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Abstract

In this paper we will consider how to construct supersymmetric models
in dimension higher than four. For this it is necessary to construct spinors
in higher dimensions, since supersymmetry is by definition a symmetry
which relates tensorial and spinorial representations. Then we are going
to construct a massless multiplet state in a similar way as for 4 dimensions
but for other number of dimensions and at the end we will show how 4
dimensional lagrangian can be obtained by dimensional reduction of a
higher dimensional one.
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1 Spinor in higher dimension

The finite dimensional representation of the Lorentz algebra fall into two classes:
some representations are contained in multiple direct product of the fundamen-
tal vector representation of the group and the other are not. The former are
the tensor representations, the latter are the spinor representations. The spinor
representations of the Lorentz algebra are characterized by the fact that gener-
ators have half-integer eigenvalues, while tensorial representations have integer
eigenvalues. An easy handle on the spinor representation is provided by the
Dirac matrices and their properties. We will use the notation I', for the Dirac
matrices for dimensions different from four and +, for four dimensions, except



in chapter 2. These are irreducible representations of the Clifford algebra. The
Clifford algebra in d dimensions is given by:

{Ta,Tp} =nap  with 9, = diag(1,-1,...,—1) a,b=0,1,....d—1. (1)

We find that )
i
Yap = Z[Faa Fb] (2)

form a representation of the Lorentz algebra in d dimensions because
[Zalﬂ ch] = i(nbczad - nbdzac - nachd + nadzbc)- (3)

It will comes out that this representation is not necessarily irreducible. To find
out if the representation is irreducible, we have to consider separately the case
where d is an odd or even dimension. For even dimension we make use of a
theorem from representation theory.

Theorem 1.1. For even dimension d and a given metric n4p; a,b=0,1,...,d—1,
all irreducible representations of the Clifford algebra are equivalent and are n xn

matrices (C-matrices) with
n =242

This means that given any set of matrices {I',} and {I',} both satisfying
the Clifford algebra, then it exists a non-singular matrix S such that

,=8r,S* V a=0,1,...,d—1.
For odd dimension we again make use of a theorem.

Theorem 1.2. For a given odd dimension d and a given metric nq; a,b =
0,1,...,d — 1, there are two equivalence classes of irreducible representations in
terms of n X n matrices with

n =2@-1/2
Example: If ', is in an equivalence class, then —I', is in the other.
We now return to the even dimension. Knowing that for d even all irreducible
representation are equivalent, take I', to be such an irreducible representation
of the Clifford algebra. Then
Ty, T, T8, -T0, 17 17 1% T (4)

also satisfy the Clifford algebra.

Now we can introduce interwiners A, C, D such that:

AT A =T (5)
c'r,c=-r’ (6)



(CAT) 'Ty(CAT) = -T; (7)

=D
together with I'gy1, which satisfies:
Parilalgly = —Tq ®)
where
Fgr1=Tp...Tg1. 9)

From those equations we find that the interwiners satisfy
A=aAl; C=nCT; D=6D7")5 Tap =64 (10)

by taking then hermitian adjoint of (5), the negative of (8), the transposed of
(6) and the complex conjugate of (7) with the additional condition

aa*=n*>=1 and § = 5"

We have here the freedom to scale @ and § and choose a = [§| = 1. The
remaining quantities 3,7 and § are defined by the metric. For the matrix

D=T,\D (11)
we have y y
D'T,D =T (12)
and o R
D=6D"" with &= 0. (13)

For the odd dimensions we have to find out which of the
—FmFLa_FZang_FgaFZa_FZ (14)

fall into the same equivalence class as I',. This is determined by the behavior
of I'y4+1 under the transformations

AT, A7 =411, ¢~ 1,0 =417 (15)
which always satisfy
AT 1 A7 =0Ty 1 C =Ty x 1. (16)

The signs of 8,7, and 4 are listed in table 1,2 and 3:

Table 1: The value of § =T7
d=0,1 mod 4 d=2,3 mod 4

d_ even +1 -1
d_ odd -1 +1

The equivalence classes are given in table 4.



