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The aim of this report is to present the supersymmetry algebra. After a presentation
of the Coleman-Mandula theorem which is the starting point of supersymmetry, we will
deduce the general form of the superextension of the Poincaré algebra with a treatment of
the central charges. Then, the Casimir operators for the N = 1 supersymmetry algebra
will be deducted and at the end we will discuss two basic properties of the supersymmetry
algebra: the positivity of energy and the fact that the number of fermions and bosons
should be equal. The appendix includes standard results concerning space-time symmetry
groups for the reader which are not familiar with these results.
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1 Coleman-Mandula theorem

Supersymmetry is a new kind of symmetry in addition of the standard Poincaré and internal sym-
metries, which link bosons and fermions. The bosons are the mediators of interactions and fermions
are the constituents of the matter. The aim of supersymmetry is to provide a unified description of
fermions and bosons, hence of matter and interactions. However we have no direct proof of the real-
ization of supersymmetry in nature, but it is very promising in solving some of the thorny questions in
modern high-energy physics. It is also an interesting approach to unify the gauge couplings of the three
fundamental interactions at high energies. Moreover, the supersymmetry predicts superpartners for all
standard-model particles, which however, at this stage are not observed experimentally. Through the
introduction of supersymmetry in early 1970’s, many supersymmetric theories was proposed, essentially
due to the Coleman-Mandula theorem as we will see in the latter.

The Coleman-Mandula theorem discusses the possible symmetries of the S-matrix, under physically
reasonable assumptions. More precisely, a symmetry generator G of the S-matrix is an operator
mapping one-particle states into one-particle states such that

GS ) = SG|y) | (1)

or equivalently

G,S]=0. (2)

Theorem (Coleman-Mandula, 1967). Let G be a connected symmetry group of the S-matriz, and let
the five conditions hold,

1. The group G contains a subgroup locally isomorphic to the Poincaré group® P (3,1).
2. For each m > 0, there are only o finite number of one-particle states with mass less than m.

3. The elastic scattering amplitudes are analytic functions of s and t (Mandelstam invariants), in
some neighborhood of the physical region.

4. The scattering matrix is non-trivial in the sense that any two one-particle momentum eigenstates
scatter except perhaps at isolated value of s.

5. The generators of G written as integral operator in momentum space, have distributions for their
kernels.

Then G is locally isomorphic to the direct product of a compact Lie group Int and the Poincaré group
P(3,1),
G~P(3,1)®Int. (3)

In particular, the Lie algebra g of G is the direct sum of the compact Lie algebra int of Int and the
Poincaré algebra p (3,1),
g~p(3,1) Dint. (4)

The original proof is given in |1] and a different version discussed in Appendix B of Chapter 24.1 of
[2] provided another proof. Since it is rather complicated it will not be discussed here. To obtain a
more explicit formulation, we choose a basis {1} of the internal algebra int, and the structure constants

Clmn are defined via
[ﬂ7 Tm] = iCmndIn - (5)

!For more information about the Poincaré group and its algebra see the subsections B.5 and B.6.



Consequently, the generators of the Poincaré algebra? and of the internal algebra commute as follow,

[Map, Meq] = Zﬁadec iNacMpa + i Mag — 1MpaMac (6a)
[Pa, Py = (6b)
[Ty, Trn] = ictmnThn (6¢)

[Map, Pe] = “7bc — iNackp (6d)
[P, Ti] = (6e)
[Map, Ti] = (6f)

The important consequence of the Coleman-Mandula theorem, is that all the possible symmetry gen-
erators except P, and My, should be scalars. The idea of the next section is to sidestep this theorem
to obtain symmetry generators which are not scalars.

2 Superalgebra

The Coleman-Mandula does not allow a symmetry group which combine the Poincaré group and the
other symmetries in a non-trivial way as well as acting non-trivially on particle spin. However these
two facts are highly desirable, so the aim will be to evade the Coleman-Mandula by weakening one
or more of its assumptions. Since all the five assumptions can not be physically reviewed, we will go
to a more general class of symmetry group. In the theorem, the group G is a Lie group, and so its
generators are in a Lie algebra. Here we will define a new class of algebra, called superalgebra and find
in the next section the analogue result of the Coleman-Mandula theorem for this class of algebras.
The notion of superalgebra is a generalization of the concept of Lie algebra. To define a superalgebra,
we first need the concept of graded algebra. An associative algebra g is called Zs-graded if it admits
a decomposition
g=g0D g1, (7)

such that the parity function defined on gg Ll g1 as

m<a>={0’ a €, ®)

1, ifa€eg,

satisfies the relation
k(a-b)=kr(a)+ K (b) (mod2). (9)
The elements of gg, g1 and go LI g1 are respectively called even, odd and pure.
Every Zo-graded algebra defines® a superalgebra with the supercommutator

