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I System described by Hamiltonian H and conserved charges N̂i

I Density Matrix

ρ̂ = e−β(H−µi N̂i ) β = 1/T

I Ensemble avarage of an operator Â

〈A〉 = Trρ̂Â
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I Partition function

Z = Trρ̂
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I System described by Hamiltonian H and conserved charges N̂i

I Density Matrix
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Partition function

P =
∂(T ln Z )

∂V

Ni =
∂(T ln Z )

∂µi

S =
∂(T ln Z )

∂T
E = −PV + TS + µiNi

F = −T ln Z
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Path integral representation of Z in Q.M.

I Coordinate degrees of freedom q = {qα} of the system

I Eigenstates |q〉 of operators {q̂α} with
q̂α|q〉 = qα|q〉, α = 1, · · · , k

I Partition function

Z = Tre−βH =
∫

dq〈q|e−βH |q〉
I With measure

dq =
∏k
α=1 dqα

I Set β = εN

Z =
∫

dq〈q| e−εHe−εH · · · e−εH︸ ︷︷ ︸
N times

|q〉
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I Set q = q(0) and insert a complete set of states∫ ∏N−1
i=0 dq(i)〈q(N)|e−εH |q(N−1)〉 · · · 〈q(1)|e−εH |q(0)〉|q(0)=q(N)

I For Hamiltonians of the form

H = 1
2

∑k
α=1 p̂2

α + V (q̂)

these matrix elements can be approximated (p̂ momenta
canonically conjugated to q̂)

I Use Baker-Hausdorff formula

eAeB = eA+B+ 1
2

[A,B]···

I 〈q(i+1)|e−εH |q(i)〉 ≈ 〈q(i+1)|e−ε/2
P
α p̂2

α |q(i)〉e−εV (q(i))
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I 〈q(i+1)|e−εH |q(i)〉 ≈ 〈q(i+1)|e−ε/2
P
α p̂2

α |q(i)〉e−εV (q(i))

insert a complete set of momentum eigenstates
and use 〈q|p〉 =

∏k
α=1

1√
2π

e ipαqα

I 〈q(i+1)|e−εH |q(i)〉 ≈

e−εV (q(i))
∫

dp(i)
∏k
α=1 exp

{
−ε
[

1
2p

(i)
α

2
− ip

(i)
α

(
q

(i+i)
α −q

(i)
α

ε

)]}
I Finally we get

Z =
∫

Dq
∫

Dp e
PN−1

i=0

P
α ip

(i)
α (q

(i+1)
α −q

(i)
α )−εH(q(i),p(i))|q(N)=q(0)

I With the measure

DqDp =
∏N−1

i=0

∏
α

dq
(i)
α dp

(i)
α

2π
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Z =
∫

Dq
∫

Dp e
PN−1

i=0

P
α ip

(i)
α (q

(i+1)
α −q

(i)
α )−εH(q(i),p(i))|q(N)=q(0)

with continuum limit

Z =
∫
peridic Dq

∫
Dp e

R β
0 dτ [

P
α ipα(τ)q̇α(τ)−H(q(τ),p(τ))]

I Coordinates q are identified at ”time” 0 and β

I → coordinates satisfy periodic boundary conditions

I Formula holds for any Hamiltonian of the form
H(p̂, q̂) = P1(p̂) + P2(q̂) where Pi are polynomials
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We can immediately generalize to field theory. Replace

I α→ ~x

I qα(τ)→ φ(~x , τ)

I pα(τ)→ π(~x , τ)

I H =
∫

d3xH(φ, π)
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I qα(τ)→ φ(~x , τ)

I pα(τ)→ π(~x , τ)

I H =
∫

d3xH(φ, π)

Z =

∫
[dπ]

∫
periodic

[dφ]

× exp
[∫ β

0
dτ
∫

d3x
(
iπ
∂φ(x, τ)

∂τ
−H(π, φ) + µN (π, φ)

)]
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Noether‘s theorem → N conserved charge density
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H quadratic in π

Hamiltonian density H = 1
2π

2 + 1
2 (∇φ)2 + 1

2m2φ2 + U(φ)
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I Fields satisfy periodic boundary conditions

I Partition function is a weighted sum over fields which live on
a space-time surface compactified along time direction

I Surface is cylinder with axis along spatial direction

I Radius gets bigger with increasing β

I Fields have a Fourier decomposition

φ(~x , τ) =
1

β

∑
n

∫
d3p

(2π)3
φ̃(ωn, ~p)e i~k~x+iωnτ
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I Fields satisfy periodic boundary conditions

I Partition function is a weighted sum over fields which live on
a space-time surface compactified along time direction