Table 2: The sign of n
d= 1 2 3 4 5 6 7 8 9 10 11 12
- - - - 4+ + 4+ + - - -

Table 3: The signs of § and &
d= 1 2 3 4 5 6 7 8 9 10 11 12
e S = e

Going back to the Theorems, we first see that the number of complex spinor
components n increase exponentially with d. Moreover in many dimension the
spinor representation are not irreducible representation of the Lorentz group.
We can impose chirality (Weyl) condition, reality (Majorana) condition or even
both simultaneously.

The Chirality condition comes from the fact that we can generalize the -5 of
the four dimensions as

Lyt (17)

Note that for odd dimensions I'yy; o 1, so that chirality condition is not pos-
sible. But in even dimensions we find that

{Ta41,00} =0 (18)
and from this we can evaluate that
[Cgy1, Xap) = 0. (19)

So that the generators Y, cannot provide an irreducible representation of the
Lorentz algebra. We may define a pair of Weyl irreducible representations Efb
by projecting out the subspaces with T'y,1 = ++/3:

»E = %(11 + v/ Bla41)Sab. (20)

In this way, we have defined a irreducible representation of the Lorentz algebra
whose dimension is a half of the initial one.
The reality (Majorana) condition for a spinor have the general form

¥ =Xy* (21)

with X some non-singular n X n matrix. Since an infinitesimal Lorentz trans-
formation acts on a spinor as

) 1 1
5P = A8 = —= A=, T 22
=3 bt 5 4[ Ty (22)
and on the complex conjugate as
* 1 ab1 %%
oYt = —5A Z([Fmrb]) (8 (23)
A% is a infinitesinal parameter of the transformation. The matrix X must have

the property
(Lo, Tp))* = X0, To] X (24)



Table 4: The equivalence classes which contain I', for arbitrary odd dimensions
d=1 mod 4 d=3 mod 4
d_ even r,, I, TT T ., I, -IT —T*
d_odd T,,-Il.TT -T: T, -, -TTT:

such that the Majorana condition satisfy §y = Xdy*. We see that X = D or

X = I‘;le = D as defined earlier satisfy this condition.

Not in all cases, will this be consistent. Only if at least one of the conditions
DD*=6=1 or DD*=6=1 (25)
is satisfied, we can have a Majorana condition. The reason is

Majorana

()" = (DY")" & ¢" =D"Y D™y (26)
= DD*i) = 1) (27)

and the same for D. A standard way of writing Majorana condition is
e T
YvV=9=Cy (28)
with -
p=ypta (29)
and C defined earlier is the charge conjugation operator. Finally, we would like
to impose both condition simultaneously. For this we must have

(1% V/Blawa)p = DL+ /B Ty )o" (30)
or the corresponding equation with D. Evaluating this gives
— DY+ /B DU, D7 DY = (14 /B T DY (31)

Therefore we must have \/B real, i.e. 0 = +1 and § = 1. This implies that
0 = = 1. Starting with D would have led to the same results. To summarize
our results see table 5.

Table 5: Chirality and reality of spinors in Minkowski space-time with d < 12

d 12 3 4 5 6 7 8 9 10 11 12

number of spinor dimension 1 2 2 4 4 8 8 16 16 32 32 64
Weyl spinors - X - X - X - X - X - X
Majorana spinors X X X X - - - X X X X X
Majorana Weyl spinors X - - - - - - X - -
Minimal spinor dimension 1 1 2 4 8 8 16 16 16 16 32 64

2 Construction of gamma matrices

We saw how to handle with the gamma matrices and what we can construct
with it. We are now interested in how construct the matrices themselves. Here



a possible recursive construction for even dimension. In d=2 we take

o= <_OZ 8) It = <(Z) é) (32)

Then in d=2k+2, k=1,2,.. we define

ww@(é _01> p=0,..d—3 (33)
_ 0 i
Fd 2 = ]12’“><2k 02y <Z 0) ) (34)
0 1
Tyo1 = Lopyor ® (_1 0) . (35)

Here v* denote the 2% x 2¥ gamma matrices in d — 2 dimensions.

