenvalue equation reads:

2

!

It is clear that as ω 2 − εn > 0 we will have a discrete set of eigenvalues and when
ω 2 − εn < 0 there will be a continuous spectrum. However, with our boundary
conditions yn ± T2 = 0 the eigenvalues which are bigger than ω 2 will also be
discrete, and only when taking the limit T → ∞ they will “become” continuous.
Claim
2

d
2
⊂ {εn }n∈N , where {εn }n∈N are all the eigenvalues of − dt
−
2 + ω
2
2
3
ω
d
2
1
 2 . In particular, 0 is the lowest eigenvalue of − 2 + ω −
2 cosh ω(t−T )
dt
2

2
3
 ω

2 cosh 1 ω(t−T )
2

2.3.1

 − 12



2

2
d
3
h ω
io2
det − dt
2 +ω − 2 n
cosh 1 ω(t−T )
2

d2
2
det − dt
2 +ω

2.3.0.1
 3 2
0, 4 ω

2

2

.

Zero Modes–Collective Coordinates
−1

We are in trouble, because the first eigenvalue is 0, and we have a term (ε0 ) 2 =
1
0 in our transition amplitude.
We identify the y0 (t) eigenvector–the eigenvector corresponding to eigenvalue zero–as a “direction”
inhfunction
i  space that leaves the action invariant.

This is because

2

d
− dt
2 +

∂ 2 V IT , I˙T
∂x2

is actually

δ2 S
δη 2

where η is a quantum

variation around the classical path IT . But we know of such a “direction”
already: varying IT 7→ IT +∆T leaves the action invariant. Thus y0 must
correspond to this shift in T . Thus if IT (t) + ∆T y0 (t) ∝ IT +∆T (t) then
(t)−IT (t) ∆T →0
d
d
y0 (t) ∝ IT +∆T∆T
→ − dT
IT (t) = dt
IT (t). We must still normalR∞
2 !
ize this vector to be able to use it: −∞ dty0 (t) = 1, but this computation
2
R∞
d
we have already made, and found −∞ dt dt
IT (t) = S0 . Thus we find:
d
IT (t) .
dt
So in the path integral which we separated in chapter one into an |N| dimensional integral over coefficients corresponding to eigenvectors,
we must separate
R
the zero mode, because it is in fact not Gaussian R dc0 e0 . It is clear that c0
actually corresponds to T and so we can swap this integral with an integral over
T . This is conventionally called the introduction of a collective coordinate. This
fits well with our scheme as we already anticipated integration of the various T
parameters.
− 12

y0 (t) = (S0 )

13

yn (t) = εn yn (t) .

2.3.1.1 Claim
R
√ R
dc0 = S0 dT

2.3.2

The Remaining Eigenvalues

• Define det0 (operator) :=

Q

(eigenvalues of operator except the zero one).

Going back to our product of eigenvalues, we thus omit the zero eigenvalue and
replace it with “preparation” for integration over the zero mode:




d2

 det − dt2 +





h
i  − 1
∂ 2 V IT , I˙T
 2





∂x2

2

d
2
det − dt
2 + ω








=





d2

 det0 − dt2 +

r

S0
dT

2π




2

h
i  − 1
∂ 2 V IT , I˙T
 2
∂x2

d
2
det − dt
2 + ω











For normalization purposes we must also multiply by √12π which is what we
would have obtained from the Gaussian integral of the zero mode. Recall from
2
T →∞
d2
2
chapter one that the eigenvalues of − dt
were πn
+ ω 2 −→ ω 2 . So for
2 +ω
T
every term we don’t include in the product we should “compensate” by dividing
by ω 2 so that all together we have:

r
2.3.2.1

Claim
2





d2

det
 0 − dt2 +

S0
ωdT

2π




h
i!
∂ 2 V IT , İT

d
det0 − dt
2+
∂x2


d2
−2
ω
det − dt2 +ω 2

=

3
4

where we define D :=

2.4
2.4.1

∂x2

2

d
2
ω −2 det − dt
2 + ω

×











1
9

Notes So all together we have lim
r

h
i  − 1
∂ 2 V IT , I˙T
 2

T →∞

D
E
−a e−T Ĥ a

one-instanton

= lim

T →∞

r

6p
S0 e−S0 to make the expressions shorter.
π

Dilute Instanton Gas
Energy Eigenvalues

Because we know that a correction of one-instanton to the harmonic oscillator
entails a factor of DωdT to the transition amplitude, we may readily generalize
n
that the contribution of n instantons is (DωdT ) .

14

ω −ωT
e 2
π



DωdT

2.4.1.1

Claim
n

The contribution of an n-instanton to the transition amplitude is (Dω) dT1 . . . dTn .
2.4.1.2

Conclusion

So we may finally write:

lim

T →∞

D

−a e

−T Ĥ

E
a

n=1

=
=
=
=
=
=
=

lim

T →∞

lim

T →∞

lim

T →∞

r
r
r
r

ω −ωT
e 2
π
ω −ωT
e 2
π
ω −ωT
e 2
π

 X Z
n∈2N+1

 X


T /2

dT1 . . .

−T /2
n

(Dω)

n∈2N+1

Z

T /2

dTn [Dω]

Tn
n!

sinh [DωT ]



ω − ω T 1  DωT
2
lim
e
e
− e−DωT
T →∞
π
2
r

ω
1 ω  − ω T +DωT
lim
e 2
− e− 2 T −DωT
T →∞ 2
π
r
i
ω
1 ω h − ω (1−2D)T
lim
e 2
− e− 2 (1+2D)T
T →∞ 2
π
 q
3  #
r " ω  q 2ω3 − ω3 
3 − ω
12λ
−ω
1+ 2ω
T
1 ω − 2 1− πλ e 12λ T
2
πλ e
lim
e
−e
T →∞ 2
π

And so we find exactly the same two lowest energy eigenvalues as the ordinary
quantum mechanics techniques.

2.4.2

Symmetry of Ground State

Using exactly the same procedure, we can evaluate

D
E
a e−ĤT a . Now we

have one classical solution which is the solution x (t) = a. But as above, we also
must take into account multi-instanton approximate solutions, which take us
back and forth. However, in contrast to before, now we need an even numbered
multi-instanton.

lim

T →∞

D

a e

−ĤT

E
a

≈

lim

T →∞

n

Tn−1

r

ω −ωT
e 2
π

r

 X

n∈2N

(Dω)

n

Tn
n!


ω −ωT
= lim
e 2
cosh [DωT ]
T →∞
π
 q
 q
3 
3  #
r "
3 − ω
3 − ω
12λ
12λ
T
−ω
1+ 2ω
T
1 ω − ω2 1− 2ω
πλ e
2
πλ e
= lim
e
+e
T →∞ 2
π
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Figure 2.5: A 4-instanton. The green arrows point to instantons and red arrows
point to anti-instantons in the sequence.

2.4.3

Wave Functions

From our analysis it is also possible to extract the energy eigenfunctions: ψ0 (−a) ψ0∗ (a) =
 ω  14
p
ψ0 (a) ψ0∗ (a) = 12 ωπ =⇒ ψ0 (a) = ψ0 (−a) =
and so it is appears that
4π
the wave function for the lowest state remains symmetric after all under the
exchange of ±a.

2.4.4

Validity of Dilute Instanton Approximation

Even though we are seemingly summing over an arbitrarily large number of
instantons (and so the dilute gas approximation
should break down at some
P
n
point), in infinite sums of the form n∈N xn! , only the terms for which n < x
are non-negligible. That means for us only terms where
q √n < DωT are actually
important in the infinite sum, where we recall D ≡ π6 S0 e−S0 from before.
For the dilute gas approximation to be valid, we have assumed that instantons don’t “interact”, that is, that one instanton event is finished well before
another one starts: |Ti − Tj |  ω1 . So we must make sure this condition holds,
at least for all solutions with n < DωT . On average, we have |Ti − Tj | = Tn ,
T
1
and so, we only care about the “worst” case in which |Ti − Tj | = DωT
=D
× ω1 .
So we find that in order for this approximation to hold we need D  1, which
r r
6
ω 3 − ω3
means
e 12λ  1 . This will be true if λ  1.
π 12λ
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Chapter 3

The Periodic Well
Consider the same unit
P mass particle as before, but now under the influence of
the potential V [x] = n∈Z v (x − na) where v (x) is a single well inside − a2 , a2
and zero outside that interval
A practical example for a system that has such a potential is the sine Gordon
in QFT or just a simple pendulum in QM.
The x-values of the minima (maxima) of the potential are the set aZ.

3.1

Kronig-Penny Type Model

Using Bloch’s theorem we know that the eigenvalues of this system will be

divided into energy bands, each of which a continuum (indexed by k ∈ − πa , πa )
and that the energy eigenstates are also eigenstates of the translation operators
by aZ: T̂ ma ψk (x) ≡ ψk (x + ma) = eikma ψk (x). We shall try to obtain results
using “instanton calculus” instead.

3.2

Generic Transition Amplitude




a
ω
A single instanton
+ 1 shifts site j to site j + 1, anti2 tanh 2 (t − T ) + 2j


instantons a2 tanh − ω2 (t − T ) + 2j + 1 shift from j + 1 to j. Now an instanton is an event localized both in space and in time.

3.2.1

A sequence of single-instantons versus A single big
instanton

If we want to move from j to j + 5 we could think of two options:
1. Stringing together 5 1-instantons, j → j + 1, j + 1 → j + 2, . . . Then the
contribution is proportional to e−S0 where S0 = 5 23 a2 ω (as we computed
in the double well).



2. Taking a single 5-instanton: 5a
tanh ω2 (t − T ) + 2j + 1 contribution
2
5 
0
2
proportional to e−S0 where S00 = 23 (5a) ω. Thus this is O e−S0
! We
will only take into account stringing 1-instantons then.
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Figure 3.1: The periodic well.

Figure 3.2: In Euclidean spacetime the potential is inverted.
So if we want to go from j → j 0 we assume any sequence of 1-instantons and
anti 1-instantons are combined, just so that the number of instantons minus the
number of anti-instantons is equal j 0 − j.

3.2.2

The Transition Amplitude

If we denote our minimum sites by j for x = ja where j ∈ Z, then we can write
a transition amplitude as:
r

D
E
n X
n0
ω −ωT X
n T
n0 T
−ĤT
0
limT →∞ j e
j ≈ limT →∞
e 2
(Dω)
(Dω)
δ(j−j 0 )−(n−n0 )
π
n! 0
n0 !
n ∈N
|
{z
} n∈N
|
{z
} |
{z
}
SHO
n instantons n0 anti-instantons
What we have asserted with this statement is that we can have any number
of instantons and anti-instantons (doesn’t matter where) just as long as the total
change in position j − j 0 is equal to the total number of instantons n minus the
total number of anti-instantons Rn0 .



2π dθ iθ j−j 0 − n−n0
Next, write δ(j−j 0 )−(n−n0 ) = 0 2π
e
to get:
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lim

T →∞

D

j e−ĤT j 0

E

=
=
=

lim

T →∞

lim

T →∞

lim

T →∞

r
r
r
r

ω −ωT
e 2
π
ω −ωT
e 2
π
ω −ωT
e 2
π

X

n∈N
2π

Z

0

Z

0

n

[Dω]

2π

n0 Z 2π
Tn X
dθ iθ
n0 T
[Dω]
e
0
n! 0
n ! 0 2π

dθ iθ
e
2π



dθ iθ
e
2π



n ∈N

j−j 0

j−j




0

X 1 
n X 1 
n0
Dωe−iθ T
Dωeiθ T
=
0
n!
n!
0

n∈N

The θ-Vacuum

We can read-off the energy eigenvalues from the previous expression readily:
Eθ

=

ω
− Dω2 cos (θ)
2

This is the same result we would obtain using Bloch’s theorem. The barrier
penetration coefficient enters in D via e−S0 . This is already a “theta-vacuum”
which will be important later in gauge theory: Even though we originally formulated a tunneling between |ji and |j 0 i, it turns out that the actual vacua (by
Bloch’s theorem) have to be eigenstates of of the
P translation operator, and so,
as we found, it is more natural to write |θi := n e−inθ |ni. Then
T̂ ma |θi =
=

X
n

X
n

e−inaθ T̂ ma |ni

e−inaθ |n + mi

= eimaθ |θi
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n ∈N





exp Dωe−iθ T exp Dωeiθ T

 Z 2π
ω −ωT
dθ iθ j−j 0 
= lim
e 2
e
exp [Dω2 cos (θ) T ]
T →∞
π
2π
0
r
Z 2π
h ω
i
ω
dθ iθ j−j 0 
=
lim
e
exp − (1 − 4D cos (θ)) T
π T →∞ 0 2π
2

3.2.3



j−j 0 − n−n0

Part II

Instantons in Quantum Field
Theory
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Chapter 4

Pure Yang-Mills Theory
In this chapter we finally get to field theory, in which the main goal will be to
show that the vacuum has such a structure as to effectively add a CP-violating
term to the Lagrangian. We follow the presentation in [3].

