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The goal of this exercise is to show that, for a 2D spinless px+ipy-superconductor modeled
by the Hamiltonian

H =

∫
d2r

(
ψ†
(
−ψ†∆2

2m
− µ

)
ψ +

∆

2

(
eiφψ (∂x + i∂y)ψ + h.c.

))
,

there exists a topological invariant distinguishing the weak pairing phase from the strong
pairing phase.
Here, ψ†(r) creates a spinless fermion with effective mass m, the chemical potential is
µ, and ∆ ≥ 0, φ ∈ R are assumed to be constant. Let us assume that the system is
translation invariant.

a) Diagonalize the Hamiltonian by going to momentum space. That is, determine H(k) =(
ε(k) ∆̃(k)∗

∆̃(k) −ε(k)

)
such that

H =

∫
d2k

(2π)2
Ψ†(k)H(k)Ψ(k),

where Ψ†(k) = (ψ†(k), ψ(−k)).

b) Write H(k) = h(k) · σ, where σ = (σx, σy, σz) is the Pauli vector. Show that h(k) 6= 0 if
µ 6= 0.

c) Set ĥ(k) = h(k)/‖h(k)‖. This defines a map from the 2D momentum space to the 2D
unit sphere. Observe that as we vary k along a circle ‖k‖ ≡ const, ĥ(k) traces out a circle
at constant height on the unit sphere.

d) Show that the Chern number

C =

∫
d2k

4π

(
ĥ ·
(
∂kxĥ× ∂ky ĥ

))
is an integer. In particular, it is invariant under smooth perturbations.

e) Show that C ≡ 0 in the (topologically trivial) strong pairing phase µ < 0, while C ≡ −1
in the (topologically non-trivial) weak pairing phase µ > 0.

Hint: This exercise follows the article New directions in the pursuit of Majorana fermions
in solid state systems by J. Alicea, see arXiv:1202.1293v1.
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