For odd d = 2k + 3 we can take the gamma matrices of the even dimensions

below d = 2k + 2 and add the generalization of 7 times a i-factor to get the set
1—\0 Fd_l, id/21—\d+l (36)

g eeey

. . 5. . .
of gamma matrices, where I'? is the 7° in the even d dimensions.

3 General supersymmetry algebras

The Coleman-Mandula theorem implies that also for dimensions different than
four the bosonic symmetries extending the Poincare’ group mecessarily commute
with the Poincare’ group itself and therefore the correspondingg generators are
scalars. So in S-matrix theory of particles, there are only the momentum d-
vector P, a Lorentz generator J*” (u,v =0,1,...,d — 1), and various Lorentz
scalar charges. In this chapter I make the choice for simplicity to set the Lorentz
scalar charges equal 0. The anticommutators of the fermionic symmetry gener-
ators with each other are bosonic symmetry generators, and therefore must be a
linear combination of P* and J*¥. This puts severe limits on the Lorentz trans-
formation properties of the fermionic generators. I will now explain why the
fermionic generator must transform according to the fundamental spinor repre-
sentation of the Lorentz group. Assuming that there are at most a finite number
of fermionic symmetry generators, they must transform according to a finite-
dimensional representation of the homogeneous Lorentz group O(1,d-1). For d
even or odd, we can find d/2 or (d — 1)/2 Lorentz generators JO!, J?3 J45 .
which commute which each other. It can be show (see Weinberg III chap. 32 for
the explicit argumentation) that we can find a basis of Q’s that are simultaneous
eingenvector of these Lorentz generators.

7%, Q) = —iw@ (37)

and
[J23a Q] = _023Q7 [J457 Q] = _0457 Q (38)
where w, 023,04, ... are real numbers. We call the eigenvalue w the weight of

the fermionic symmetry operator. Since J°!' must be represented on Hilbert
space by a Hermitian operator, we find that Q' has the same weight as Q.



Now consider {Q, QT} which must be a linear combination of P* and J**. To
calculate the weights of the components P* we recall the commutation relation

[PP,.J77) = (5" P — 3" P?) (39)

which shows that P° 4+ P! has weight w = 41, while the other components
P2, P3,..., P! has weight zero. In the same way, we find that J% 4 J' with
i =2,3,...d — 1 have weight w = %1, the J¥ with both ¢ and j between 2
and d — 1 have weight 0 and J°' have weight 0. We conclude that all bosonic
symmetry generators have weight +1 or 0. Remember here that {Q, @t} must
be a linear combination of operators with such a weight. Since Q and Q' have
the same weight, given that @ has weight w we find that {Q,Q'} has weight
2w. We find that w must be equal to :I:%, since weight 0 is excluded for non-
zero fermionic (). By an argumentation (see Weinberg III chap. 32) that the
01-plane has nothing more special then the other, it can be show that all the
o’s have values i%. This is characteristic for the spinor representations and
so @ must belong to some direct sum of these representations. With a similar
approach it can be show that

(@, P*] = 0. (40)

Equation (40) implies that J? cannot appear on the right hand side of the
anticommutator {Q,QT}. The general anticommutation relation (in the case
where the central charges are 0) is then of the form

{Qn, Qm} o< I, P (41)

where n, m runs over the number of fermionic degrees of freedom given by the
dimension d.

To find the anticommutator for a specific dimension d, we must take the Weyl-
and Majorana condition into account. For example in the sixth dimension we
can impose the Weyl condition. The fermionic generators can be arranged in a
single complex Weyl spinor

Qa, a=1,..8 (42)
{Qu, @'} = 51+ T7) ()P, (13)

and this is true only for minimal supersymmetry in six dimensions.

4 Massless Multiplets

We now want to construct supermultiplets of massless particle states in dimen-
sions bigger or equal than 4 ( d > 4 ). We found that X, defined earlier, are
symmetry generators of the Lorentz group.
Consider now
1
[T, Qi = =5 (E")i;Q; (44)

where i runs over the number of spinor degrees of freedom. We saw this structure
in four dimensions and it is the same in all other dimensions.



