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- Introduction

Introduction

| will be talking about:

» Quantum master equations in open and closed systems: first
order differential equations for density matrices of a system

» Concept of quantum dynamical semigroup associated with
quantum Markov systems

» Derivation of the general form of the Markovian master
equation for a N-level system

» Example: Decay of a two-level system and relaxation into
thermal equilibrium thereof
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LCIosed systems and the master equation thereof

Closed systems

Definition

A closed quantum system is a system S, which is prepared in such
a way that there is no interaction with the environment
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LClosed systems and the master equation thereof

Closed systems

Definition
A closed quantum system is a system S, which is prepared in such
a way that there is no interaction with the environment

If we thus have a closed system S, the state of such a system is
then described by a state vector | ¢) € Hs, where Hs is the
Hilbert space corresponding to S, with inner product (¢ | ). We
therefore can use the technics studyied in our classes.
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|—Closed systems and the master equation thereof

Schrodinger equation and unitary time-evolution

d
v | 0(0) = H(®) [o(6)
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LCIosed systems and the master equation thereof

Schrodinger equation and unitary time-evolution

d
v | 0(0) = H(®) [o(6)

From which we know the solution:

| 4(t)) = U(t, o) | ¥(t0))

where U(t, tp) is the unitary time-evolution operator.
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LClosed systems and the master equation thereof

Schrodinger equation and unitary time-evolution

v () = H(E) | () 1)
From which we know the solution:
| ¥(t)) = U(t, to) | ¥(t0)) (2)

where U(t, tp) is the unitary time-evolution operator.
If we plug (2) into (1) we get:

Z%U(t, o) = H(£)U(t, to) (3)

with initial condition: U(to, to) = id
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LCIosed systems and the master equation thereof

Density matrices

Now, let us introduce the density matrix of the system S:

p(t) = Zwa ’ ¢a(t)><¢a(t) |
«
where w,, are the statistical weights.

(4)
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LClosed systems and the master equation thereof

Density matrices

Now, let us introduce the density matrix of the system S:
p(t) = Zwa ’ ¢a(t)><¢a(t) ‘ (4)
«

where w,, are the statistical weights.
With previous considerations we get:

p(t) =D waU(t, to) | Ya(t)) (Ya(to) | U'(t, to) (5)

= U(t, to)p(to) UT(t, to)
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LClosed systems and the master equation thereof

Liouville-von Neumann and master equation

Differentiate equation (5) on both sides by t and using equation
(3) we get:

% (t) = —o(H(t)p(t) — p(t)H(t)) = =2 [H(t), p(£)]  (6)

Equation (6) is then called the Liouville-von Neumann equation.
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LClosed systems and the master equation thereof

Liouville-von Neumann and master equation

Differentiate equation (5) on both sides by t and using equation
(3) we get:

%p(t) = —(H(t)p(t) = p()H(1)) = = [H(1), p(8)]  (6)

Equation (6) is then called the Liouville-von Neumann equation.
Introduce the Liouville super-operator:

L(t)p(t) = =2 [H(2), p(2)] (7)
And we get another form of equation (6):

& 0(t) = L((2) Q
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LClosed systems and the master equation thereof

Liouville-von Neumann and master equation

Differentiate equation (5) on both sides by t and using equation
(3) we get:

%p(t) = —(H(t)p(t) = p()H(1)) = = [H(1), p(8)]  (6)

Equation (6) is then called the Liouville-von Neumann equation.
Introduce the Liouville super-operator:

L(t)p(t) = =2 [H(2), p(2)] (7)
And we get another form of equation (6):

& 0(t) = L((2) (8)

the master equation of a closed quantum system
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Definition of an open system

Definition
» An open quantum system is the subsystem S, of a closed
combined system S+B, where the B, represents the system
corresponding to the environment.

» The subsystem S, being the system we are interested in, is
then called the reduced system.
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L Dynamics of open systems

Definition of an open system

Definition
» An open quantum system is the subsystem S, of a closed

combined system S+B, where the B, represents the system
corresponding to the environment.

