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In this exercise sheet, we will compute the total decay rate of the muon, which occurs via the

process,

µ−(p1)→ νµ(p2) + e−(k1) + ν̄e(k2).

Exercise 6 [Muon decay : kinematics] We use the notation pi = (Ei, ~pi), ki = (ωi,~ki).

(i) We consider the muon as massive (mµ = m) while the electron and the neutrinos are

considered massless (me = mνµ = mν̄e = 0). We work in the rest frame of the muon, and

the decay product will be lying in the xz-plane. For definiteness, the muon neutrino is

chosen to go along the positive z-direction, and the electron antineutrino 3-momentum

makes an angle ϑ with the latter. Write down the 4-vectors involved in the process

eliminating the quantities associated to the electron.

(ii) Phase space: The 3-particle massless phase space element is,

dΦ3 =
d4p2

(2π)4

d4k1

(2π)4

d4k2

(2π)4
(2π)δ(+)(p2

2)(2π)δ(+)(k2
1)(2π)δ(+)(k2

2)(2π)4δ(4)(p1−p2−k1−k2).

Show that it can be written as,

dΦ3 =
1

2(2π)3
E2dE2ω2dω2d(cosϑ)δ(+)

(
m2 − 2m(E2 + ω2) + 2E2ω2(1− cosϑ)

)
(1)

=
1

4(2π)3
dE2dω2.

(iii) Flux factor: in the case of a decay it is just F = 2E1.
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Exercise 7 [Muon decay : matrix element]

(i) Express the matrix element M using the Feynman rules of the electroweak theory:
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(ii) Explain why the Fermi theory which describe the decay using a current-current vertex

shown below is a very good approximation in the case of the muon decay.

�
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= i4GF√
2
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Show that the momentum squared of the W -boson is always much smaller than m2
W .

(iii) By comparing the matrix element obtained using Fermi and electroweak theory, derive

the relation linking GF , g and mW .

(iv) Square the amplitude, sum over the final state spin configurations and average over the

initial state spin configurations to obtain the unpolarized matrix elements squared.

(v) Compute the traces (for example using the computer algebra system FORM [1, 2]) and

express the result with the the variables E2 and ω2 in which the phase space is expressed.

Hint : use the δ-function in (1) to get rid of the cosϑ.

(vi) Perform the integration of |M|2 over the allowed phase space and multiply with the

flux factor to get the total decay width of the muon:

Γµ =
1

F

∫
dΦ3|M|2 =

G2
Fm

5

192π3
.
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Exercise 8 [Beta and tau decay]

(i) Extract the value of the Fermi constant GµF from the measured mass and lifetime of the

muon (see [3]).

(ii) Find an explanation for the difference with the value extracted from neutron beta decay:

GβF = (1.136± 0.003) · 10−5 GeV−2.

(iii) Consider now the same process with a tau (neutrino) instead of muon (neutrino). What

is the predicted decay width? Explain the difference to the actual total decay width by

assuming that the branching ratio of each possible decay mode is the same.
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