Since X; is anti-Hermitian it has only imaginary eigenvalues. This is true for
any bosonic and fermionic operator. We can now use the weight (w) of any
fermionic operator (Q)

[JOl,O] = —wO. (45)
For the other generators J23, J4%, ... we found out that

[J9,0] = =60 with 0¥ € R (46)

We now return to the construction of the multiplets. A massless particle state
can be rotated into a standard frame where its momentum is given by:

p* =% p'0,..,0) with p”=p'". (47)

In 4 dimension, the state was characterized by the helicity. In higher dimensions
we can define a spin as: the maximum absolute value of the eigenvalue of any
Lorentz generator J* in the representation. Since the fermionic supersymmetry
generators have w = j:%, we find that the anticommutator of any these generator
with its hermitian adjoint have weight w = £1. If we compare this to the
commutator of the momentum and Lorentz generator which is given by

[PF, JP7) = i(n** P7 — 07 P?) (48)

which in our special case give
[JO, P+ P'| = —i(P° + P") (49)
[JOY PO — P =i(P° — PY). (50)

This means that P°+ P! has weight 1 and P° — P! has weight —1 and therefore
that {Q;, QI} is proportional to P° 4+ P!. But we are working in a frame were
PO — P! vanishes, so all the fermionic supersymmetric generator with w = —1
are zero, because of the positive definite metric on the space of physical states.
In this way we already halved the number of fermionic generators.

At the beginning we had 2(d/2) or 2(d—1)/2 (even or odd number of dimensions
d and without imposing Weyl or Majorana condition) fermionic generators. We
now still have 2%/2=1 or 2(4=1/2=1 fermionic generators.

We can further divide the remaining supersymmetry generators into two classes,

those who have 0?3 = +1 and those who have 0?3 = —1, where the sigma is
given by:

27

[7%,Q] = —0*Q. (51)
We denote the two classes by Q<.
Since the operator P°+P" has 022 = 0, the fermionic supersymmetric generators
of each class anticommute with each other (so {Q1;, Q+;} =0).
Now consider a representation with spin j, and consider any state |\) that is an
eigenstate of J?* with eigenvalue A > 0 (so J?3|A\) = A|A)) and is annihilated
by all supersymmetry generators with o3 = —% (so @_|A) = 0). We can
now create state with J23 = X\ — g by acting on |A\) with k different fermionic
generators with ¢23 = —&—%. For example:

TBQUIN = (QuT® + 17%,Qu)IN) = (A~ @4 1Y) (52



and with a similar calculation we find

TEQLQ 4N = 2QLQ4|N) (53)
— QLN =N, (54)

To count the number of state we see that if there are a total of N (N is the num-
ber of fermionic degrees of freedom after have used the Weyl or/and condition)
fermionic supersymmetry generators , then there are /4 of them with w = —&—%

and 023 = —&—%, and since these operators all anticommute the number of states
k

5 will be given by the binomial coefficient

()

form in this way with J23 = X\ —

and the total number of state by

N/4

(M) e )

k=0

The minimum eigenvalue obtained in this way is A — A//8 We can now ask,
what is the maximal dimension such that the absolute value of the spin does
not exceed two. By setting A = j, we find that 11 dimension and not extended
supersymmetry (N=1) is the maximal dimensionality.

5 Supersymmetric Yang-Mills theory in d=6

The goal of this chapter is to compare a six dimensional Lagrangian to a
four dimensional one. Consider the following Lagrangian in a six dimensional
Minkowski space for a gauge field A, (a=0,1,...,3,5,6) and his superpartner a
chiral spinor A in the adjoint representation of the gauge group:

1 _

L= tr(—ZFabF“b + N[V, \) (57)
1

A= (1 —=T7)A (58)

Vo = O\ +i[Ag, A (59)

This Lagrangian is a density under the supersymmetric transformations
§A, =iCT o\ — iA[ 4C (60)

1
o\ =— iiE“bCFab (61)



To work out this Lagrangian in detail we need a particular representation of the
Dirac matrices in six dimensions:

r, = (fﬂ 70“> for p=0,.3 (62)
Ts = (35 705) (63)
ro= (3 ) Q0
rr=roto= () Y) (65)
A=T,. (66)

