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Exercise 1. Free radiation field

The radiation field can be written as

~A(~r, t) =

∫
d3~k

(2π)3

∑
λ

√
2π~c2
ωk

(
ak,λ~εk,λ e

i~k·~r−iωkt + a∗k,λ~ε
∗
k,λ e

−i~k·~r+iωkt
)

1. Compute the Hamiltonian H = 1
8π

∫
d3~r ( ~E2 + ~B2)

2. Compute the Poynting vector ~P = 1
4πc

∫
d3~r ~E × ~B

Exercise 2. Polarization vectors

Assuming the wave vector points along the z-axis, ~k = (0, 0, k), common choices for the polar-
ization vectors ~ε(~k, λ) = ~εk,λ are:

circular polarization: ~εk,+ = (−1,−i, 0)/
√

2 ~εk,− = (1,−i, 0)/
√

2

linear polarization: ~εk,1 = (1, 0, 0); ~εk,2 = (0, 1, 0);

1. Show
~ε ∗(~k, λ) · ~ε(~k, λ′) = δλλ′

2. Show ∑
λ

ε∗i (
~k, λ)εj(~k, λ) = δij −

ki kj
k2

Exercise 3. Commutation relations

The Lagrangian density of the free radiation field is given by L = − 1
16πF

µνFµν where Fµν ≡
∂µAν − ∂νAµ is the field strength tensor.

1. Show that the canonical momentum to ~A is given by ~π = − 1
4πc

~E

2. After quantisation of the radiation field, both ~A and ~π are operators. Show that the
commutation relations

[â(~k, λ), â†(~k′, λ′)] = (2π)3δ(~k − ~k′) δλλ′
[â(~k, λ), â(~k′, λ′)] = [â†(~k, λ), â†(~k′, λ′)] = 0

result in equal-time commutation relations

[Âi(~x, t), π̂j(~y, t)] = i~
∫

d3~k

(2π)3
ei
~k·(~x−~y)

(
δij −

kikj
~k2

)
How would these relations simplify if there were three polarizations of the radiation field?
Interpret the results.
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