[a,b} =a-b— (—1)"D®p.q (10)

where a and b are pure elements. By linearity we obtain on arbitrary elements a = ag ® a1 and
b= bo D bl,
[a,b} = [ao, bo] + [ao, br] + [a1,bo] + {a1, b1} (11)

From the equation (9), we obtain

90, 90] C g0, [90,01] C g1, {o1,01} Cgo. (12)
Moreover, we can show by direct calculation the super-Jacobi identity

(=1 a, b, e}} + (~1) O b e, ap} + (=)™ e, [a,b}} = 0. (13)

In particular these last two properties indicate that the part gg forms a Lie algebra. Reciprocally, not
every Lie algebra admits an extension to a superalgebra. In the following, our aim will be to find a
superextension of the Poincaré algebra. As we will discuss in due course, the latter will not be unique
but there are many inequivalent superalgebras of interest.

“These generators are taken Hermitian as discussed in subsection B.7.
3This definition is not the most general one for a superalgebra. From a mathematical point of view, we define a
superalgebra without the product - by taking the properties of the supercommutator as axioms [3].
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3 Supersymmetry algebra

In this section we will deduce the analogue result of the Coleman-Mandula theorem for the class of
superalgebra. The theorem which describes all the possible symmetries of the S-matrix generated by
a superalgebra is known as the Haag-Lopuszaniski-Sohnius theorem [4].

3.1 Generators of the supersymmetry algebra*

The Coleman-Mandula theorem together with the Jacobi identity will impose many restrictions on the
possible extensions of the Poincaré algebra. More precisely, we search for the more general superalgebra
g = go ® g1 such that

The equation (4) of the Coleman-Mandula theorem implies the following form of the even part
go~p(3,1) @int, (15)
where int is the Lie algebra of the internal symmetry group Int. Consequently, it remains to find the
odd part g;.
Any odd generator should be an element of an irreducible representation of the Lorentz group®:
Qal---amdl---dn S (m/2vn/2) : (16)
The commutator B
{Qal'"amdl'"d”’QBl"'B7yLﬁl"'ﬁvL} ) (17>

is a tensor of rank m +n, and equation (12) implies that this is an even element of the algebra. By the
Coleman-Mandula theorem, the generators of the even part can be scalars or vectors, so the preceding
commutator is null unless m +n = 1. On a Hilbert space with positive definite norm, the considered
commutator for 8; = ¢; and B; = a; is positive definite because®

0 < [[Qurvcminen 13|+ | @51 193] = W1 Qurvcmsin: @iy, } 1) - (19)

this implies
Qoo =0, (19)

for m +n > 1. Consequently, we have shown that the odd generators should be spinors and therefore
we can choose N spinors QL such that they form together with Qé a complete set of generators for
the odd part of the algebra.

For the latter, it will pleasant to switch to spinor notation for the tensors. For the vector like P,,
the link is done by equation (143),

Pos = (0) 4 Fa (20)
and for the antisymmetric tensor My, by (151) and (152),
Lo ab v Lo ab
M,s = 5(0"1 )aﬁMab , M,; = _5(0‘1 )dBMab ) (21)

The following table summarizes the generators of the supersymmetric extension of the Poincaré algebra,

Tl € (070) ) Pad € (1/27 ]-/2> ) (22&)
Ma,@ € (1>0) ) Mdﬁ' € (Oa 1) ’ (22b>
Qo € (1/2,0) Qi €(0,1/2) . (22¢)

“The facts concerning the odd generators is inspired by [5].
®For more information about the spinorial representations of the Lorentz group, see subsection B4.
5To be more exact, we have to choose a unitary representation T of the algebra for which Q and Q are related by

T(Q) =T(@Q'",

where { means the adjoint operator. Here, by abuse of notation, we identify 7T (Q) with @ in order to save writing.
For more details on this point, see the paragraph 2.2 of [3].



3.2 Commutation and anticommutation relations’

Since the odd generators are in the representation (1/2,0) or (0,1/2), we have®

[QL Mas) =i (o), Qf (@, Ma] =i (6)s” Q) (23)
The first aim is to find an explicit form for the commutator
{@n.Qi} e (1/2,1/2) (24)

which by equation (12) is an element of the odd part of the algebra. By the Coleman-Mandula theorem
the most general form should be

{ng Qi} = CIJPad ) (25)
where C!7 are some complex coefficients. By taking the adjoint,
{Q1,Q4} = C" Paa, (26)

which proofs that the matrix C' is Hermitian. We can choose a basis where C' is diagonal and moreover
since the commutator is a positive definite operator, we can rescale the generators to have

{Qa Qi) = 6" Paa. (27)
The most general possible form for the commutator
{Qa. @3} €(0,0)® (1,0, (28)
is
{QL.QL} =X eqg+ Y M,ys, (29)

where X!/ are some scalar constants and Y/ some complex constants.
Now we consider the commutator