Since A is a chiral spinor, it can be written as

A= <>(§) (67)

with x an unconstrained, complex 4-spinor. Now rewrite
ATV, A =i (0 X) (7()“ 70“) v, (’5) (68)
+i(0 ¥) (35 705> Vs (g) (69)
+i(0 X) (_01 é) Ve (’g) (70)

= iX7""Vux — iX15Vsx — iXVeXx- (71)

5.1 trivial dimensional reduction

A possible way of obtaining the 4 dimensional model from the 6 dimensional
one is by taking account of only 4 of the 6 dimensions. This is called the trivial
dimensional reduction. First we assume that nothing depends on z° 5. So we
can set 95 = 9 = 0. We can rewrite the covariant derivative V \ for a = 5,6
and it leaves us with:

Vs.6X = i[As.6, X]- (72)
For the field strength tensor Fop, = 0,Ap — OpAa + i[Aq, Ap] we get:

Fus = VMA5, Fue= VHA(; (73)
Fs6 = i[As5, Ag]. (74)

10



We now have a lagrangian that depends only on four coordinates z* and reads

1 1 1 1
L= tr(—zFWF‘“’ - 5Er,ﬁF*"6 - §FM5F”5 - §FH6F“6

(75)

+ XYV ux — ix1sVsx — ixVeX) (76)
— (2B - Lo ae - L ageeas s L )
(78)

(79)

+ X"V ux + X545, X] + X[ A6, X)) 78
1 1 1
= t’r‘(szleHV + §V“A5V"A5 + §V#A6V“A6 79
B B _ 1
+ X7 Vux = XX As] = X5 [x; As] + 5145, Ag)?). (80)

If we now use the identifications

1
= — (A — A 81
X \/E( 1 —iA2) (81)
As =N, Ag=M (82)
we get
1 1~ 1 1

L= tr(=FuwF" + X" Vidi + 5V MVFM + SV, NVEN - (83)

N N 1
7ZA2[>\1,M] 72)\2’}/5[)\1,N]+5[M,N]2). (84)

In the calculation, a number of terms vanish due to the symmetry properties of
bi-spinors. Here an example (set A\; = A)

tr(X[A, M]) = XN MC tr (T[T, T°) o fo°X NP M© (85)
—_—
O(fabc
1 abec Y2\ b g re 1 abc Y%y b j re
= SFUNNME 4 S XN M (86)
1 —a 1 —
_ 5fabcA )\ch + 5]c'alm)\b)\aj\4c (87)
1 ~a ]. —a
— §fabcA )\ch + ifbacA )\ch (88)
]- ~a ]. —a
= SFNNME = S fPNNME = 0. (89)

In the third line we use that A@\> = A\PA® for two real spinors whose components
anticommute. For the term

tr(AMys[A\,N]))=...=0 (90)
we use that Ay AP = A\bysA%. The Lagrangian (76) is exactly the N=2 (4 di-

mensional) Lagrangian for a gauge multiplet and a chiral multiplet (here we use
N=1 definition of multiplets). This Lagrangian is a density under the super-

11



symmetric transformation

oM = gijZi)‘j (92)

ON = EijziVS)\j (93)
T ) )

6)\1' = —50'“ CiFMy + ’LE,‘J"}/“VM(M + ’Y5N)<j — Z'YSCZ’[M; N] (94)

We can now recast the 4 dimensional transformation in the six dimensional one.
For this we need to define a spinor ¢ from the two Majorana spinor parameters
¢; of the four-dimensional transformations as

¢ = % (C1 —Oiﬁz) (95)

and evaluate
T = TCondi+ 2eulon (96)
iCTsA = %Zi%)\i + %Eijzi%)\j (97)
iCTA = %Zﬁw + %&‘j?ﬁ\j (98)

to find that

0 Aala=p = (iICTaA = iACaC)la=p = iy (99)
§A5 = €;;Givs\j = 6N (100)
§Ag = €i;GA; = M. (101)

The transformation law for A can be calculated from 6\; and is
1
O\ = —5iZ" (Fu — iXHOCV ,, As — i8MO(V , A + B70C[ A5, Ag). (102)
We get the same result if we apply dimensional reduction to