4.1
4.1.1

Gauge Theory
Gauge Groups and their Corresponding Lie Algebras
N

a
Let G be a compact Lie group, called the gauge group. Let
}a=1
 {T
 be the
a
generators of its corresponding Lie algebra g. Thus we have T , T b = f abc T c
where f abc are called the structure constants of g and we employ the Einstein
summation convention on the group indices (despite all group indices being
superscript). For SU (2) for example, f abc ≡ εabc , the totally anti-symmetric
tensor. If G is Abelian, for instance, for U (1), the structure constants are
f abc ≡ 0.

We pick a representation of g in which tr T a T b ∼ δ ab . For example, for
a
a
SU (2), T a = −i σ2 where σ a are the Pauli matrices. For SU (3), T a = −i λ2
where λa are the Gell-Mann matrices.

4.1.1.1

Definition

Define the
 Cartan inner product between two generators so that we would have
T a , T b := δ ab .
4.1.1.2

Claim

4.1.2

Gauge Fields



For SU (2) in the representation of su (2) specified above, T a , T b = −2tr T a T b .
N

Consider a field theory of N real vector fields, {Aµ a }a=1 , where N is the dimension of g above. Because we are interested in instanton solutions, we will work
exclusively in Euclidean spacetime. Thus all spacetime indices, still in Greek
letters, will be subscript, yet Einstein summation convention is still in effect.
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For convenience work instead with one matrix-valued vector field Aµ :=
gAµ a T a where g ∈ R is a coupling constant. So Aµ takes values in g. Define
the field-strength tensor Fµν := ∂[µ Aν] + A[µ Aν] .
4.1.2.1

Note on Abelian Groups

If G = U (1), this is the electromagnetic field-strength tensor because U (1) is
Abelian and for Abelian groups [Aµ , Aν ] = 0.
4.1.2.2

The Action

R
Assume that the (Euclidean) action for this theory is given by S [Aµ ] = 4g12 R4 d4 x (Fµν , Fµν ).
This is a reasonable assumption (that is, this is the most generic term to put in
the action) taking into consideration certain constraints:
• Lorentz invariance.
• Gauge invariance (to be verified later on).
• The need for renormalizability (that is, we need the mass dimension of
this term to obey a certain constraint).
• Naively assuming CP invariance of the theory (this will turn out to be a
misguided assumption, and as a result, we will add another term to the
Lagrangian).
Note: because we are in Euclidean spacetime, there is no distinction between
lower and upper spacetime indices.

4.1.3

Gauge Transformations

Define a local gauge transformation as the following map on Aµ : Aµ 7→ V Aµ V −1 + V ∂µ V −1
for any V ∈ GR (here V is function of spacetime, and should really be written
V (x), but this is not explicit in the notation in order to keep the expressions in
manageable size).
4

4.1.3.1

Claim

Under such a map, Fµν 7→ V Fµν V −1 .
4.1.3.2

Claim

The action we defined above is gauge invariant

4.1.4

The Covariant Derivative

Define a covariant derivative for Fµν by Dλ Fµν := ∂λ Fµν + [Aλ , Fµν ].
4.1.4.1

Note

This reduces to the ordinary derivative when G is Abelian, because we have
[Aλ , Fµν ] = 0.
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4.1.4.2

Claim

Then the equation of motion stemming from the action defined above is given
by Dµ Fµν = 0 (which is a generalized inhomogeneous source-free Maxwell’s
equation.)
4.1.4.3

Note about Abelian Groups

When G is Abelian, [Aν , Fµν ] = 0 and the solution is Aµ = 0. In the nonAbelian case, this equation is non-linear and non-trivial solutions may exist.

4.2

Finite Action

Just as for quantum mechanics, now for gauge field theory we are interested in
the lowest energy eigenvalues. Thus we want to compute a path-integral. As
we’ve seen in the case of quantum mechanics, it is thus worthwhile to know the
classical solutions to the equations of motion and approximate the path-integral
about those solutions.
Something that was implicit above should now be made clear: for this type
of approximation (semi-classical approximation), classical solutions which have
an infinite value for their corresponding action are not important, because their
contribution to the path-integral is proportional to e−S[sol.] (however, in general,
it is actually the solutions with finite action which form a set of measure zero
in the space of all functions (and so should not contribute to the integral), and
only gain significance in the context of the semi-classical approximation.)
4.2.0.4

Claim

In four spacetime dimensions if S < ∞ then Fµν must decrease more rapidly
than |x|1 2 .

4.2.1

Field Configurations of Finite Action

So we are interested in such field configurations so that in some series expansion
of limr→∞ F in powers of 1r , the first term in F is r13 . Naively, this means that
in some series expansion of limr→∞ A in powers of 1r , the first term in A is r12 ,
because F ∝ ∂µ A ∝ r13 .
4.2.1.1

Pure Gauge Configurations

However, it turns out that there is another possibility, which is more interesting.
F could also be zero if A is some gauge transformation of zero (such a configu4
ration is called a pure gauge). That is, Aµ = V ∂µ V −1 for some V (x) ∈ GR .
4.2.1.2

Claim

If A is a pure gauge then F = 0.

23

Conclusion Thus for finite action
so that

we need such fields configurations
!
1
−1
R4
lim|x|→∞ Aµ = V ∂µ V
+ O |x|2 for some V (x) ∈ G . However, be-

cause in this expression V is only evaluated for |x| → ∞, we can conve3
4
niently think of V (x) ∈ GS instead of V (x) ∈ GR , where S 3 , mathematically the 4-dimensional sphere with radius one, is for us homeomorphic to the
4-dimensional sphere with radius infinity. So every finite action field config3
uration is associated with an element V (x) ∈ GS . But if two pure gauge
field configurations are in the same gauge orbit, their corresponding V is not
the same. That is, V , which characterizes a field configuration, is not gauge
invariant.
4.2.1.3

Claim

Gauge transforming a pure gauge field configuration V ∂µ V −1 with U ∈ G transforms V into U V .
Conclusion Thus effectively we have V 7→ U V instead of V 7→ V , which is
what we would expect from a gauge invariant object.
4.2.1.4

Claim

It is not possible, in general, to “gauge away” any pure gauge field configuration
to zero by picking U |r=∞ = V −1 r=∞ , thereby arranging that Aµ = 1∂µ 1−1 =
0.
Conclusion Even though we found V 7→ U V instead of V 7→ V , U must be
continously deformable to 1 and so: V and U V are continuously deformable
into one another.
As a result, we find that the gauge-invariant object associated with Aµ =
3
V ∂µ V −1 is not V (x) per se but the class of all elements of GS which are
continuously deformable into V (x).

4.3

Homotopy

Two maps that are continuously deformable into one another are homotopic. So
to classify the gauge-invariant objects associated with finite-action field config3
urations, we need to find all homotopy classes in GS . We also specialize to the
case G = SU (2) and so g = su (2).
4.3.0.5

Claim

SU (2) ' S 3
Conclusion Using this homeomorphism we only need to think of homotopy
S 3
S3
classification of maps in S 3
instead of SU (2) , which is more convenient.

24

4.3.1

Third Homotopy Group of SU (2) and the Winding
Number

The classifications of all maps S 3 → S 3 belongs in the field of algebraic topology
[4]. For topologists, one main goal is to classify the spaces which constitute the
range of these maps. Thus, in very crude terms, they decide if the topological
spaces A and B are equivalent if the set of maps S n → A is “equivalent” to the
set of maps S n → B for some n ∈ N, where S n is the n-sphere in Rn . It turns
out that these sets of maps (or rather equivalence classes of them–homotopy
classes) form the mathematical structure of a group. This group is called the
n-th homotopy group of a space. In order to decide if two groups are equivalent
we have at our disposal the notion of group isomorphism. Algebraic topologists
can then very clearly rule that A and B are not equivalent (homeomorphic, in
topological jargon) if the corresponding n-th homotopy groups are not isomorphic (the converse is not in general true).
For our current purposes, the distinction between two topological spaces is
not so important, but rather a “by product” of the hard work that algebraic
topologists have made: the construction of the homotopy group. In order to
give the n-th homotopy group the structure of a group, an equivalence relation
n
is defined on the set of maps S n → A. Two maps {f, g} ⊂ AS are equivalent
n
[0, 1]×S n
iff ∃ a point x ∈ S and a continuous map h ∈ A
, called a homotopy
between f and g, such that:
1. h (0, −) = f (−)
2. h (1, −) = g (−)
3. h (−, x) = f (x) = g (x) for some x ∈ S n .
That is, h can be thought of as a continuous deformation or interpolation between the “path” f to the “path” g, where all the deformations are based at
n
f (x) = g (x). The group of classes of maps in AS which have a homotopy
between them is denoted by πn (A). The law of composition on this group is
defined in a natural way by concatenating two paths (and taking the equivalence class of that), the identity is the constant path at a point (or all paths
equivalent to that), and inverses are paths that go in reverse direction. Thus
it is clear that, for instance, if π1 (A) ' {0}, that is, the trivial group, then all
paths are homotopic to the constant point. What that means is that all paths
can be continuously contracted into one point (or rather, a path that just goes
through one point for its range). This is not always possible, but when it is, the
space is called simply connected.

Back to our matter at hand, we are interested in computing π3 S 3 .
4.3.1.1 Claim

π3 S 3 ' Z.

Conclusion This integer in Z represents the number of times the 3-sphere
wraps around itself (negative values for opposite orientation).
So the finite-action field configurations are “indexed” by Z, in the sense that
each Aµ obtains a label from Z and iff two finite-action field configurations have
the same label they are homotopic.
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This label is conventionally called the winding number of an element of

S

 3
3 S

.

4.3.2

Standard Mappings of Integer Winding Numbers

Define the following reference maps which will serve us later:
(0)

1. B (x)

:= 1

q
(1)
2
2
2
2
1
2. B (x) := |x|
(x4 1 + i~x · ~σ ) where |x| ≡ (x4 ) + (x1 ) + (x2 ) + (x3 ) .
Observe how in this definition the group indices and the spacetime indices
are mixed.
h
iν
(ν)
(1)
3. B (x) := B (x)
for any ν ∈ Z.
4.3.2.1

Claim
(1)

Using the homeomorphism we established between SU (2) ' S 3 , B (x)
actually the identity mapping between S
4.3.2.2

Claim

(ν)

∈ SU (2)

B (x)

S3

3 B(x)

(1)

→

is

SU (2) ' S 3 .

for all ν ∈ Z.

Note With these standard mappings we can construct finite-action field configurations of arbitrary winding numbers.

4.3.3

Topological Charge

4.3.3.1

Definition

Define the Cartan-Maurer Integral Invariant,
ν [V (x)] :=

1
48π 2

Z

dθ1 dθ2 dθ3

S3

3
X

i,j,k=1





∂ −1
∂ −1
∂ −1
εijk V
V ,V
V
V
V
∂θi
∂θj
∂θk

S3

∀ V (x) ∈ SU (2) where θ1 , θ2 and θ3 are angles that parametrize S 3 and ( , )
is the Cartan inner product.
4.3.3.2

Claim

The definition does not depend on a particular choice of parametrization
4.3.3.3

Example

In particular, for the representation we chose of SU (2) we have:
1
ν [V (x)] = −
24π 2

Z

0

π

dθ1

Z

0

π

dθ2

Z

2π

0
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dθ3 εijk tr V ∂i V −1 V ∂j V −1 V ∂k V −1

4.3.3.4

Claim
h
i
ν [V (x)] = ν Ṽ (x) if V (x) is homotopic to Ṽ (x).
4.3.3.5 Claim
h
i
(1)
ν B (x)
=1
4.3.3.6

Claim
3

ν [U (x) V (x)] = ν [U (x)] + ν [V (x)] for any {U (x) , V (x)} ⊂ GS .
h
i
(n)
Conclusion Then we have ν B (x)
= n ∀n ∈ Z. This follows from the

fact
the winding
number of a constant map is clearly zero, so 0 = ν [1] =
h that−1
i








(1)
(1)
ν B
B
≡ ν B (−1) B (1) = ν B (−1) + ν B (1) so ν B (−1) = −1.
Then we can get all the other integers using the above formula.
4.3.3.7
B (x)

(n1 )

4.3.3.8

Claim
is homotopic to B (x)

(n2 )

iff n1 = n2 .

Claim
S3

∀ V (x) ∈ SU (2)

∃ n ∈ Z such that B (x)

(n)

is homotopic to V (x).

4.3.3.9

Claim


R
1
4
ν [V (x)] = 32π
d
x
F,
F̃
where F̃µν ≡ 12 εµνλσ Fλσ is the Hodge dual of
2
4
R
Fµν , and F is a field strength associated with some field configuration such that
at r → ∞, Aµ = V ∂µ V −1 .
Note This formula is important because it gives us a way to compute the
winding number of a field configuration rather than of a gauge group element
which corresponds to a pure gauge field configuration. With this formula at
hand, we can compute the winding number for any field configuration. For
finite action field configurations, we are guaranteed the result would be some
integer.