[QL, P, € (1,1/2) @ (0,1/2) . (30)
Since generators in the representation (1,1/2) are not allowed, the most general possible form is
[ ‘I’“Pﬁﬁ'] = ZIJgaﬁQg ) (31)

where Z!; are some complex constants. The super-Jacobi identity (13) for (P, P, Q)

[Paém [PgﬁvQ{/jH + [Pgﬁa [Q'Iyupaa]] + [Q'Iy7 [Paaupﬁﬁ]] = 07 (32)
becomes B B
ZI.]Eﬁ’Y [Pad’ Qé] - ZIJEOW [Pgﬁv Qi] =0. (33)
By taking the adjoint of (31), ) )
[ i, Pg@] = ZIJ%QQ% ) (34)
and therefore B
21177 ke (e0,Q8 +€0yQF) =0, (35)
which implies that the matrix Z satisfies
77 =0. (36)
The super-Jacobi identity (13) for (P, @, Q) is
[Pac, {Q5, Q1] +{Q5. [QF, Pac]} — {Q7, [Pac. Q5] } =0, (37)

"The results given in this section is some synthesis of [6, 7, 5, 8].
8The subsection B.3 proofs that o, are the generators of SL (2, C) and consequently spinors with one undotted index
transform with ogp.



and since scalars commute with P, it becomes
YIJ [Pao'm Mﬁv] + 5'yozZJK {Qéa Qé{} + <(':ﬁozZIK {Qi’ Qf} =0.
Since Mg, is symmetric the contraction with %7 becomes by using (27)

(271 = Z") Pas =0,

(38)

(39)

which proofs that the matrix Z is symmetric. By combining with equation (36), we obtain ZZt =0
which implies that Z vanishes. Consequently the odd generators are invariant under translations

[QL,P]=0.

Now the equation (38) is simply
Y17 [Poa, Mg, ] =0,

which is only possible for Y = 0, entailing

(@4, Q) = Xeas.
The scalars X'/ are called the central charges and trivially satisfy

X4 xM=o.
The commutator
Q4. T] € (1/2,0)
is by (12) an element of the odd part of the algebra and consequently should take the form
I

(@, 1] = (8) @

where (Sl)I ; are some complex constants. The super-Jacobi identity (13) for (7, T, Q) is
[T, [T, Qal] + [T, [Qa T ] + [Qae [Th, Tin]] = 0,
and becomes with (5)
I J I J . I
(Sm)" ;(S1) KQg = (81) ;(Sm) KQg + i€l (Sn) KQg =0.
Consequently, we have proved that the S; form a representation of the internal algebra int,
[Sla Sm] = 1ClmnSn -
The super-Jacobi identity (13) for (T, Q, Q) gives us
(T3, { Qe Q4}] + { Qe Q4. T1]} — {@4. [T1, Q] } = 0.
Since P, commutes with T}, the first term vanishes, and by using (45) and its conjugate,
= a\J = I a\JI IJ
0={Q%LQ5} (S)  —{QLQY} () x = Paa ((Sz) - (%) ) :

This equation is true only if .57 is Hermitian,

Sh=s.

In the following table we summarize the supersymmetric extension of the Poincaré algebra:

[QL.m] = (%)",QL.

[ év Pa] =0,
[QL, May) =i (o), Q5 .
{QL,Ql} = 6" Pas,
{QL.Q%} = X"eus,

where the matrices S; are Hermitian and form a representation of the internal algebra int.
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3.3 Anticommutation relations in four-component spinor notation?

We can group together the odd generators Q7 and Qé in a four-component Majorana spinor,

Q7

where the spinors indices are raised and lowered with the totally antisymmetric tensor and the place
of the I has no importance, i.e is raised and lowered with J. In this notation, we obtain by (52d) and
(52e)

o= (%) - o =
r ) r 1 &ty

(gl 19 Qi Q0@ ( X’y 5”"“Pa> (54)
s S T = < =+ A 1J = 59 v J :
fQip enely) o\ nox ),
If the central charges vanish we obtain
{Q.Ql} =07 (1), Pu, (55)

where the matrices v are the in the Weyl representation of the Clifford algebra,
0 o°
a __
Yo = <5a ’ ) . (56)

3.4 Central charges!?

In this section we will prove that the central charges X'/ and X!/ commute with everything, including
with themselves. Since these central charges are scalars, we can express them in terms of the generators
of the internal symmetries,

X = (Y, (57)

and this proves that the central charges commute with the generators of the Poincaré algebra P, and
Myp. B
Then the super-Jacobi identity for (Q, @, Q) is

Qe {Q5, QY }] +{Q5.{QF . Qa}} + [QF {Qa, Q5}] =0, (58)
and becomes with the previous results
eap [QF. X" =0. (59)