I Surface is cylinder with axis along spatial direction

I Radius gets bigger with increasing β

I Fields have a Fourier decomposition

φ(~x , τ) =
1

β

∑
n

∫
d3p

(2π)3
φ̃(ωn, ~p)e i~k~x+iωnτ

With ωn = 2πn
β the Matsubara frequencies
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Fermions

I Consider fermionic system with Hilbert space spanned by
vacuum and one particle state

I Vacuum |0〉, â|0〉 = 0

I 1 particle state |1〉 = â†|0〉
I Anticommutator {â, â†} = 1

I General operator : Â = K00 + K10â
† + K01â + K11â

†â

I Introduce Grassmann variables with
{a, a∗} = {a, a} = {a∗, a∗} = 0

I Replace operators by Grassmann variables to get normal form
Ã(a∗, a) = K00 + K10a

∗ + K01a + K11a
∗a
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†â

I Introduce Grassmann variables with
{a, a∗} = {a, a} = {a∗, a∗} = 0

I Replace operators by Grassmann variables to get normal form
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† + K01â + K11â
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I Matrix form given by

A(a∗, a) = ea∗aÃ(a∗, a) = A00 + A10a
∗ + A01a + A11a

∗a

I Trace:
TrÂ =

∫
da∗dae−a∗aA(a∗,−a)

I Product:
C (a∗, a) =

∫
db∗db e−b∗bA(a∗, b)B(b∗, a)
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Partition function

Simple model

I Hamiltonian Ĥ = E â†â

I Number operator N̂ = â†â

I Partition function
Z = Trρ̂ = Tre−β(Ĥ−µN̂) = Tr (e−ε(Ĥ−µN̂))N =

Tr (e−ε(E−µ)â†â)N := Tr ρ̂N
ε
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Tr (e−ε(E−µ)â†â)N := Tr ρ̂N
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Partition function

Simple model

I Hamiltonian Ĥ = E â†â

I Number operator N̂ = â†â

I Partition function
Z = Trρ̂ = Tre−β(Ĥ−µN̂) = Tr (e−ε(Ĥ−µN̂))N =

Tr (e−ε(E−µ)â†â)N := Tr ρ̂N
ε

Matrix form of ρ̂ε

ρε(a
∗, a) = ea∗aρ̃ε(a

∗, a) = ea∗ae(e−ε(E−µ)−1)a∗a ≈ ea∗ae−ε(E−µ)a∗a
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ρε(a
∗, a) ≈ ea∗a(1−ε(E−µ))

ρ(a∗N , aN) =

∫ N−1∏
i=1

da∗i daie
−a∗i aiρε(a

∗
N , aN−1)ρε(a

∗
N−1, aN−2)

· · · ρε(a∗1, a0)|a0=aN
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−a∗i aiρε(a

∗
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∗
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· · · ρε(a∗1, a0)|a0=aN

Z = Trρ̂ =

∫
da∗NdaNe−a∗NaNρ(a∗N ,−aN)

=

∫ N∏
i=1

da∗i daie
a∗i ai−1(1−ε(E−µ))−a∗i ai |a0=−aN
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Z =

∫ N∏
i=1

da∗i daie
a∗i ai−1(1−ε(E−µ))−a∗i ai |a0=−aN

Relabel ai → ai+1
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Z =

∫ N∏
i=1

da∗i daie
a∗i ai−1(1−ε(E−µ))−a∗i ai |a0=−aN

Relabel ai → ai+1

Z =

∫ N∏
i=1

da∗i daie
−a∗i (ai+1−ai )−ε(E−µ)a∗i ai |a1=−aN+1

Contiuum ∫
antip

[da∗][da]e−
R β

0 dτ(a∗ ∂a
∂τ

+H−µN)
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∫
antiper

[dψ∗][dψ]e−
R β

0 dτ
R

d3x (ψ∗(x) ∂
∂τ
ψ(x)+H(ψ,ψ∗)−µN (ψ,ψ∗))
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Matsubara frequencies ωn = (2n+1)π
β
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Thermal Green‘s functions

I Thermal Green‘s functions defined by

〈φ(x1) · · ·φ(xn)〉 = Z−1Tr[e−βHT (φ̂(x1) · · · φ̂(xn))]

I Reduce to the T = 0 G. f. as T → 0
I Generating functional

Z [J] =

∫
periodic

[dφ] e−SE +
R β

0 dτ
R

d3x Jφ

I Obtain Green‘s function by derivation with respect to J at
J = 0

I Expectation value of an operator

〈O〉 =

∫
periodic [dφ]O(φ)e−SE

Z [J = 0]
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Propagator

Generating functional can be integrated for free field

Z [J] =

∫
periodic

[dφ] e−SE +
R β

0 dτ
R

d3x Jφ

→ Z [0]e
1
2

R
β d4x

R
β d4y J(x)∆(x−y)J(y)