4.3.4

The Bogomol’nyi Bound and (anti-) Self Dual Field
Strengths

4.3.4.1

Claim

S [Aµ ] ≥

8π 2
g2

|ν [Aµ ]| and equality is obtained when Fµν = ±F̃µν .
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4.3.4.2

Conclusion

We conclude that if we found such field configurations for which Fµν = ±F̃µν ,
they would actually solve the equations of motion, because such configurations
indeed extremize the action. This is good because this equation is a first order
differential equation compared with the second order EoM. We also know what is
8π 2
the value of the action when it is minimal: S0 := 2 (for nontrivial solutions).
g

4.4

The BPST Instanton

In 1975 Belavin, Polyakov, Schwarz and Tyupkin suggested the following solution to the (anti-) self-dual field strength equation in [2].
4.4.0.3

Claim

The following family of field strengths, parametrized by ρ ∈ R:
2

Aµ
(1)

whereB (x)

=
R4

∈ SU (2)

|x|
2

|x| + ρ2

B (x)

(1)

∂µ

h

(1)

B (x)

i−1 

is as defined above, fulfill the anti-self-dual condition.

Notes
• This solution is called the BPST instanton (of winding number 1).
• Since [2] has been published, solutions of higher winding number to the
self-dual equation have been found, but they are not so useful in finding the
vacua structure as explained in the discussion of the periodic well detailing
the difference between 5 single-instantons versus one 5-instanton. Further
discussion can be found in [3].
• ρ is called the size of the instanton. The existence of solutions of arbitrary
sizes is a necessary consequence of the scale invariance of the classical field
theory.
(1)

(−1)

• Anti-instanton is obtained by replacing B (x) with B (x)
. The antiinstanton will fulfill the self-dual condition whereas the instanton fulfills
the self-dual condition.
• Observe how in the limit |x| → ∞, this solution is indeed a pure gauge,
and as we computed already (using the formula for the winding number
in terms of F (which is in turn given in terms of A)), its winding number
is thus exactly 1.
• We shall denote these solutions as Ainst, ρ, µ (x).
• We can also define a shifted instanton as Ainst, ρ, x0 , µ (x) := Ainst, ρ, µ (x − x0 )
which we can think of as merely having a “center” in spacetime at x0 instead of 0.
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4.4.1

Collective Coordinates

In the double well, we had one “collective coordinate”, T , a parameter of the instanton solution which the action was invariant under. It was crucial to identify
that coordinate in order to compute the path integral. In our case, there are 8
different collective coordinates for the instanton solutions we have just found.
4.4.1.1

Claim

S [Ainst, ρ1 , µ ] = S [Ainst, ρ2 , µ ] (scale invariance). This gives us 1 collective coordinate.
Note The classical Yang-Mills Lagrangian is scale-invariant, as @ a dimensionful parameter.
4.4.1.2

Claim

S [Ainst, ρ, x0 , µ ] = S [Ainst, ρ, µ ] for all x0 ∈ R4 (translation invariance). This
gives us 4 collective coordinates.
4.4.1.3

Claim

The action is invariant a global SU (2) gauge transformation on Ainst, ρ, x0 µ .
This gives us 3 collective coordinates (as many as there are generators of SU (2)).
4.4.1.4

Claim

@ other invariants for the action (via an index theorem by Atiyah, Ward in [1]
which determines the dimension of the modulo space of SU (2) as exactly 8).
4.4.1.5

Conclusion

As before, we would need to integrate over these coordinates directly, when
computing the contribution of these solutions to the path integral.

4.5

Finding the Vacuum
!

Following [3],we work in an axial gauge, in which A3 = 0. (Then the pathintegral formulation is equivalent to the canonical quantization, and there is no
need for ghost fields or extra conditions on the space of states.)
We work in a spacetime box of spatial volume V from time − T2 to time
T
2 . Eventually we will send V → ∞ and T → ∞. We employ boundary
conditions on the three-dimensional boundary of the box at times ± T2 such that
the tangential term (to the surface of the box) of Aµ is constant. Then the
surface term of δS will be zero.
This constant, however, is not arbitrary. It must obey the following conditions to maintain consistency:
!

1. A3 = 0 gauge must be respected.
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2. At infinity we should have finite-action field configurations. Since only
the tangential component of Aµ determines the winding number (...), this
means that spacetime will be filled with field configurations of a definite
winding number.
As V → ∞, the definiteness of the winding number (which follows from the
finiteness of the action) is the only specific feature that remains of the boundary
conditions. So in the path-integral we can forget about the boundary conditions
and simply add a delta function for field configurations that have a definite
integer winding number. In this way we will clearly obtain only finite action
field configurations:
R
P (V, T, n) := N DA1 DA2 DA4 e−S[Aµ ] δ (n − ν [Aµ ]) for some n ∈ Z.
4.5.0.6

Claim

For large T1 and T2 , P (V, T1 + T2 , n) =

4.5.1

The θ-Vacua

P

n1 +n2 =n

P (V, T1 , n1 ) P (V, T2 , n2 )

This composition law is not what we would expect from a transition matrix
element that has a contribution from only a single energy eigenstate. In order
to get the composition law we want, e−Ei (T1 +T2 ) , we make a Fourier transform
of P (V, T, n):
P̃ (V, T, θ)

:=

X

einθ P (V, T, n)

n∈Z

=

N

Z

DAµ e−S[Aµ ] eiν[Aµ ]θ

As a result of the previous composition law now we have
D P̃ (V,
E T1 + T2 , θ) =
−ĤT
P̃ (V, T1 , θ) P̃ (V, T2 , θ). So P̃ must be proportional to e
in some energy
eigenstate. We naturally label these eigenstates with θ and as before call them
the θ-vacua:
Z
D
E
−ĤT
0
θ e
θ =N
DAµ e−S[Aµ ] eiν[Aµ ]θ

(4.1)

The conclusion is that our theory is split into disconnected sectors labelled by θ,
each with its own vacuum. Naively, we could have obtained the same result by
merely postulating
an extra term in the Lagrangian proportional to ν [Aµ ] ∼

R 4
d x F, F̃ . This term was, in fact, only rejected to begin with because it


~ ·B
~ and B
~ doesn’t change sign under P ), but otherwise
violates CP ( F, F̃ ∼ E
R 4
it is just as good as d x (F, F ). In addition, we found it is a total divergence,
and so should have no effect on the EoMs. But there seems to be an effect to it
none the less, which is not classical.
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4.5.2

Dilute Instanton Gas

Just as in the periodic well, we build approximate solutions which consist of n
instantons and n0 anti-instantons, where their centers x0 are integrated over.
We then sum over all such possible configurations:
D
E
θ e−ĤT θ

∝
=
2

X

(n, n0 )∈N2


n 1 

n0 i
1 
Ke−S0 V T
Ke−S0 V T
e
0
n!
n!


n−n0 θ


exp 2KV T e−S0 cos (θ)

where S0 = 8π
g 2 , V is volume and K is some constant which can be computed
by calculating the infinite product of eigenvalues of a corresponding differential
operator (see [9]). In general K will contain an infrared “embarrassment”–a
divergence–but fortunately it only diverges when we assume our approximation
is not valid. From this we can read off the energy of |θi:
E (θ)
= −2Ke−S0 cos (θ)
V
Because the energy and also the vacuum expectation value depend non-trivially
on θ we must conclude that all the θ states are in fact distinct!

4.5.3

Other Gauge Groups

4.5.3.1

Claim

Every simple Lie group contains a subgroup isomorphic to SU (2).


a b 0
• For example,  c d 0 is a general element of such a subgroup of SU (3)
0 0 1


a b
where
∈ SU (2).
c d
4.5.3.2

Notes

∃ a theorem due to Raoul Bott saying that if G is any simple Lie group, H ≤ G
3
such that H ' SU (2), then any element of GS is homotopic with some element
3
of H S . Then we can consider the same BPST solutions we have considered
where Aµ = a · Aµ (H) + b · Aµ (G\H) and we would take b = 0.

• For example, for SU (3), which has 8 gauge fields, the following is an
instanton solution: three of the fields are just as the SU (2) instanton,
and the remaining five are zero.
• This is the only instanton solution of SU (3) with winding number 1.

• Then there would be 12, and not 8 collective coordinates (the action is
invariant under a global SU (3) transformation, so 8 coordinates instead
of the 3 of SU (2), but one of the generators commutes with SU (2), so
we are left with total of 7 collective coordinates from the global SU (3)
transformation)
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Chapter 5

The Strong CP Probelm
As we have seen,the instanton solution effectively creates a θ term proportional
R
to θ d4 x F, F̃ in the Lagrangian, which, if θ 6= 0, violates CP .
Using the CP T theorem we conclude that T is violated.
According to experimental measurements using the electric dipole moment
m2
of the neutron (dn ≈ θe m2π ), the amount of T violation corresponds to θ < 10−5
n
([10]) or even θ < 10−9 . This raises a fine-tuning question, which is known as
the strong CP problem. To explain this fine tuning we need to go beyond the
standard model.
One couldn’t just throw away the instanton concept, because it does solve the
U (1) problem: The non-observation in experiments of a U (1) axial symmetry
which is expected in QCD. It was thought to come from spontaneous symmetry
breaking, but no corresponding Goldstone Boson was found. Finally it was
explained by ’t Hooft in [8] that this symmetry is anomalous and the instanton
solution fits perfectly to explain how. So we definitely need the instantons.

5.1

Peccei–Quinn theory

Following [5], ∃ three approaches to explaining the value of θ:
1. Unconventional dynamics.
2. Spontaneously broken CP .
3. An additional chiral symmetry.
Peccei employs the third approach.
This chiral symmetry can arise from assuming mu = 0 (up quark) which is
inconsistent with experimental data. But if that were the case, we could perform
a global chiral rotation ψf 7→ eiαf γ5 ψf .nThe change in the
patho
integral measure
R 4 
ig 2
introduces a term proportional to exp − 16π2 αf d x F, F̃ . So by picking
αf properly we could eliminate the θ term that comes from the instantons.
However, as has been said, when we do this, we introduce a phase to the mass
of the f Fermion, mf 7→ e−iαf mf . This could have only worked if we had one
quark which is massless.
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Alternatively the chiral symmetry can arise from an additional global U (1)
chiral symmetry, U (1)P Q . This symmetry is then to be spontaneously broken.
Its introduction into the theory replaces the static θ term in the effective Lagrangian with a dynamical CP conserving field which has come to be known as
the axion–the Goldstone Boson of the broken U (1)P Q symmetry. This symmetry could not have been exact because the axion cannot be exactly massless.
Thus the θ-term in our Lagrangian becomes:
L

=

a



θ 
1
µ
M +θ
F,
F̃
→
7
(∂
a)
(∂
a)
+
F,
F̃
µ
32π 2
2
32π 2

where a is the dynamical axion field and M is the mass scale at which it appears.
Then by an opportune shift in the axion field a 7→ a − θM we can get rid of the
θ term. If the axion is very light (∼ 1eV ), the cut-off scale at which it appears
is very low.
We can also add interaction terms for the axion with the quarks, for instance, for the up quark, a term of the form −i fMu (∂µ a) ūγ5 γ µ u where fu is
the coupling constant for the interaction. Following the very same procedure
of chiral perturbation theory we can construct an effective Lagrangian for the
pion-axion interaction.
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Chapter 15
The Higgs Mechanism
Author: Juanfernando Angel
Supervisor: Oscar Åkerlund

In this report the Higgs mechanism will be derived from a combination of spontaneous symmetry breaking and Yang-Mills theory as a formalism to give mass to
massless vector gauge bosons. Several simple theories will be discussed and finally
the mechanism will be applied to Electroweak Theory. This last step will focus on
giving masses only to the weak vector bosons while keeping the photon massless.

15.1

Introduction and Tools

15.1.1

Introduction

A great achievement in particle physics was to introduce Yang-Mills as a framework to derive interacting theories out of symmetries. The interactions given by this method are mediated by massless
vector bosons. Allthough Yang-Mills theory was very successful for quantum electrodynamics, it
failed when applied to a description of weak interactions. A field mediated by massless bosons should
have an infinite range, and observations of processes involving weak interaction clearly showed otherwise. Also the strength of the weak force, which is orders of magnitude lower than that of quantum
electrodynamics, showed that something was wrong. Since force and range of a theory both depend
on the masses of the mediating bosons it was a natural idea to try to give the weak bosons masses.
This, however, is not a simple task since when done naively, for example by just adding mass terms
to the Lagrangian, it destroys some fundamental features of the theory such as gauge invariance.
The problem was finally solved in the 1960’s by the Higgs mechanism and, trying to stay as
down-to-earth as possible, we will go through all the steps that were needed to finally do so and give
masses to the weak gauge bosons.

15.1.2

Spontaneous Symmetry Breaking

Let L be the Lagrangian of complex scalar field theory given by
1
L := |∂µ φ|2 − V (φ).
2
1

(15.1)

We can for first considerations just pick a standard φ4 potential:
λ
V (φ) := m2 φ∗ φ + (φ∗ φ)2 ,
2

m2 > 0.

(15.2)

First of all it can be easily seen that the theory has a global U (1)-Symmetry given by φ 7−→ eiα φ.