1
= fﬁiE“bCFab. (103)

All this is consistent with the fact that the N=2 supersymmetry algebra with
two central charges in four dimensions,

{Ql,@} = 261‘]"}/#13” =+ 2i€ijZ + 2’L'€ij’}/5Z/ (104)
[Py, P)) = [Py, 2] = [Py, Z') = [2,Z'] = 0, (106)

can be recast into a six-dimensional form

{Q.Q} =1 +TI7)I"P,, {Q,Q}=0 (107)
[Q,P.] =0, [Pu,P]=0 (108)

12



with

Q:% (Qlfi%), P——-7' P=—7Z (109)

In this section we saw the close relationship between the N=2 super-Yang-Mills
theory in d=4 and the N=1 super-Yang-Mills theory in d=6. This has been done
by assuming that 05 = ds = 0. To recast the superalgebra we than only consid-
ered four-dimensional Lorentz transformation in a six dimensional Minkowski
space which led to the fact Ps, Ps are and represent central charges. Then this
condition breaks six-dimensional Lorentz invariance to four-dimensional Lorentz
invariance.

6 The hypermultiplet in 6 dimension

There is another method of dimensional reduction. In the trivial reduction we
always start in high dimension with a Lagrangian describing massless particles
and end in 4 dimension with a Lagrangian still describing massless particles
but with central charges. With this method we obtaine a four-dimensional La-
grangian with massive fields starting from a six-dimensional Lagrangian. Take
the following Lagrangian for two complex scalars A and B and an anti-chiral
spinor ¢ = (1 + I'7)% in 6 dimension

I —
L=0,AT0°A+0,B"0"B + 19T 0a ¢ (110)

We assume that all the fields are periodic in 2° and x% with periods 27 /m’ and
27 /m, respectively. So we can writte

Az, 25 4 27n’ /m!, 28 + 2mn/m) = A(z*, 2%, 25), for n,n' € Z  (111)

and the same for B and . At each point in four- dimensional space-time, the
remaining two dimensions then have the shape of a donut, and we can Fourier
decompose the fields, for example

A(z*, 2% %) = Z exp(—in'm/z® — inma®) A, (2*). (112)
nn' €7

13



Inserting the Fourier decomposed fields in the lagrangian we get a sum over
Ly, where

Ly =0, A7 0" Aps + 0, B) 0" By + ﬁ@nnﬁwnn/ (113)
— (n?m? +n*m?)(A} Ay + B! B (114)
st + "t (115)

=0, Al 0" A + 0,B} 0" B + iwm,ﬁwm, (116)
— (n?m? +n®m?)(A!  Apw + Bl By (117)
n %Jﬂn’ (nm —|—Oin'm' . Oin/m/> . (118)

=0, Al 0P A + 0,B 0" B + i@nnﬁwm/ (119)
— (n?m?+ n2m2)(Ajm,A,m/ + Bjm,B,m/) (120)

+ }\/ n2m?2 + n'2m'%yY e 9 P (121)
2 nn’ 0 e~y nn'-

(Notice that the last two matrices are 4 x 4-matrices and ¢ is the phase of
the complex number nm + in’m’.) The fields ,, are the Dirac spinors in
four dimensions which form the bottom halves of the anti-chiral spinors in six
dimension. Now we perform a s-transformation on )y,  defined as

Vnns 675¢/2¢nn’ (122)

which gives us the lagrangian

Loy =0, AL 0" Ay + 0, BF 0" By, + iwm,%pm, (123)
—(n?m?+ n*m?)(Al

1 _
+3V n2m? 4+ n"2m' 29, Ynn (125)

We see that the assumption of a torus in the fifth and sixth dimensions led to
a spectrum with an infinite tower of massive multiplet with masses:

My = Vn2m? +n'2m’2  with n, n/integers. (126)

If we assume that m’ < m, then the lowest mass becomes My, = m’. If we
choice My; = m’ to be the massterm, we get the N=2 (d=4) Lagrangian for the
hypermultiplet.

