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Diagonalization of lattice Hamiltonians

The most accurate method for solving a quantum many-body problem is exact diagonalization of the Hamiltonian matrix. In this exercise we will have a close look at the first
two steps of this task: For different models on a two-site lattice we will construct the
Hamiltonian matrix and break it down into blocks corresponding to different symmetry
sectors.
For each of the models described below
• write down the full Hamiltonian matrix H in a sensible basis,
• partition the basis states into sectors such that H matrix elements between states
from different sectors vanish,
• diagonalize the block of H belonging to each sector.
What are the physical symmetries that allow you to split the Hamiltonians into blocks?
Models
1. Spin-1/2 Heisenberg model
~1 · S
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H = JS
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for J = ±1. Here, the spin operators can be written in terms of the Pauli matrices
~ = ~ (σx , σy , σz )T .
S
2
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2. Spin-1 Heisenberg model Same Hamiltonian as above, but this time the S
are Spin-1 operators. Hint: Express Sx,y in terms of the ladder operators S± as
demonstrated in the lecture script.
3. Bose-Hubbard model
2
 UX

H = −t b†1 b2 + b1 b†2 +
ni (ni − 1)
2 i=1
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Now the two sites can be occupied by spinless bosons (bi : bosonic annihilation
(creation) operators). As each site could hold an arbitrary number of bosons, you
have to limit the total number of particles, e.g. to Nmax = 4. Fix t = 1 and
diagonalize the system for U = −1, 1, 2. Which cases does the particle number
cut-off seem reasonable for?
4. (Fermi-) Hubbard model This is the regular Hubbard model with fermions carrying a spin-1/2 as described in in chapter 6 of the lecture script.
5. t − J model This Hamiltonian is also introduced in the script.

