Chapter 9

Proton structure in QCD

Literature:

Halzen/Martin [1], Chap. 8-10.

This chapter reviews the study of the proton structure, which lasted form after World
War Il to the closure of HERA (DESY) in 2007. The understanding gained from those
results is of essential importance to predict cross-sections for the Tevatron (Fermilab) and
the LHC (CERN), since both of them use hadrons as colliding particles.

First, the methods used to study the proton structure are presented and the relevant
kinematic quantities are de ned, starting from the similar case o&  -scattering. We
then generalize to the case of a composite hadron. After that, the Bjorken scaling is
introduced. Finally, the steps leading to the discovery of the uncharged parton { the
gluon { are described.

One must remember that the link between the particle zoo and the results concerning the
proton structure was not at all obvious, as the quark model had not yet imposed itself as
a leading theory.

9.1 Probing a charge distribution & form factors

To probe a charge distribution in a target one can scatter electrons on it and measure their
angular distribution (Fig.9.1). The measurement of the cross-section can be compared
with the expectation for a point charge distribution,

d d : .

d - d jF (9% (9.1)

point

whereF (q) is called theform factor ,andq:= k; k¢ is the momentum transfer from the
probing particle to the target. The momentum transfer is also related to the resolution
power of the probe.
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Figure 9.1: Probing a charge distribution

When probing a point ( spinless & structureless) targetF(q) 1 and one gets the
Mott cross section

d (Z )’E? k? .,

— =———— 1 —sinf(=2) ; (9.2)
d o 4k4sin*(=2) E?
where Z is the electric charge measured in units of the elementary charde,and k =
jkij = jk¢] are respectively the energy and the momentum of the probing particle, and
is the scattering angle. One typically measures and E of the scattered electron.

Comparing the angular dependence of the di erential cross-section of eletrons scattering
o protons with the Mott cross sections, measurements show that the two distributions
do not agree at large scattering angles as shown in Fig. 9.2.
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Figure 9.2: Mott cross section (dashed line) and compared to the experimental data form
electron-hydrogen scattering. The measurement disagrees with the point-linke cross sec-
tion at large scattering angles.
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9.2 Structure functions

Starting from the example of scattering of two di erent elementary spir% particles, an
ansatz is made for the general case.

9.2.1 e -scattering in the laboratory frame

In the case of thee  -scattering in the laboratory frame at high energyg ™M = m ),
the matrix element is given by,

- 4
MupP= L L

q4 e
_ 8t _ P 2oy
= ¥2M EE cod(=2) oz Sim(=2)

where ECis the energy of the scattered electron, and the transferred momentum,
o 2k k°  4EE%sin?(=2);

yielding { upon inclusion of the ux factor and phase space { the di erential cross section
for e in the laboratory frame,

d 2

q2
d T~ 4E2sin®( =2)

% cog( =2) Msinz(:Z) 3 (9.3)

9.2.2 e p-scattering & the hadronic tensor

When dealing with hadrons, the possibility of inelastic scattering, i.e. scattering where
the nal state contains excited states or other particles than the probe and the scattering
particle, must be taken into account, shown in the Feynman diagram,

ki kf

D w

whereW is the invariant mass of the particles in the nal state (Sect.4.4.4, p.51). The
scattering cross-section as a function & is shown in Fig. 9.3. One notes the elastic peak
at W = m, followed by a peak at 1232 MeV corresponding to the * resonance and

produced by the reaction,

o

ep! e ep?
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Figure 9.3: Di erential cross section as a function of the invariant masg/.

To calculate thee p-scattering, one makes the substitution. ! W, , where,

_ W2 W4 W5 .
W, = Wig +pr+mqq+w(pq+qp), (9.4)

is the most general rank-2 tensor with functiondV,;:::; Ws constructed from Lorentz
scalars depending on the internal structure of the proton, constructible from the 4-
momentum of the proton () and the momentum transfer ().

Imposing current conservation@j p = 0, one can rewriteW, and W5 in terms of W, and
W5 -

W5 = %:IWZ
2 2
W, = %:I W, + —2W1,

ReplacingW, and W5 in Eq. (9.4) :

_ qq W> P q P g .
W, =W, 9+7 vz P ?q p ?q : (9.5)

W; and W, are the so-called thestructure functions  of the proton. They depend on
two independent variables,

Q?:= ¢ : the 4-momentum transfer squared,

P9 : the energy transferred to the nucleon by the scattering electron,

M

1The \missing" Ws-term is related to the axial part of the current, and is relevant when considering
the weak interaction. It is discarded in what follows.
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or their dimensionless counterparts,

oF Q?

