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Exercise 1. Free FElectron Gas.

The Hamiltonian of a gas of N free electrons is written in the second quantization formalism as

H = ka chsckys , (1)

k,s

where ¢y 5 (resp. c;rc ¢) is the annihilation (resp. creation) operator of the electron mode k, s of

energy &, = ¢, — p. (Here e = h?k%/(2m) and p is the chemical potential, 4 = Ep at T = 0.)
The index s distinguishes the two spin components.

Let’s look at excitations that are holes under the Fermi level and electrons above the Fermi
level. We would like to rewrite the Hamiltonian in a form which involves explicitly only these
excitations. We define the creation and annihilation operators of an excitation ay, , ag s by

) Ck for k > kp ) Ry for k > kp
ava - T ) ak’:\l/ - T
el for k < kp s for k < kp

(2)

(a) Show that the a, af’s obey fermionic commutation relations.

(b) Argue that eq. (2) is a unitary transformation of the creation and annihilation operators.
Such a transformation is also called a Bogoliubov transformation. What happens if you act
with the annihilators cg s and oy s on the ground state of the gas?

(c) Rewrite the Hamiltonian (1) in the form

H = Z|§k| (CVLTO&M +OCL¢ak¢) +Eq ; Eg=2 Z &k - (3)
k k<kp

Solution.

a) First assume k < kr < k’. Then
(a)

{ak,s7 ak’,s’} = {a;rc,s’ a;rc/,s’} = {ak,s7 a;::’,s/} =0 (Ll)

t

simply because the expressions of a, al only involve ¢, ¢/’s with the same value of k (resp. k'), and the c, chs

involved anticommute because k # k.

+

Similarly, if k, & > kr, then the a, af’s are exactly equal to the ¢, c¢/’s and the anticommutation relations

hold.
If k, k' < kr, then ag,s = ch_k’_ and thus

s
{ak,Saak’,s’} = {Ctkyf‘g?Cik/’iS/} =0 5 {QL’yaL/’S/} = {ka,fsycfk’,fs/} =0 5
{ak,&a‘};/’s/} = {C]L—k,—svcfk',fs’} = {ka’,78’7c1-_k,,—s} = (sk,k’és,s’ .

(b) Eq. (2) may be rewritten as

tror = ckr for k> kp ) of = CT—k,i for k > kr (L.2)
’ cT_k,¢ for k < kr ’ —kd ek fork <kp

which in turn may be expressed as the Bogoliubov transformation

Crett 07753
=Ug ( ) R L.3
(CJr—m) O‘T—m (L.3)



where U is a 2 X 2 unitary matrix defined as follows:

1 0) . 0 -1\ .
Uk = (0 1) if k> kr; Uk = (1 O) if k < krp. (L.4)

Note that the combination of operators with reversal of k and s comes from the study of Cooper pairs in
superconductivity.

Acting on the ground state with cg s yields zero for k > kr but annihilates an electron for £ < kr. However,
acting with ag, yields zero for any k, s because for k < kr ag,s is actually a creation operator ¢’ which gives
zero on an already occupied state. This can also be understood as « annihilating excitations: for k > kp,
excitations are electrons, and in the ground state there are no such electrons to annihilate, and for k < kp
excitations are holes, yet in the ground state there are no holes under the Fermi level. So a corresponds to
an annihilation operator that yields zero when acting on the ground state, this is what one usually wants.

(c) Eq. (3) represents a different way of counting the energy of the system. Instead of counting all electrons and
their energies, we count the holes for £ < kr and the electrons for k& > kr. Here it is important that the
energies & are scaled such that at the Fermi level {x—r, = 0. Note that we could not have just counted the
electrons above the Fermi energy and multiplied by two, because we wouldn’t know by how much energy such
an electron would have been excited.

The transformation (2) effectively means cx,s = ak,s for k > kr and cg,s = O‘T_k,_s for k£ < kr. Now write

H = Z rkaLSCk:,s'i‘ Z fkc};’sck,s = Z kal_k,_SOéT_k,_s‘F Z §kOéL’SOtk,s

k<kp,s k>kp,s k<kp,s k>kp,s
— 1—af T
= &k aly _s0k—s )|+ &k Qg Ok s
k<kp,s k>kp,s
=2 G+ > |Gloloks+ Y l&laf jans
k<kp k<kp,s k>kp,s

where we have anticommutated a_,—s with aik’fs, cancelled the minus sign with the sign of £ (remember:
&k < 0for k < kp and & > 0 for k > k), relabeled k — —k, s — —s in the second sum on the last line, and
obtained a factor 2 in the first term from the summation over the index s.

Eventually,

H=2Y" &+ |&lal ans . (L.5)

k<kp k,s

Exercise 2. Correlation Functions tn a Fermi Sea.

Consider a gas of N identical fermions with spin 1/2. The fermions are free and non-interacting.
The ground state is then given by

@) =[] af, 10). (4)

|k|<kr, s

One defines the one-particle correlation function Gs(x —y) as

Gy(@ —y) = = g(x —y) = (Bo| Ul (@)U, (y)| D) . (5)

\)

This is the amplitude of recreating a fermion of spin s at position & when one was annihilated
at position y with same spin.