Apn' + B! Bpn) (124)

nn’

7 Supersymmetric Yang-Mills theory in d=10

In 10 dimensions we find that a spinor have 32 complex components, but that we
can impose chirality and Majorana condition simultaneously. So we can work
with a 16-component (real) spinor in ten dimension which must be chiral

1

A==
2

(T —T1)A (127)

14



and Majorana

A=COX =\ (128)

It can be found that

1 ) —
L= tr(=3FuF™ + %)\F“VQA) (129)

is a density under the supersymmetric transformations

§A, = iCT N, OX = f%E“bCFab. (130)

We can now perform a trivial dimensional reduction:
Og4m =0 for m=1,...,6 . (131)

Comparing to the 6 dimensional example we did before we here expect the six
components As, ..., A1g to become scalars and the 16 real spinor components of
A to break down into four chiral spinors A,;.

First we must give a particular representation of the 10 dimensional Dirac ma-
trices.

Fy=7.®1gxs for pu=20,..,3 (132)
Cipm =75, form=1,2..6 (133)

with the 7,,v5 the standard 4 x 4 Dirac matrices in four dimensional Minkowski
space and I';, 8 x 8 matrices given by

~ 0 o,
T, = (Nl 0 ) (134)
with

a1 = 1m175Cu); T2 = 17275C ); 03 = i17375C(4) (135)
54 = i’}/(]’}/50(4); 5’5 = —iC(4); &6 = —’i’)/5C(4). (136)

Where C\y) is the four-dimensional charge conjugation operator given by

(757 %) (137)

with €48 as the totally antisymmetric tensor normalize in the following way:

clp=e2=—gy=——e? =+l (138)
Explicit calculations show that all the six &, are antisymmetric and that

N ~ivig L kg

(65)9 = —(6,,1)" = 553kl(am)kl. (139)

We also have the matrices A, C(10y and I'1;:

A—T, (140)
Ctao) = Cy ® Clg) (141)
Ti=9-..73015)°@T1...Te = -5 @ T (142)

15



The explicit form of C(g) and I'; are

~ 0 ]].8)(8 ad . ]]-8><8 0
Cray = T, = . 143
© (118x8 0 ) Tt < 0 —]lsXs) (143)
A general 32-component complex spinor take the form
Aai
A= | X | withad = 1,2 andi=1,...4 (144)
- w? y o — 4 — Ly
JQZ
which implies
’@[}ogi
¥ . —i ¢ We
A= (waﬁ 0 Ny ym> and A= |- (145)
o
The chirality condition A = (1 — I'11)A becomes
Xo =W =0 (146)

and the Majorana condition A = A° becomes
P =X = (e mE =X = ()l (147)

We see that 8 complex or 16 real component are left, those are the four chiral
two-spinors A\,;. We proceed to decompose the terms in the 10 dimensional
Lagrangian under the assumption of trivial dimensional reduction and the iden-
tification

My, =Agym for m=1,...,6 (148)
and get
1 w1 w1 y 1 )
—JFa P = =2 Fu P 4 0V My V' My, + £ [My, My (149)
= - -
%Aravax = %)\I‘“Vl,)\ — 5A04m A, M) (150)
] = o~ 1 - 1Nid U—i~j .
= S0 VA A+ DA (33 M) = SN X ()i M. (151)
If we define 1 )
M;; = 75(6m)iij, M = §(&;})iﬂMm (152)

and use the reality condition of M,,, we get the relationship
1 .. »
(M)t = §5Z]klel = M". (153)

We can also write M,, M,, = M;; M because of tr(G,5,, ") = 46,,,. Inserting
all this in our Lagrangian we get

1 —i
L=tr(— ZFMVF#V +iXo VA (154)
1 - -
+ §V,LMMV“M” + i [N, MY) (155)
i 1 -
+iN [V, M)+ E[M”,M’”]Q) (156)
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which is the 4 dimensional N=4 super-Yang-Mills Lagrangian. The d=4, N=4
transformation law can be obtained in a similar way as in six dimensions.
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