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Exercise 7.1 Topological charge

1. We start by writing the contraction of the field strength tensor with its dual in
terms of A:
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We are using the antisymmetry under interchange of any two Lorentz indices:
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We rename d — b and e — ¢ in the second term and interchange p with p and o
with v in the second. The last term is symmetric under interchange of © and p and
is therefore vanishing in the contraction. We have:
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We turn to the total derivative:
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On the second line, we use the antisymmetry under interchange of 1 and v to
get rid of the second derivative, on the third line we have used the fact that the

antisymmetry of f%¢ and ¢*?° compensates. We collect the structure constant
terms to have
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2. We use
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to show
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and we insert
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giving us
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We insert F,, = 0 and f¢ = —2; Tr [T“, Tb] T to arrive at the form on the exercise
sheet.
3. We have
At = X2_d21 1 2d %y
Xy a2ttt
and therefore
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4. The calculation of the trace is somewhat tedious, we arrive at

Exercise 7.2 Electric dipole moment of the neutron

The two classic papers calculating the relation between 6 and the neutron electric dipole
moment are [1] and [2], their results are pretty similar. We follow the former!.

We start from a Lagrangian with real mass term (0 := 6 — argdet M = #), we transform
away the anomaly term using a chiral rotation in the quark fields:

Yi(r) = P Y(x)
00— 0 + 2 Z Q.
k
&kmkPka +h.c. — szmk€2iakwk +h.c. = &kmkPka + h.c..
where the sum runs over quark flavours and Pr = (1 +75)/2. If we want 0 to vanish we
have therefore argdet M = —60 (M = diag(my,...,mg)). Assuming ‘9’ < 1, we relate
—0 = argdet M = arg det(M + in) = arg ((my, + in)(mq + i) (ms + in))
= arg (mymams + in(mymq + mams + mgmy,))
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INote that the conventions used for € in [1] are not the same as the ones used in the lecture. In our
notation, it uses

1 -
0 = — argdet M
ny
with ny the number of light quark flavours which leads to the above difference in Lcp.



and therefore we have

We work in time-independent perturbation theory, expanding to first power in . Due to
the C'P-violating term in the Lagrangian, the neutron acquires an admixture of baryons

with spin 1/2 odd under parity:
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To estimate the order of magnitude (and to circumvent the calculation of the two relevant
matrix elements using the MIT bag model in [1]), we restrict the summation to the lowest-
lying resonance N(1535), and we insert the numerical values from [3]

1 * *
) = 1N)+ 3 e IV (Y
o LN N

Therefore we have for the electric dipole moment:
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where rp denotes the proton charge radious. This results in d,, ~ 5-1071°|0| e cm, from
dn < 0.3-107%%¢ cm we have therefore 0] < 0.6 - 1075,
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