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Exercise 11.1 Magnetic monopoles

We insert the ansatz

φa =
H(ξ)

ξ
η
xa
r
, Aai =

εaijxj
gr2

(K(ξ)− 1)

1. We remark

∂i
xa
r

=
δai
r
− xixa

r3
, ∂iξ = gη

xi
r

= g2η2xi
ξ
, ∂ir

n = nxir
n−2.

We calculate the parts in order:

∂iφa = ∂i

(
H

ξ
η
xa
r

)
= η

(
xixa
r3

ξ

[
H ′

ξ
− H

ξ2

]
+
H

ξ

[
δai
r
− xixa

r3

])
= η

(
xixa
r3

[
H ′ − 2

H

ξ

]
+
δai
r

H

ξ

)

−gεabcAbiφc = −gεabc
εbikxk
gr2

(K − 1)
H

ξ
η
xc
r

= −ηH
ξ

1

r3
(K − 1)(xixa − r2δai)

= η

(
xixa
r3

[
−H
ξ

(K − 1)

]
+
δai
r

H

ξ
(K − 1)

)
adding up to

∂iφa − gεabcAbiφc = η

(
xixa
r3

[
H ′ − H

ξ
− HK

ξ

]
+
δai
r

H

ξ
K

)
= KH

1

gr4

(
r2δai − xixa

)
+
xixa
gr4

(ξH ′ −H) .

2. For the square we need

(r2δai − xixa)(r2δai − xixa) = r4δii + xixixaxa − 2r2xixi = 2r4

(r3δai − xixa)xixa = r4 − r4 = 0

and therefore we have for the kinetic term

1

2
(Dµφ)(Dµφ) =

−1

2
(Diφ)(Diφ) =

−1

2

g2η4

ξ4

(
2K2H2 + (ξH ′ −H)2

)
.
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We proceed with the field strength term, we have

∂iA
a
j =

1

g
εajk∂i

(
xk

1

r2
(K − 1)

)
=

1

g
εajk

(
δikr

−2(K − 1)− 2xixkr
−4(K − 1) + xkr

−2K ′gη
xi
r

)
=

1

g
εaji

K − 1

r2
+

1

g
xiεajkxk

(
−2r−4(K − 1) + gηr−3K ′

)
=
−1

g

K − 1

r2
εaij +

1

g
xiεajkxkr

−4 (ξK ′ − 2(K − 1))

and therefore

∂iA
a
j − ∂jAai =

−2

g

K − 1

r2
εaij +

1

g
(xiεajkxk − xjεaikxk)r−4(ξK ′ − 2(K − 1)).

For the non-abelian part we have

εabcA
b
iA

c
j = εabcεbikxkεcjmxm

1

g2

1

r4
(K − 1)2

= (δciδak − δckδai)xkεcjmxm
1

g2

1

r4
(K − 1)2

= xaεijmxm
1

g2

1

r4
(K − 1)2

giving us

F a
ij =

−2

g

K − 1

r2
εaij+

1

g
(xiεajkxk−xjεaimxm)r−4 (ξK ′ − 2(K − 1))−1

g

(K − 1)2

r4
xaεijmxm.

In preparation for the contraction, we calculate

εaijεaij = 6 xiεajkxkxiεajmxm = 2r4

xiεajkxkxjεajmxm = 0 (xiεajkxk − xjεaikxk)2 = 4r4

xaxaεijmεijkxmxk = 2r4 εaij(xiεajkxk − xjεaikxk) = −4r2

εaijxaεijmxm = 2r2 (xiεajkxk − xjεaikxk)xaεijmxm = 0

We insert this into F a
ijF

ij, a = F a
ijF

a
ij = (F a

ij)
2:

(F a
ij)

2 =
24

g2

(K − 1)2

r4
+

1

g2
4r−4(ξK ′ − 2(K − 1)2)2 +

1

g2

(K − 1)4

r8
· 2r4

− 4

g2
(K − 1)(ξK ′ − 2(K − 1))(−4r2)r−6 +

4

g2

(K − 1)3

r6
· 2r2

=
1

g2r4

[
8(K − 1)2 + 2(K − 1)4 + 8(K − 1)3 + 4(ξK ′)2

]
=

1

g2r4

[
2(K2 − 1)2 + 4(ξK ′)2

]
−1

4
(F a

ij)
2 =
−g2η4

2ξ4

[
(K2 − 1)2 + 2(ξK ′)2

]
We do need the potential term as well, we have

−λ
8

(
φ2 − η2

)2
=
−λ
8

η4

ξ4

(
H2 − ξ2

)2
.
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Now we add things up to arrive at the energy

E = −
∫

dxL = −
∫

4π

g3η3
ξ2dξ L =

4π

g3η3

∫
ξ2dξ

(
1

4
F a
µνF

µν,a − 1

2
DµφD

µφ+
λ

8

(
φ2 − η2

)2)
=

4πη

g

∫
dξ

1

ξ2

(
1

2
(K2 − 1)2 + (ξK ′)2 +K2H2 +

1

2
(ξH ′ −H)2 +

λ

8g2
(H2 − ξ2)2

)
.

3. We assume E[g] =
∫
f(g(x), g′(x))dx and we recall

δE

δg
[φ] =

d

dε

∫
f(g + εφ, g′ + εφ′)dx

∣∣∣∣
ε=0

=

∫
∂f(g, g′)

∂g
φ+

∂f(g, g′)

∂g′
φ′dx

=

∫ (
∂f(g, g′)

∂g
− ∂

∂x

∂f(g, g′)

∂g′

)
φ dx

where we have assumed that the boundary terms of the partial integration vanish.
Therefore we get from the condition that the derivatives of the energy with respect
to K and H should vanish:

δE

δK
= 0⇒ K ′′ =

1

ξ2

(
K(K2 − 1) + 2KH2

)
δE

δH
= 0⇒ H ′′ − H ′

ξ
+
H

ξ2
=

2K2H

ξ2
− H ′

ξ
+
H

ξ2
+

1

ξ2

λ

2g2
H(H2 − ξ2).
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