» The subsystem S, being the system we are interested in, is
then called the reduced system.

Denote by Hs, Hp the Hilbert space of S, B respectively. We then
know that the Hilbert space of the combined system S + B is:
H="Hs®Hp
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LDynamics of open systems

Hamiltonian of an open system

With the previous consideration, we can write the Hamiltonian of
the total closed system S + B the following way:

H=Hs®Ilg+Is® Hg + H, (9)

where:
» Hs: the self-Hamiltonian of the reduced system S
» Hpg: the free Hamiltonian of the environment

» H;: the interaction Hamiltonian between S and B
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LDynamics of open systems

Expectation values in the total and reduced system

» Recall: For any system described by a density matrix p and C
an arbitrary observable of the system, we know, that the
expectation value (C) of the observable C is given by:

(C) = tr{Cp} (10)

This follows immediately from the definition of the density
matrix p.
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L Dynamics of open systems

Expectation values in the total and reduced system

» Recall: For any system described by a density matrix p and C
an arbitrary observable of the system, we know, that the
expectation value (C) of the observable C is given by:

(C) =tr{Cp} (10)

This follows immediately from the definition of the density
matrix p.

» If Ais an operator on Hs we get that A=A® Ig is an
operator on H and the observable A acting on the open
system’s Hilbert space Hs is determined through the formula:

(A) = tr{Aps) (11)

where ps = trgp is the reduced density matrix and trg{-} is
the partial trace over the subsystem B.



Explicit thermalisation models Il: Quantum master equations
LCIosed and open quantum systems

LDynamics of open systems

Master equation on the reduced system

From the derivation of the quantum master equation of a closed
system we find for the density matrix of the reduced system:

ps(t) = tre{U(t, to)p(to) U'(t, to)}

(12)
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L Dynamics of open systems

Master equation on the reduced system

From the derivation of the quantum master equation of a closed
system we find for the density matrix of the reduced system:

ps(t) = tre{U(t, to)p(to) U'(t, t0)} (12)

Taking these considerations into account, we can derive the master
equation on the reduced system S, by taking the partial trace on
both sides of the Liouville-von Neumann equation and we get:

%ps(t) — —utrg{[H(¢), p(£)]} (13)

We note that these two equations describe the reduced system
exactly.
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Definition of the dynamical map on an arbitrary open
system

Assume: At t = 0: total state uncorrelated = p(0) = ps(0) ® pg,
and pg some reference state.
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LDefinition of the dynamical map on an arbitrary open system

Definition of the dynamical map on an arbitrary open
system
Assume: At t = 0: total state uncorrelated = p(0) = ps(0) ® pg,

and pg some reference state.
Then:

» For t > 0: ps(0) — ps(t) = V(t)ps(0) and
ps(t) = V(t)ps(0) = trs{U(t, 0)[ps(0) © ps]U'(t,0)} (14)

» The map V/(t) is called a dynamical map acting on the space
of density operators S(Hs) on Hs:

S(Hs) — S(Hs)
ps(0) — V(t)ps(0) = ps(t)
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LQuantum markov systems and the quantum dynamical semigroup

LDefinition of the dynamical map on an arbitrary open system

Explicit form of the dynamical map

» Spectral decomposition of pg = pg =355 | vg) (s |
where | ¢g) is an orthonormal basis of Hp and Ag > 0 such
that 35 =1
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LDefinition of the dynamical map on an arbitrary open system

Explicit form of the dynamical map

» Spectral decomposition of pg = pg =355 | vg) (s |
where | ¢g) is an orthonormal basis of Hp and Ag > 0 such

» Then:
ps0) = 3 WesosOWIs(6)  (19)

where W5 = 1/Ag - (¢a | U(t,O) | v5)
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Definition of complete positivity of a map

Definition

A linear map ¢ : A — B is called completely positive, if the tensor
product map (" := ® ® I, : A® M(n) — B® M(n) is positive
VneN

u}
o)
I
i
it
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LDefinition of the dynamical map on an arbitrary open system

Representation theorem for super-operators by Kraus

Let ® be a super-operator then:

1. @ is completely positive <=  dQy, countable set of operators
such that ®(p) = X, Qka;r(

Furthermore:

2. tr(®p) = tr(p) = QLQk =1
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LDefinition of the dynamical map on an arbitrary open system

V/(t) is completely positive and trace preserving

Applying the representation theorem to our result (15) we see that:
» V(t) is linear

» V(t) is completely positive
» V(t) is trace-preserving
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LQuantum Markov systems and semigroup

Quantum Markov processes

Now, let us consider a Markov system: In such a system the
time-evolution is , Markovian®, meaning local in time, so that
memory effects are neglected.
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LQuantum Markov systems and semigroup

Quantum Markov processes

Now, let us consider a Markov system: In such a system the
time-evolution is ,,Markovian”, meaning local in time, so that
memory effects are neglected.

Note:

» The Markovian assumption is often a brutal approximation to
the time-evolution of the system, because ps(t + dt) normally
not only depends on ps(t) but also on ps at earlier times,
since information that has left the system can be transferred
back from the environment again.

» The condition underlying the Markovian approximation is:
timescale over which state of S varies appreciably
= TR > T = timescale over which influence of S on B relaxes
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LQuantum Markov systems and semigroup

If we assume S to be a Markov system, then:

The dynamical map takes on the following so called semigroup
property:

V(tl)\/(tz) = V(tl + tg)
Because: ps(t; + tp) is completely determined by ps(t1) in a
Markov system
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LQuantum Markov systems and semigroup

Quantum dynamical semigroup

Define the continuous one-parameter family

V = {V(t) | t € R>o} of completely positive trace-preserving
linear maps: V/(t) : S(Hs) — S(Hs), describing the whole future
time evolution of the open system.

Definition
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LQuantum Markov systems and semigroup

Quantum dynamical semigroup

Define the continuous one-parameter family

V.= {V(t) | t € R>p} of completely positive trace-preserving
linear maps: V/(t) : S(Hs) — S(Hs), describing the whole future
time evolution of the open system.

Definition

A continuous family of linear maps V := {V/(t) | t € R>o} is
called a quantum dynamical semigroup if the following conditions
are satisfied:

1. V(0)=1
2. V(t

3. V/(t) is trace-preserving
4. V(t)V(t2) = V(t1 + to)

) is completely positive ¥t € R>
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LGenerator L of the semigroup

The Markovian master equation

Assume: Semigroup property and sufficiently smooth evolution
Then: we can define a master equation for the Markovian
evolution:

%Ps(t) - lim_ ps(t+ AAti — ps(t)
= jim (A9 O viwnsto)
)2 ps(t)
— Los(t) (16)

(16) is the Markovian master equation and

L =Ilimas 0 %;V(O) is called the generator of the semigroup.
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L Generator of the N-level system

Generator of an N-level system

Consider now an N-level system with N-dimensional Hilbert space
Hs = CN. Then:

» The the Hilbert space of operators is N?-dimensional.
Therefore: S(Hs) € M(N) := {(a,-j)f\,z-:1 | aj € C}, with
inner product: (A, B) = tr(ATB)
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LGenerator of the N-level system

Generator of an N-level system

Consider now an N-level system with N-dimensional Hilbert space
Hs = CN. Then:

» The the Hilbert space of operators is N?-dimensional.
Therefore: S(Hs) € M(N) := «{(a,-j),’-\fj-:1 | aj € C}, with
inner product: (A, B) = tr(ATB)

» Choose an orthonormal Basis {Fi}’| of M(N) such that:

L (Fi, Fj) = 0;
2 Fae =% Is
3. tr(F)=0, Vie{l,---,N2—1}
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LGenerator of the N-level system

With the definitions from the previous slide we can now write
W,5(t) the following way:

N2

Wag(t) = Fi(Fi, Wags(t))
i=1

And we get:

(17)
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L Generator of the N-level system

With the definitions from the previous slide we can now write
W,5(t) the following way:

N2
Was(t) =D Fi(Fi, Wap(t)) (17)
i=1
And we get:
N2
V(t)ps = Y cii(t)FipsF] (18)
ij=1

where: c;j = 3=, 5 (Fi, Wag(t))(Fj, Wag(t))* is a Hermitean and
positive matrix in M(N?)