On the other hand, the super-Jacobi identity for (X, Q, Q) is

[ @, Qi) +{Qa. [Q5, X} - {Qd. [x". @]} =0, (60)
and becomes since P, commutes with 77,
{QF,[X".Qf]} =0. (61)
By using (57) and (52a),
[ijyQ(l):] = (GZ)IJ(SZ)LM (]x\/[a (62)
and in view of (27) we should have
()" (5)"), =0. (63)
Consequently, we have proved
(X", Q5] =0, (X", Q] =0. (64)

®This part is some summary of section 4.1 of [9].
10Most of the properties shown here concerning the central charges can be found in [5].
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The last two equations together with (52¢) imply directly
(X7 XKL =0, (X7 XKL =0, (65)

which shows that the central charges X!/ form an abelian subalgebra of int.
The super-Jacobi identity for (T, Q, Q) gives us

17, {QL, @5} + {QL. Q. 1]} — {QF. [11.QL] } =0, (66)
and so with (52a),

zap [T X"] = = {Q5. QY (81) = {QL @} (S = 2o (X8 = X" (5) ") - (67)

This proofs that the central charges X'’ and X!7 form an ideal of the algebra int, which we will now
proof to be abelian.
By the Coleman-Mandula theorem, the internal algebra int is a compact Lie algebra, and conse-
quently admits a decomposition
mt=Sa A4, (68)

where S is a semisimple algebra and A an abelian algebra. Since a semisimple algebra admits no
abelian ideal, the central charges are part of the algebra A, and consequently commute with all the
elements of int,

(X7, 1] =0, (X7, 1] =0. (69)

We have proved that the central charges X/ and X!/ commutes with everything, namely are in the
center of the supersymmetry algebra.
The last two equations have an important consequence: together with (67) we obtain

X7K(s)" . - XTK(s)7. =0, (70)
and by using (57) we find
(51)" e (@)™ = (5) (™)™ = 0. (71)

Since the central charges are antisymmetric and the S; are Hermitian matrices (51),
S;a™ 4+ a™S; = 0. (72)

We have proved that the S; form a representation of int, and consequently the last equation tells us
that the matrices ™ intertwine the representation S; with its complex conjugate —S;. Consequently,
the central charges exists if and only if the algebra int admits such an intertwiner. An example with
non-zero central charges is given by orthonormal groups,

S; = ST, S;,a™ = 0. 73
l

4 Properties of the supersymmetry algebra

4.1 Casimir operators!!

The Casimir operators for the Poincaré algebra are P2 and W? as discussed in subsection B.8. Since
P, commutes with the odd generators Q. the first Casimir operator of the supersymmetry algebra is
still P2. But the second Casimir operator W? for the Poincaré algebra is no more a Casimir operator
of the superalgebra extension, because Mg, does not commute with Q%. For simplicity, we consider
the N =1 case, because in this case the central charges vanishes. A generalization to supersymmetry
algebra with central charges can be found in [10]. In spinors notations, we obtain

Waa, Q] = %Qﬁpad — QaPss - (74)

"'This part is highly inspired by the subsection 2.3 of [3].



Since

[[Qa» Qa], Qs] = {Qas {Qp: Qa} } — {{Qa, Qs}, Qa} = 2QuFPpa (75)
by defining .
Zoo = Waa — 5 [Qaa Qd] ) (76)
we obtain
70, Qs] = 3QsPa 2Py, Qa] = 0. (77)

On the other hand, we can proof that
[Za, P] =0, (Za, Zp) = i€abea P 2 . (78)
Consequently, the operator
—1
C= 7Z[an]Z[anl = (Z,P%)? — Z%P? (79)

commutes with P,, @, and we can prove that is also the case with Mg,. This proves that C is the
second Casimir operator of the supersymmetry algebra.

Like for the Poincaré algebra, we are interested in unitary representations acting on a Hilbert space.
We can choose a basis of H of eigenvectors {|pa, m?2, z2>} with

P, ‘pa7m27 2'2> = Pa ‘pa7m27 22> ) (80a)
p? ‘paym2722> = —m? |paam27Z2> ) (80b)
C ‘pa,m2,22> = 22 }pa,m27z2> : (80c)

Physically, the ket |p,, m?, z2> describes a particle of mass m with energy-momentum p,. To find an
interpretation of z, we have to distinguish massive and massless particles. In the end of this paragraph,
we consider the action of the operators on the particular state ‘pa, m2, z2> of a massive particle at rest,

Pa = (—m,0,0,0) . (81)

On such a state, the Casimir operator C takes the form

C=m?Z5 +m?Z? =m*S?, (82)
where
1
So =0, Si=—2;. (83)
m
The equation (78) becomes
[Si, Sj] = i€ijkSk » (84)

and so on 5; has the interpretation of an angular momentum. Consequently, the second Casimir
operator is on a massive particle state

C=m'y(y+1), (85)

where y € N/2 is the superspin of the representation.
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4.2 Positivity of the energy!?

