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Exercise 1

In this exercise You will compute the initial state collinear singularities encountered at the

next to leading order in QCD, and show that these can be renormalised into the parton

distributtion function. We will look at the process bb̄→ H.

i) Show that at leading order the cross section for bb̄→ H is

σB =
πy2b
ŝ

δ(1− z)
6

where z = m2
h/ŝ.

ii) Now turn to the real corrections, these come from the process bb̄ → Hg. When one

attempts to integrate the squared real matrix element over the full 2→ 2 phase space,

one encounters singularities. We will regulate these using dimensional regularisation.

Given that in d = 4− 2ε dimensions the phasespace measure is

Φ2(s;mh, 0) =
1− z

Γ(1− ε)
(4π)ε

8π

∫ 1

0
dλ
(
ŝ(1− z)2λ(1− λ)

)−ε
.

such that the Mandelstam variables are

s13 = −λ(ŝ−m2
h)

s23 = −(1− λ)(ŝ−m2
h)

and that the squared averaged amplitude for the real correction is

|M |2 = αs(µ)yb(µ)
16π

9

(
µ2eγE

4π

)ε
(ŝ2 +m4

h)− ε(ŝ−m2
h)2

s13s23

show that the contribution of the real correction to the cross section is

σReal =
α(µ)y2b
ŝ

[
1

ε2
2

9
δ(1− z) +

1

ε

(
2

9
δ(1− z) ln

µ2

s
− 2

9

1 + z2

(1− z)+

)
− 1

18

(
π2 − 2 ln2 µ

2

s

)
δ(1− z) +

2

9
(1− z)− 2

9

1 + z2

(1− z)+
ln
µ2

s

+4(1 + z2)

[
ln(1− z)

1− z

]
+

]
.

Hint: You will need to use the following identity

(1− z)−1+ε =
δ(1− z)

ε
+

∞∑
n=0

εn

n!

[
logn(1− z)

1− z

]
+



with the plus-distribution defined by∫ 1

0
dxf(x)

[
g(x)

x

]
+

=

∫ 1

0
dxg(x)

[
f(x)− f(0)

x

]
.

iii) Given that the renormalised virtual contribution is given by

σV =

[
− 2/9

(
µ2

s

)ε
yb

2αse
γE ε cos (π ε)

(
Γ (1 + ε) (Γ (−ε))2

Γ (1− 2 ε)
+ εΓ (ε)B (1− ε, 1− ε)

)

−
αy2b
3m2

h

1

ε

]
δ(1− z)
m2
h

compute the NLO QCD correction. Show in particular that the double pole 1/ε2 cancels,

but that the coefficient of 1/ε comes with the following coefficient

σC =
αsy

2
b

3εŝ
P (0)
qq (z)

where the leading order quark-quark splitting function is defined as

P (0)
qq (z) = δ(1− z) +

2

3

1 + z2

(1− z)+
.

iv) Identify σC as the collinear counter term, arising from the collinear singularities ab-

sorbed in the parton distribution function (pdf) and show that the following redefinition

of the pdf

fi(x)→
∑
j

fj ⊗ Γij(x)

where

Γij(x) = δijδ(1− x)− αs
π

Pij(x)

ε
+ ..

will render the hadronic cross section finite. Recall that the convolution integral is

defined as

f1 ⊗ f2(z) =

∫ 1

0
dxdyf1(x)f2(y)δ(xy − z).