Explicit thermalisation models Il: Quantum master equations
LDerivation of the generator of the semigroup for an N-level system

L Generator of the N-level system

Use the Markovian master equation:

d V(At)ps — ps
= = |lim —2=2 2 19
JiPs = Lps = [im At (19)
And define:

sy = limaro 8, ifije{1,---N2—1}
ane = aney =limae o B0 ific {1, N2 -1}
apepe = limag—o —CN2”2(AAtt)_N
F = \f S e
G = m'aNzNZIS-F%-(FT—l—F)

H = £ (FT=F)
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|—Derivation of the generator of the semigroup for an N-level system
LGenerator of the N-level system

With these definitions we get:

N2—1
Lps=(—1)[H.ps] +{G.ps}+ > ajFipsF]

ij=1

(20)

N
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LGenerator of the N-level system

With these definitions we get:

N2—1
Lps=(—1)[H.ps] +{G.ps}+ > ajFipsF]

ij=1
But since semigroup is tracepreserving, we have:

dps. d
tr{Lps} = tr{% =~ tr{ps} =0

=1

(20)

(21)
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LGenerator of the N-level system

With these definitions we get:
N2—1
Lps = (—1)[H,ps] +{G,ps} + Y ajFipsF;]
ij=1

But since semigroup is tracepreserving, we have:

_ gpypsy _ d _
=1
Now plug in (20) into (21) and use the fact that
tr{AB} = tr{BA}:
N2—1
= tr{ 2G—|— Z aU )ps} 0 Vps € S(Hs)
ij=1

(20)

(21)

(22)
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LGenerator of the N-level system

With these definitions we get:
N2—1
Lps = (—1)[H,ps] +{G,ps} + Y ajFipsF;]
ij=1

But since semigroup is tracepreserving, we have:

_ gpypsy _ d _
=1
Now plug in (20) into (21) and use the fact that
tr{AB} = tr{BA}:
N2—1
= tr{ 2G—|— Z aU )ps} 0 Vps € S(Hs)
ij=1

And therefore:
N2-1

1
G = —5 Z aijFJTFi

ij=1

(20)

(21)

(22)

(23)
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L Generator of the N-level system

Generator of the N-level system

If we now use all our previous results and put them together we get
the first standard form of the generator of an N-level open system:

N2—1

1
Lps=—i[H,ps]+ > aj(FipsF} — E{FJTF"’PS}) (24)
ij=1
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Diagonal form of the generator of the N-level system

2 .
Using the fact that {a,-j}f\’ljz_ll is symmetric and positive, we can
diagonalize it: 3 unitary transformation u such that: v; € R>g and:

Y1 0 0
; 0 v ... 0
uau' = . i .

0 0 e YN2Z1
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Diagonal form of the generator of the N-level system

2
Using the fact that {a"f}/{\!jgll is symmetric and positive, we can
diagonalize it: 3 unitary transformation u such that: v; € R>g and:

; 0 7 ... 0
uau’' = . . .
0 0 e YN221

We get the diagonal form of the2 generator of the semigroup by
defining Ay such that: F; = ZLV:II Ui A

N2—1
1 1
Lps = —1[H,ps] + > w(AkpsAf — ZALAkps — = psALAK)
k=1

2 2
(25)
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- Diagonal form

Notes:

» The diagonal form is the most general form of the generator
of a quantum dynamical semigroup

» Ay are usually referred to as the Lindblad operators and
%ps = Lps as the Lindblad equation

» Lindblad proved in 1976 that (25) is the most general form for
a bounded generator in a seperable Hilbert space if k is
allowed over a countable set
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Decay of two-level system

We consider now:

» A bound two-level quantum system (eg. atom), with
energy-spacing AE = wp (h = 1) interacting with quantized
radiation field

» The radiation field represents a reservoir of temperature T
and the bound system is the reduced system
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Decay of two-level system

