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In this exercise, we are going to investigate the phase space corresponding to the decay
of a massive particle with four-vector q and mass

√
M2 into three massless particles in d

dimensions.

Exercise 13

In the lecture, it was shown that∫
dR

(d)
3 (M,p1, p2, p3) =

1
4

∫
dE1dE2dθ12dΩd−1dΩd−2 (E1E2 sin(θ12))d−3 δ(p2

3)

with θ12, p3 = q − p1 − p2 the angle between the particles 1 and 2,
∫
dΩd = 2πd/2/Γ(d/2).

Change variables to the dimensionless yij = sij

M2 and show that∫
dR

(d)
3 (M,p1, p2, p3) =

1
4

1
2d−1

∫
(y12y13y23)

d−4
2 dΩd−1dΩd−2δ(y12 + y13 + y23 − 1)

(
M2
)d−3

dy12dy13dy23

Hint: consider the center-of-mass frame in which qµ = (M, 0, 0, 0, . . . ), pµ1 = (E1, E1, 0, 0, . . . ),
pµ2 = (E2, E2 cos θ12, E2 sin θ12, . . . ). Using these explicit vectors, show first s12s13s23 =
4M2E2

1E
2
2 sin2 θ12, then calculate the determinant of ∂sij

∂Ek/θ12
to show dE1dE2dθ12 =

(16M2s12s13s23)1/2ds12ds13ds23 (the vectors are d-dimensional).

Exercise 14

Use the parameterization of the three-particle phase space in the preceding exercise to
calculate the integral of S132 = s12

s13s23
over 0 < y13 < ymin, 0 < y23 < ymin. In doing so, keep

in mind ymin � 1 and neglect terms proportional to yamin, a ≥ 1. Then calculate the Laurent
series of your result around ε = 0 up to order ε0 (ε = −d−4

2 ). (Consider only the y-integral
for the sake of this exercise)