I ∆(x − y) is the inverse operator of −
(
∂
∂τ

)2 −∇2 + m2

I Periodic → Fourier decomposition

∆(x) =
1

β

∑
n

∫
d3p

(2π)3
∆̃(ωn,p)e i(ωnτ+p·~x)

I Propagator in frequency momentum space

∆̃(ωn,p) =
1

ω2
n + p2 + m2
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Get expressions for finite T from those at T = 0 by replacing:

p4 → ωn ωn = 2πn/β∫
dp4

2π
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Links and action on lattice

I Links:
Uµ(n) = Pe ig

R n+µ̂
n dzνAν(z)

I Plaquettes:

Uµν(n) = Uµ(n)Uν(n + µ̂)U†µ(n + ν̂)U†ν(n)

I SU(N) action

SG = β
∑

n,µ<ν

[1− Tr(Uµν(n) + U†µν(n))/2N]

β = 2N/g2
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Center

I The center C ⊂ G of a group G consists of all elements z ∈ G
for which zgz−1 = g ∀g ∈ G

I For SU(N) it is given by the identity matrix times exp( 2πil
N ),

where l = 0, 1 · · ·N − 1

I In other words, an element of the center commutes with all
elements of the group
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Center symmetry

I Action not only invariant under periodic gauge transformations

I Consider multiplying all time like oriented links in a time slice
by an element of the center.

I Action invariant under these transformations, too

I For example n4 = 0

U4(~n, 0)→ zU4(~n, 0)
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Center symmetry

I Let us look at a plaquette

Ui4(~n, 0) = Ui (~n, 0)U4(~n + î , 0)U†i (~n, 1)U†4(~n, 0)

→ Ui (~n, 0)zU4(~n + î , 0)U†i (~n, 1)U†4(~n, 0)z†

I Center elements commute with links → plaquettes are
invariant.

I Action is composed of plaquettes, therefore it is invariant.
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Polyakov loop

I Trace of the product of the link variables along a loop,
winding around the euclidean time direction

I Loop at spatial site ~n

L(~n) =
1

N
Tr

Nτ−1∏
n4=0

U4(~n, n4)

I Trace of special unitary matrix. It can get values in complex
plane
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Polyakov loop

I Polyakov loop is invariant under periodic gauge
transformations G (~n, 0) = G (~n,Nτ )

Tr
Nτ−1∏
n4=0

U4(~n, n4) → Tr
Nτ−1∏
n4=0

G (~n, n4)U4(~n, n4)G−1(~n, n4 + 1)

= Tr
Nτ−1∏
n4=0

U4(~n, n4)

I But not invariant under center transformations unless it is zero
L(~n)→ zL(~n)
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Polyakov loop

I → suggests existence of two phases

I center symmetric confined phase if 〈L〉 = 0 at low
temperatures

I deconfined phase 〈L〉 6= 0 spontaneously breaks symmetry at
high temperatures

I phases separated by a phase transition

I Polyakov loop serves as an order parameter for distinguishing
these phases
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Physical meaning of Polyakov loop

I Consider partition function of the infinitely heavy quark in a
heat bath of gluons

I |s〉 states containing quark

I

Z =
∑

s

〈s|e−βH |s〉

I Apply creation operators to states |s ′〉 which do not contain
the quark
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Physical meaning of Polyakov loop

Z = N
∑
s′

〈s ′|Ψ(~x , 0)e−βHΨ†(~x , 0)|s ′〉

= N
∑
s′

〈s ′|e−βHΨ(~x , β)Ψ†(~x , 0)|s ′〉

I Time evolution (∂τ − ieA4(~x , τ))Ψ(~x , τ) = 0

I Solution Ψ(~x , β) = e ie
R β

0 dτA4(~x ,τ)Ψ(~x , 0) = L(~x)Ψ(~x , 0)

I

Z = N
∑
s′

〈s ′|e−βHL(~x)Ψ(~x , 0)Ψ†(~x , 0)|s ′〉
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Physical meaning of Polyakov loop

I Z = e−βF with free energy F

I Free energy of system containing quark
e−βFq = Tr[exp(−βH)L(~x)]

I Divide by partition function of the pure gauge theory to
obtain energy difference → e−β∆Fq = 〈L〉

I If 〈L〉 = 0 free energy infinite
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Physical meaning of Polyakov loop

I Create quark and antiquark at some different spatial points ~x
and ~x ′

I Free energy of pair e−β∆Fqq̄ = 〈L(~x)L†(~x ′)〉
I Behaviour 〈L(~x)L†(~x ′)〉 → |〈L〉|2 (|~x − ~x ′| → ∞)

I If 〈L〉 = 0 energy increases with higher separations →
confinement

I If 〈L〉 6= 0 energy approaches finite constant →deconfinement
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Absolute value of P. loop as a function of temperature
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