We consider now:

» A bound two-level quantum system (eg. atom), with
energy-spacing AE = wg (h = 1) interacting with quantized
radiation field

» The radiation field represents a reservoir of temperature T
and the bound system is the reduced system

Then we have:
» Hamiltonian Hg of atom

» Hamiltonian of reservoir: Hg
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Two-level system

The Hilbert space of the reduced system is: H = span{| e), | g)},
and S(H) C M(2).
Introduce Pauli-operators in basis {| e),| g)}:

(01 (0 — (1 0
=11 0 2=\, o =10 -1

And the raising/lowering operators:

1 01 1 0
a+:§(01+202):<0 0) o_ 25(01—202):<1

)
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|—Example: Decay of two-level system

Assume:
» Tr > 75 = Markovian system
» weak-coupling
» interaction Hamiltonian in dipole approximation: H; = -D-E

> H5 = %LUOU:;
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L Example: Decay of two-level system

Assume:
» TR > 75 = Markovian system
» weak-coupling
» interaction Hamiltonian in dipole approximation: H; = -D-E
> H5 = %WOU3

Then: The quantum Markovian master equation for this system is:

d 1 1
—2ps(t) = 0(N(wo) + D{o-ps(t)oy. = So40-ps(t) = Sps(t)oio- |
1 1
+10N(wo){ops(t)o- — oo ps(t) = Sps(t)o-oy )
4w3|dP?
where N(wp) = N = eﬁTlO—l' Y0 = 30hc ,
N—————

spontaneous emission rate

d=(e|D]g).
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for ps:

To solve the Markovian master equation use the following ansatz
ps(t) =

N

ey = 3 {os()  (o-(2)
(1+{o(t)) - 5) = ( Clon®) 31 (oa(0) )
where: (7(t)) = tr{ - ps(t)} and G = (01,02,03)"
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L Example: Decay of two-level system

To solve the Markovian master equation use the following ansatz
for ps:

Yoy a = [ 2 (os() {o-(t))
ps(t) = 5 (14 (o(t)) - 5) = ( ? (o (t)) 21— (o3())) )

where: (3(t)) = tr{d - ps(t)} and & = (01,02,03)"
Therefore we have the populations of the states | e) and | g):
1
pe(t) = (ps)i1 = (1 + (o3(1)))

pe(t) = (ps)a2 = 5(1 = (o3(t)))
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LExampIe: Decay of two-level system

Plugging our ansatz into the Markovian master equation and using
the commutation relations of the Pauli-Matrices we get:

; —3(ou(t))
S (o(t) = —3(02(t)) ,  where y=10-(2N +1)
_'7<0'3(t)> -0 total em?sfsion rate

(26)
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L Example: Decay of two-level system

Plugging our ansatz into the Markovian master equation and using
the commutation relations of the Pauli-Matrices we get:

; —3(ou(t))
#O0=| Al | where g = o1
<U3(t > total emission rate

As we are interested in thermalisation, we need to find p? and [o
Set (26) = (0,0,0)" = (03)s = —% = 2N+1 and thus:

N 1

Pe = ONTF1 = efhwo +1 (27)
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L Example: Decay of two-level system

Plugging our ansatz into the Markovian master equation and using
the commutation relations of the Pauli-Matrices we get:

; —3(ou(t))
#O0=| Al | where g = o1
<U3(t > total emission rate

As we are interested in thermalisation, we need to find p; and [o

Set (26) = (0,0,0)" = (03)s = =2 = — 55}y and thus:

N 1
Pe = ONTF1 = efhwo +1 (27)

Choosing the initial state: ps(0) =| g)(g | and solving (26) we find:

pe(t) =pe-(1—e) (28)
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LSummary

Summary

» Exact master equations of closed quantum systems

» Open and Markovian quantum systems and its ,exact” master
equations

» Quantum dynamical semigroup in relation with the Markovian
quantum systems - and its generator

» General form of the generator and the master equation of a
Markovian N-level system

» Application of the above theory to a thermalisation process of
a two-level system
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