2pq 2M

= — 0 1:
Y y

X =

: the Bjorken scalingx-variable, 0 x 1,

fole]

With the variables de ned above, we have the following expression for the invariant mass :
W2=(p+g?=M2+2M Q% (9.6)

The elastic scattering cas&V? = M2 corresponds to the valuex = 1. Fig. 9.4 shows the

Q? /

=0 y=1
Figure 9.4: Allowed kinematical region of theQ?- -plane.

kinematic region in the Q?- -plane.
Using the hadron tensor, Eq. (9.5), the scattering matrix element is,

L® W, =4EE® Wp(Q% )cos(=2)+ Wi(Q* )sin*(=2)
Including the ux and phase-space factors (Sect.2.2.4, p. 13 & 3.2.3, p. 23) one nds the

di erential cross-section in the laboratory frame,

d 2

dEW  4E2sin’(=2) W2(Q?% )cos’(=2) + Wi(Q?% )sin’(=2)

Integrating over the energy of the outgoing electioE®, one gets,

d _ 2 EOW 2. 2( =2)+ W, (02 in(=2) :
4 T ZEzsm(=gE WAQT )eos(22)+ Wa(QT )sin*(=2) -
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9.3 Parton model

The key factor for investigating the proton substructure is the wavelength of the probing
photon, which is related to the transferred momentum by,
1 .
P

Therefore, large momentum transfer is equivalent to high resolution. As shown in Fig. 9.5,
for 1fm, one can \see" the proton as a single particle, whereas for, 1fm, the

—g? small

(b)
¥
—q? large Quark

Figure 9.5: Relationship between resolution and transferred momentum.

probed patrticles are the constituents of the proton.

9.3.1 Bjorken scaling

J. Bjorken proposed in 1968 that, in the limit of in nite Q?, the structure functions

should only depend on the scaling variablg, and not on Q? and independently. This

corresponds to postulating that at largeQ? the inelastice p-scattering is a sum of elastic
scatterings of the electron on frepartons within the proton, as illustrated below.

In this limit, one de nes then the functions,

Fi(x) := Q"!‘T MW (Q% ); (9.7)
Fo(x) == lim  W,(Q% ): (9.8)

Q211
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9.3.2 SLAC-MIT experiment
To test the hypothesis of Bjorken, a joint experiment of the SLAC and MIT groups was

performed at the SLAC laboratory. Sketches and photographs of the experiment are shown
in Fig.9.6.

(©)

Figure 9.6:SLAC-MIT experiment. (a), (b) Sketches showing the 1.5 GeV, 8 GeV and 20
GeV spectrometers. (c) Photograph of the experiment.

The setup measured the scattering cross-section for xed energies of the scattered electron
and various angles. Fixingx (or ! = %) one gets di erent values ofQ? by varying the
angle. The experimental result is shown in Fig.9.7. This experiment con rmed the scaling
hypothesis of Bjorken and gave a decisive piece of evidence in favour of the parton model
introduced by Feynman in 1969. This model describes the proton as composegaitons
which are the object one \sees" during ae p-scattering. One may describe the scattering
process as shown in the following diagrams,



8 CHAPTER 9. PROTON STRUCTURE IN QCD

\ ‘ \
04| =4 i
¥ +H |, J\

YWo [ % L { 7
0.2 B

+ 6° o 18°
- x10° A 26°

0 1 | 1 | 1 | 1
0 , 4 6 8
Q [(Gevic)] s

Figure 9.7: Experimental evidence for Bjorken scaling as measured at the SLAC-MIT
experiment ( = 1=x).

PR " i; xp |

The sum runs over all possible partons, each carrying an electric charge(in units of
the elementary charge) and a fractiorx of the total momentum of the proton. This gives
us a physical interpretation of the Bjorken scaling variable. Since the fraction of proton
momentum carried by thei-th parton is not known a priori, one needs to integrate over all
possible values ok between zero (the parton carries no momentum) and one (the parton
carries all the proton momentum).

