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Exercise 1.1 Dimensional Regularisation

We consider the integral ∫
ddpE
(2π)d

(p2
E)α

(p2
E + ∆)n

.

We change to spherical coordinates, since the dependence is only on p2
E we perform the

angular integration:

ddpE =
1

2
(p2
E)d/2−1d(p2

E)dd−1Ωd =
1

2
(p2
E)d/2−1d(p2

E)
2πd/2

Γ(d/2)
.

We insert this to arrive at the one-dimensional integral

1

(4π)d/2Γ(d/2)

∫
d(p2

E)
(p2
E)α+d/2−1

(p2
E + ∆)n

which we transform to the integral representation of the beta function according to

x =
p2
E

p2
E + ∆

, p2
E = ∆

x

1− x
, p2

E + ∆ = ∆
1

1− x
, dp2

E = ∆
1

(1− x)2

arriving at

1

(4π)d/2Γ(d/2)
∆α+d/2−n

∫ 1

0

dx

(
x

1− x

)α+d/2−1
1

(1− x)n+2

=
1

(4π)d/2
∆α+d/2−nΓ(α + d/2)Γ(n− α− d/2)

Γ(n)Γ(d/2)
.

Using Γ(d/2 + 1) = d/2Γ(d/2) this specialises to∫
ddpE
(2π)d

1

(p2
E + ∆)n

=
1

(4π)d/2
∆d/2−nΓ(n− d/2)

Γ(n)∫
ddpE
(2π)d

p2
E

(p2
E + ∆)n

=
1

(4π)d/2
∆1+d/2−nd/2

Γ(n− d/2− 1)

Γ(n)
.

Exercise 1.2 Feynman Parameters

As our starting point, we verify n = 2 by explicit integration (we will need it for the
induction step as well):

Γ(a+ b)

Γ(a)Γ(b)

∫
dxdy

xa−1yb−1

(xC + yD)a+b
δ (1− x− y)

=
Γ(a+ b)

Γ(a)Γ(b)

∫
dx

xa−1(1− x)b−1(
D
(
1− xD−C

D

))
)a+b

=
Γ(a+ b)

Γ(a)Γ(b)

Γ(a)Γ(b)

Γ(a+ b)
D−a−b 2F1

(
a+ b, a, a+ b;

D − C
D

)
= D−a−b

(
C

D

)−a
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where we can use the taylor series of (1− z)−a around 0 and the series representation of
the hypergeometric function to verify the last step:(

∂

∂z

)k
(1− z)−a =

Γ(a+ k)

Γ(a)
(1− z)−(a+k) ⇒ (1− z)−a =

∞∑
k=0

Γ(a+ k)

Γ(a)

zk

k!

2F1 (a+ b, a, a+ b; z) =
∞∑
k=0

Γ(a+ b+ k)

Γ(a+ b)

Γ(a+ k)

Γ(k)

Γ(a+ b)

Γ(a+ b+ k)

1

k!
zk

=
∞∑
k=0

Γ(a+ k)

Γ(k)

zk

k!
.

We turn to the induction step. Using the induction hypothesis, we rewrite (all sums and
products are from 1 to n):

1

(
∏
Dai
i )D

an+1

n+1

=
Γ(
∑
ai)∏

Γ(ai)

∫ 1

0

(∏
dxi

) δ (1−
∑
xi)
∏
xai−1
i

(
∑
xiDi)

P
ai

1

D
an+1

n+1

.

Next, we use the identity for n = 2 to combine all the denominators

=
Γ(
∑
ai)∏

Γ(ai)

∫ 1

0

(∏
dxi

)
δ
(

1−
∑

xi

)∏
xai−1
i

Γ (
∑
ai + an+1)

Γ (
∑
ai) Γ(an+1)

∫ 1

0

dqdzδ (1− q − z)
q(

P
ai−1)zan+1−1

(q (
∑
xiDi) + zDn+1)

P
ai+an+1

then we rescale the xi, yi = qxi to have the denominator back in the original form

=
Γ (
∑
ai + an+1)

(
∏

Γ(ai)) Γ(an+1)