Figure 15.1: Symmetry breaking potential defined in eq. (1.3) [1].
If we further define the vacuum as the lowest energy state, i.e. the minimum of the potential, we see
that the theory has a stable vacuum located at the trivial field configuration φ = 0. The standard
way of treating such an interacting theory involves applying perturbation theory around the vacuum
and interpreting the different parts of the arising expansion in terms of Feynman diagrams. Since
the vacuum being a global and stable minimum such an expansion at least seems to be a sensible
idea.
In order to make the theory more interesting we can change the sign of the mass and consider the
following potential:
λ
(15.3)
V (φ) := −µ2 φ∗ φ + (φ∗ φ)2 , µ2 > 0.
2
The first and most important thing that can be noted is that the former global minimum becomes
a local maximum. This new potential now contains a continuous amount of global minima located
2
on the circle defined by |φ| = µλ . Taking our definition of the vacuum we conclude that there is a
q
2
continuous amount of equivalent vacua located at φ0 = µλ and points related by U (1)-symmetry,
i.e. by rotations of the complex plane. In other words: The new vacuum consists of a non-trivial
field configuration.
The next observation we can make is that while with the former potential it made sense to apply
perturbation theory around φ = 0, this field configuration has now become unstable and a small
perturbation will make it ”fall” into one of the new vacua. Since all vacua are related by a simple
coordinate transformation we can just assume that the vacuum the theory ”falls” into points along
the real axis. With this new choice of vacuum and the knowledge that it is stable under small
perturbations along the radial direction and changes into equivalent vacua under small tangential
perturbations we can expand φ around φ0 and see where this leads us. We thus express φ as
1
φ(x) := φ0 + √ (φ1 (x) + iφ2 (x)),
2

(15.4)

where φ1 and φ2 are both real fields. Plugging this into the potential (1.3) and simplifying we get
λ
λ
V (φ) = µ2 φ21 + φ41 + φ42 +
8
8

r

µ2 λ 3
φ +
2 1

r

µ2 λ
φ1 φ22 ( + constant ).
2

(15.5)

Before analyzing this expression let’s recapitulate: We had an expression for V and naively thought
looking at the resulting theory through perturbations around an empty (φ = 0) vacuum would lead to
sensible results. A quick analysis showed that the potential was unstable under small perturbations,
so it wouldn’t be wise to expect good results with this method. Noting this we found a continuous
amount of non-trivial vacua that were stable and changed our point of view of the potential to be
centered around one of this vacua.
From this point of view several aspects of the theory that were hidden become manifest. First we note
that tere are also cubic interactions in addition to the quartic ones. Secondly it becomes apparent
that the mass term is restricted to only one of the field components, while the other becomes massless.
Lastly we see that in contrast to the first expression for the potential (1.3) the mass term appears
with the right sign.
Now let’s take a look at the symmetry. The theory in its original form (1.3) had a manifest global
U (1)-symmetry. If we however take a look at (1.5) we see that, since a complex rotation has to mix
the real and imaginary parts of the field, this is no longer the case: The symmetry has been broken.
We conclude this section by noting some general facts about spontaneous symmetry breaking that
could be observed in the example previously discussed:
• Goldstone’s Theorem states that for every broken symmetry in the theory there is a massless
boson called the Goldstone boson. In this cased there was a broken (one dimensional) U (1)symmetry, so we got one massless Goldstone boson: φ2 .
• By picking a suitable point of view of the potential several new interactions are unveiled that
were formerly hidden. It is thus possible for the theory to become more intricate after symmetry breaking.
We can now continue to review the second ingredient needed to formulate the Higgs mechanism.

15.1.3

Yang-Mills Theory

The Idea of Yang-Mills theory can be quickly summarized as follows:
We will start with a free theory given by a Lagrangian that has a global symmetry. We will promote
the global symmetry to a local one. In doing so we will encounter some trouble and will be forced
to introduce new fields turning the former free theory into an interacting one. After introducing
adequate kinetic terms for the newly added fields we will end up with a complete interacting theory
invariant under a local symmetry group. Let’s go through two examples.
Yang-Mills Theory for SU (2)
 
ψ1
Let ψ :=
be a two component Dirac-field. A free Lagrangian φ is given by
ψ2

L = ψ i∂/ − m ψ.

The two fields ψ1 and ψ2 can be transformed into each-other by SU (2)-transformations:

ψ 7−→ exp iαi τ i ψ,
k

(15.6)

(15.7)

where τ k := σ2 and the σ k are the Pauli-matrices. It can be easily shown that this transformations
are a global symmetry of the theory. As mentioned before, we now want to turn this global symmetry
into a local one. We can do this by demanding that the theory be invariant under the transformation
given by

ψ(x) 7−→ exp iαk (x)τ k ψ(x).
(15.8)

Applying this transformation to the mass term in the Lagrangian ψmψ we see that it remains
invariant under the new transformation. This can be attributed
 to the fact that the mass, as a
k
k
constant commutes with the transformed field ψ exp −iα (x)τ , so the exponentials coming from
ψ and ψ can cancel each-other out.
If we however take a look at the kinetic term iψ ∂/ψ we get two problems. First of all the derivative
does not commute with the exponential, meaning that no simple cancellation can take place as was
the case for the mass term. Secondly, the standard derivative defined as
1
(ψ(x + εn) − ψ(x))
ε→0 ε

nµ ∂µ ψ = lim

(15.9)

is ill-defined after the transformation, since ψ(x + εn) and ψ(x) transform under multiplication by
different factors. The solution to this problem is to redefine the derivative, so that it accounts for
the ”shift” in transformation behaviour encountered in its definition. In order account for this shift
we need to define the comparator which depends on both points and includes both transformation
behaviours. Writing the 2 × 2 transformation matrix as V (x) = exp iαk (x)τ k we thus see that the
comparator should behave in the following way under symmetry transformations
U (y, x) 7−→ V (y)U (y, x)V (x)† .

(15.10)

Setting U (x, x) = 1 we can define the covariant derivative as follows
nµ Dµ ψ = lim

ε→0

1
(ψ(x + εn) − U (x + εn, x)ψ(x))
ε

(15.11)

and note that in the second term of the transformed version of the equation the V (x) and the V (x)†
contributions of ψ(x) and U (x + εn, x) multiply to one, leaving only a V (x + εn) contribution, i.e.
the first and the second term in the definition transform equally, i.e. covariantly. Assuming that
U (y, x) is a continuous function we can expand it for small distances between x and y, s.t.
U (x + εn, x) = 1 + igεnµ Aiµ (x)τ i + O(ε2 ).

(15.12)

We introduced two new objects in this expression. The Aiµ , called connections, are vector fields
appearing as the coefficients in the limit ∂µ U (x, x) = igAiµ τ i as it would appear in the expansion,
naturally there has to be one vector field for each generator of the group. The coupling constant g
is a constant extracted for future convenience while defining the connections. Using this expansion
and the definitions of the standard and covariant derivative we find the following expression:
Dµ := ∂µ + igAiµ τ i ,

(15.13)

Plugging the expansion of U (x + εn, x) into the definition of the transformations behaviour of U (y, x)
we find that the transformation behaviour of the Ai is given by


i
i
i
i
(15.14)
Aµ (x) 7−→ V (x) Aµ (x)τ + ∂µ V (x)† .
g
Plugging this new derivative into the kinetic term and using the right transformation behaviour for
the connections, one finds that the Lagrangian becomes invariant under the local transformation.
Since we introduced new fields, we need to introduce kinetic terms for them. This can be done by
analyzing what kind of gauge invariant terms can be constructed out of the Ai and its derivatives.
The following suitable kinetic term can be found:
1 i 2
Lkin = (Fµν
),
4

(15.15)

i
where we define Fµν
:= ∂µ Aiν − ∂ν Aiµ + gεijk Ajµ Akν (In general we have Fµν = ig1 [Dµ , Dν ].). It is
perhaps instructional to note how similar this looks to classical electrodynamics and just as in that

i
case the Fµν
are called the field strenghts, allthough now they are no longer gauge invariant.
We have now everything we need to put the whole Lagrangian of the interacting theory together:


1 i 2
/ − m ψ + (Fµν
).
LYang-Mills = ψ iD
4

(15.16)

Since all its constituents were constructed to be invariant under the local symmetry transformation
it is straight forward that the Lagrangian as a whole keeps this invariance. Note that there is at no
point the necessity of introducing mass terms for the gauge fields, in fact doing so would ruin the
gauge invariance of the theory. We thus conclude that the gauge fields must be massless. As stated
at the beginning of the section we started from a free theory with a global symmetry and ended up
with an interacting theory and a local symmetry, whose intractions are mediated by massless vector
gauge bosons.
QED as a Yang-Mills Theory
Following the same steps as with SU (2) quantum electrodynamics can be derived from a one component spinor field with global U (1)-symmetry. Just as before the procedure of promoting the global
symmetry to a local symmetry leads to the following Lagrangian:

1
/ − m ψ + (Fµν )2 ,
LQED = ψ iD
4

(15.17)

where Dµ := ∂µ + ieAµ , Fµν = ∂µ Aν − ∂ν Aµ , and the fields transform as
ψ 7−→ exp (iα(x)) ψ
1
Aµ 7−→ Aµ (x) + ∂µ α(x).
e

(15.18)
(15.19)

Note that while there were 3 different gauge boson fields Ai in SU (2) Yang-Mills, there is only one
gauge boson field A in QED, the photon field. The same goes for the field strength tensor.
Again we can conclude the section by listing the most important basic facts of Yang-Mills theory.
• The Yang-Mills formalism allows construction of interacting theories out of symmetries and
free theories.
• The interactions are mediated by massless vector gauge bosons.
• There is one gauge boson for each generator of the local symmetry group, e.g. 1 for U (1), 3
for SU (2).

15.2

The Higgs Mechanism

Now that we have all necessary ingredients we can begin the analysis of how to give Yang-Mills gauge
boson masses. Let’s start with a simple example of the Higgs Mechanism.

15.2.1

An Abelian Example

Let’s take the complex scalar field theory we discussed before in the context of symmetry breaking
and couple it to the electromatnetic field. This can be simply done using the methods of Yang-Mills
theory; we just have to exchange the derivative. As we saw before the mass term gives no problems
and the kinetic term with a covariant derivative is constructed to be gauge invariant. Since the

covariant derivative includes the photon field as a connection the coupling happens automatically.
We thus get the following Lagrangian:
1
λ
1
L := |Dµ φ|2 + (Fµν )2 + µ2 φ∗ φ − (φ∗ φ)2 .
2
4
2

(15.20)

Since we picked the potential that lead to symmetry breaking we again get a continuum of nonvanishing vacuum expectation values for φ. Like before make a particular choice of vacuum and
expand φ around it. The potential changes in the exact same way as before, but what about the
kinetic term? Plugging the expansion of φ and the definition of Dµ together we get


∗
1
(Dµ φ) (Dµ φ) = (∂µ + ieAµ ) φ0 + √ (φ1 (x) + iφ2 (x)
×
2



1
, (15.21)
× (∂µ + ieAµ ) φ0 + √ (φ1 (x) + iφ2 (x)
2
∗

which after tedious calculations leads to
(Dµ φ)∗ (Dµ φ) =

√
1
1
(∂µ φ1 )2 + (∂µ φ2 )2 + e2 φ20 (Aµ )2 + 2e2 φ0 (Aµ )2 φ1 +
2
2
2
√
e2
e
+ (Aµ )2 φ21 + (Aµ )2 φ22 + 2eφ0 Aµ ∂µ φ2 + eAµ φ1 ∂µ φ2 − eAµ φ2 ∂µ φ1 . (15.22)
2
2

Several things can be noted of√this expression. We see that there are kinetic terms for each of the
2
fields accompanied by cubic ( 2e2 φ0 (Aµ )2 φ1 , eAµ φ1 ∂µ φ2 , and eAµ φ2 ∂µ φ1 ) and quartic ( e2 (Aµ )2 φ22 ,
2
and e2 (Aµ )2 φ21 ) interactions. The most interesting terms are however the two remaining ones. First
of all we have the photon mass term we wanted:
1 2
m (Aµ )2 = e2 φ20 (Aµ )2 ,
2 γ

(15.23)

√
secondly we have the term 2eφ0 Aµ ∂µ φ2 , which represents some sort of transformation of φ2 into Aµ .
Now, a sensible field theory should not have non-trivial amplitudes for one particle to spontaneously
change its type in a fundamental way, so at first sight it looks like something is wrong with the
procedure we used. Let’s try to reconcile this. From the way we constructed the theory we know
that it is locally gauge invariant under U (1) symmetry transformations. Until now we haven’t chosen
a gauge so we can start by demanding that φ be real at every point, i.e. we demand φ = φ0 + √12 φ1 .
This is a sensible thing to do, since we can simply rotate φ(x) at each point to point towards the real
axis. With this gauge all terms containing the field φ2 vanish, so we get rid of the awkward term
and simplify the theory significantly. All in all we get the following Lagrangian:
1
1
1
1
(15.24)
L = (∂µ φ1 )2 + (Fµν )2 − m2φ φ21 + m2γ (Aµ )2 + LInt ,
2
4
2
2
q
√
√
where mφ = 2µ, mγ = 2eφo = λ2 eµ, and LInt contains all interaction terms.
It could be argued that we did something wrong, since the theory now looks as if we had gauged away
one degree of freedom, but this can be understood the following way. As it is well known a massless
vector particle such as the photon can only have two degrees of freedom, i.e. the two transverse
polarizations. A massive vector field can however also be longitudinally polarized. So in the process
of making Aµ a massive field, we also gave it a new degree of freedom, its longitudinal polarization.
We can thus interpret the procedure in the following rather colloquial way: The photon field eats
the Goldstone boson making it disappear from the theory. The degree of freedom associated with
the scalar Goldstone boson remains in the theory as the longitudinal polarization of the now massive
photon.

