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Exercise 1 [Identities of vector analysis ]: Prove the following basic identities of vector
analysis:

a · (b ∧ c) = b · (c ∧ a) = c · (a ∧ b)

a ∧ (b ∧ c) = (a · c)b− (a · b) c

(a ∧ b) · (c ∧ d) = (a · c) (b · d)− (a · d) (b · c)

curl gradψ = 0

div(curlA) = 0

curl(curlA) = grad(divA)−∆A

div(ψA) = A · gradψ + ψ divA

curl(ψA) = (gradψ) ∧A + ψ curlA

grad(A ·B) = (A · ∇)B + (B · ∇)A + A ∧ curlB + B ∧ curlA

div(A ∧B) = B · curlA−A · curlB ,

where a, b, c, d ∈ R3 are fixed vectors, ψ is a scalar field, and A,B are vector fields on
R3.

[Hint: the i-th component of the wedge product a ∧ b is given by

(a ∧ b)i =
∑
jk

εijk aj bk ,

where εijk is the totally antisymmetric tensor in three dimensions and ε123 = 1. Show
that the totally antisymmetric tensor satisfies the following identities∑

i

εijkεilm = δjlδkm − δjmδkl and
∑
ij

εijkεijm = 2δkm .

Exercise 2 [Stokes’ Theorem ]: Let D(x) be a vector field pointing in the same direction
at each point x ∈ R3.

(i) Under which condition does the curl of D(x) vanish?

(ii) Choose a simple example of a non-rotational vector field D(x) as above, and consider
a closed curve along which the line integral of D(x) does not vanish. Show that
Stokes’ theorem holds true in this case by direct computation.


