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Exercise 1. Deformation of an elastic bar in homogeneous gravitational field

Determine the displacement field u = (uy, u2, uz) of a homogeneous bar of length L with arbitrary
cross section. The bar is hanging from the top under the influence of gravity F' = —pg(0,0, 1).
The bottom and lateral surfaces are free. There is no boundary condition for u specified on the
top. While this being not quite realistic, it allows to solve the problem using a simple ansatz
for the stress o;,(x). This can be done in the following steps:
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(i) Make an ansatz for o;;(x) similarly to the ’axial pull to a solid cylinder’ from the lecture
and deduce from the equilibrium condition that

v
E11 = €992 = —%x& €33 = %1’37 (1)

where v and E are the Poisson coefficient and the Young’s modulus respectively.
Hint: Use the relation between stress and strain from the lecture given by
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Eik = T(Iik — Etr(a)éik. (2)
(ii) Use the relation
1 811,Z 6u]'
= 3
©ij 2 (81’] + 695,) ( )
to find the following expressions for w1, us
uy = —%ga?wf?) + fi(zz,23),  uz= %90% + f3(@1, 32), (4)
for some functions f1, f3 and show that f3 satisfies both of
v v
fs(@1,22) = %%’% +gi(z2)zr + ha(we),  fa(wr,@2) = %-’E% + g2(x1)@2 + ho (1),

(5)
for some functions g1, go, h1, ho.
(iii) Find a solution u such that «(0,0, L) = 0.

(iv) In case of the material being Aluminium (p = 2.7g/cm?, Yield strength = 400 MPa),
determine the maximal length L the bar can have without breaking.



Exercise 2. Anisotropic homogeneous media

For the present exercise it is of advantage to introduce the following notation.
€; == Ei, €4 1= 2e93, €&5:= 231, &g := 2¢19, 1=1,2,3 (6)

and analogously for ¢. In this notation the most general linear relation between stress and strain
can be written as

6
oi=> Tugk, i=1,...,6, (7)
k=1

I';x being the components of a symmetric 6 x 6 matrix I'. Without any symmetries the relation
is described by 6(6 4 1)/2 = 21 independent coefficients. For the following three cases, in which
specific symmetries are given by transformations z; — «f, find the number of independent
coefficients of I'.

(i) Inversion: z; — —z;.
(ii) Monoclinic system: One twofold axis of rotation: z +— 2/ = (—x1, —x9, z3).

(iii) Cubic system: Four threefold axes of rotation (diagonals of a cube):

(‘Tl,mQ, xS) — (ZUQ,xg,.’L'l), (.TQ, —x3, _',171)7 (—xQ,.T37 _:I:l)7 (—.’1}'2, _x37x1) (8)

Hints: The tensors g, 0, transform as x;x,. Therefore, from the transformation of the coor-
dinates we can find the transformation

~

R:(e1,...,86) > (€1, ..., €5) 9)

(the same acts on ). From this we can derive I” = RTR~!. If the transformation z — 2’ is
a symmetry we require IV = T". For the third case use a combination of transformations of (8)
to conclude that x — 2/ = (—x1, —x9,z3) is also a symmetry transformation as in the second
case and therefore the coefficients vanishing in the second case also vanish in the third case.
Then look at the first of (8) and find the permutation of indices in the mapping (9) . From
[" = RI'R™! conclude that both indices of I';; permute in the same way and from this derive
the form of I'.