15.2.2

Systematics of the Higgs Mechanism

Now that we saw the Higgs mechanism in action we can try to analyze it in a more systematic way.
Let φ = (φ1 , . . . , φn ) be a system of n real scalar fields that appear in a Lagrangian that is globally
gauge invariant under a symmetry group G. The infinitesimal group transformations can be written
as:
φi 7−→ (1 − αa T a )ij φj ,
(15.25)

where the Tija are the generators of the group in a suitable (real) representation. The global gauge
invariance can be made local by means of the covariant derivative defined as follows:
Dµ φ = (∂µ 1 + gAaµ T a )φ.

(15.26)

We saw before that the gauge boson mass came from the kinetic term in the Lagrangian, as a next
step we need to analyze it. Plugging the definition of the covariant derivative into the kinetic term
it takes the following form:
1
1
1
(Dµ φi )2 = (∂µ φi )2 + gAaµ (∂µ φi )(Tija φj ) + g 2 Aaµ Abµ (T a φ)i (T b φ)i ,
2
2
2

(15.27)

where the implicit sums should not be forgotten.
We now want to assume that the Lagrangian of this theory has a potential that will induce spontaneous symmetry breaking. Under this assumption we can pick a vacuum φ0 out of the possible
minimum energy states of the potential and expand the field around it:
φ = φ0 + φ0 .

(15.28)

If we plug this into expression (1.23) we see that from the last term we will get a contribution of the
following form:
1 2
g (Ta φ0 )i (T b φ0 )i Aaµ Abµ .
(15.29)
2
This expression, having the form of a mass term, motivates the definition of the mass matrix
m2ab = g 2 (Ta φ0 )i (T b φ0 )i ,

(15.30)

since then

1
LM = m2ab Aaµ Abµ .
(15.31)
2
Let’s inspect the mass matrix a little further. It is rather easily seen that it is positive semi-definite.
This follows from the fact that the diagonal elements m2aa = g 2 (Ta φ0 )2 ≥ 0 are either positive or
vanish in every basis, in particular in a diagonal basis. We can thus expect the Aiµ to either become
massive of remain massless. We should take a better look at these two cases.
Massless Gauge Bosons
In order for Al to remain massless, the corresponding diagonal element of the mass matrix has to
vanish, i.e.
m2ll = g 2 (Tl φ0 )2 = 0.
(15.32)
This is the case iff Tl φ0 = 0. This means that the vacuum is preserved by the symmetry transformation induced by Tl since:
φ0 7−→ (1 − αl T l )φ0 = 1φ0 − αl T l φ0 = φ0 .
| {z }

(15.33)

=0

We thus conclude that gauge bosons that remain massless correspond to unbroken symmetries of the
vacuum.

Massive Gauge Bosons
In a very similar way as before we conclude that a necessary condition for the gauge boson Ak to
become massive is given by
m2kk = g 2 (Tk φ0 )2 > 0.
(15.34)
Following the same path as before we notice that this is the case iff Tk φ0 6= 0, and that this necessarily
means that the vacuum is not preserved by the symmetry. We conclude that massive gauge bosons
correspond to broken symmetries.
When we discussed the abelian example before, we came across an expression that ”transformed” a
scalar field into a vector gauge field. If we take a look at the second term of expression (1.23) we see
that after insertion of the expanded field it gives rise to the following analogous term:
gAkµ (∂µ φ)i (T k φ0 )i .

(15.35)

Where the sum runs over the T k that break the symmetry. Since the T k are unit-length tangent
vectors on the group manifold, applying them to φ0 creates vectors T k φ0 pointing in the directions
in which the symmetry of the vacuum is broke. Since this field directions are exactly the Goldstone
boson components of φ. This means that the scalar product (∂µ φ)i (T k φ0 )i simply projects ∂µ φ into
the subspace spanned by the Goldstone bosons. To state it more bluntly: only Goldstone bosons
appear in expression (1.31). This is of course what we wanted, since now we can pick a gauge where
all Goldstone boson components of φ vanish. In this gauge, just as before, the theory is greatly
symplified and all awkward factors vanish.
As for the degrees of freedom we can argue in the exact same way as before: The only gauge bosons
that became massive corresponded to broken symmetries. As they became massive they gained the
degree of freedom of longitudinal polarization. The chosen gauge eliminated an amount of fields
exactly equal to the amount of broken symmetries, according to Goldstone’s symmetries. We thus
see, that the amount of degrees of freedom remained unchanged throughout the process, they just
changed their form from Goldstone bosons to longitudinal polarization states of now massive vector
gauge bosons.

15.2.3

Non-Abelian Examples

Spinor Representation of SU (2)
As a first a little more complex example we can take a look at a spinor representation of SU (2).
Using the methods of Yang-Mills theory we can determine the covariant derivative to be
Dµ φ = (∂µ 12×2 − igAaµ τ a )φ,

(15.36)

where φ is a two component scalar, and thus construct an interacting theory. In this theory φ
interacts with three massless vector gauge boson fields, the Aa . Assuming that the Lagrangian of
this theory leads to symmetry breaking we can pick the non-vanishing vacuum expectation value of
φ to point in the 2-direction φ0 = √12 (0, v) and expand the scalar field around it to get the following
contribution to the kinetic term of the Lagrangian:
 
1 2
2
a b 0
|Dµ φ| = . . . + g (0, v)τ τ
(15.37)
Aaµ Abµ + . . . .
v
2
Using that {τ a , τ b } = 12 δ ab to simplify the expresion we get the following gauge boson mass contribution to the Lagrangian:
g2v2 a a
1
LM =
Aµ Aµ = m2A Aaµ Aaµ .
(15.38)
8
2
We see that all gauge bosons gain mass in this theory. This, as we saw before, is a consequence of the
whole SU (2) symmetry being broken. This means that it is not possible to find linear combinations
of the generators of SU (2), such that the vacuum remains unchanged by them.

Vector Representation of SU (2)
Let’s change the situation a little and see what happens if we take φ to be a three component scalar
field in the vector representation of SU (2). The covariant derivative in the vector representation is
given by:
(Dµ φ)a = ∂µ φa − gεabc Abµ φc .
(15.39)
Writing the vacuum expectation value as φ = (0, 0, v) we get the following gauge boson mass contribution to the Lagrangian:

g2v2
(A1µ )2 + (A2µ )2 .
(15.40)
LM =
2
Two of the three gauge bosons acquire masses so we conclude that two of the three symmetries are
broken. In the vector representation of SU (2) this is actually pretty easy to understand. Given the
correspondance SU (2) ∼
= SO(3), we can just think of this representation as 3 dimensional rotations.
All vacua lie on a sphere, which trivially has SO(3) symmetry. If we however choose one specific
vacuum, i.e. one radial direction, two of the symmetries are broken. The only symmetry that remains
is a rotation around the axis given by the direction of the vacuum. Any other rotation will change
the direction of the vacuum.

Figure 15.2: Symmetry breaking situation for the vector representation of SU (2) [1].

15.3

Gauge Boson Masses in Electroweak Theory

15.3.1

Expectations

Up to now we have taken a look at the following theories:
• U (1): Higgs mechanism mediated by a complex scalar field with spontaneous symmetry breaking made the photon massive.
• SU (2) Spinor: Higgs mechanism mediated by a two component complex scalar field gave all
three gauge bosons masses.
• SU (2) Vector: Higgs mechanism mediated by a three component real scalar field gave two
gauge bosons masses while one remained massless.
For a theory of electroweak interactions we would like to have one massless gauge field corresponding
to the photon of electromagnetism and three massive gauge fields corresponding to the W ± , and the
Z 0 of the weak nuclear force. As can be seen above none of the groups and representations we have
seen so far works by itself. We could try other groups of the same such as SU (n) but even the next
group, SU (3), is too big for our purposes. A simpler Ansatz is to combine what we already have.

15.3.2

Glashow-Weinberg-Salam Theory

The idea of GWS-theory is to unite spinor representations of SU (2) and U (1). Since the spinor
representation of SU (2) gave rise to three massive gauge bosons and the representation of U (1) gave
rise to one massive gauge boson we can try to perhaps combine them, getting a theory with four
gauge bosons as wanted, and hope that we can recombine its quantities to make one gauge boson
massless. The two representations can be united by defining the following transformation behaviour
of the two component scalar field φ:
β
a a
(15.41)
φ 7−→ |{z}
ei 2 |eiα{zτ } φ
U (1) SU (2)

It can be noted that since β2 12×2 + αa τ a = H is just a general 2 × 2 hermitian matrix, eiH = U
is just a general 2 × 2 unitary matrix. In other words: we are dealing with a representation of
U (2) = U (1) × SU (2).
The next thing we can do is to let φ acquire the vacuum expectation value φ0 = √12 (0, v). We can
now consider a gauge transformation with α3 = β, α1,2 = 0:
!
 

 
 
 
  β
i β2 i β2
β
1
1 0
1 0
0
e
e
0
0
2
√
√
exp i
=
=√
.
(15.42)
exp i
β
β
0 − β2
2
0
ei 2 e−i 2
2 v
2 v
2 v

As can be seen from the above calculation such a transformation leaves the vacuum invariant. It can
be shown that it is the only such transformation, so that we get one unbroken symmetry corresponding
to the photon and three broken symmetries corresponding to the weak bosons.
We allready know the derivatives of the two theories by themselves, which makes constructing the
covariant derivative of the joint theory pretty easy. A hand wavy way to understand how this is
done, is that the product of the representations translates into its infinitesimal form, a sum, for the
derivative. We thus just have to add the two connections of the theories and get:
1
Dµ φ = (∂µ · 12×2 − i g 0 Bµ · 12×2 − igAaµ τ a )φ.
2

(15.43)

Having the covariant derivative the rest becomes just a matter of applying what we have seen until
now. We are interested in the mass terms so we expand φ around φ0 and pick them out of the kinetic
term in the Lagrangian:
 
1
1 0
0
2
a a 1 0
a a
|Dµ φ| = . . . + (0, v)( g Bµ + gAµ τ )( g Bµ + gAµ τ )
+ ... .
(15.44)
v
2
2
2
This expression can be greatly simplified to
|Dµ φ|2 = . . . +


1 v2  2 1 2
g (Aµ ) + g 2 (A2µ )2 + (g 0 Bµ − gA3µ )2 + . . . .
2 4

(15.45)

As we saw before, the symmetry that remained unbroken was a combination of both symmetries
involved. Taking this into account it would be naive to expect the gauge bosons of the symmetries
not to mix. In expression (1.41) we see that B and A3 mix to form one square term in the Lagrangian.
Considering this we can define the following linear combinations:
Wµ± = (A1µ ∓ A2µ )
1
Zµ0 = p
(g 0 A3µ − gBµ )
2
02
g +g
1
Aµ = p
(g 0 A3µ + gBµ ) .
2
02
g +g

(15.46)
(15.47)
(15.48)

The definitions of Z 0 and W ± follow directly from (1.41), the definition of the photon field A is just
taken to be perpendicular to Z 0 .

Putting everything together the gauge boson mass contribution to the Lagrangian takes the following
form:
1
1
1
(15.49)
LM = m2W + (Wµ+ )2 + m2W − (Wµ− )2 + m2Z 0 (Zµ0 )2 ,
2
2
2
where the masses are naturally defined as:
v
mW := mW ± = g
2
p
v
2
02
mZ = g + g
2
mA = 0.

(15.50)
(15.51)
(15.52)

All in all we see that a natural form for the bosonic mass term in an electroweak Lagrangian can be
simply achieved by means of the Higgs mechanism.

15.4

Summary

The Higgs mechanism takes a gauge theory, couples it to a scalar field theory that supports symmetry
breaking, and combining both mechanisms lets some of the gauge bosons become massive while
keeping gauge invariance. The Goldstone bosons corresponding to the broken symmetries are eaten
by the gauge bosons that become massive. During this process the degree of freedom that corresponds
to the scalar Goldstone bosons goes into the vector gauge bosons as a newly gained longitudinal
polarization.
If we had taken the previous considerations further it would have been possible to also account
for the fermion masses by means of the Higgs mechanism. This makes it possible to account for all
mass in the standard model by this system. In this context one should remember that the major
mass contribution of to protons, neutrons and thus to atoms comes from the kinetic energy of the
confined quarks, not from the intrinsic masses of its constituents. Electrons however seem to have no
internal structure, meaning that their whole mass comes from the Higgs mechanism. Without this
mass they could not be bound in finite orbits around the atom, and thus atoms would not exist.

15.5

Epilogue: The Higgs Boson

One of the scalar fields that appeared in GWS-theory was not gauged away. The question thus
arises, if it is a physical object and if, as such, it can be observed in nature. This was for a long time
a highly elusive question. It was known from theory that the quanta of the Higgs field, the Higgs
bosons, interacted very weakly with other particles, making it very difficult to detect. Theoretical
predictions also showed the Higgs bosons should have a very high mass, meaning that they could only
be produced at very high energies in particle detectors and that they were very unstable particles.
The Higgs boson was finally observed at the LHC in Geneva in 2012 and confirmed in 2013 after
tedious analysis of the huge amount of data. It is the first fundamental scalar particle to have been
observed in nature.
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After giving a short overview over the evidences and requirements for a Baryon
asymmetry in the universe, the main focus of this report will be on the mechanisms
of baryogenesis, with special emphasis on the predictions of the Standard Model of
particle physics. Because of its great importence for Standard Model baryogenesis,
a big part of the discussion will deal with the electroweak phase transition, which
will be investigated by means of perturbation theory. Towards the end, the results
will be compared to those of non-perturbative lattice simulations. The results of the
calculations (both perturbative and non-perturbative) will force us to consider models
beyond the Standard Model with which the report will end.