By using (52d), we obtain
1 [e7e% =
P, = _5(&(1) {Qév@i} ) (86)

and this proves that the expectation value of the energy P is positive,
2 (| P [p) = ([ {Q1, Q1 } [¥) + ([ {Q5, QL } 1)
=t || + et | + @k + @] =0

The positivity of the energy is a consequence of the supersymmetric extension of the Poincaré algebra;
the Poincaré algebra admits representation with negative energy. Moreover, we have

POy =0, (88)

(87)

if and only if
Qv =0, QL) =0. (89)

So a state is supersymmetrically invariant if and only if it has zero energy. This property is important
for the spontaneously breaking of the supersymmetry which is characterized by a vacuum state with
non-zero energy.

4.3 Bosons and fermions!3

The Hilbert space ‘H can be divided into two parts: bosons B for which the spin is integer and fermions
F for which the spin is half-integer
H=BUF. (90)

The bosons are transforming under a representation (m/2,n/2) for the Lorentz group for which m +n
is even, and the fermions in a representation (m/2,n/2) with m + n odd. Since the Pauli-Lubanski
vector W, commutes with all the even generators My, P, and T, the spin s defined by (175) can not
be changed by the even generators,

PBCB, PFCF, (91)

where P denotes any even generator. Since the odd generators are in the (1/2,0) or (0,1/2) represen-
tation, for any odd generator ) we have

QB C F, QF CB. (92)

For many representations which are physically interesting, the operators P, are one-to-one and conse-
quently, by using (86) we obtain

F=PF={Q,Q} Fc(Qu+Q})BCF. (93)

This prove that the number of bosons is equal to the number of fermions.
Then we consider two one-particle states |b) and |f) of respective mass m; and my which are related

by a supersymmetric generator,
I
a0y =1f) - (94)

Since P? is a Casimir operator,
—m}|f) = P?|f) = P*QL |b) = QLP?|b) = —mpQL |b) = —mi | f) (95)

hence m; = m;. However, we do not observe in nature a boson field with the same mass as the
electron, so we conclude that if the Hamiltonian describing these interaction is supersymmetric,

(v, QL] = £, (96)

the supersymmetry should be spontaneously broken.

!2This subsection comes form the paragraph 3.2 of [11].
!3The ideas of this subsection come from subsection 3.1 of [7] and chapter 4 of [§].
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A Notations
A.1 Indices

In general, the Lorentz indices are denoted by a, b, ¢ and d and run form 0 to 3. They are lowered
with the metric 7, and raised with the inverse metric n,

1= (1) , n = ("), (97)
where
n=diag(—1,1,1,1) . (98)
The spinor indices are «, 3, v and § and run form 1 to 2. The spinor indices are raised and lowered
with the totally antisymmetric tensor',
e= (), e = (eas) (99)

where

- (_01 é) . (100)

A.2 Pauli matrices and generators of SL (2,C)

The Pauli matrices are

10 01 0 —i 1 0
UO:(O 1)’ "1:<1 0>’ "2:<¢ 0>’ "3:<0 —1>’ (101)

and we define
Gy =cole™t, (102)

The aim defining the & is to have the following useful property,
tr (5-a0'b) = —21qp - (103)
In components, we write
70 = ((7a)as) - 7= ((2)") (104)

and therefore

(5'a)da — gaﬁgdﬁ (Ja)ﬂﬁ' . (105)
The generators of SL (2,C) are defined as
1, _ _ 1 _
Tab = (040p — 0b04) Tab = —7 (Gaop — Op0q) - (106)

B Space-time symmetry groups

In this section we will discuss standard results concerning the Lorentz and Poincaré group and their
representations. While studying the representations we will introduce the two-component notation for
spinors, which is useful for supersymmetry.

' The reason of this convention is explained in subsection B.4.
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B.1 Lorentz group!®

The Lorentz group is the space-time symmetry which leaves the Lorentzian metric invariant,

0(3,1) = {AeGLUR): Az = |z} . (107)
where the norm is defined by
|z]]* = 2'nz . (108)
This group has four connected components which are characterized by
det A = +1, sign A% = +1. (109)

The subset of O (3,1) for which det A = 1 is SO (3,1) and the component connected to the identity
SO (3,1),

SO (3,1) = {A €S0 (3,1): det A =signA% =1} . (110)
By definition, the group SOgq (3, 1) is connected but it can be shown that it is not simply connected'®.
Now the aim is to find the universal covering!” group Spin (3,1) of SOg (3,1). We are interested in
the universal covering because the representations of a simply connected Lie group are in one-to-one
correspondence to representations of the Lie algebra.