The probability f;(x) that the struck parton carries a fractionx of the proton momentum
is calledparton distribution function (PDF). The total probability must be equal to
1, in order for the proton as a whole to carry all its momentum :

Z1
dxxfi(x)=1: (9.9)

In Feynman's parton model the structure functions are sums of the parton densities
constituting the proton,

X
Wo(Q% ) ! Fa(x) = | exf i (X) (9.10)

MWL(Q% )1 Fax) = o Fa(x) ©11)
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9.3.3 Callan-Gross relation

The result,

2Fi= o) 012

is known asCallan-Gross relation  and is a consequence of quarks being spﬁrparticles.
It can be derived by comparing thee p and e di erential cross sections and setting
the mass of the quark to bem = xM . Remembering the de nitions ofF; and F,, Egs.
(9.7) and (9.8), one has,

Fu(x) _ Wi(Q*% )M
Fa(x)  Wo(Q% )

and since the scattering is elastic with a point particle (the parton),

2y @ Q?
2W1(Q%; ) = oz >m
QZ

2m

Wi (Q% ) _ Q%
W,(Q% )  4m?’

Wa(Q% ) = )

and one gets the desired result, by putting in the de nition ofx and m = xM ,

Fix) . Q@M _ Q* 1 1

Fo(x) ~ 4m2  ~ 2M 2x2~ 2x

Fig. 9.8 shows theQ?-independence of the Callan-Gross relation.

¢ 15 < QU GeViey < a
+ 5 < QMGeVie) <1
* 12 < PUGeVie)y < 16

¥ = 0¥2Mv

Figure 9.8: Experimental evidence for the Callan-Gross relation.
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9.3.4 Parton density functions of protons and neutrons

The proton is know to be composed of two up and one down quarks (Sect. 7.3, p.131).
These quarks are known as valence quarks and are denotgd They are the ones de-
termining the properties of a hadron. It can however occur (in particular at highQ?,
corresponding to a high resolution) that a valence quark radiates a gluon which then
splits in a quark-antiquark pair which is then probed by the virtual photon. These quarks
are referred to as sea quarks and are denotgd

In the case ofe p-scattering ande n-scattering, writing gV instead offqN (x) for conve-
nience and using Eq. (9.10), we get respectively,

1 2 2 2 1 2

ZEfP= = P+ MY+ = P+ Y+ = P+ gP 1

= 5 W) o (P o (P ) (9.13)
2 2 2

§F§”= % WHu)+ E (@A) s (S48, (9.14)

where we have discarded the contributions of partons heavier than the strange quark.

One makes the assumption that these functions are not independent (exchanging an up
quark for a down turns basically a proton into a neutron), and de nes the total PDF of
a given quark as the sum of its valence and sea components,

Uu:=uy+us=ufP=d"
d=d,+ds=d°=u";
Furthermore, we assume that the three lightest quark avours (u,d,s) occur with equal
probability in the sea:
ST Us=Us=ds = ds = Sg = Sq:

Combining all de nitions and assumptions one obtains,

1 1 4
1 1 4
;ern = 5(4dv + uy) + §S: (9.16)

At small momentum fractions (x 0) the structure function is dominated by low-
momentum gg-pairs constituting the \sea", and hence

P

i
whereas forx 1 the valence quarks dominate and,

en

Fo ) L1

FP 4

The experimental evidence is shown in Fig. 9.9.

Fig. 9.10 shows the distribution ofF;® that one would observe in di erent scenarios of
proton structure.
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Figure 9.9: Ratio of the proton and neutron structure functions as a function of the
Bjorken x-variable.

9.4 Gluons

9.4.1 Missing momentum

Summing the measured momenta of the partons cited above should give the proton mo-
mentum. However this is not the case.

71
dxx(u+u+d+d+s+s)=1 "

where,

71
"gi=  dxx(gq+ o):
0

The experimental data, neglecting the contribution of strange quarks, show that,

71
dxF;P =
0
71
1 4
dxF;"= =", + ="4=0:12
2 9 u 9 d



12 CHAPTER 9. PROTON STRUCTURE IN QCD

If the Proton is then FZ(x) is

Three valence quarks

Three bound valence quarks
<

p=
=
Three bound valence
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debris, e.g., g~ qf

5 —>

|
173 1
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Figure 9.10: Structure functionsF;® in di erent scenarios of the proton structure.
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Therefore,
"uw=0:36
"4=0:18
and the fraction of the proton momentum not carried by quarks is,
"g = 1 "u "d = 0:46:
Almost half of the proton momentum is carried by electrically uncharged partons. By
repeating the scattering experiments with neutrinos instead of electrons, one observes

that these uncharged partons do not interact weakly either. The parton carrying the
missing momentum is now known as thgluon , the gauge boson of QCD.