1

Introduction - Evidences for a Baryon asymmety

Before dealing with the mechanisms that can lead to a Baryon-antiBaryon asymmetry it is necessary
to check whether our most basic assumption - namely that there is more matter than antimatter in
the universe - is justified.
On earth, there is almost no antimatter. The biggest amounts can be found in the antiproton accumulators at CERN and Fermilab.
The situation does not change when we are looking at our solar system: The fact that men traveled
to the moon and returned savely is quite a strong indice that it is made out of matter. Most planets
in our solar system have been visited by space probes - they survived. Particles from the sun tell
us that our star is made of matter too and due to the absence of gamma ray flashes, it is also very
unlikely that there are any other macroscopic objects made of antimatter in our solar system.
Regarding the whole universe we encounter a similar picture: There are no flashes of gamma rays
from matter-antimatter annihilations and the composition of the cosmic radiation indicates an abundance matter over antimatter too.
How much more matter than antimatter is there in the universe? The ratio of antiprotons np̄ to
protons np in the cosmic radiation is [7]
np̄
≈ 3 ∗ 10−4
np

(15.1)

while the ratio of antihelium nuclei to helium nuclei is even smaller
n4 He
¯
≈ 10−5 .
4
n He

(15.2)

Both ratios can be explained by secondary production via collisions (pp → 3p + p̄). We can conclude
that the asymmetry of Baryons to antiBaryons today is (almost) maximal - that means only Baryons
and no net antiBaryons!
A very important quantity is the Baryon-to-entropy ratio (numerical values from [7])
nB − nB̄
≈ (6 to 10) × 10−11
s
(where nB /nB̄ is the number of Baryons/antiBaryons respectively)
that characterizes the asymmetry and which remains constant without B-number violating processes.
It shall be remarked that, although the Baryon asymmetry is almost maximal today, at high temperature the relative difference of Baryons to antiBaryons was strongly reduced due to thermal
quark-antiquark pairs! I.e. for T ≥ 1GeV:
nq − nq̄
≈ 3 × 10−8 .
nq

2

Requirements for Baryon asymmetry

Now that we convinced ourselves that there is most likely a (huge) excess of Baryons over antiBaryons
in the universe, it is justified to ask why this is the case.
One could of course claim that the situation we observe today merely reflects the initial conditions
of the universe, that means that there has always been a Baryon asymmetry. This argument is of
course not very satisfactory (and also quite delicate in regard of the subtleties of specific Baryon
number changing processes).
Assuming an initially symmetric universe, Andrei Sakharov proposed in 1967 that there are 3 criteria
which necessarily have to be fulfilled in order for a Baryon asymmetry to emerge.

• B-nonconserving interactions
• C and CP violation
• Departure from thermal equilibrium
These criteria shall be specified in more detail.

2.1

B violation

Let us consider a process
i→f

(15.3)

If the Baryon numbers of the initial and the final states differ
B(i) 6= B(f )

(15.4)

then this process is said to violate Baryon number.
It is quite obvious that processes like these are needed in order for a Baryon asymmetry to occur.
Otherwise, starting from an arbitrary ratio of Baryons to antiBaryons there would otherwise be
nothing that could change the initial conditions.

2.2

C and CP violation

The second criterion in the list states that B-nonconserving process must not have equal probabilities
for ∆B to positive and ∆B to be negative: Otherwise processes that increase the Baryon number
would (in average) be compensated by processes that decrease it.
At first, let us define the different field transformations. Under charge conjugation C a fermion field
φ transforms as
C : ψL → σ2 ψR∗ = ψLC , ψR → −σ2 ψL∗ = ψRC .

(15.5)

Under this transformation a particle is transformed into its antiparticle. (Note that the field changes
its chirality too!)
Under the parity transformation P, the field changes its chirality:
P : ψL → ψR , ψR → ψL

(15.6)
(15.7)

CP is just a combination of the two transformations:
CP : ψL → ψRC , ψR → ψLC

(15.8)
(15.9)

[C, H] = [CP, H] = 0.

(15.10)

If C or CP were concerved, then

Starting from an initially CP symmetric universe CP |φ(t = 0)i = |φ(t = 0)i (which is what we
assume, since it leads to a Baryon symmetric initial state) CP conservation
⇒ CP |φ(t)i = CP eiĤt |φ0 i = eiĤt (CP |φ0 i) = |φ(t)i , |φ0 i = |φ(t = 0)i

(15.11)

would leave the universe CP symmetric (the same argument holds for C).
One might think that the violation of either C or CP would be enough to get a Baryon asymmetry,
but it can be easily shown that the violation of both is needed. Consider for instance a process that
violates C, but is CP conserving
Γ(X → qL qL ) 6= Γ(X̄ → q¯L q¯L )
Γ(X → qL qL ) = Γ(X̄ → q¯R q¯R )
Γ(X → qR qR ) = Γ(X̄ → q¯L q¯L ).

(15.12)
(15.13)
(15.14)

If we add up the amplitudes, we see that no net bayon number violation occurs (given that nX = nX̄ ,
which is true assuming a C-symmetric initial state):
Γ(X → qL qL ) + Γ(X → qR qR ) = Γ(X̄ → q¯R q¯R ) + Γ(X̄ → q¯L q¯L )

(15.15)

There are some more subleties associated with this topic, but to keep the discussion short I refer
to [13] .

2.3

Nonequilibrium

The last one of Sakharovs criteria (according to the list given above) is the requirement of nonequilibrium. Thermodynamical nonequilibrium gives a certain arrow of time - and therefore a direction
in which processes tend to - which is necessary, since we need our processes to tend towards an excess
of matter over antimatter.
A more quantitative argument was given in [11] and considers the expectation value of the BaryonantiBaryon difference in thermal equilibrium.
hnB − nB̄ i = hnb i = Tr e−H/(kB T ) nb

= Tr (CP T )(CP T )−1 e−H/(kB T ) nb






= Tr e−H/(kB T ) (CP T )−1 nb (CP T )

(15.16)
(15.17)
(15.18)

Note that here the chemical potentials of Baryons and antiBaryons is set to zero. In eq. 15.18 we
used CPT-invariance.
The Baryon number nb changes sign under C, but stays the same under P, T:

⇒ hnb i = − Tr e−H/(kB T ) nb
⇒ hnb i = 0

(15.19)
(15.20)

Therefore, the difference between Baryon- and antiBaryon number vanishes.
We shall now investigate whether the Sakharov criteria are fulfilled for specific theories - like the
Standard Model (SM).

3

CP violation in the Standard Model

It is of course very interesting to start out asking, whether the Standard Model of particle physics
meets the requirements necessary for baryogenesis. At first we shall investigate whether it fulfills the
second of Sakharovs critera (according to this list) - C and CP violation.

3.1

The Cabbibo-Kobayashi-Maskawa matrix

In Glashow-Weinberg-Salam (GWS) theory, there are two kinds of interactions between fermions and
gauge bosons: Neutral Current (NC) and Charged Current (CC) interactions.
For our purposes, we are interrested in the charged current interaction, since it mixes up- and
down quarks (we will see why this is important for C/CP violation). The CC interaction of the GWS
theory has the form:
LCC

g
= √
2 2

(

Wµ+

"

X
i

ū0i γ µ (1 − γ5 )d0i +

X
i

#

)

ν̄i0 γ µ (1 − γ5 )li0 + h.c.

(15.21)

In this form, the lagrangian is written in terms of the interaction eigenstates. Changing to the
mass eigenstates, the ”quark vectors” u and d are transformed by unitary matrices su and sd (which
corresponds to a mixture of the different quark generatons).
ui = suij u0j

(15.22)

sdij d0j

(15.23)

di =
Where su and sd are unitary.

⇒ ū0i d0i = ūi suik (sd† )kj dj
| {z }

(15.24)

=Vij

Where Vij is the so-called Cabbibo-Kobayashi-Maskawa (CKM) matrix.
hadronic part in terms of mass-eigenstates:
g
LCC(Hadronic) = √
2 2

(

Wµ+

X
i,j

Now we can write the
)

ūi γ µ (1 − γ5 )Vij dj + h.c.

(15.25)

If the CKM matrix contains any complex phases, the lagrangian is not invariant under C and CP.
To evaluate whether this is the case, we count the number of phases of a general unitary N ×N matrix.
A unitary N × N matrix has N 2 degrees of freedom:
N(N-1)/2 real numbers + N(N+1)/2 phases
But redefining the fields like
ui → eiφi ui and dj → eiθj dj

(15.26)

does not change physics! So 2N − 1 phases of the matrix can be absorbed by the fields, which leads
to a shift
⇒ Vij → Vij ei(θj −φi ) .

(15.27)

We end up with a total number of (N 2 − 3N )/2 + 1 phases. For various numbers of generations, the
corresponding number of complex phases is listed in table 15.1.

⇒

Number of generations
1
2
3
4

Number of phases
0
0
1
3

Table 15.1: Number of complex phases in the CKM matrix for different numbers of fermion generations.

3.2

Magnitude of CP violation

When looking at tabular 15.1, we see that there is exactly one complex phase given in the Standard
Model - so it fulfills requirement of CP violation!
Still, there is the question whether this CP violation is strong enough to account for the Baryonasymmetry that we observe today. To answer this question, one needs to quantify the maximal CP
violation of the theory. This was for instance done by C. Jarlskog, (see [12]) who gave the basis
independent quantity
J = Im{det [m2u , m2d ]}

(15.28)

to account for the maximal CP violation. From this quantity, one can deduce a dimensionless constant
(see [13], p. 29) that quantifies the magnitude of the CP violation to be about ∼ 10−20 . This is too
small to explain the Baryon asymmetry we observe today.

3.3

Additional CP violation by extending the SM

Since the Standard Model does not provide sufficient CP violation, one has to consider alternatives.
One could be to extend the SM in some minimal fashion, and there are several ways to do this:
• Higher dimensional Operators: Here, the Standard Model is just seen as an effective
theory, that is valid below some mass scale M. For high energies, one expects additional terms
to become relevant - some of which are CP violating.
• Two-Higgs Doublet Model: In the 2HDM, an additional Higgs doublet is added to the
theory, which can lead to large CP violation in bubble walls at the electro-weak phase transition.
The last one shall be scetched briefly, since we are going to use it afterwards.
2 Higgs Doublet Model (2HDM)
In the 2HDM (for discussions related to our topic, see [5] or [13]), the potential looks like
1
1
V = −µ21 |H1 |2 − µ22 |H2 |2 − (µ23 H1† H2 + h.c.) + λ1 |H1 |4 + λ2 |H2 |4
2
2
i
1 h †
†
2
2
2
2
+ λ3 |H1 | |H2 | + λ4 |H1 H2 | + λ5 (H1 H2 ) + h.c.
2

(15.29)
(15.30)

In the third, as well as in the last term, complex phases can arises!
Making an ansatz for the profile of the Higgs field at the bubble wall
1
Hi (x) = √ hi (x)eiθi (x)
2


cosβ
h(x)
hi =
sinβ

(15.31)
(15.32)

(where h(x) is a real function) the potential turns into
1
V = − (µ21 + µ22 )h2 − µ23 cos(θ2 − θ1 )h2
2
1
1
+ (λ1 + λ2 + 2λ3 + 2λ4 )h4 + λ5 cos(2(θ2 − θ1 ))h4
8
4

(15.33)
(15.34)

One can now see that the potental (and therefore the lagrangian) depends explicitly on the difference of the higgs-phases. This will be of great importance when discussing the electroweak phase
transition!

4

Baryon number violation in the SM

We now want to investigate whether there are processes in the SM that allow Baryon number violation.

4.1

The Chiral Anomaly

Classically, Noether’s theorem gives:
1
∂µ jBµ = ∂µ Q̄γ µ Q = 0
3

(15.35)

Although classically the Baryon number (which is given by the spatial integral over the 0-component
of jB ) is a conserved quantity, this classical conservation is spoiled by quantum effects! The evaluation of fermionic triangle loop (see fig. 15.1) yields:

∂µ jBµ

= nf



g 02
g2
a f aµν
W
W
−
Yµν Ye µν
32π 2 µν
32π 2



(15.36)

With nf being the number of flavors. Where

a
Wµν
= ∂µ Wνa − ∂ν Wµa − igabc Wµb Wνc

Yµν = ∂µ Yν − ∂ν Yµ

(15.37)
(15.38)

are the field-strength tensors of the non-abelian/abelian gauge fields (Wµa /Yµ , respectively) of the
theory, and
f µν = 1 µναβ Wαβ
W
2
1
Ye µν = µναβ Yαβ
2

(15.39)
(15.40)

are the dual field-strength tensors.
µ
To evaluate the Baryon number, it is customary to define four divergences ∂µ kW
and ∂µ kYµ so
that
∂µ jBµ = nf (

g2
g 02
µ
−
∂
k
∂µ kYµ ).
µ W
32π 2
32π 2

(15.41)

It can be easily shown, that they have the explicite form
kYµ = µναβ Yνα Yβ

(15.42)

µ
kW

(15.43)

g
a
= µναβ (Wνα
Wβa − abc Wνa Wαb Wβc ).
3

Figure 15.1: Triangle diagramm causing the anomaly
The integral over the zero component of

g2
kµ
32π 2 W

+

g 02 µ
k
32π 2 Y

gives:

Chern-Simons number (CS number)
Z
g
g2
d3 xijk (Wija Wka − abc Wia Wjb Wkc )
NCS =
2
32π
3

(15.44)

(terms including the abelian field-strength tensor do not show up, since terms proportional to total
derivatives vanish!)
This number is, up to an additive constant, proportional to the Baryon number (with proportionality
factor nf )!

