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Question 1 [The four point function in λφ4 theory ]:
Consider a real scalar field φ of mass m with a φ4-self-interaction whose dynamics is
described by the Lagrangian

L = L0 + LI , L0 =
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∂µφ∂

µφ− 1

2
(m2 − iε)φ2 , LI = − 1

4!
λφ4 ,

where λ� 1. The generating functional is defined as
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∫
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where Z0[J ] is the generating functional for the free field

Z0[J ] = Z0[0] exp[−1
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∫
d4xd4yJ(x)DF (x− y)J(y)] ,

and in LI we have replaced φ(x) by the functional derivative, i.e.
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(i) Compute the four point function
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to order O(λ) and draw the corresponding Feynman diagrams.

(ii) Compute the connected four point function

〈0|Tφ(x1)φ(x2)φ(x3)φ(x4)|0〉connected =
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where
W [J ] = −i logZ[J ] ,

and check that the corresponding diagrams are indeed connected.

(iii) (Optional) Compute the connected four point function at O(λ2).



Question 2 [Integration with Grassmann variables ]:
Consider a set of N Grassmann numbers {θi} (i.e. θiθj = −θjθi) and a N × N matrix
Bij of commuting numbers.

(i) Using the integration properties of Grassmann variables show that∫ ∏
i

dθ∗i dθi e
−θ∗i Bijθj = det(B)

and ∫ ∏
i

dθ∗i dθi θ
∗
l θk e

−θ∗i Bijθj = (B−1)lk det(B) .

Hints:

- Expand the exponential function in a Taylor series, and set to zero terms
containing at least twice the same Grassmann variable. Then compute the
first integral using the properties∫

dθi1 = 0 ,
∫
dθiθi = 1 .

- The second integral can be computed by introducing a new matrix Aij(l, k)
defined by

Aij(l, k) = Bij if i 6= l, j 6= k

Aij(l, k) = δilδjk if i = l or j = k,

and rewriting

θ∗l θk e
−θ∗i Bijθj =

N∑
n=1

Aln(l, k)θ∗l θn.

- Finally one uses the formula for the inverse of a matrix C (with detC 6= 0)

(C−1)lk =
(−1)l+k

detC
C(l, k) ,

where C(l, k) is the determinant of the matrix that is obtained from C by
removing the l’th row and k’th column.

(ii) Following the same approach, compute the two integrals∫ ∏
i

dθ∗i dθi θkθl e
−θ∗i Bijθj

and ∫ ∏
i

dθ∗i dθi θ
∗
l θk θ

∗
nθme

−θ∗i Bijθj .


