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Exercise 1. Dirac Matrices

(a) Prove that any matrices a, [ satisfying
{of, 0’} =207 B =1 {B.a'}=0;
are traceless with eigenvalues +1.
(b) Using the properties above, argue that they must be even dimensional.

(¢c) What is the minimum dimensionality of the Dirac matrices? Can they be 2 x 2 matrices?

Exercise 2. Relativistic Hydrogen Atom

In non-relativistic quantum mechanics the radial Schroedinger equation for the Hydrogen atom

reads
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The quantisation condition requires that n’ = n — (I + 1) must be a non-negative integer, and

the energy levels are

mc? (Za)?
2n? 7

where a = €2 /(he). Consider now the Dirac equation for an electron interacting with an external

electromagnetic field

E=- n=12...

(ih’y“@u—FZ'y“A#—mc)w:O (2)

(a) Show that by multiplying Eq.(2) by the operator (ihy*0,, + e/cy*A, + mc) we get the
equation

2 eh
[(ih@JreA) —i—eU“”Fﬂy—mgcﬂ b =0 (3)
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where o = (i/2) [y*,~"] and F),, is the usual field strength tensor.

(b) In the case of a pure Coulomb interaction the only non-vanishing component of the po-
tential is Ag = Ze/r. It is convenient to work in the so called chiral representation for the

gamma matrices where
0o _. (9o 0 _ [ U+
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Show that Eq.(3) can be formally written as two decoupled Schroedinger-like equations
for the two spinor components 1)+
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In order to write the equivalent of the radial equation Eq.(1), we decompose the spinor
wavefunction as follows

9+ (7)) = Re(r)[gml)

where | jm ) are the generalisation of the spherical harmonics and R4 are the radial wave
functions.

Note that, since the operator L? = L? — h2Z2a% F ih®Za & - # commutes with the total
angular momentum J = L + &/2, we can look at the subspace of the Hilbert space with j
fixed, in such a way that [ can take two values:

o1
l:l::jj:§7

and obviously L2|jm1) = h2l(I + 1) |jml).

Show that with an appropriate phase-choice we have (for j and m fixed):

Gmisa-imiz) = (] ) o)

i.e., ¢ - 7 switches l4 — .

Using the results above show that Eq. (4) can be rewritten as an equation for the radial
wave functions Ry of the same form of (1):
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with

and the two eigenvalues

)‘:\/(j+1/2)2—22042 and )‘:\/(j+1/2)2—Z2042—1,

which can be rewritten as

A= (j£1/2) = d;, with 6 =j+1/2—/(j+1/2)2 — Z2a2.

Finally, with these identifications, show that the energy eigenvalues in Dirac case can be
written as:
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and compare the result with the fine-structure corrections to the non-relativistic result at

~ O(a?).