4.2

Vacuum configurations

Since the Yang-Mills term in the lagrangian is positive semi-definite, we want it to vanish for vacuum
field configurations:
!

a
LY M ∝ Wµν
W aµν = 0

(15.45)

This can be achieved by demanding Wµ to be pure gauge:
i
Wµ = − U (x)∂µ U −1 (x)
g
⇒Wµν = 0

(15.46)
(15.47)

Under gauge transformations
i
Wµ0 = V (x)Wµ V −1 (x) − V −1 (x)∂µ V (x), V ∈ SU (2)
g
i
i
⇒ Wµ0 = − V (x)U (x) ∂µ (U −1 V −1 ) = − U 0 ∂µ U 0−1
g | {z }
g
=U 0

(15.48)
(15.49)

0
• the field-strength tensor Wµν
= 0 still vanishes!

• the CS-number may change (under ”large transformation”), but ∆NCS = NCS (vacuum1) −
NCS (vacuum2) is invariant (can be easily checked by plugging in the definitions)!
It is also important to mention that there are no continuous field transformations that change the
CS-number, but keep Wµν = 0 !
Topological remarks
For pure gauge field configurations (like those showed before) and fixed time x0 , U (x) defines a map
R3 → SU (2). If we add a point at infinity there are bijective functions f : R3 ∪ {∞} → S 3 that
connect R3 to the 3-sphere. That means, if U (x) −−−→ U∞ is defined, at any fixed time x0 , U (x)
x→∞
defines a map
U : S 3 → SU (2)

(15.50)

and the Chern-Simons number is given by an integer winding number:
NCS

1
=
24π 2

Z

d3 xijk Tr(U ∂i U −1 U ∂j U −1 U ∂k U −1 )

(15.51)

Each winding number NCS corresponds to a homotopy class of maps U : S 3 → SU (2), the homotopy
group is π3 (S 3 ) = Z.
We end up with the following conclusions:
• Different vacua are defined by different Chern-Simmons number.
• Vacua with the same CS number belong to the same homotopy class.
• Vacua of different Baryonnumber are seperated by a potential barrier!

Figure 15.2: Potential as a function of the Baryon number.

Figure 15.3: Illustration of an Instanton.

4.3

Instantons

Now that we know that there are different vacuum configurations associated with different Baryon
numbers, we want to exploit different ways to get from one configuration to another.
One way is due to tunneling, like it is shown in fig. 15.3.
The trajectory in field space configuration that connects two vacua of different topological charge
is called Instanton. Here, the eucledian action of the Instanton gives a semiclassical approximation
for the transition probability (a more detailed calculation can be found in [11]).
2 /g 2

Γ ∼ |e−SE |2 ∼ e−(8π)

∼ 10−170

(15.52)

This value is of course far too small to explain the Baryon asymmetry we encounter today.

4.4

Sphalerons

A different way to get from one vacuum configuration to another is given by so-called sphaleron
processes. Here, the field does not tunnel ”through” the potential barrier, but ”jumps” over it - with
energy from thermal fluctuations (which is quite promising in regard of the high temperatures in the
early universe). The Sphaleron is the field configuration that maximizes the potential energy, it is a
static, unstable solution of classical equations of motion.
To calculate the sphaleron, we make an ansatz (see [1]) for the gauge field Wµ (assuming zero
Weinberg-angle)

Wia σ a = −
and for the Higgs field Φ:

W0a = 0

(15.53)

2i
f (ξ)∂i U U −1
g

(15.54)

 
v
0
Φ = √ h(ξ)U
1
2


1
z
x + iy
with U =
z
r −x + iy

(15.55)
(15.56)

with ξ = gvr.
If we plug the ansatz into the equations of motion we get two coupled ordinary differential
equations:
d2 f
2
1
− 2 f (1 − f )(1 − 2f ) + h2 (1 − f ) = 0
2
dξ
ξ
4


d
dh
λ
ξ2
− 2h(1 − f )2 − 2 ξ 2 (h2 − 1)h = 0
dξ
dξ
g

(15.57)
(15.58)

Considering the boundary conditions f (0) = h(0) = 0 and f (∞) = h(∞) = 1 these can be solved
numerically!
The solution can then be used to calculate the energy of the sphaleron:
Esph =

g hφ(T )i
B(λ/g 2 )
αW

(15.59)

Where B(λ/g 2 ) is a polynomial fit, including numerically evaluated constants:
B(x) = 1.58 + 0.32x − 0.05x2

(15.60)

It is important to mention that although in our ansatz we neglected the effects of temperature, a
temperature dependence is built into the sphaleron energy in an approximative manner by considering
the Higgs expectation value being a function of temperature.
The preceding derivation revealed that the energy barrier between vacua of different Baryon
number depends on the vacuum expectation value (VEV) of the Higgs field. Still, the question of
the transition rate has not yet been solved.
Since the Sphaleron energy is proportional to the Higgs VEV, we assume that we have to distinguish
two cases:
• hφ(T )i = 0 (symmetric phase before EW phase transition)
• hφ(T )i =
6 0 (broken phase after EW phase transition)
In the symmetric phase, i.e. for T > Tc , hφ(T > Tc )i = 0 - we can estimate B- violation rate
on dimensional grounds:
Since we are looking for field configurations with NCS ∼ 1
Z
d3 x (g 2 F A or g 3 A3 ) ∼ 1
(15.61)
while the energy is determined by the temperature:
Z
d3 x F 2 ∼ T
Combining the two expressions (with
rate in the symmetric phase

R

(15.62)

d3 x ∼ R3 ), we can derive an approximation for the sphaleron

1
Γ
∼ 4 ∼ (g 2 T )4
(15.63)
V
R
One might doubt whether this argument is really robust - and it turns out that the actual sphaleron
rate has a slightly different form (see for instance [13], p. 27).
In the broken phase the Higgs VEV is nonzero, so there is a potential barrier between the vacuum
configurations. Here, the sphaleron rate is calculated by means of the Langer-Affleck theory [8]. The
actual calculation includes a functional integration over the field configurations (scatched in [3]). A
gaussian approximation around the sphaleron solution gives (see [9])
 α 4 ζ 7
Γ
W
∼ 2.8 × 105 T 4
κ 7 e−ζ
(15.64)
V
4π
B
with αW = g 2 /4π, ζ = Esph (T )/T , B = B(λ/g 2 ).

Some words about eqn. 15.64 : We encounter a boltzmann factor directly form the sphaleron
solution. The prefactors are due to the terms quadratic in the fields (since only those are retained
in the gaussian approximation) and κ is functional determinant associated with changing from integrating over the fields to integrating over the fluctuations around the sphaleron. In [2], it has been
estimated to be 10−4 ≤ κ ≤ 10−1 .

4.5

Sphaleron rate vs. expansion of universe

Whether the sphalerons processes can reach equilibrium depends on the ratio of the sphaleron rate
to expansion rate of the universe (which is quantified through Hubble rate). The Hubble rate H is
defened as follows (see [9], for a more detailed discussion see [7])
H=

da(t) 1
√
∼ g∗ T 2 /MP
dt a(t)

(15.65)

where a(t) is the scale factor of universe (see [13]) and g∗ is the number of relativistic degrees of
freedom. Sphalerons can come to equilibrium when
−6

Γ ≥ H ⇒ 10 T ≥

√

T2
g∗
.
MP

(15.66)

After the EW phase transition the sphaleron rate is reduced, and when H ≥ Γ again, they become
ineffective.
Why is this of relevance for our topic? When looking at fig. 15.4, one sees that just before the EW
phase transition, the sphaleron processes are in equilibrium (process rate equal in both directions).
Here, since sphalerons are as likely to increase the Baryon number as they are to decrease it, there
is no Baryon asymmetry. The EW phase transition preceeds by the nucleation of bubbles of true
vacuum 1 (with Higgs VEV not equal to zero) - here, CP-violating processes emerge (to be discussed
in 4.6) and a Baryon asymmetry occurs inside the bubble. After the EW phase transition, sphalerons
start to wash out this asymmetry to get to equilibrium again. In sec. 4.7, it will turn out that in
order to preserve non-equilibrium the phase transition has to be of 1st order.

Figure 15.4: Sphaleron rate and Hubble rate vs. time. At the EWPT a drop in the sphaleron rate
occurs.
1

Here, “true vacuum” refers to the vacuum expectation value for which the effective potential (to be defined in sec.
5.1) has a global minimum.

4.6

Generation of Baryon asymmetry at bubble wall

We shall now sketch an particular example of how CP violation at the bubble wall could work to
generate a Baryon asymmetry. Since this topic is quite extensive on its own, I just want to scetch
the mechanisms briefly (for a more detailed discussion, see for instance [13], p. 46).
At the electroweak phase transition - one can approximate the shape of the Higgs field by solving the classical equations of motion.
Considering the 2HDM (like scetched in section 3.3), there is also a complex phase in the Higgs
field that is a function of x (see e.g. [5] for a detailed calculation of the Higgs profile). For a profile like

Figure 15.5: Schematical profile of the real and the imaginary part of the Higgs field at the bubblewall.
the one shown in fig. 15.5, the imaginary part of the Higgs field has its maximum at the bubble wall.
This gives rise to a complex Yukawa coupling, resulting in a CP violation for scattering processes
at the bubble wall. In that way, a local Baryon asymmetry emerges at both sides of the bubble
wall (globally, we still have a bayon symmetry). The essential thing now is, that sphaleron processes
outside of the bubbles are very effective and will wash out the Baryon asymmetry very quickly,
while inside the bubble, sphalerons are supressed, according to eqn. 15.64. The idea is now, that If
this supression inside the bubble is big enough (since the Higgs VEV is bigger than zero inside the
bubbles), an asymmetry could survive!

4.7

Baryon asymmetry washout

After the EW phase transition, sphalerons try to washout B-asymmetry in broken phase again! We
can quantify this effect by introducing a ”washout factor”, like
S(t) =

nb (t + tEW )
.
nb (tEW )

(15.67)

With the sphaleron rate, we can give a differential equation for this factor
dS(t)
Γ(t)
= −kNf 3 S(t)
T
 dt

Z ∞
Γ(t)
⇒ S(t) = exp −
dt kNf 3 ∆t
T
tEW

(15.68)
(15.69)

where k is a constant, NF number of flavors.
The Friedmann equations now yield a relation between time and temperature
r
45 MP l
1
t=
4π πg T 2

(15.70)

so we can substitute the time in eqn. 15.68 by temperature!
The Baryon density nB in the observed universe gives a constraint for S (see [9]):
S ≥ 10−5

(15.71)

By plugging this into the expression for the washout, we get the requirement
Esph (Tc )/Tc ≥ 7 log(Esph (Tc )/Tc ) + 9 log 10 + log κ

(15.72)

(with Tc being the critical temperature of the phase transition - defined in eq. 15.113) which, with
κ = 10−1 or 10−4 gives
Esph (Tc )
≥ 45 or ≥ 37.
Tc

(15.73)

If we now express the sphaleron energy through the Higgs VEV, we end up with a requirement
for it at the EW phase transition
hφ(Tc )i
≥ 1.3 or ≥ 1.0.
Tc

(15.74)

We conclude that the phase transition hast to be of 1st order, since otherwise
hφ(Tc )i
'0
Tc
.

4.8

Mechanisms of the phase transition

In order to have a 1st order phase transition, the two degenerate minima Vef f (φ = 0) = Vef f (φ 6= 0)
at the critical temperature Tc have to be seperated through a potential barrier (like scetched in fig.
15.6)!
The ”Tunnel probability” per unit volume to get from one minimum to the other is given (see [9])
by (analoge to eqn. 15.64)
Γ
∼ A(T )e−S3 /T
V
where A(T ) ∼ O(T 4 ) to have right scaling.
Here, S3 is the 3-dimensional eucledian action


Z
1 ~ 2
3
S3 = d x (∇φ) + Vef f (φ, T )
2
corresponding to the energy of the field. Assuming spherical symmetry, we get
"  
#
Z ∞
2
1
dφ
S3 = 4π
dr r2
+ Vef f (φ, T ) .
2 dr
0

(15.75)

(15.76)

(15.77)

Figure 15.6: Effective Higgs potential at Tc , separating the two degenerate minima by a potential
barrier
To investigate the mechanisms of the bubble nucleation, it is customary to split the eucledian
action into a surface- and a volume term:
S3 = 4π

Z
|

0

∞

dr r

21



dφ
dr

2
{z
2
∼2πR2 ( δφ
δr
δr )

2

}

+4π

Z

|0

∞

dr r2 Vef f (φ, T )
{z
}

(15.78)

∼ 4π
R3 hV (r<R)i
3

A bubble with radius R will grow when its expansion reduces its energy or, more explicitly if
dS3
δφ
= 4πR δr + 4πR2 hV (r < R)i
dR
δr

(15.79)

is smaller than 0.
In the last approximation, we set the potential outside the bubbles to be zero hV (r > R)i = 0, which
makes hV (r < R)i < 0. Therefore - bubbles must be big in order to grow! According to eqn. 15.75
it is very unlikely that big bubbles are nucleated, but if the bubble production rate is bigger than
the expansion rate of the universe - different bubbles can merge together!
If otherwise the Hubble rate is bigger than that of the bubble nucleation, the universe will be trapped
in the false vacuum!

