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Exercise 9.1 Pure gauge

We use
∂µ(ΛΛ−1) = 0 = Λ∂µΛ−1 + (∂µΛ)Λ−1

to show

[Aµ, Aν ] =
−1

g2

(
(∂µΛ)Λ−1(∂νΛ)Λ−1 − (∂νΛ)Λ−1(∂µΛ)Λ−1

)
=
−1

g2

(
−(∂µΛ)Λ−1Λ(∂νΛ

−1) + (∂νΛ)Λ−1Λ(∂νΛ
−1)
)

=
−1

g2

(
(∂νΛ)(∂µΛ−1)− (∂µΛ)(∂νΛ

−1)
)

and we insert

∂µAν − ∂νAµ =
i

g

(
∂µ
(
(∂νΛ)Λ−1

)
− ∂ν

(
(∂µΛ)Λ−1

))
=
i

g

(
(∂µ∂νΛ)Λ−1 + (∂νΛ)(∂µΛ−1)− (∂ν∂µΛ)Λ−1 − (∂µΛ)(∂νΛ

−1)
)

=
i

g

(
(∂νΛ)(∂µΛ−1)− (∂µΛ)(∂νΛ

−1)
)

giving us
Fµν = ∂µAν − ∂νAµ + ig [Aµ, Aν ] = 0.

Exercise 9.2 Instantons

The instanton solution treated here was first reported in [BPST75], the form using ηaµν is
from [tH76] where the quantum effects of instantons were considered.
We have

∂µAν =
−4

g

1

(x2 + λ2)2
xµη

a
νκxκ −

2

g

1

x2 + λ2
ηaµν

which we insert to have

∂µAν − ∂νAµ =
−4

g

1

(x2 + λ2)2
xµη

a
νκxκ +

4

g

1

(x2 + λ2)2
xνη

a
µκxκ −

4

g

1

x2 + λ2
ηaµν .

We insert the contraction identity on the exercise sheet for the nonabelian part of the
field strength tensor:

gεabcA
b
µA

c
ν =

4

g

1

(x2 + λ2)2
εabcη

b
µκη

c
νρxκxρ

εabcη
b
µκη

c
νρxκxρ =

(
δµνη

a
κρ − δµρη

a
κν − δκνη

a
µρ + δκρη

a
µν

)
xκxρ

= xµη
a
νκxκ − xνη

a
µκxκ + (x2 + λ2)ηaµν − λ2ηaµν

From this we see that in the sum all the terms proportionate to (x2)−1 for large x cancel:

∂µAν − ∂νAµ + gεabcA
b
µA

c
ν =

4

g

−λ2ηaµν
(x2 + λ2)2

.

1



We insert this field strength tensor into the action, using ηaµνη
a
µν = 12:

S =
48λ4

g2

∫
d4xE

1

(x2 + λ2)4

=
48λ4

g2

π2

6λ4

=
8π2

g2

where we have inserted the integration from assignment 1.
It should be noted that from the formula for the action, we can see immediately that
the weight exp(−S) of the instanton configuration has an essential singularity at g = 0,
rendering a weak-coupling expansion of this expression useless.
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