∫ 1

0

dqdz

∫ q

0

(∏
dyi

)
q−nδ

(
1− 1

q

∑
yi

)
(∏

yai−1
i

)
q(−

P
ai+n)δ(1− q − z)

q(
P
ai−1)zan+1−1

(
∑
yiDi + zDn+1)

(
P
ai+an+1)

we replace the first delta function δ
(

1− 1
q

∑
yi

)
= q δ (q −

∑
xi) to get rid of all the

factors of q

=
Γ (
∑
ai + an+1)

(
∏

Γ(ai)) Γ(an+1)

∫ 1

0

dqdz

∫ q

0

(∏
dyi

)
δ
(
q −

∑
yi

)
(∏

yai−1
i

)
δ(1− q − z)

zan+1−1

(
∑
yiDi + zDn+1)

(
P
ai+an+1)

finally we perform the q-integral, because of the remaining delta function values of the yi
above 1− z do not contribute, so we extend the integrals to go from 0 to 1:

=
Γ (
∑
ai + an+1)

(
∏

Γ(ai)) Γ(an+1)

∫ 1

0

dz
(∏

dyi

)
δ
(

1− z −
∑

yi

)
(∏

yai−1
i

)
zan+1−1

(
∑
yiDi + zDn+1)

(
P
ai+an+1)

.
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Exercise 1.3 Generalisation of γ5 in d Dimensions

The dimension d shows up in the contraction identities:

γαγα =
1

2
{γα, γα} = gαα = d

γαγµγα = γα (−γαγµ + 2gαµ) = −(d− 2)γµ

γαγµγνγα = γαγµ (−γαγν + 2gνα) = (d− 2)γµγν + 2γνγµ = (d− 2)γµγν − 2γµγν + 4gµν

= (d− 4)γµγν + 4gµν .

εµνρσ vanishes if two of its indices are equal, so we have (assuming d 6= 2 to make γαγµγ
α

nonvanishing):

Tr (γαγµγ
αγνγ5) = 0 = −(d− 2) Tr (γµγνγ5)⇒ Tr (γµγνγ5) = 0. (1)

Next we assume d 6= 2 and d 6= 4, we insert a contraction into Tr (γµγνγργσγ5):

Tr (γαγµγνγ
αγργσγ5) = (d− 4) Tr (γµγνγργσγ5) + 4gµν Tr (γργσγ5)︸ ︷︷ ︸

0

= −Tr (γαγργσγαγµγνγ5)

= −(d− 4) Tr (γµγνγργσγ5)− 4gρσ Tr (γµγνγ5)︸ ︷︷ ︸
0

where we have made use of anticommutation of γ5 and cyclicity of the trace on the second
line. Therefore we have:

Tr (γµγνγργσγ5) = 0 (d 6= 2, d 6= 4).

Exercise 1.4 Vertex Correction in φ3 Theory

We ignore any prefactors, computing

I =

∫
ddk

(2π)d
1

k2(k − p1)2(k − p2)2
.

First we insert the Feynman parameter formula we derived in exercise Exercise 1.2, rewrit-
ing the denominator as

1

k2(k − p1)2(k − p2)2
= Γ(3)

∫ 1

0

dx1dx2dx3
δ(1− x1 − x2 − x3)

(x1k2 + x2(k − p1)2 + x3(k − p2)2)3

= Γ(3)

∫ 1

0

dx1dx2dx3
δ(1− x1 − x2 − x3)

((x1 + x2 + x3)k2 − 2x2kp1 + 2x3kp2)
3

= Γ(3)

∫ 1

0

dx1dx2dx3
δ(1− x1 − x2 − x3)

((k − p1x2 + p2x3)2 + x2x3q2)3

where we have used that the delta function implies x1 + x2 + x3 = 1. Now we perform
the momentum integral according to exercise Exercise 1.1:∫

ddk

(2π)d
1

((k)2 + x2x3q2)3 = i

∫
ddkE
(2π)d

1

(−(k)2 − x2x3(−q2))3

= (−i) 1

(4π)d/2
Γ(3− d

2
)

Γ(3)
(x2x3(−q2))

d
2
−3

We can now perform the x-integrals and we arrive at

I =
−i

(4π)d/2
Γ

(
3− d

2

)
4

(d− 4)2

(
−q2

) d
2
−3
.
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