5

The Higgs Mechanism, T > 0 and the EW Phase Transition

The content of this section mainly leans on the lecture of M. Quiros [9].
c )i
≥ 1.0 we need to have a strongly 1st order
It was already mentioned before that in order to get hφ(T
Tc
phase transition. In section 4.8 we also argumented that for such a phase transition, we need the
degenerate minima of the effective Higgs potential at Tc to be separated by a potential barrier. Now
the question arises of how to actually compute this effective Higgs potential - that shall be the topic
of this section.

5.1

The effective action

The dynamics of the Higgs-expectation value are determined by the effective action:
Γ[φ̄] = W [j] −

Z

d4 x

δW [j]
j(x)
δj(x)
| {z }

(15.80)

φ̄

This corresponds to a Legendre-transformation of the generating functional W [j] (for connected
n-point functions). It is worth looking at the variation of Γ[φ̄] with respect to φ̄ :
δW [j] δj
δj
δΓ[φ̄]
=
− j − φ̄
= −j(x)
δj δ φ̄
δ φ̄
δ φ̄
δΓ[φ̄]
⇒
=0
δ φ̄ j=0

(15.81)
(15.82)

The fact that the variation vanishes indicates that the expectation value φ̄ solves the classical eqs.
of motion derived from the effective action.
The effective potential
Consider now a translationally invariant field expectation value
φ̄(x) = φc .
For a constant field, the kinetic terms in lagrangian vanish.
We can then define the effective potential as follows:
Z
Γ[φc ] = − d4 xVef f (φc )

(15.83)

(15.84)

One can derive the explicit form (see [9])

∞
X
1 n (n)
Vef f (φc ) = −
φ Γ (pi = 0)
n! c
n=0

(15.85)

with Γ(n) (pi = 0) being the one-particle irreducible Greens functions for zero momentum, like shown
in fig. 15.7.

5.2

Finite temperature effects

Until now, we defined the Greens functions (for scalar fields) as
G(x1 , ..., xn ) = hT φ(x1 ) · · · φ(xn )i = h0| T φ(x1 ) · · · φ(xn ) |0i

(15.86)

which was true for temperature T = 0. Generally, the expectation value of an operator O is
hOi = Tr {Oρ}

(15.87)

where ρ is density operator.
We can use this now to derive a field theory that is valid for finite temperatures!
Since Greens functions are defined as expectation values, by knowing the density operator
ρ=

1
exp{−βH}
, with β =
Z
T
Z = Tr {exp{−βH}}

(15.88)
(15.89)

(where we assumed 0 chemical potential) we can easily generalize them to finite temperatures

G(x1 , ..., xn ) = Z −1 Tr e−βH T φ(x1 ) · · · φ(xn ) .
(15.90)

Figure 15.7: Tree-level and one-loop summands of the decomposition of the effective potential in 1PI
greens functions.
Finite temperature feynman rules
Scalar fields.
With the definition of the scalar field operator
φ(x) =

and

Z



d3 p
−ipx
† ipx
p
a(p)e
+
a
e
(2π)3 2ωp
p
ωp = p~2 + m2

a† (p)a(k) = nB (ωp )δ (3) (~p − ~k)

a(p)a† (k) = [1 + nB ](ωp )δ (3) (~p − ~k)

(15.91)
(15.92)

(15.93)
(15.94)
(15.95)

(where nB (ω) = eβω1−1 is the bose distribution function)
we can calculate the two-point Green function
Z

d4 p
ρ(p)e−ip(x−y) [Θ(x0 − y 0 ) + nB (p0 )]
(2π)4
with ρ(p) = 2π[Θ(p0 ) − Θ(−p0 )]δ(p2 − m2 ).

G(x − y) =

(15.96)
(15.97)

Ferminic fields.
The fermion propagator Sαβ (x − y) satisfies the dirac equation
(i∂µ γ µ − m)ασ Sσβ (x − y) = iδ(x − y)δαβ

(15.98)

so the fermion propagator can be constructed from the Greens function S(x − y)
µ
Sαβ (x − y) = (i∂µ γαβ
+ mαβ )S(x − y)

(15.99)

that satisfies the Klein-Gordon equation.
One arrives at an expression for S(x − y), similar to G(x − y)
Z
d4 p
S(x − y) =
ρ(p)e−ip(x−y) [Θ(x0 − y 0 ) − nF (p0 )].
4
(2π)

(15.100)

Where nB (ω) = eβω1+1 is the fermi distribution function, which enters the equation in analogy to
eq. 15.93 and eq. 15.94 . Evaluating the integrals for G(x − y) and S(x − y) (in imaginary time
formalism), one can extract the finite temperature feynman rules:
Finite temperature feynman rules
i
; pµ = [2niπβ −1 , p~]
− m2
i(pµ γ µ + m)
; pµ = [(2n + 1)iπβ −1 , p~]
Fermion propagator:
p2 − m2
∞ Z
i X
d3 p
loop integral:
β n=−∞ (2π)3
X
p~i )
vertex function: − iβ(2π)3 δP ωi ,0 δ (3) (
Boson propagator:

p2

(15.101)
(15.102)
(15.103)
(15.104)

i

In contrast to the zero-T feynman rules, a summation over the so-called Matsubara frequencies appears in the loop integral.

5.3

Effective Higgs potential for T > 0

Using the tools discussed before we can now calculate (for a detailed calculation, see [9]) the effective
Higgs potential to be:
Vef f (φc , T ) = D(T 2 − T02 )φ2c − ET φ3c +

λ(T ) 4
φ
4 c

(15.105)

with
2m2W + m2Z + 2m2t
8v 2
3
2mW + m3Z
E=
4πv 3
2
m − 8Bv 2
T02 = h
4D
3
(2m4W + m4Z − 4m4t )
B=
64π 2 v 4


3
m2W
m2Z
m2t
4
4
4
λ(T ) = λ −
2mW log
+ mZ log
− 4mt log
16π 2 v 4
AB T 2
AB T 2
AF T 2
D=

(15.106)
(15.107)
(15.108)
(15.109)
(15.110)

Notice that this expression does not converge to the bare potential wenn T → 0 - this is due to a
high-temperature expansion performed in the derivation! (see [9])
We are interested in the Higgs VEV at the critical temperature, therefore we evaluate the minima
of Vef f at Tc . For general T , the minima are at

φm (T ) =

3ET
+
2λ

p

φ0 (T ) = 0

(15.111)

9E 2 T 2 − 8D(T − T0 )2 λ
.
2λ

(15.112)

At the critical temperature now, both minima are degenerate:
Vef f (φm (Tc )) = Vef f (φ0 (Tc )) = 0
s
λ(Tc )DT02
⇒ Tc =
λ(Tc )D − E 2

(15.113)
(15.114)

Plugging this back into eqn. 15.112, we get
φm (Tc ) =

2ETc
λ(Tc )

(15.115)

where E (here, E is a parameter (eqn. 15.107) - not the energy!) is determined by the experimental
data
2
2 2m3W + m3Z
E=
≈ 9.5 × 10−3
3
3
3
4πv

(15.116)

Recall now the condition for φ(Tc ) we derived in sec. 4.7
φ(Tc )
> 1.3 or > 1.0.
Tc

(15.117)

With m2h = 2λv 2 , eq. 15.115 and eq. 15.116, this turns into condition a for the Higgs mass
mh ≤ 42GeV or 48GeV.

(15.118)

Which is far too small, considering the experimental data from the LHC!

6

Validity of perturbative expansion

We concluded, that according to our calculation, the experimentally obtained value for the Higgs
mass of about ∼ 125GeV rules out a 1st order phase transition in the SM. Still, there is the question
whether the validity of the perturbative treatment still holds at high temperature like those at the
EW phase transition (see also [9]).

Figure 15.8: One loop contribution to the self energy (for the scalar theory).
The diagram shown fig. 15.8 is quadratically divergent and behaves like ∼ λT 2 .
If we attach additional loops like shown in fig. 15.9 we obtain a behavior like

n+1

λ

3
T 2n+1
2T
=
λ
M 2n−1
M



λT 2
M2

n−1

(15.119)

Figure 15.9: n-loop contribution to the self energy (for the scalar theory).
where M is a mass scale to rescale the additional powers of temperature.
We see that every additional loop yields an additional factor of
α=λ

T2
M2

(15.120)

which gives a condition for the validity of perturbative expansion:
α << 1
We see that the perturbative treatment loses its validity when T ∼

6.1

(15.121)
M
√
.
λ

Simulation on the lattice

To overcome the problems associated with a perturbative treatment, it is possible to investigate the
behavior of the theory by directly solving the corresponding path integral on a discretized space-time
lattice. A detailed discussion of lattice gauge theory would be far beyond the scope of this report (for
a short introduction, see for instance [4]), so I restrict myself to briefly dicuss one specific simulation
by F. Csikor et. al. [10].
Here, the simulation was performed for pure SU(2) + Higgs theory, and later (perturbatively)
extrapolated to the SM. The lagrangian was discretized as follows:


X
X
1
1
S[Uµ , φ] = βs
1 − Tr Upl
1 − Tr Upl + βt
2
2
tp
sp

2
X1
1
+
+
+
Tr(φx φx ) + λ
Tr(φx φx ) − 1
(15.122)
2
2
x
−κs

3
X
µ=1

+
Tr(φ+
x+µ̂ Ux,µ φx ) − κt Tr(φx+4̂ Ux,4 φx )

Where Ux,µ are the gauge links at point x in the direction µ; Upl is the gauge invariant Wilson
plaquette and κs κt = κ2 , βs βt = β 2 are the hopping parameters.
To keep it short, I shall just briefly scetch how to the simulation is performed:
• Start out with an arbitrary field configuration.
• Update Higgs- and gauge filelds at a random point (with Metropolis, Heatbath, ... algorithm).
• With each local update, measure the corresponing value of the Higgs field to get statistics.

Figure 15.10: Lattice simulation of SU (2) + Higgs theory. Quadratic fit of phasetransition line. 1st order PT
until endpoint at RHW =
MH
= 0.827 ± 0.017 (see [10])
MW

• Decrease the lattice spacing and extrapolate to the continuum limit.
It is very hard to determine the type of the phase transition by simply looking at the behavior of
the ”measured” Higgs expectation value. A possible solution can be found in terms of the so-called
Lee-Yang-Zeros, which is also discussed in [10].
When looking at fig. 6.1, one sees that the endpoint for the 1st order PT lies at a Higgs mass of
MH = (66.5 ± 1.4)GeV , with SM-extrapolation at MH = (72.4 ± 1.7)GeV . Since the Higgs mass was
experimentally found to be MH ≈ 125GeV , the lattice simulation does not change the conclusion we
got from the perturbative calculations.

7

Conclusion & Outlook

Both perturbative (see sec. 5.3) and non-perturbative (sec. 6.1) calculations show that the Standard Model is not capable to describe the observed Baryon asymmetry we encounter today. This is
another strong indice that the SM is not the ultimate theory to describe our Universe, and different
models are needed!
One candidate would of course be Supersymmetry, and it is shown in [9] that a minimal supersymmetric extension of Standard Model (MSSM) may indeed fulfill the necessary requirements. A
modest problem here is the lack of experimental data that would support the theory.
Another way to solve the problem would be the consideration of the physics of grand unified theories (GUTs) (like discussed in [7]). Here, Baryon number violating perturbative processes, out-of
equilibrium decays and different CP-violating terms would provide new possibilities to explain the
Baryon asymmetry of our universe.
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Spain, November 1994.
[7] M. S. Turner E. W. Kolb. The Early Universe. Westview, 1990.
[8] J. S. Langer. Statistical theory of the decay of metastable states. Annals of physics, 54:258–275,
1969.
[9] Mariano Quiros. Finite temperature field theory and phase transitions. Technical report, Instituto de Estructura de la Materia (CSIC), Madrid, 1998.
[10] J. Heitger F. Csikor, Z. Fodor. Endpoint of the hot electroweak phase transition. Phys. Rev.
Lett., 82, 1999.
[11] Mark Trodden. Electroweak baryogenesis. Rev. Mod. Phys., 71:1463–1500, 1999.
[12] C. Jarlskog. A basis independent formulation of the connection between quark mass matrices,
cp violation and experiment. Zeitschrift für Physik C, 29:491–497, 1985.
[13] James M. Cline. Baryogenesis. Technical report, McGill University, Dept. of Physics, Montreal,
Qc H3A 2T8, Canada, 2006.

23

