Group theory

Definition: group G is a set g = {a,, b,c,.. } with a product

a€y
beg = a-b€G associative (a-b)-c=a-(b-c)

identity E€G with EF-a=a-EF=a

inverse aeg —»a‘leg with a l-a=a-a'=FE

Example: Cy, symmetry operation of square
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Group theory

subgroup: group G’ subsetof G g, C g
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number of elements:  |G’| devides |G|

A




Group theory representations

Representation of a group

represent elements of group as linear operations on a vector space

n-dimensional vector space ) = {|1),2),...,|n)}

A

operation: g € G —— 5’9 with  Sg|k)

k)’

99’ SgSg = gy and Sp =1

linear operation as matrix representation in }) (dependent on basis)
) = Sglk) =Y 15){ilSqlk) = > Mi;(9)l5)
F :

J
9" =gg' +— (I8¢ k) = > (i1Sg|m)(m|Sg|k) and (j|SE|k) = d;%
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character: x(g) = Z(J |S'g |.7 ) basis independent
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Group theory representations

irreducible representation: independent of basis {M(g)} connects whole )

trivial representation: n=1 g — M(g) =1

A

example: Cly,, M transformation of {Gz,dy}

a, = (0,1) A
1 - p—
a; = (1,0) Eé(o (1))04_)((1) 01)04_1_’(—01 (1))02_’(01 _01)
>
(3 5) A= (0 0) (3 0) (% 3)
character E C4 0411 Co opn O';L 0d o-(’i basis function
table A 1 1 1 1 1 1 1 1 1
Al 1 1 1 1 -1 -1 -1 -1 ;r,y( — y2)
By1 -1 -1 1 1 1 -1 -1 y2
B/1 -1 -1 1 -1 -1 1 1
EI 2 0 0 -2 0 0 0 O {w,y}




Group theory  representations & quantum mechanics

vector space == Hilbert space {|¥1),|¥2),-..}

group of symmetry operation (G — {S’l, 5'2, .. }

Hamiltonian: H === [Sj,H] =0 invariant under symmetry operation

stationary states: M| ) = €n|Pn)
S, H] =0 =  HS|gn) = SH|pn) = €nS|én)
|$n) and |@L) = g|¢n) degenerate

o) = S’|¢n) — Z |¢m><¢m|§|¢n> within the subspace of degenerate

states



Group theory  representations & quantum mechanics

Compatibility relation

symmetry lowering () hy — C2v
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2v E Oy op o0} basis A ’1
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