Theorem. We have the identification

Spin(3,1) ~SL(2,C) , (111)
and moreover SL (2,C) is a double covering of SOq (3,1),
SOy (3,1) ~SL(2,C) /Zs . (112)

Proof. Let H denote the space of Hermitian matrices in two dimensions. A basis for H is given by the
four Pauli matrices (101). Consequently, we obtain an isomorphism between RGY and H by

¢ : RGD Ii 7 61 H— ]R(l?”l) o (113)
x — x%0, T —5tr(c%r)
where we have used (103). For N € SL (2,C) we consider the map p defined as
p(N):H— H (114)
z+— NzNT.
Since the map ¢ satisfies
|z = det (¢ () (115)
the map 7 defined as
T (V)= op(N)o s, (116)
has the following property
I (N) 2l]” = det (p (N) 0 6 (x)) = det (N (2) NT) = det (6 () = |l . (117)
Consequently, 7 (V) € O(3,1) and since SL (2,C) is connected, we have constructed a map
7m:SL(2,C) — SOy (1,3) , (118)
which is an homomorphism. For the latter we can show that
kerm = {£1} , (119)
and hence this shows the identification
SOp (3,1) ~SL(2,C) /Zs . (120)
Since SL (2, C) is simply connected it is the universal covering of SOq (3, 1). O

'5This part is highly inspired by the subsection 1.1 of |3].

16 A connected space is said simply connected if any closed path can be shrunk to a point.

'"The universal covering of a space X is a simply connected space X together with a local one-to-one map 7 : X = X.
The universal covering is unique up to an isomorphism. For example, the universal covering of the circle S* is R with

the map 0 — e®.
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B.2 Lorentz algebra
The Lorentz algebra of SO (3,1) is
50(3,1) = {A€gl(4,R): A'p=—nA} , (121)
and a basis is given by the six generators Jy; defined as
(Jab)ij = Oaitl; — Obitlaj - (122)

The commutation relations between the generators are
[Jabs Jed] = NadTbe — NacTod + Mbedad — MbdJac - (123)

B.3 Lie algebra of SL(2,C)
The Lie algebra of SL (2,C) is

s[(2,C) = {N €gl(2,C): trN =0} . (124)

The algebra sl (2, C) has a complex-dimension of three. Thus a basis of s[(2,C) viewed as a complex
algebra is given by the three Pauli matrices {ai}?zl. As a real algebra, a basis is given by the six
generators {oq},.;, defined through (106). Consequently, nearly'® all elements N € SL(2,C) can be
expressed as

. 1
N =exp {aloi} = exp {2w“baab} , (125)

where a' € C and w® € R, with w(® = 0. Form this, the structure constants of sl (2, C) and therefore
also of s0 (3,1) are

[Tabs Tcd] = NadObe — NacObd + MbeTad — MbdTac - (126)

This result can be deduced directly from (123), because the Lorentz group SOy (3,1) is locally isomor-
phic to its universal covering SL (2, C) the corresponding Lie algebra are isomorphic

50 (3,1) = 51(2,C) . (127)
B.4 Representations of the Lorentz group!?

Any representation T' of SOg (3, 1) induces a representation T of SL (2, C) by

T(N) =T (x(N)) . (128)
T(N)=T(-N), (129)

T(N)=-T(-N) . (130)

Now we will construct the irreducible representations of SL (2,C). The simplest representations of
SL (2,C) are of dimension two,

po(N)=N,  p(N)=(N)',  p(N)=N,  p"(N)=(NT)" (131)

8More precisely, the exponential map covers SL (2,C) apart a two-dimensional surface

{N (‘01 _11> Nl Ne SL(27<C)} .

Particularly, for each N € SL(2,C) at least N or —N admits such an exponential form.
!9This section is inspired by the subsection 4.1 of [12], and by the section 1.2 of [3].
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The representations p, and p° respectively p, and p® are equivalent because
5 (N) = po (N) e, p* (N) = 2pa (N) e, (132)

where ¢ is given by (100). We denote by Vs, V°, V, and V* the vectors spaces isomorphic to C? on
which the corresponding representations act. The elements of these spaces are the two-component
spinors and we adopt the following component notation

(¢a) € Vs, (%) € Vs, (&) €V, () eve. (133)
In components, a matrix N € SL (2,C) is denoted
N= (M), N= (57 (134)

By deciding to raise and lower indices with the totally antisymmetric tensor (99), the representations
are explicitly given in term of spinors by

po(N): Vo — Vo p*(N):V° = V°

fa . Naﬁgﬂ 9 ga s Naﬂfﬁ ) (135)
pe (N): Ve — Vs p* (N):V* —V*

& N8, & N 0

Now we can construct other representations of SL (2, C) by using the tensor product,

m n n m
pomen = (X) po ® X) ps » P =R e Qe (137)
=1 7j=1 7j=1 =1

and there are equivalent by construction due to (132). A spinor with m undotted indices and n dotted
indices is an element of tensor products,