(a) Using explicit expressions for the field operators Ws(x), calculate Gs(x — y) and sketch its
graph as function of | — y|. Show that lim, .0 Gs(r) = § and lim, . Gs(r) = 0.



Solution. Recall the definition of the field operators U, (x),

Vo(x)= > ¢i(z)ai . (L.6)

modes

For free fermions we choose to consider the momentum modes designated by k, for which the wave functions
are plane waves,

(@) = —— o*® (L.7)

Now insert the expression for the ¥’s into (5),

n 1 ik a1 1 —ikix+1
ggs(m —y) = 7 Z e thimtikay <¢0|a21,5ak2,5|q’0> =v Z e FITTRY (G g | Do) Oky ks
k1 ko ki k2
1 —ik(x— 1 —ik-(x—
= 5 2o T (ks |@0) = 5 D e Y (L8)
k b<kp

Indeed, because ®g is a number basis element, any annihilated fermion has to be recreated to give a nonzero
matrix element; in the ground state, all levels under the Fermi level are occupied, such that (®o|ng,s|Po) =1
for k < kr and (®o|nk,s|Po) = 0 for k > kp. Pursuing the calculation,

1 —ik-(z—y) / d3k —ik-(z—y) 1 /727r /kF 2 /+1 ik|x—y| cos 6
L8) == e Y~ e Y = do¢ dk k dcosf e v
L8=7 2 chp @) @ by ), .

k<kp k
1 P | 1 ke
= —= dk k* —— 2isin (k| — = — dk ksin (k| —
e [ R e isin (ke — w) = g [ dkksin (i - )
n sinz — xcosz
—_.3. ldidid L.
R R (L.9)
r=kp|z—y|
In the last step one calculates using elementary analysis
kp 1
/ dk ksin (k|lz — y|) = W[sin(kﬂw—y\)—kp\:c—y\cos(kp|m—y|)] , (L.10)
o _

and applies the relation kr = [37° n] s (Eq. (5.1.4) in the lecture notes).

We have replaced the sum by an integral in the previous calculation by sending V' — oco. There the distri-

bution % e~ " (®=¥) ig replaced by (27103 etk (z—y)
If » — 0, then
1.3 5 1.3 5 1,3 5
P ge(ry =g LomE ¥OE) metar +OW) _n 4 550 +0G6Y) L
2 2 3 2 3 2
(L.11)
Likewise, if » — oo, then
n n sinz xcosx n 1 T
59:(r)| =53 - <5 3|5+ —0. L.12
‘29 (r)‘ 2 3 3 | T2 3L3+$3] ( )
A plot of gs () is given in the following figure.
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Likewise, one can define the pair correlation function gsg(x —y) by

(b)

n

2
(5) gss@—9) = (20| Wh(@) W] (1) 0 (9) V. () | 00) (6)

Rewrite Eq. (6) in the form

nY\ 2 1 (s BN il Y.
<§> gss'(x —y) = 7z Z o ilk1—k2) @ —i(q1—qs)y <®0|a21,sagl,s’aq2,s’ak2,s|(I)O> . (7
ki1k2q; gy

Solution. This follows directly by inserting explicit expressions of ¥ (x), analogously to point (a).

Assume first that s # s’. Calculate gso (x — v).

Solution. Considering (7) and assuming s # s’, we must have k1 = k2 and q; = g, or the matrix element
is zero because we would fail to recreate the particle that we annihilated and we would end up with a state
orthogonal to the ground state. (This argument holds since |®¢) is a number eigenstate.) So

(92955’(“’ —y) = % > (ol nk,sng,sr|®0) = (g)2 : (L.13)
kq

because % Z,KkF 1 = % (the factor é is due to spin degeneracy). Finally

gszsr (®—y) = 1. (L.14)

Now consider the case where s = s’ and calculate gss(x — y). Plot the quantity gss(x — y)
as a function of |x — y|.

Solution. If s = &', then we must have in (7) either k1 = k2 and g, = g,, or k1 = q, and q; = k2. This
can be written as

(@olaf, ,ab, saqy.s0p, o |P0) = Ok, kyOay.ay (Po| Tk, <7y .5 |P0) — Ok, gy 0a, .k (Pol Tk <7y s|Po) , (L.15)

where the minus sign comes from having anticommuted an odd number of a’s to obtain the number operators
in the second term.

Recalling Eq. (7), we have

2 . .
ﬁ gss\ —Y) = i 1-— e—z(k—q)-mefz(qfk)y <I)O Nk,sNq,s (I>0
2 V2 o
kq
1 —i(k—q)-(x—
= W [1 —e (k—aq)-( y)] <‘I)O |7’Lk,an,s |(I)O>
kq
1 N2 —ik(z—y) —ig@—y) | _ (P)? 2

k,q<kp

where in the last line, the sign in the second exponential was flipped by sending ¢ — —q, and the quantity
gs(x — y) appeared by recognizing the expression in (L.8).

Recalling the result for gs(x — y), known from point (a),

. 2
gosl@—y) =1 9. Snz—zcosz)? (L.17)

26

r=kp|e—y|

A plot of gss(x — y) can be found in the lecture notes, p. 69, Fig. 10.