9.4. GLUONS 13

9.4.2 Gluons and the parton model at Oo( o)

By including the gluons into the parton model, the following diagrams need to be taken
into account :

Looking speci cally at the contribution of the rst diagram, and using the kinematic
variables de ned in the following diagram,

B=Yyp Zp=Xp

one can show that the contribution to the proton structure function is of the form :

71
1. qq_ X d 2
Ftes @ TR SPabeyiog % (9.17)

where is a cuto to regularize soft gluon emission and,

4 1+ 22

qu(z):§ 1z

is called splitting function. It is the probability of a quark to emit a gluon and reduce
momentum by a fractionz. It is obviously divergent for soft gluons ¢! 1).

From the form of Eq. (9.17), one sees tha@Q? appear explicitely, and not divided by
2M . This logarithmic term is responsible for the phenomenon of scaling violations wo
be discussed in the next chapter.

Why did the SLAC-MIT experiment not see this violation? The e ect of scaling violation is
only visible at extremely smallx-values which were not available at this time. The scaling
violation was indeed observed in later experiments as we will discuss in the following
sections.
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9.5 Experimental techniques

The main site dedicated to the study of the proton structure is the HERA accelerator
(DESY), shown in Fig.9.11. It was the onlye p-collider ever built and reached the beam
energiesE. = 30 GeV and E, = 900 GeV for electrons and protons respectively.

HERA:

360 .
-

H1 Experleall ]
Y fT9m
L/

Figure 9.11: Schematics of the HERA accelerator at DESY.

Fig.9.12 shows the coverage of th@?-x-kinematic region achieved at HERA and other
experiments. The data at lowQ? and low x allowed the observation of scaling violation
and de nitively con rmed the existence of the gluon as a constituent of the proton.

Fig.9.13 shows the sketches of the H1 and ZEUS experiments at HERA, as well as the
integrated luminosity collected by ZEUS. One can notice the asymmetrical con guration
due to the di erent beam energies.

A typical deep inelastic scattering (DIS) event at ZEUS is shown in Fig.9.14. One can
observe the di erent properties of the nal state : the quark jet deposits energy in the
hadron calorimeter, while the electron is stopped in the electromagnetic section. The
angles of the electron and hadronic system are measured in the central tracking chamber.

A \two jets" event, corresponding to the reaction,
e +p! e +qg+ g+ X

whereX denotes the proton remnant (whose products are visible in the forward calorime-
ter), is shown in Fig. 9.15. An interesting feature of this event is the presence of a muon
in correspondence of the jet. This muon may originate from the decay of a heavy quark.
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Figure 9.12: Coverage of th€?-x-kinematic region at HERA.

Since scaling is no longer preserved, bo@? and x (or y = S—Xz) have to be measured.
Those can be obtained by measuring the enerds? and angle . of the scattered eletron
and using,

0

E
=1 €1 cos
Ye 2Ee( e)

Q2 =2E.EJ1+cos ):

Fig. 9.16 shows the kinematic region measured at ZEUS while Fig. 9.17 shows the experi-
mental results for the structure functionF, as well as the NLO QCD ts. For low values

of x, the scaling violation appears very clearly. It is due to the inclusion of the processes
containing gluons.

Finally, Fig.9.18 shows the measurement of the proton PDFs achieved at HERA. The
relative importance of the sea and gluon distribution can be seen to vary signi cantly for
Q? between 19 GeV? and 10 GeV (note the scale reduction!). One can notice similarities
with the expectation shown in Fig. 9.10.

9.6 Parton model revisited

In the following two sections we formalize the foregoing discussion and derive the expres-
sion of the QCD improved parton model foiF,(x; Q?)=x given in Eq. (9.17).

As we have seen the proton is a bound state of three quarks with strong binding. \Strong
binding" says that the quark binding energy is much larger than the light quark masses:
Ebing mgy: Compare this to the weak binding of the hydrogen atom electrofEying Me:
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(@) (b)

(©)

Figure 9.13:Experiments at HERA.(a) H1. (b) Luminosity integrated by the ZEUS during
its operation. (c) ZEUS.

We consider a proton with large momentumj@j mp):
q !

Fermz . ibi

o= J% 2 JEJ
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