(fal---amdl---dn) € ®Vo ® ®V. , (5@1--0'4”041...04,") € ®V. ® ®Vo ’ (138)
i=1 J=1 i=1 j=1

and transforms as

pomo” (N) : Eal"-amdl'“dn = Nal 61 U Nam BmNdl ﬁl e Ndn ﬁngﬂlﬁmﬁlﬁn ) (139&)

p.mon (N) : Edl"'éé’Lal'“am — Ndlﬁ_l e NdanNalﬂl e Na'mﬁmg/él"'ﬁ.nﬁl'“ﬁnL . (139b)

The first equation proves that
pormen (N) = (=1)™1" pomen (—N) . (140)

The discussion of the previous section tells us that the representation pomen of SL (2, C) is associated
to a representation of SOy (3, 1) if and only if m +n is even. In the case where m = n, we define a real
tensor by the condition

fal"'arndél"‘dn = gdl"‘olénal'“am : (]‘4]‘)

By defining the components of the Pauli matrices (101) as

S ((aa)ad) : 5, = ((aa)w) , (142)
any real vector in the representation (1/2,1/2) is equivalent to a standard four-vector £, with

Soa = (Ua)adga ’ §a = _%(5’a>da§ad ’ (143)
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which is consistent with the completeness relation
(09)..(7a)" = —26257 . (144)

For m > 1 or n > 1 the representation pomen on unconstrained spinors &q;...a,,é;--d, 1S D0t reducible.
For example, for m = 2 and n = 0, we can perform the following decomposition,

§ap = E(ap) T &jas) = E(aB) T Eapépz) - (145)

Then we define the set of the spinors which are totally symmetric in their undotted indices and
independently in their dotted indices,

(m/2,1/2) = { €aramin—an € Vo @ Q) Ve 1 ayamarin = (aram)(1-én) (- (146)

i=1 j=1

In general, the restriction of the representation pomen on (m/2,n/2) is reducible.
For example, we will decompose a tensor of rank two £, in terms of irreducible representations. In
terms of dotted and undotted indices, we defined

Sapipp = (") aa <0b>gﬁ'§ab : (147)

Then we can write the tensor gaﬁa ;5 as

Sapap = Sapad) T Sanad T Sasias) T Slaslied (148)

= &8ap)(ap) T CapSap)lizl T Eaplngap) T EaBCagdpaiz) »

and so on is an element of (1,1) @ (1,0) ® (0,1) ® (0,0). In particular, if the tensor &, is symmetric
we obtain

Sapas = Sap)a) T Eapaplnalia (149)
and if it is antisymmetric,
Sasap = Capblamiizl T CaBdpzag) - (150)
For the antisymmetric case, we define
1, ., = L, .
Sap = 5(0™) ysbab €ap = —5 (") apban (151)

where 0 and % are the SL (2,C) generators (106). Thus we obtain the explicit forms

Eapas = 2645808 + 2apls; €ab = (0a0)™” Eap — (Gan) ™ 5 (152)
B.5 Poincaré group
The Poincaré group is the space-time group which leaves the distance invariant,

P@,1) = {A:R SR Az — Ayl = [lo — g} (153)

The Poincaré group is the semi-direct product of the translation group T (4) ~ R* with the Lorentz
group,

P(3,1)=0(3,1)x T(4), (154)
or more explicitly the set O (3,1) x T (4) with the following product,
(A2, a2) (A1, a1) = (A2Ay, Agar + az) . (155)

The Poincaré group can be realized explicitly as a matrix group,

P(3,1):{<8 ‘1”>,A60(3,1),aeR4}, (156)
via which the semi-direct product (155) is realized.
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B.6 Poincaré algebra

The Poincaré algebra is denoted by p (3,1) and with the explicit realization (156) we simply obtain
A a 4
p(3,1) ~ 0 0 ,A€so(3,1),aec R . (157)
A basis for the Poincaré algebra is given by six generators My, and four P, defined by

_ Jab 0 o 0 e,

where J,;, are the generators (122) of so (3,1) and (eq);
viewed as (156) can be expressed as

A a _ 1 ab a
(O 1>—exp{2w Mgy +0 Pa}, (159)

= Jq4;- Fach element of the Poincaré group

where w%® € R with w(@b)

between the generators are

= 0, and b* € R. By using the relation (123), the commutation relations

[(Map, Mea) = NaaMpe — NacMpa + MbeMaa — MbaMac (160a)
[Pa, Po) =0, (160b)
[Maba Pc] = 77bcPa - nach . (160C)

B.7 Unitary representations

In quantum field theory, we are interested in unitary representations which act on a complex Hilbert
space H. In a unitary representation, the generators are antihermitian,
M, = —Mg, Pl=-P,. (161)

a

From a physical point of view we want to have Hermitian generators. To this end, we define new
generators

Mab — _iMab 5 Pa = iPa 5 (162)

and therefore equation (159) becomes
U (A,a) =exp {;w“bMab — ibaPa} . (163)

With these new generators, the commutation relations (160) become

[Maln Mcd] = MadMpe — MacMpg + ipeMaq — inpaMac , (1643)
[Pa, Po) =0, (164b)
[Mabv Pc] = Z'77bcPa - Z-77(1ch . (164C)

B.8 Casimir operators??

To study the representations of the Poincaré group it is useful to find the Casimir operators?'. The
first Casimir operator for the Poincaré group is the mass operator

P? =P, P%, (165)

?0This part is inspired by the section 1.3.5 of [13].
2In a simplistic way, a Casimir operator is an operator of the form C,C® which commutes with all the element of the
Lie algebra.
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since

(P2, P) =0, (P2, My) =0. (166)
The second Casimir operator is more subtle, and for this we introduce the Pauli-Lubanski vector
1
W, = igabchbcPd . (167)

By using the Poincaré algebra 164, we obtain
[Wa, P =0, [Wa, Mye] = inasWe — in1acWs , [Wa, W] = i€apcaP W, (168)
and therefore
(W2 pP] =0, (W2, My] =0. (169)

Consequently, W?2 is the second Casimir operator of the Poincaré algebra. The irreducible representa-
tions of the Poincaré group can be classified by P? and W?2.

Since the operators P,, P2 and W2 commute, we can choose a basis of H of eigenvectors { ‘pa, m?2, w2>}
with

Py [pa, m*, w?) = pq [pa, m*,w?) (170a)
P? }pa,m w2> —m? }pa,m2 w2> , (170D)
w2 }pa,m ,w2> = w? ‘pa,mQ,w2> . (170c¢)

From a physical point of view, the ket ‘ Pa, M2, w2> corresponds to a particle of mass m and momentum
Pa. Some representations of the Poincaré group have a negative mass square m? and are therefore not
physical.

To find an interpretation of w, we have to distinguish massive and massless particles. Here we will
only consider a massive particle of mass m at rest,

Pa = (—m,0,0,0) . (171)

In this whole section we consider the action of the operators on the particular state |p,, m?2, w2>. On
the latter, the operator W, takes the form

WQ =0 5 VVZ = mSl 5 (172)

where S; are three operators defined as

1
S = é‘”kM] (173)

Due to the equation (168), we obtain an su (2) algebra
[Si, S5] = i€ijkSk , (174)
which proves that S; is an angular momentum. Then, we have
W2 =m?5% =m?s(s+1) , (175)

where s € N/2, is the spin of the particle. Consequently, for a massive particle, the second Casimir
operator is related to the spin,
w=my/s(s+1). (176)

For a massless particle, we can show that the number w is related to the helicity A € Z/2,
w=mVA\. (177)

Consequently, the two Casimir operators classify the irreducible representations in terms of the mass
and the spin for massive particles or helicity for massless particles.
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Nomenclature

(m/2,n/2) Irreducible representation of the Lorentz group...............ooiiiiiiiiiiiii... (146)
(al)U Complex constants linking X7/ to Tj.........iiiiiii (57)
[a, b} Super-commutator in a superalgebra ......... ... i (11)
€ Completly antisymmetric tensor in dimension two...............oiiiiiiii ... (100)
n Lorentzian metric...... ... o (97)
90,1 Respectivly even and odd part of a Zo-graded algebra............... ... ... .. ..., (7)
Int Internal SYMmMEtTy GrOUD ..o vttt ettt e et e (3)
int Internal symmetry algebra .. ... ... . (4)
My Rotation generators of the Poincaré group ........... . ... . i (162)
Mg, ]\Zde Rotation generators Mgy in Spinor notation ........ ...ttt .. (21)
P(3,1) POINcaré group ...... ... (153)
p(3,1) Poincaré algebra. ... ... (157)
P, Translation generators of the Poincaré algebra .......... ... ... .. ..o ... (162)
P Translation generators P, in spinor notation ......... ... .. .. ... i ... (20)
Q! Odd generators of the superalgebra ........... ... ... . (19)

I Odd generators of the superalgebra in four-component notation ..................... (53)
Oa Pauli matrices ... ... (101)
o Modified Pauli matrices. ....... ..o i (102)
Tab, Oap  Generators of SL(2,C) ..o i (106)
SL(2,C) Complex special linear group in two dimensions................ooviiiiiiiiian... (111)
s((2,C) Special algebra of traceless matrices in two dimensions................. ... ... ... (124)
(Sl)IJ Complex constants between QL and Tj..........cooiiiiiiiiiiii i (45)
SO (3,1) Proper orthochronous Lorentz group .. ..........o.oeiiiiiii i, (110)
50(3,1)  Lorentz algebra. .. ... (121)
T Generators of the internal symmetry group...........oooiiii i, (5)
W, Pauli-Lubanski vector....... ... (167)
X Central charges ... ... . (42)
Zq, Analogue to the Pauli-Lubanski vector for the superalgebra ......................... (76)
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